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GEHRING INEQUALITIES ON TIME SCALES 

MARTIN BOHNER AND SAMIR H. SAKER 


Abstract. In this paper, we first prove a new dynamic inequality based on an 
application of the time scales version of a Hardy-type inequality. Second, by 
employing the obtained inequality, we prove several Gehring-type inequalities 
on time scales. As an application of our Gehring-type inequalities, we present 
some interpolation and higher integrability theorems on time scales. The 
results as special cases, when the time scale is equal to the set of all real 
numbers, contain some known results, and when the time scale is equal to the 
set of all integers, the results are essentially new. 


1. Introduction 


Let / be a fixed cube with sides parallel to the coordinate axes and let / and g 
be nonnegative measurable functions dehned on I. The classical integral Holder 
inequality 


\f{x)g{x)\dx < 


\f{x)\Pdx 


Ui 


\gixWdx 


where 1/p + 1/q = 1, shows that there is a natural scale of inclusion for the 
LP(/)-spaces, when the underlying space I has a finite measure |/|. 

In 1972, Muckenhoupt [14] proved the first simplest reverse integral (mean) 
inequality, which can be considered as a reverse inclusion, of the form 


( 1 . 1 ) 


1 
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w{x)dx < Kessmlx^i w{x), 


where w is a nonnegative measurable function defined on I. A function verifying 
(1.1) is called an Ai-weight Muckenhoupt function. In [14] (see also [13]), it is 
proved that any Ai-weight Muckenhoupt function belongs to L^(/), for 1 < r < s 
and s depending on k and the dimension of the space. 

In 1973, Gehring [8] extended the result of Muckenhoupt for reverse mean 
inequalities. We say that w satishes a Gehring condition (or a reverse Holder 
inequality) if there exists p > 1 and a constant k > 0 such that for every cube I 
with sides parallel to the coordinate axes, we have 


If \ 

^ J^wP{x)dxj 


K f 

< —7 / w{x)dx. 

I-'I Jl 


In this case we write w £ RHp. A well known result obtained by Gehring [8] 
states that if tc G RHp, then w satisfies a higher integrability condition, namely 


1991 Mathematics Subject Classification. 26D07, 42B25, 42G10, 34N05. 

Key words and phrases. Gehring’s inequality, reversed Holder inequality. Hardy-type inequal¬ 
ity, interpolation, higher integrability, time scales. 
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2 MARTIN BOHNER AND SAMIR H. SAKER 

for sufficiently small e > 0, g = p + e, we have for any cube /, 


(ji| ^^ . 

In other words, Gehring’s result states that w G RHp implies that there exists 
e > 0 such that w G RHp+£. The proof of Gehring’s inequality is based on 
the use of the Galderon-Zygmund decomposition and the scale structure of U’- 
spaces. In [12], the author extended Gehring’s inequality by means of connecting 
it to the real method of interpolation by considering maximal operators, and 
via rearrangements reinterpreted the underlying estimates through the use of K- 
functionals. This technique allowed to quantify in a precise way, via reiteration, 
how Galderon-Zygmund decompositions have to be reparameterized in order to 
characterize different L^-spaces. 

Reverse integral inequalities (cf. [8,9]) and its many variants and extensions 
are important in qualitative analysis of nonlinear PDEs, in the study of weighted 
norm inequalities for classical operators of harmonic analysis, as well as in func¬ 
tional analysis. These inequalities also appear in different fields of analysis such as 
quasiconformal mappings, weighted Sobolev embedding theorems, and regularity 
theory of variational problems (see [II]). 

In recent years, the study of dynamic inequalities on time scales has received 
a lot of attention. For details, we refer to the books [2, 3, 5, 6] and the recent 
paper [1] and the references cited therein. The general idea in studying dynamic 
inequalities on time scales is to prove a result for an inequality, where the do¬ 
main of the unknown function is a so-called time scale T, which is an arbitrary 
nonempty closed subset of the real numbers M. This idea goes back to its founder 
Stefan Hilger [10]. The three most popular examples of calculus on time scales 
are differential calculus, difference calculus, and quantum calculus, i.e., when 
T = M, T = N, and T = = {g* : t G No} with q> 1. The study of dynamic 

inequalities on time scales helps avoid proving results twice - once for differential 
inequalities and once again for difference inequalities. 

Following this trend and to develop the study of dynamic inequalities on time 
scales, we aim in this paper to prove Gehring-type inequalities on time scales, 
which contain the classical integral inequalities of Gehring’s type and their dis¬ 
crete versions as special cases. We believe that the reverse dynamic inequalities 
on time scales will be, just like in the classical case, similarly important for the 
analysis of dynamic equations on time scales. 

The rest of the paper is organized as follows: In Section 2, we recall some 
definitions and notations related to time scales which will be used throughout 
the paper. Section 3 features some auxiliary results, in particular, a time scales 
version of Hardy’s inequality. In Section 4, we present the proofs of our Gehring- 
type inequalities on time scales and give some interpolation results as well as 
some higher integrability theorems for monotone nonincreasing functions on time 
scales, see Section 5. As special cases, we offer discrete versions of the Gehring 
inequalities. To the best of the authors’ knowledge, nothing is known regarding 
the discrete analogues of Gehring inequalities or even their extensions, and thus 
the presented discrete inequalities are essentially new. 
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2. Time Scales Preliminaries 

We assume that the reader is familiar with time scales as presented in the 
monographs [5,6]. For concepts concerning general measure and integration on 
time scales, see [ 6 , Chapter 5] and [4,7]. Here, we only state four facts that are 
essentially used in the proofs of our results. For a function / : T —)■ M, where 
T is a time scale, we denote the delta derivative by and the forward shift by 
= foa, where a is the time scales jump operator. The time scales product rule 
says that for two differentiable functions / and g, the product fg is differentiable 
with 

( 2 . 1 ) ifg)^ = f^g + r9^. 

On the other hand, the time scales integration by parts rule says that for two 
integrable functions /, 5 : T —)• M and a,b £ T, we have 

(2.2) [ f‘^{t)g{a{t))At = f{b)g{b) - f{a)g{a) - f f{t)g^{t)At. 

J a J a 

We also need the time scales chain rule which says that if / : M —)• M is contin¬ 
uously differentiable and 51 : T —)• M is delta differentiable, then / o 51 : T —)• M is 
delta differentiable with 

(2.3) (fog)^=g^[ f {hg^^ + {1 - h)g)dh. 

Jo 

Finally, we need the time scales Holder inequality which says that for two non¬ 
negative integrable functions /, 5 : T —)■ M and a, 6 G T and p,q > 1 with 
l/p-|-l/g=l, we have 

rb \ H ^ \ H 1 

(2.4) / f{t)g{t)At < / F{t)At / /®(t)At 

J a \_J a j a 

and p, q are called the corresponding exponents. 

Throughout this paper, we assume that the functions in the statements of 
the theorems are nonnegative and rd-continuous functions, delta differentiable, 
locally delta integrable, and the integrals considered are assumed to exist (hnite, 
i.e., convergent). 

3. Auxiliary Results 

In this section, we give some auxiliary results that are used in the proofs of 
our main results. 

Definition 3.1. Throughout this paper, we suppose that T is a time scale with 
0 G T, and we let T > 0 with T G T. For any function / : (0, T] —)■ M which 
is A-integrable, nonnegative, and nonincreasing, we define the average function 
A/: ( 0 ,r] ^Mby 

1 /■* 

(3.1) -4,/(t) ■= - f{s)As for all t G (0,T]. 

t Jo 

Some simple facts about Af are given next. 

Lemma 3.2. If f : (0,r] —)■ M is A-integrable, nonnegative, and nonincreasing, 
then 

(3.2) Af > f. 
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Proof. Due to 

= 7 / /(■s)As > 7 / f{t)As = f{t), 

^ Jo ^ Jo 

(3.2) follows immediately. □ 

Lemma 3.3. If f : (0,r] —)■ M is A-integrable, nonnegative, and nonincreasing, 
then so is Af. 


Proof. In this proof, we write F = Af for brevity. We show that F inherits the 
nonincreasing nature of /. Let ti < t 2 . Then 


F{ti)-F{t2) = 


> 

completing the proof. 


1 /■*! 1 
- f{s)As-- 
tl Jo t 2 


t2 — tl 
t2 

t2 — tl 

t2 


f{s)As + f{s) As 

Jo Jti 

1 /■*! 1 

- /(s)As--- f{s)As 

tl Jo t2 — tl Jf.^ 

r/ fiti)As-- - - f{ti)A 

Jo ^2 ~ tl 


= 0 , 


□ 


Now we present a Hardy inequality (see also [3, Corollary 1.5.1]) which, for 
completeness, we prove in our special setting. 

Theorem 3.4. If q > 1 and / ; (0, T] —)■ M is A-integrable, nonnegative, and 
nonincreasing, then 

(3.3) A[iAf)r < (^-^yAf^. 

Proof. In this proof, we write F = Af for brevity. Using Lemma 3.3, the chain 
rule shows that 

rl 

(2J) ^ 

/O 
1 

(hF^ + (1 - h)Fy-^ dh = qF^{F^y-\ 

Moreover, since 

tF{t) = [ f{s)As, 

Jo 

the product rule yields 

(3.5) f{t) ^ = ^ F{a{f)) + tF^ft). 

Now, putting u{t) = t and v{t) = F‘^{t), we use integration by parts to find 

[\F{a{s))yAs = 

Jo 

(2.2) 


tt^(s)u((T(s))As 


u{t)v{t) — lim u(s)u(s) — / u(s)u'^(s)As 
s^o+ 7n 


tF‘t(t) — f sv^{s)As 
Jo 
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sv‘^{s)As 
(3.4) ft 

> —Q sF^{s)F'^~^{a{s))As 

Jo 

^ = ^ -Q f [f{s) - F{a{s))]F‘i-^{a{s))As 
Jo 

= -q [ f{s)F'^~^{ais))As + q [ (F(cj(s)))‘?As 
Jo Jo 

so that, by using Holder’s inequality with exponents q and q/{q — 1), 

{q - 1) fiFiaisWAs < q f f{s){F{a{s))y-^ As 
Jo Jo 

(2 i) \ ft 1 1/9 V ft 1 (9-l)/<? 

< q / {f{s)YAs / {F{a{s))yAs 
Jo J Ljo 

resulting in (3.3). □ 

In the main results of this paper, we assume that there exists a constant A > 1 
such that 

(3.6) a{t) < Xt for all t gT. 

We now apply the time scales chain rule to obtain some estimates that will be 
used later. 



Lemma 3.5. Let x{t) = t. // 0 < 7 < 1, then 

(3.7) (x'-'f > 
and i /7 > 1 and (3.6) holds, then 

(3.8) 

Proof. By the chain rule, we obtain 


(hx(t) + (1 - h)tr' 


Thus, if 0 < 7 < 1, then 

which is (3.7), and if 7 > 1 and (3.6) holds, then 


(t) > (1 - 7 ) _ - _= ^ 

^ Jo {ht + {l-h)ty F - {a{t)y ’ 

which is (3.8). 

Lemma 3.6. If F is nonnegative and nondecreasing and 7 > 1, then 

(3.9) {F"/)^ >-fF^F'^-\ 
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Proof. Again we apply the chain rule to see that 


pi 

(2J) ^pA / ^f^pa ^ _ h^py-l^h 

Jo 

> [ {hF + (1 - h)Fy-^dh 

Jo 




which shows (3.9). 


4. Main Results 


□ 


We say that / : (0,T] —)■ M belongs to L^(0,T] provided |/(t)|^’At < oo. 
The first theorem will be used later in the proof of the Gehring inequality. 

Theorem 4.1. If f £ L^(0, T] forp > 1 is nonnegative and nonincreasing, then, 
for any q £ {0,p), we have 

(4.1) AfP < - [{Af'iTf'^. 

p p 

Proof. From the Hardy inequality, see (3.3), we see that the second integral on 
the right-hand side of (4.1) is finite. Now, we consider this integral. Then, for 
0 < q < p, we put 

7 = - > 1 and F{t) = f f‘^{s)As. 

Q Jo 

Using the notation from Lemma 3.5, we have 
(p-g)AP/'? /•* r 1 rAs) 


pt 


a{.s) 

(7-1)A^ r 
it Jo 
(7-i)a^ /-^r 
it Jo 


/‘?(r)AT 


As 


1 


l-a{s) 


o-(s) Jo 

F{a{s)) y 

a{s) 

(1-7)A^ 


/^(r)Ar 

As 

As 


As 


-- f F^(ct(s)) , , 
jtJo ^ ^ ” {a{s)V 

3-8) ^ F , A 

> -- F-'(a{s)){x'-'f{s)A 

1^ Jo 


(3.8) 

> 

( 2 . 2 ) 


lim 
s—>-0+ 


F^(s)x^-^(s) F^(t)x^-^(t) 1 


it 

1-7 /'7?7'|A 


it 

1 


+ — / (F'^)^ (s)x^-^(s)As 

it Jo 


— Is"' (F'^) (s)As H-lim 

It Jo s^0+ 

(y) f^-fF^{s)Fy-^{s) lfF{t) 


F{s) 


71 


1 fF{t) 


1 


it Jo 
1 


S7 


-1 


As- 

7 


t 


[ f{s)[An.s)]'^-^As--[Af{t)r 
Jo 1 
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( 3 . 2 ) 1 ft 

> 


Jo 7 


1 


[f'^{s)rAs--[Ar{t)r 


= AFit) - ^ [Af{t)Y 
from which (4.1) follows. 


□ 


Now, we are ready to state and prove our first time scales version of Gehring’s 
mean inequality for monotone functions. 

Theorem 4.2 (Gehring Inequality I). Assume (3.6). If f G L^(0,T] for q > 1 
is nonnegative and nonincreasing such that 

(4.2) Af^ < K [Af]'^ for some k > 0, 

then f G L^(0, T] for any p > q satisfying 


(4.3) 


K := 


qK‘ 


■p/<? 


and in this case, 

(4.4) 

Proof. Assuming (4.2), we find 


p - {p - q){\n)PA 

Af<K[Aff. 


> 0 , 


1 ( 4 . 1 ) (7 

- / Fis)As < ^ 
t Jo P 


f^is)As 


p/i 


+ 


(p - q)\Pl^ 


' 7 ' 

p 

(3-3) q , 
p 


pt Jo 

A 


r(s) 


1 vA 


Jo 


/'?(r)AT 


As 


t 


1 


'0 


f{s)As 


rt 


Jo 

SO that, due to (4.3), 


f{s)As 


+ 


+ 




pt 


I 


(t{s) 


/(r)Ar 


As 


{p — q){\K)P/^ ( p 


pt 


f f^{s)As < R 
Jo 


p — 1 


f{s)As 


fP{s)As 


from which (4.4) follows. 


□ 


As a special case of Theorem 4.2 when T = M, we get the classical Gehring 
inequality (see Section 1) with A = 1. In the case when T = N, we have the 
following result with A = 2. 

Corollary 4.3 (Discrete Gehring Inequality I). Let q > I and {anjneNo « 
nonnegative and nonincreasing sequence such that 




i=0 


i=0 
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Then, for p > q, we have 


provided 


n 


K := 


n—1 

i=0 



qnPA 


p - {p - q){2K)P/<i 


> 0 . 


It is natural to ask what happens if in (4.4) we fix p > 1 and consider the 
improvement to this inequality that would result from lowering the exponent on 
the right-hand side. The following result gives an answer. 


Theorem 4.4. Suppose that the assumptions of Theorem f.2 hold and define R 
as in (4.3). Then, for allD <r <1, we have 


(4.5) 


•AP < K [Afp^^ , where n := R}A 


e := 



1 _ 1 • 
r p 


Proof. Note first that 0 G (0,1) and 

1-0 0 , 

- 1 — — 1 . 

p r 

Then, by the Holder inequality with exponents p/(l — 0) and r/0, we have 


fP{s)As 


-iVp (4.4) ^1/p ft 


< 


t 


to 


f{s)As 


t 

(2.4) f^l/p 

< - 

t 

1/p 


Z.1/P ft 

' p-\s)f{s)As 


to 


rt 


fP{s)As 


= K 


UO 
1 /■* 


{i-e)/p 


Uo 


ns)As 


6/r 


t 


'0 


Pis)As 


ii-0)/p 


1 A 1 

i f 


so that, by dividing, we find 
A ri 


t 


>0 


fP{s)As 


e/p 


< R^/P 


1 ft 1 d/r 

ifp^^n 


i.e., (4.5). 


□ 


By Theorem 4.4, under the assumptions of Theorem 4.2, if / G L^(0,r] for 
0 < r < 1, then / G L^(0,T] for p > 1. But in the general case when p / r, 
L^(0, T] neither includes nor is included in L^(0, T], The following theorem gives 
some results for L^(0, Tj-interpolation. 

Theorem 4.5. Suppose that 0 < po < pi < oo and that 0 < 0 < 1. 

(i) Ifp={l — 0)po + 0pi and f G L^(0, T] (0, T], then f G L^(0, T] and 

Ap < [Ap°]^-^ [Ap^f . 


18 


BOHNER-SAKER 11-23 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.1,2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


GEHRING INEQUALITIES ON TIME SGALES 9 

(ii) Ifp = and / G L^“(0, T] n L^^(0, T], t/ien / G L^(0,T] and 


PO PI 


Proof. For (i), we apply the Holder inequality with exponents 1/(1 — 9) and 1/6 
to see that 


1 


f F{s)^s = \ f f^^-^^P^is)fP^{s)As 

Jo 1 Jo 


(2.4) 

\l A 1 

1-6 

\l A 1 

< 

- / r«(s)As 
A Jo 


- r^{s)As 


which shows (i). For (ii), we apply the Holder inequality with exponents 1/(1 — 7 ) 
and 1 / 7 , where 

Op ^ 1 {'^-0)p 

7 := — so that 1 — 7 = -, 

Pi Po 

to see that 
1 


t 


[ F{s)As = \ j /(i-^)P(s)/^(s)As 

Jo ^ Jo 

1 r/(i-®W(i-T)(s)As 

t Jo 


(2.4) 

< 


1-7 


t 


<0 


fP/^{s)As 



(i-e)p/po - 

/ F%s)As 
J o 



I j-t 1 Sp/p\ 

II 


which shows (ii). 


□ 


In the following, we give a new proof of Gehring’s mean inequality on time 
scales. The inequality will be proved by using a condition similar to the condition 
(1.1) due to Muckenhoupt. In fact, we do not assume that the reverse Holder 
inequality holds. 

Theorem 4.6 (Gehring Inequality II). Assume (3.6). If f : (0,r] —)■ T is 
nonnegative and nonincreasing such that 

(4.6) Af^ < vf for some u > I, 

then f G L^(0,r] forp G [l,a/(Q; — 1)), where a = \v, and we have 

a 


( 4 . 7 ) A{fT<^[Arr-. 

Proof. For this proof, we put 


where v := 


a — p{a — 1 ) 


> 0. 


F{t) ■= f r{s)As, l{t)=log{t), L{t) = \og{F{t)). 
Jo 


By the chain rule, we get 


1 


a 


(2_3) 

I 

A dh 


An , 

/o haft) + (1 - h)t 

(3.6) 

< 

I 

A dh 

An , 

JO ha{t) + {1 — h)J^ 

< 

I 

A 1 

An 

1 
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(4^6) /(^(t)) _ F^{t) 


F{a{t)) F{a{t)) 


= F^{t) f 

JO 

Jo 


dh 


hF{a{t)) + (1 - h)F{a{t)) 
dh 

hF{a{t)) + (1 - h)F{t) 


(2.3) 




and hence, by integrating, 


log 

so that 


t 


a{s) 


1/a 


= -Kt) - < L{t) - L{a{s)) = log 

a a 


F{t) 

F{a{s)) 




1 


<r{s) Jo " (r{s) - 


t 


cr[s 


and by integrating again, putting 7 := p{l — 1/a) G ( 0 , 1 ), and using the notation 
from Lemma 3.5, we obtain 

rt pp(^F, 




As 


(3.7) 

< 


tl+p/» Jq (cr(s))P(l-V«) 

FP{t) 

(1 - j)F+p/'^ 


[ {x^-^f{s)A 
Jo 


1 


(FJF 


(1 - 7)ti+P/“ 1 - 7 V ^ / ’ 

proving (4.7). 

As a special case of Theorem 4.6 when T = N, we have the following result. 


□ 


Corollary 4.7 (Discrete Gehring Inequality II). Let {onlnsNo a nonnegative 
and nonincreasing sequence. If there exists a constant n > 1 such that 


n 

-E 

n ^ 


CLi ^ VCIyi^ 


i=l 


then, forp 6 [l,a/{a — 1)], where a = 2iy, we have 


- n r 1 ^ 

^Eofs-^ 

n n 


2=1 


2=1 


where v := 


a 


a — p{a — 1) 


5. Higher Integrability 

In the following, as an application of Gehring’s inequality (4.7), we prove a 
higher integrability theorem for monotone nonincreasing functions. First notice 
that for all nonnegative and nonincreasing functions / G L^(0, T] with g > 1, we 
always have 

(5.1) Afit) = \ f P{s)As = ^ f r-\s)f{s)As > f f{s)As. 

p Jo P Jo 7 Jo 
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Let US now consider the class of nonnegative and nonincreasing functions / G 
L^(0,T] that satisfy the reverse of (5.1), namely 

(5.2) Af^ < rjf^~^Af for some r/ > 1. 

Theorem 5.1. Assume (3.6). // / G L^(0,r] for q > 1 is nonnegative and 
nonincreasing such that (5.2) holds, then f G L^(0,T] forp G [q,q + c], c G {q,r]), 
and we have 

(5.3) 

A{fPf < fj , where fj := - --— with pq = 

- ^(Mg - 1) q-l 

Proof. In this proof, we write F = Af*^ for brevity. By using the Holder inequality 
with exponents q/{q — 1) and q, we obtain 

1 /■* (5-2) n A 1 1 

- / F(o-(s))As < T / ■ — / /(r)ArAs 

t Jq t Jo o-(s) Jo 

(2.4) 77 r r* \ ft f I f<^{s) 1^/'? 

< - [^ (/(.(*)))• A,J /(r)Ar A, 


f-a{s) \ ^ 

J f{'r)t^r\ As 


{q - l)t [Jo 


{f{s)yAs 


(g-P/g r pt 


{fis)yAs 


= ^ f P{s)As = PqF { t ), 

t Jo 


(5.4) AF^^ < pqF. 

Since F is also nonnegative and nonincreasing (see Lemma 3.3), it satisfies the 
assumptions of Theorem 4.6, and thus 


1 Z|FWs))rA. 5 < 7 , [1 f‘F{a{a))As 
t Jo It Jo 


Pq = - y - 7 T and = \pq for r = - G 1 

aq-r{aq-l) Q _ 


CXq 1 


Noting that 


we obtain 


\j\l(<y{sm'’As = [j'ifiaUm’-As 

(5.6) 1 ft 

- iZ(UGs))rA<. 
(5.5) /I r V 

< (-y^ F^wA.) 
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proving (5.3). 


1 i-t 1 p/q 


□ 


In Theorem 5.1, if T = M, then we have that a{t) = t, = rjq, and we get the 
following result. 


Corollary 5.2. Let r] > 1 and q > 1. Then every nonnegative nonincreasing 
function f satisfying 


f'^{x)dx < gP ^{t) [ f{x)dx 
Jo 


belongs to L^(0, T](0, T] for p £ [q,q + c] and c G {q, g), and we have 


J p{x)dx < g ^ J /'^(x)dx 


p/q 


where 


g := 


, -+i 
m \« 
<7-1 


m _ P ( JK _ _ 11 
q-l q^q-1 i 


In Theorem 5.1, if T = N, then we have that a{t) = t + 1, and by choosing 
A = 2, we get the following result. 


Corollary 5.3. Let g > 1 and q > 1. Suppose {unlneNo *-5 « nonnegative and 
nonincreasing sequence satisfying 


n—1 


n—1 


^aj< gal 


i=0 


i=0 


Then, for p £ [q,q + c], c £ {q,g), we have 

n—1 


/ n-l y/l 


n 


i=0 


where 


g := 


i=0 


, 2+1 

<7-1 


o yq _ P(r>jiq_ _ i ^ 
^(j-l q^‘^q-1 
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Abstract 

We investigate the periodic nature, the boundedness character, and the global asymptotic stability 
of solutions of the difference equation 


^n+l 


1 

+ x„ 


where the parameters 7,(7 are positive numbers and the initial conditions X-i and xo are arbitrary 
nonnegative numbers such that X-i + xo > 0. We determine the basin of attraction of fixed point and 
period-two solutions. The associated map is not dehned at the (0, 0). However, we show that there exist 
period two solutions on the axis that are locally asymptotically stable and two continuous invariant 
curves passing through the point (0,0), which are boundaries of the basins of attractions of these period 
two solutions, such that every solution starting on these two curves or in the region between these two 
curves is attracted to the point (0,0). 


Key Words: Basin of attraction; difference equation; global attractivity; global stable manifold; mono¬ 
tonicity; 

MSC(2010): Primary: 39A10,39A23, 39A30; Secondary; 37E05 
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1 Introduction and Preliminaries 


In this paper we consider the following quadratic rational difference equation of second order 


^n+1 


,_1 Xn 


Cxl 


(1) 


We assume that 7 , C > 0 and initial conditions x_i, xq are positive real numbers, such that xq + X-i > 0. 
Notice that the map associated to this equation is not defined at the point (0,0). The second iterate of the 
map associated to Equation (1) is competitive map. We call such map anti-competitive. See [7, 8 ]. Theory 
of competitive systems and maps in the plane have been extensively developed and main results are given 
in [2, 6 , 11, 13, 14]. Equation (1) is a special case of the difference equation 


Xn-\-l 


PXnXn-l + 7a^n-l + 
BXnXn-1 + + DXn ’ 


( 2 ) 


where the parameters /3, 7 , 5, B, C, D are nonnegative numbers which satisfy B C D > 0 and the initial 
conditions x_i and xq are arbitrary nonnegative numbers such that BxnXn-i + Cx^_i + Dxn > 0 for all 
n > 0. Locally stability of the equilibrium points of (2) has been studied in [10]. In this paper we describe 
global behavior of solutions of Equation (1). 

Equation (1) is related to the difference equation 


Xn-\-l 


JXn-l 

BXyi (JXyi—\ 


n = 0 , 1 ,... 


(3) 


where the parameters 7 , B and C are positive real numbers and the initial conditions x_i, xq are arbitrary 
nonnegative numbers such that X-i + xq > 0, see [1, 9]. 

As we will see in this paper Equation (1) has very different behaviour than Equation (3) showing that 
introduction of quadratic terms can significantly change behaviour of the equation. We prove that parametric 
space splits into four regions given by 0 < 7 <l,l< 7 < 3,7 = 3 and 7 > 3. By using results from [3, 13] we 
obtain global result in each of these four regions, different than global results for Equation (3). For example 
in Section 3 we show that there exist two increasing continues invariant curves passing through the point 
( 0 , 0 ) which are the boundaries of basins of attractions of the period-two solutions such that every solution 
that starts on these two curves or in the region between these two curves is attracted to the point ( 0 , 0 ). 

We now present some basic notation about competitive map in the plane. 

Consider a first order system of difference equations of the form 


/ Xn-\-l 

1 yn+1 


f {Xn-f Un) 

9{Xn,yn) 


n = 0,l,2,..., (x_i, xq) € T X Z 


(4) 


where /, (/ : Z x Z —)■ Z are continuous functions on an interval Z C M, /(x, y) is non-decreasing in x and non¬ 
increasing in y, and g(x, y) is non-increasing in x and non-decreasing in y. Such system is called competitive. 
One may associate a competitive map T to a competitive system (4) by setting T = (/, g) and considering 
T on B — I xl. 

A point X e yS is a fixed point of T if T(x) = x, and a minimal period-two point if r^(x) = x and 
r(x) 7 ^ X. A period-two point is either a fixed point or a minimal period-two point. In a similar fashion one 
can define a minimal period p point. The orbit of x G B is the sequence {Z^(x)}^q. A minimal period-two 
orbit is an orbit {x^}^q for which Xg 7 ^ xi and Xg = X 2 . The basin of attraction of a fixed point x is the 
set of all y such that Z"(y) —)■ x. A fixed point x is a global attractor on a set A if A is a subset of the 
basin of attraction of x. A fixed point x is a saddle point if T is differentiable at x, and the eigenvalues of 
the Jacobian matrix of Z at x are such that one of them lies in the interior of the unit circle in while 
the other eigenvalue lies in the exterior of the unit circle. If T = (Ti,T 2 ) is a map on 77. C define the 
sets 77t(-,+) := {ix,y) € 77 : Ti{x,y) < x, T 2 {x,y) > y } and 77t(+, -) := {{x,y) € 77 : Ti{x,y) > 
X, T 2 {x,y) <y}. 

If V = {u,v) € we denote with Q^(v), ^ G {1,2,3,4}, the four quadrants in relative to v, i.e., 
Qi(v) = {{x,y) G '. X > u, y > v}, Q 2 (v) = {{x,y) G '. x < u, y > v}, and so on. Define the 
South-East partial order on by (x, y) (s, t) if and only if x < s and y >t. Similarly, we define the 
North-East partial order fi,ne on by (x,y) is,t) if and only if x < s and y <t. A stronger inequality 
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may be defined as v = {vi,V 2 ) <C w = (wi,W 2 ) if v ^ w with vi ^ wi and V 2 7^ W 2 - For u, v in the 
order interval |u, v] is the set of all x e such that u ^ x ^ v. 

A map T is competitive if T(x) F(y) whenever x :<se y, and T is strongly competitive if x y 
implies r(x) — T(y) € {(m, v) : u > 0, v < 0}. If T is differentiable, a sufficient condition for T to be strongly 
competitive is that the Jacobian matrix of T at any 'k. £ B has the sign configuration 


For additional definitions and results (e.g., repeller, hyperbolic fixed points, stability, asymptotic stability, 
stable and unstable manifolds) see [6, 14] for competitive maps, and [9, 11] for difference equations. 

This paper is structured as follows. In Section 2 we prove linearized stability results. Depending on 
parameter 7 we determine the nature of equilibrium point and period-two solutions and then we prove 
convergence result for period-two solution. In Section 3 we describe completely global behaviour of Equation 

(I). 

2 Linearized stability analysis and convergence result 

In this section we prove linearized stability and convergence results for Equation(I). 

Theorem 1 // 7 > I then Equation (I) has the unique equilibrium point x which is given by 


and X is 

a) locally asymptotically stable if y > ?>. 

b) a non-hyperbolic point if y = 
e) a saddle point z/ 1 < 7 < 3; 

Proof. The proof follows from the well known linearized stability theorem, see [10]. 

□ 


Theorem 2 For the Equation (I) the following holds: 

(a) Eor all values of parameters Equation (I) has prime period-two solution 



which is locally asymptotically stable. 

(b) If y > 2) then Equation (1) has prime period-two solution 


7 - \/(7 - 3)(7 + 1) + 1 7+\/(7-3)(7 + 1) + 1 


2C 


2C 


which is a saddle point. 

Proof. 

(a) It is easy to check that {0, is period two solution for all values of parameters. This period two 
solution always exists. 
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(b) Assume that 7 > 3. If ... a, 6 , a, a, 5,... is a period two solution, then this solution satisfies the following 
system of algebraic equations 


h = 

Cb^ + a 
_ ya? 

“ ^ Ca? + h' 

Straightforward calculations shows that under the condition 7 > 3 the unique solution of this system 
is given by 

7- V(7- 3)(7 + 1) + 1 ^ 7+ ^(7- 3)(7+ 1) + 1 

“=- 2 c-’ =- K -■ 

By using linearized stability theorem, it is easy to see that this period two solution is a saddle point, 
see [ 10 ]. 

Note that it is not possible to obtain period two solution {0, by solving the previous system of algebraic 
equations. 

□ 

Now, we show that every solution of Equation (1) converges to a period-two solution (not necessarily 
minimal). 

Let 


It is easy to see that 


Set 


F{u, v) 


Cv"^ + u 


FL = -- 


yv 


{Cv"^ + u) 


2 and Fy = 


2yuv 


(Cu2 


Un = Xn -1 and = Xn for n = 0 , 1 ,... 
We can rewrite Equation (1) in the equivalent form: 


(5) 


'^n +1 


for n = 0 , 1 ,.... 

Let T be the map associated to Equation (1): 


Vn 

Cu^ + V, 


then 


T {u,v) = {v,Fiy,u)) 



\ 

Cv? +v)' 


(u„+l,V„+i) = T{Un,Vn) 


It is easy to see that 


T\u,v)=T{T{u,v)) 


{T2i{u,v),T22{u,v)) 


yu 


{Ct 


Cu^ + V ’ -I- Cv^ + 


from which it follows that 


( 6 ) 


(7) 

( 8 ) 


{u2n+2, V2n+2) 


T^{u 2 n, V 2 n) 


(9) 
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which is equivalent to 

(a^2n+lj a;2n+2) = T‘^{x2n-lTX2n)- 
The Jacobian matrix of the map T has the form: 


/ 0 

Jr'{a,v^ — I 2uv^ 


1 

-y 


{cu^-\-v) 


The determinant of (10) is given by 


, , 2'yuv 

detJT(u,v) = --— -^ 

[CU‘‘ + V) 


The Jacobian matrix of the map has the form: 


Jt‘^{u,v) = 


2uvy 

(Cu^+v) 


{Cu^+vf 
u^v(2Cu^+3u)7^ 

' {ju'^+Cv^{Cu^+v)y ( 7«2 + V„ 2 (C« 2 _|_„))^ 


The determinant of (12) is given by 

detJx^ {u, v) = 




{Cu"^ + v) (Cu^ (Cm^ + u) + 7 M^) 


The equilibrium curves of the map are given by 


Cl := {{x,y) e [0,oo)^ : T 2 i{x,y) = x} = {ix,y) G [0,oo)^ : y = yx - Cx"^} 


and 


C 2 := {{x,y) e [0,oo)^ : T 22 {x,y) = y} = {x,y) G [0, 00 )^ : x = 


yVl - Cy 


(10) 


( 11 ) 


( 12 ) 


(13) 


^/Cy(Cy-y)+y j 

By direct inspection of Equation (13) we obtain the following result: 

Lemma 1 The map is competitive on [0,oo)^ \ {(0,0)} and strongly competitive on (0,oo)^. 

It is easy to see that the following holds. 

Lemma 2 For all x_i, Xq G [0, 00 ), such that x_i + Xq > 0, the following holds x„ < ^ for n > 1. 

By using very powerful Theorem 1.5 from [4] and Lemma 2, we obtain the following convergence result. 
Theorem 3 Every solution of Equation (1) converges to a period-two solution or to zeros. 


3 Global behavior 

In this section we consider the following four parametric regions 7 > 3 , 1 < 7 < 3,7 = 3 and 0 < 7 < 1. We 
completely describe the global behaviour of Equation (1) in these regions. 


The following theorem details the case 7 > 3. 


Theorem 4 Assume that 


7 > 3. 


Then system ( 8 ) has a unique equilibrium point E{u,u) which is locally asymptotically stable and there 
exist two prime period-two solutions: {Pi(ui,Vi), P 2 {vi,Ui)} which is locally asymptotically stable and 
{-P 3 (m 2 , ^ 2 ), ^ 4 (^ 2 , M 2 )} which is a saddle point, where 


Ml = 0, 


vi = — and u = 

o 


7-1 

c 
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and 

U2 = + V( 7 - 3 )( 7 + 1 ) ^ 7 + 1 + \/( 7 - 3)(7 + 1 -) 

Furthermore, global stable manifold of the periodic solution {PsjP^} is given by {{P3, P4}) = W®(P3) U 
yV^{P4) where W®(P3) and W®(P4) are continuous increasing curves, invariant under the map and 
T(>V®(P3)) = yV®(P4), and divide the first guadrant into two connected components, namely 


Wf := {x e P \ W*(P3) : 3 y S W^iPa) with y x} 

:= {x G P \ W^Ps) : 3 y G WiPs) with x dise y} 

and 

Wf :={xen\ W^Pi) : 3 y G >V"(P4) with y ^se x} 
yV} := {x G P \ W‘{P4) : 3 y G W'’(P4) with x :<se v} 

respectively. In addition, W^{P3) is passing through the point P3 and W®(P4) is passing through the point 
P4 and the following holds: 

i) If {uo,vo) G W'*(P3) then the subsequence of even-indexed terms {(u2n,^'2n)} is attracted to P3, and 
the subsequence of odd-indexed terms {(u2n+i,'!^2n+i)} is attracted to P4. 

a) If {uo,vo) G W'*(P4) then the subsequence of even-indexed terms {(u2n,i’2n)} is attracted to P4, and 
the subsequence of odd-indexed terms {(u2n+i,'i'2n+i)} is attracted to P3. 

Hi) If {uo,vo) G W]^ (the region above W'*(P3)j then the subsequence of even-indexed terms {(u2n,i'2n)} 
is attracted to Pi, and the subsequence of odd-indexed terms {(u2n+i,'!^2n+i)} is attracted to P2. 

iv) If{uo,vo) G Wf (the region below W’^^Pa)) then the subsequence of even-indexed terms {(M2n,f2n)} is 
attracted to P2, and the subsequence of odd-indexed terms {(u2n+i,U2n+i)} is attracted to Pi. 

v) If {uqjVq) G Wf n W2 (the region between Wf and ) then the sequence {{un,Vn)} is attracted to 

E. 


See Figure 1 . 

Proof. Theorem 1 implies that there exists a unique equilibrium point E(x,x) which is locally asymp¬ 
totically stable. Theorem 2 implies that the periodic solution {Pi,P2} is locally asymptotically stable and 
{P3, P4} is a saddle point. In view of ( 12 ) the map v) = T[T{u, v)) is competitive on P = \ {( 0 , 0 )} 

and strongly competitive on int(JZ). It is easy to see that at each point, the Jacobian matrix of has 
two real and distinct eigenvalues, the larger one in absolute value being positive, and that corresponding 
eigenvectors may be chosen to point in the direction of the second and first quadrant, respectively. 




Figure 1 : Visual illustration of Theorem 4 . 
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In view of Theorem 3 we have that all solutions converge to period-two solution. Hence, all conditions of 
Theorem 4 in [13] are satisfied, which yields the existence of the global stable manifolds and 

which are the graphs of the strictly decreasing functions of the first coordinate on an interval. 

By Theorem 4 in [13], we have that if {uo,vo) € W^iPs) then {u 2 n,V 2 n) = T‘^^{uo,vo) —)■ P 3 as n —>■ oo 
which implies that (■U 2 n-i-i,i’ 2 n+i) = T{T‘^^{uo,vo)) —>■ T{P 3 ) = P 4 as n —)■ 00 from which it follows the 
statement i). The proof of the statement ii) is similar to the proof of the statement i). 

Take (uo,Vo) € HP. By Theorem 4 in [13], we have that there exists Uq > 0 such that, T^”(mo,wo) € 
int{Q 2 {P^) n TZ), n > Uq- In view of Theorem 1 in [11], since P 3 is a saddle point, we obtain that for all 
{uo,vo) G int{Q 2 {Pi) n TZ), there exists rg > 0 such that (uo,vo) :<se P 3 — ?'oVi and T‘^{P 3 — rovi) 

^3 — Tovi. By monotonicity T^”+^(P 3 — roVi) Pge T"^'^{P^ — roVi) ^ P 3 . In view of Lemma 2 we have that 


T ([0,00)2 \ {(0,0)}) ^ Jo, 1(0,0)} 


From this and the fact that Pi ^ P3 <C P <C P4 ^ P2 we have that P^"(P3 — rgvi) —> Pi as n —>■ 00. By 
monotonicity we have that Pi Pge vq) :<se — ^’o^i) «C P3 which implies that Vq) —)• Pi 

and T'^"'^^{uo,Vo) = T(T^”(uo, vg)) —> T(Pi) = P2 as n —> 00 which proves the statement hi). 

Take (ug, vg) G W}" n TZ. By Theorem 4 in [ 13 ], we have that there exists ni > 0 such that, T^^{uo, vq) G 
int{Qi{P 4 ) n TZ), n > rii. In view of Theorem 1 in [ 11 ], since P4 is a saddle point, we obtain that for 
all {uo,vo) G int{Q4{P4) n TZ), there exists ri > 0 such that P4 + riVi Pge {uo,vo) and P4 -|- nvi 
T2(P4 -P nvi). The rest of the proof of the statement iv) is similar to the proof of the statement hi) and we 
skip it here. 

Now, we show that each orbit starting in the region Wi converges to E. Take (ug, wg) G W]” nW^. 

By Theorem 4 in [ 13 ],we have that there exists n2 > 0 such that, T^^{uo, vq) G int{Q4{Ps) n (52(^4) H P) = 
[[P3,P4]], for n > 712 . Since P3 and P4 are the saddle points and E is locally asymptotically stable, in view 
of Corollary 2 [ 12 ] we have that T‘^'^(u',v') —)■ E and ,v') = T(T'^"'{u',v')) —>■ T{E) = P as rr —>■ 00 

for all iu',v') G [[P3,P]] and that T^^{u'',v'') E and T 2 "+ 1 (u",P') = ,v")) T{E) = P as 

rz —)■ 00 for all (u", v") G [[P, P4]]. Then there exist the points (ug, Vg) G [[P3, P]] and (ug, Vg) G [[P, P4]] such 
that (uqjVq) Pse T^"^~^^(uo,vo) Pse (uo,Vq). By monotonicity of the map we have that T‘^'^{uo,vo) —)■ P 
and p 2 "+i(yg^ iig) = T(T 2 ”(ug, vq)) —>■ T{E) = P as n —)■ 00 for all (wg, ug) G >Vf C This completes the 
proof of statement v) of the Theorem. 

□ 


The following theorem considers the case 1 < 7 < 3. 


Theorem 5 Assume that 


1 < 7 < 3. 


Then system (8) has a unique equilibrium point E(u, u) which is a saddle point and prime period-two solution 
{Pi(mi, hi), P2(7li, Ml)} which is locally asymptotically stable, where 


ui = 0 , 


vi = — and u 

o 


7-1 

c 


Global stable manifold W^{E), which is continuous increasing curve, divides the first quadrant into two 
connected components 


W-(P) := {x G P \ W"(P) : 3y G W®(P) with y x} 

>V+(P) := {x G P \ W^(P) : 3y G W®(P) with x Pse y} 

such that 

= yy-(p) u yy+(p) u yy®(p). 

In addition, W^{E) passing through the point E and the following holds: 
i) Every initial point (uo,vo) in W^{E) is attracted to E. 

ii) //(Mg,vg) G yV’“''(P) (the region below W’^{E)) then the subsequence of even-indexed terms {(m 2 „,M 2 „)} 
is attracted to P 2 , and the subsequence of odd-indexed terms {(u 2 n+i,M 2 n-i-i)} is attracted to Pi. 
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Hi) If{uo,vo) G W (E) (the region above W‘‘{E)) then the suhsequenee of even-indexed terms {{x 2 n,V 2 n)} 
is attracted to Pi, and the subsequence of odd-indexed terms {(u 2 n+ii^^ 2 n+i)} is attracted to P 2 . 

See Figure 1. 



Figure 2: Visual illustration of Theorem 5 . 

Proof. Theorem 1 implies that there exists a unique equilibrium point E(x,x) which is a saddle point. 
Theorem 2 implies that the period-two solution {Pi,P 2 } is locally asymptotically stable. Similar as in the 
proof of Theorem 4 all conditions of Theorem 4 in [13] are satisfied, which yields the existence of the global 
stable manifold which is the graph of the strictly increasing function. 

Take (uq, uq) € W'*' n P. By Theorem 4 in [13], we have that there exists no > 0 such that, ^’o) G 

int{Q 2 {E) mZ), n > uq. In view of Theorem 1 in [11], since P is a saddle point, we obtain that for all 
{uq, Vo) € int{Q 2 {E) n TZ), there exists rg > 0 such that (uo,vo) :<se E — rovi E and T^(P — rovi) :<se 
E — tqVi. By monotonicity — roVi) :<se T^'^{E — roVi) ^ E. In view of Lemma 2 we have that 

T'^{u, v) e [0, yjCY \ {(0,0)}. From this and the fact that Pi ^ E P 2 we have that T'^^{E — roVi) —Pi 
as n —>■ 00 . By monotonicity. Pi :<se T‘^'^{uo, vo) ^se —?'oVi) ^ E which implies that T^"’(uo, vq) —?> E 

and r^"+^(Mo,rio) = T(T^"(uo,U q)) —>■ T{E) = P as n —)• 00 which proves the statement ii). 

The proof of the statement iii) is similar and we skip it here. 

□ 


Now, we assume that 7 = 3. The following theorem holds. 


Theorem 6 Assume that 


7 = 3. 


Then System (8) has a unique equilibrium point E{u,u) which is a non-hyperbolic and prime period-two 
solution {Pi{ui,vi), P 2 {vi,ui)'\ which is locally asymptotically stable, where 

3 2 

ui = 0, ^1 = 7 ^ O'lT-d u= 

o o 


There exists a continuous increasing curve Ce which is a subset of the basin of attraction of E and it divides 
the first quadrant into two connected invariant components 


yy [E) := {x G TZ\Ce ■ ^y G Ce with y x} 

W'^{E) := {x G TZ\Ce ■ ^y G Ce with x :<se y} 

such that the following holds: 

i) Every initial point (uo,vo) in Ce is attracted to E. 

ii) If (uqjVq) € W'^{E) (the region above Ce) then the subsequence of even-indexed terms {{u 2 n,V 2 n)} is 
attracted to Pi, and the suhsequenee of odd-indexed terms {(^ 2 ^+ 1 ,'C 2 ra-i-i)} is attracted to P 2 . 
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ii) If {uo,vo) G W {E) (the region below Ce) then the subsequence of even-indexed terms {{x 2 n,V 2 n)} is 
attracted to P 2 , and the subsequence of odd-indexed terms {(M 2 n+i,^^ 2 ra+i)} is attracted to Pi. 

See Figure 3. 




Figure 3: Visual illustration of Theorem 6 . 


Proof. Theorem 1 implies that there exists a unique equilibrium point E{x,x) which is non-hyperbolic. 
Theorem 1(c) implies that the periodic solution {Pi,P 2 } is locally asymptotically stable. Similar as in the 
proof of Theorem 4 all conditions of Theorem 4 in [13] are satisfied, which yields the existence a continuous 
increasing curve Ce which is a subset of the basin of attraction of E and for every x G there exists 
no G N such that T"(x) G intQ 2 (E) for n > ng and for every x G W_ there exists ni € N such that 
T"(x) G int Q4(E) for n> ni. 

Set U(t) = t{3 — Ct). It is easy to see that (t, U{f)) :<se E iit G [^,u] and E :<se {t,U{t)) if t e [u, 
and U{u) = u. In view of Lemma 2 we have that 


T ([0,00)2 \ {(0,0)}) ^ Jo, 1(0,0)} 


One can show that 


T\t,U{t))-{t,U{t)) 


( t{Ct-i){Ct-2f \ 
^ ’ Ct(Ct-3)2 + 1 ) 


which implies that T'^{t,U{t)) :<se H t < u and {t,U{t)) +se T'^{t,U{t)) ii t > u. By monotonicity 

if t < u then we obtain that T^'^(t, U{t)) -G Pi as n — 00 and if f > u then we have that T‘^'^{t, U(t)) -G P 2 
as n —>■ 00. 

If {u', v') G intQ2{E) then there exists ti such that Pi :<se [u', v') ^se (ti, U{ti)) <Cse E. By monotonicity 
of the map we obtain that Pi :<se T‘^^{ti, U{ti)) <Cse E which implies that -G 

Pi and T 2 "+^(m',z;') — )■ T{Pi) = P2 as n —)■ 00 which proves the statement ii). 

If (u", v") G intQi^E) then there exists ti such that E (^2, C^( 0 )) dise W, v") :<se P2- By monotonicity 
of the map we obtain that E +se T'^^{t2, U(t2)) :<se , v") <S^se P2 which implies that T 2 ”(u", v”) -g 

P2 and T 2 ”+i(n",D") — >• T{P2) = Pi as n —)■ 00 which proves the statement iii), and completes the proof of 
the Theorem. 

□ 


First we notice the following. Theorem 3 and Lemma 2 imply that T^^{xo,yo) is asymptotic to either 
Pi = (0, ^) or P 2 = (^, 0) or (0,0), for all (xq, yo) GTI \ {(0, 0)}. Let B{Pi) be the basin of attraction of Pi 
and B{P2) be the basin of attraction of P2 with respect to the map T"^. Let denote the boundary of B{Pi) 
considered as a subset of int (5i(0,0) (the first quadrant relative to (0,0)) and C~ denote the boundary of 
B{P 2 ) considered as a subset of int (5i(0,0). It is easy to see that (0, 0) G and (0,0) G C~. 

Now, similarly to the proof of the of Claim 1 and Claim 2 in [5], one can prove that the following lemma 
holds. 
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Lemma 3 Let C'^ and C be the sets defined above. Then the sets C~^ and C are invariant under the map 
and they are the graphs of continuous strictly increasing functions. Further, C'^ UC“ C ,8(0,0). 


The following theorem details the existence two invariant strictly increasing curves passing through the 
point (0,0), such that every solution that stars on these two curves or in the region between these two curves 
is attracted to the point (0,0). 


Theorem 7 Assume that 


0 < 7 < 1 . 


Then there exists prime period-two solution {Pi{ui,vi), P 2 {vi,ui)} which is locally asymptotically stable, 
where 

- 7 

Ml = 0, '^1 = ^ 

Furthermore, there exist sets C'^ and C~ which are continuous increasing curves, invariant under the map 
and T{C'^) = C~, and divide the first quadrant into two connected components, namely 


Wi := {x G Tl \ : 3y G with y x} 


and := {x GTZ \ C~^ : 3y G C~^ with x y} 


and 


yV ’2 ■= {x G TZ\C :3y G C with y Pse x} 


and W 2 '.= {x GTZ\C :3yGC with x y} 


respectively. In addition, C'^ and C passing through the point (0, 0) and the following holds: 

i) If (uo,vo) G yVi (the region above ) then the subsequence of even-indexed terms {{u 2 n,V 2 n)} is 
attracted to Pi, and the subsequence of odd-indexed terms {{u 2 n+i,V 2 n-i-i)} is attracted to P 2 . 

a) If (uqjVq) G Wfi (the region below C~) then the subsequence of even-indexed terms {{u 2 n,V 2 n)} is 
attracted to P 2 , and the subsequence of odd-indexed terms {(u 2 n+i,V 2 n+i)} is attracted to Pi. 

Hi) //(uo) i^o) € (C"*" U C’*') U (W]” n W^) (the region between and C~) then the sequence {{un,Vn)} is 
attracted to (0,0). 


Proof. The proof follows from Lemma 3, and it is similar to the proof of Theorem 4, so we skip it. 

□ 


Based on a series of numerical simulations we pose the following hypothesis. 

Conjecture 1 Suppose that all assumptions of the Theorem 1 are satisfied, then the following holds: = 

C-. 
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Abstract 

The pseudo-hyperbolic equation with cubic nonlinearity and additive 
space-time noise is discussed. The space-time noise is assumed to be 
Gaussian in time and possesses a Fourier series expansion in space. First, 
we prove the existence and uniqueness of the approximate strong solu¬ 
tions of the equation and show that the truncated Fourier solution which 
can be approximated by the truncated finite-dimensional system, is an 
approximate solution. Second, a new transformation is used to convert 
pseudo-hyperbolic equation into a system of equations, which can con¬ 
struct an infinitesimal generator with good properties. After analyzing 
the related total energy evolution, we obtain that the energy growth will 
not blow-up in the limited time. Finally, we present a Fourier scheme of 
a procedure for its numerical approximation and give the stability and 
convergence analysis of the scheme. 

keyword; thermal convection equation, Fourier coefficients, cubic-type non- 
linearities; stochastic; energy 


1 Introduction 

Stochastic differential equations (SDEs) can model many natural phenomena 
with white noise and engineering applications, such as epidemiology, economics 
and so on SDEs hold for the important original work 

‘Corresponding author. E-mail address: zhangzhiyue@njnu.edu.cn. 
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of Ito [H] as well as books [7l |27]. The shorter accounts of stochastic dynamic 
systems on stability, filtering, and control [HI [13] are rather unsuited for the 
study. Stability of SDEs has been well studied by researchers [2511161 US]. Since 
the analytical solution is difficult to obtain, different numerical methods have 
been introduced such as [SnilMlIHl US]- The common theoretical basis is the 
stochastic Ito-Taylor expansion in terms of multiple Wiener integrals m- 

The analysis of the linear SDEs is well investigated such as [2Ql|6l|2ai24]. 
In the recent past, the nonlinear SDEs are researched. In [2l] a class of fully 
nonlinear SDEs is studied by using the stochastic characteristic method. In m 
a strong convergence result under less restrictive conditions is proved by using 
Euler-Maruyama method. In nni, the exponential stability of the multidimen¬ 
sional nonlinear SDEs with variable delays is investigated. Nonlinear filtering 
equations have developed based on a classification where the measure term is 
either deterministic or random |39j . 

Consider the semi-linear stochastic pseudo-hyperbolic equation with cubic- 
type nonlinearities perturbed by additive space-time random noise W m-- 

d(u -(- Ut) = -I- B(u + Ut)dt + b-dW{t,x), 

o^x 

u{0,x) = uq, ut{0,x) = Utg, 0 < X < L, (1-1) 

u(t, 0) = u(t, L) = 0, ut(<, 0) = Ut{t, L) = 0, 0 < t < T, 

where 6 G is an overall noise intensity parameter. B{u) = u{ai — a 2 ||M||^ 2 ) 
is cubic-type with real parameters 02 > 0 and ai [3S]- The space-time Q-regular 
noise W{t,x) is as follows: 

+00 +00 

W{t,x) = ^anWnit)J ^ ^ anWnit)enix) ( 1 . 2 ) 

n—1 n—1 

with independent and identically distributed Wiener process Wn G A/’(0,t), 
where trace{Q) = '^n < +0®- We know that e„(a;) = -y/^sin ,n > 

I are the eigenfunctions of the Laplace operator which form an orthonormal 
system in H = L^(0, L) and satisfy in one-dimensional, Aen{x) = — 

The main contribution of this paper is to discuss the Fourier solution u{t, x) 
and its numerical approximations by truncated Fourier series [H]. We construct 
an infinitesimal generator with good properties and convert into the equations 
which can be easily solved. 

The rest of the paper is organized as follows. In section we verify the 
existence and uniqueness of solution and give a finite-dimensional system of the 
SDEs. In section we estimate the truncated total energy. In section [^ we 
show numerical methods to find those Fourier coefficients. In the last section [5] 
numerical experiments are provided which support our results. 
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2 Existence and Uniqueness of Approximate Strong 
Solutions and Fourier-Series Solutions 

In general, it is difficult to solve nonlinear equations. However, taking the 
equations into system of equations can avoid lots of complex calculations in in¬ 
finitesimal generators and energy estimation. Let v = u-\-Ut^ Eqs (1.1) becomes 

( 2 . 1 ) 



+ ^(«i -«2iMli2) 


dW{t, x) 
dt 


It can be rewritten as 


dt 


-1 

0 


dx^ 


U ' 
V ) 


0\ 

+ (oi — 0.2 


L2 


0\ dW 
b dt 


• (2.2) 


From the definitions of strong solution and approximate strong solution|36]. 
we obtain that conditions of the strong solutions of (2.1) exist and the unique¬ 
ness is that all operators are globally Lipschitz-continuous. Under conditions 
weaker than global Lipschitz-continuity, we can also achieve a result of the 
strong solutions. 

Lemma 2.1. For all 02 > 0, the mapping v G H 1 -^ B{v) = v[ai — a 2 ||w||^ 2 ) 
satisfies the angle condition on H. In other words, for all u,v G H, we have 

F{u, v) :=< B{u) — B{v),u — V >h< o.i\\u — v\\'\j, (2.3) 

specially 


< B{v),v >H< [ai — 02 


\H 


\vfH<Ol\\v\\l. 


Proof. Denoting f{u) := and g{u,v) :=< f(u) — f{v),u — v >h which 

is symmetric. Then we obtain that 

2g{u,v) = {\\ufH + \\v\\jj) \\u-v\\jj + {\\u\\jj-\\v\\jff {\\u\\jj + Mh) ||w-u||^, 


9{u,v) > 


\H 


\H I 


u — v\ 


H- 


Now using (2.3), the above inequality and the definition of B, we have 


F{u, v) < -02 - 


\H 


— \\u - v\\jj + ai\\u - v\\jj < ai\\u-v\\ji, 


< B{v),v >H< -a2-^-^\\v\\H +ai\\v\\jf < ai||u|||^,by setting u = (0,0). 


Then the proof is completed. 


□ 
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From Lemma 2.1 and Theorem 3 in [36) . the unique approximate strong and 


continuous solution of Eqs (2.2) exists. 


Theorem 2.2. Assumptions of definitions of strong and approximate strong so¬ 
lution JWj are satisfied with E||?;(0, ■Wh <oo, for B{0, L)xiFQ-measurable initial 
data v{0,-)gH. The approximate strong global solution v of Eqs exists. 


Next, we propose our method to solve the SDEs. There are many methods 
such as Galerkin-type method PHilS], Monte-Carlo mm. collocation method 
[32] j projection methods |32|- The method presented in this paper is Eourier- 
series solutions. The existence of separated solutions is established in m- 
Solutions of this type are used in [5]. The difficulty lies in computing Eourier- 
series solutions and in finding a good infinitesimal generator to estimate the 
energy of the system. 

Using the principle of linear superposition, the Eourier series is 


+ CXD 


+ 00 


u( 


i{t, x) = '^ Cun{t)en{x), v(t, x) = ^ c„„(t)e„(x). (2.4) 

n—1 n—1 

We truncate the series as follows: 

N N 

u{t, x) = '^ C„„(t)e„(x), v{t, x) = ^ Cyn{t)en{x). (2.5) 


n—1 


n—1 


which form the strong solutions of Eqs (2.2). 


Theorem 2.3. The Fourier coeff dents of Eqs {2.4) satisfy (P-a.s.) the infinite¬ 


dimensional system, for k = 1,2, ■ ■ ■ and bk = buk, 
^uki^) ~ dkif) — Cukif)^ 


+O0 


dCy]^ - I C 


L2 


ai - 02 ^ cln{t) Cykdt -\- bkdWk, 


( 2 . 6 ) 


Proof. By plugging Eqs (2.4) into Eqs (13 , we achieve that for 0 < t < T , 


plj pj_, 

/ u'{t,x)ek{x)dx = ^c'.,j^^{t) en{x)ek{x)dx = Cyk{t) - Cuk{t), 

Jo Jo 

pL / ^2j^2^2 \ 

J dv{t, x)ek{x)dx = Cyk (--1- oi - 02 ^ [cvniffif \ dt + bkdWkif). 

As we know that the u, v is the unique strong solution of (13 with 

00 00 

Mt,fiWH = < 00, iiu(t, oiih = < 00, 


k=l 


L-1 


and have Fourier coefficient Cuk, dk which can be approximated by the trun¬ 
cated finite-dimensional system. So the above computations work. □ 


38 


Tengjin Zhao et al 35-48 









J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.1, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


We note that for stochastic systems with additive noise, the stochastic inte¬ 
gration leads to the same type of stochastic integral. See more details in m- 
Therefore, we can calculate each Cuk, Cyk and u{t,x) = J2n=i Cun{t)^nix). 


3 Total Energy Evolution 


For the case of sufficiently strong diffusion with > L'^{ai + 1), we investigate 
the behavior of related energy functional, which is defined at time t > 0 by 

nt) = y -Wh - Wh + y (3-1) 

This energy functional is indeed nonnegative and finite almost surely (a.s.) as 
one can see from the following theorem. For its proof, we take the functional in 
terms of its Fourier coefficients Ck by 

.j -t-oo / 2 2 2 \ / \ ^ 

V{t) := F(c„fe(t):fc G N) = ^ ^ 2 ^ -Qi-l) c^W + y ) 

^ n=l ^ ^ \n=l / 


for t > 0. It is easy to know that V > 0 for all sequences {cyk{t))k and acts as 
a Lyapunov functional. Besides, E[t) = V{t) for all t > 0. 


Theorem 3.1. Assume that e(0) = EF(c„fe(0) : k G N) < oo, > 

L‘^{ai + 1) and trace{Q) = < o®- Then, the total expected energy 

of the original system \2. l]j is linearly bounded in time by 


e{t) = EF(c„fe(t) : k G N) < e(0)-|-2 


+2° 2 2 2 

E [^^-al-l]cL{t)+V<^2ib^^3^r 


t, 


where 13^ = + 2maxa2 ^ 

n^N 

Proof. The truncated infinitesimal generator can be rewritten 


N 


d 


N 


L — E 9 E 




_Y_ 

dcl„ 


N 

^E 




N 


ar 


-02 E 


^2 

^vk 




*’ f)n 

L/C-J177, 


We express Eqs (3.1) in terms of its truncated Fourier coefficients Cyk by 

N 

2 


1^ 2 2 2 / ^ 
V{t) : = V{cyk{t) :kGN) = +y ( 


for t > 0. Then, after calculating the infinitesimal generator, we estimate the 
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energy of the system (3.1 ) as follow: 


N 


LV — + L\^2 — ^ ^ {.^vn ^un) ^un 


N / 2 7 2 

G n IT 


N 


+ 2 ( ~[2 -“1 ) + y y] cl^{t) + 2cl^it). 

n—1 n—1 ^ ' n—1 n—1 


E 

,n=l 
N 


L 2 

N 


— 01+02 ^ ^ I 


vk I ^vn 


k=l 


n—1 n—1 

^ I 

- E 4 {^uu + Cun) < ^ 2 ^ 3 ^ ^2 

n—1 ^ n—1 ^ 

-v+oo 2 


1 / , ^2^562;^^ /o2n2^2 


E 


a„ 


— Oi + 02 (b^Ppf) ^ 


From the estimate in [35] and denoting f3'^ = + 2maxa^, we obtain 

neN 


+ 00 


LV2 


2 2 2 
G n TT 


L 2 


— oi + 02 ib"^(3^1^ ^ 


/ 1 


\ 12 a 2 / 6 


Consequently, Dynkin formula says that 


+00 


eiv(i)=E V{t) <e{0)+2b^^al 


J ( 1 


L 2 


-Oij+2o2(&^/3^)^ Vl2a2; 6’ 


for t >0. Since tjq > 0 is increasing in N and uniformly bounded in time t for 
any t G [0,T], we know that liroiv^+ooen(0 = ^iid 


0 < e{t) <e( 0 ) + 2b‘^ a 


+°° /^ 2 ^ 2^2 \ fi2o2\i ( 1 

- oi I t + 2 o 2 {b^Ph) I w;- I -t. 


n—1 
, 2^2 \ r 2 / 


L2 j ^ ~ --.y- Ml,, yi2a2j 6’ 

as e(0) < 00 , 0 - 27^2 > Lp[ai + 1) and trace{Q) = J2^=i < 00 . □ 


More precisely, for T < 00 , V 0 < t < T, 3 Ki,K 2 > 0 

(£;||u(t, oil?, + > E\\vit, Oil?, > E\\u{t, Oil?,. 

In fact, if (t 27]-2 > L'^[ai + \), we can know that the following mentioned estimates 
of second moments have linearly bounded ones (in time). For T < 00 , 3 c > 

0 , o<f< T, f;||w (<,•)||27 < F;||,;(t,•)|| 2 ^ < f;||z;(o, •)||?7 + ct. 

4 Numerical Methods for Fourier Coefficients 


The truncated Fourier series u, v in Eqs (2.5) satisfy the Eqs (2.1). Since the 


explicit solution is unknown, we take advantage of numerical approximations. 

Along partitions 0 = to < ^1 < ^2 < • • • < tuT =T oi interval [0, T] with the 
step sizes /i„ = t„+i — tn, and 0 = ccq < x, < a ;2 < • • • < Xn^ = L oi interval 
[0, L] with the step sizes dn = x„+i — x„. 
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For each fixed Xm, let us consider the forward Euler method for Cyk 

N \ 


Cyk{n + 1) =Kcyk{n) 


L2 


+ ai- a 2 ^cli{n) + Cyk{n) + 


1=1 


(4.1) 

where AW^ = Wk{tn+i) — Wk{tn) G Af{0,hn)- Other one is backward Euler 
method 


N 




^2 -+ai-a2'^cli{n+l)\ + Cyk{n) + bkAW^;. 

1=1 / 

(4.2) 


In our opinion, the best approach is linear-implicit Euler-type method 

N \ 


Cykin+l) =hr,Cykin+l) \ 


L2 


+ ai - 02 y] chin) + c„fc(n) + b^AW^. 


1=1 


(4.3) 

After calculating the Cyk, we can obtain v(tn+i,Xm) = J2n=i Cvn(t)en(x). Then 
um can be calculated 

o(tn+l 1 ^m+1) — ('^(^n+l : ^m) '^{^n+l ; ) ) “f 'o(tn+l : ) ■ 


We note that Eqs (4.11 has a disadvantage that is lacking of stability and mono¬ 
tonicity deficits. A slight disadvantage of Eqs (4.21 is that we have to solve 
locally implicit algebraic equations at each iteration step n, which results in a 
lot of calculation and time. An advantage of methods (4.21 and (4.3) is very well 
stability and moment dissipativity behavior, and they keep some monotonicity 
properties 


(4.4) 


Theorem 4.1. Consider the forward Euler method that 

Cyk{n) + bkAW^ 


Cyk{n + 1) = 


l + hn -ai+a2 Y.f=i cS;(”)) 


where n G N,bk = bak and Aw'^ € N{0,hn). If > L^{ai + 1), their second 
moments is linearly bounded in time, 


E [||w(tn,-)llff] < +00. 


Proof. Suppose that 1 + h 


— («! +1) 
!r of methoc 

— [Ci;fc(t) Cufc(t)] 


> 0. The Eqs (4.41 is finite due 


to the linear-implicit character of method (4.3). From Eqs (2.6), it follows 
^ukip 4 “ 1 ) C-ykip) 


Cyk{n -I- 1) - Cyk{n) 

hy 


+ 00 


L2 


+ ai-a2'^cli{t) 


1=1 


c-vk + bk- 


Wk{ty + 1) - Wkitn) 
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It remains to consider the second moments. We estimate Cyk by Eqs (4.4) 

Cvk{n) + 


Cvkijl + 1) = 


1 + ^71 






E[cfc(n+1)] =E 


[ck{n)f + hlh 


Since denominator is less than one, we have 

E [Cyk{n + 1)]^ <E [Cykiji)]^ + {bkfhn < E [c„fc(0)]^ + {b^ftn+i- 


From Eqs (2.5), we obtain 

N 


N 


N 


^E [||c„fe(n)f] < ^E [||c„fc(0)f] 


^+oo 2 \-^+oo 






Since J2k^i l|ci;fc(0)|p < oo, we obtain that, as —)■ oo and h —0 


+ 00 


+00 


+ 00 


E [\\v{t„,-)\\jj] = ^E [||c^fc(n)f] < ^E [||c„fc(0)f] + 5^ ^ < oo. 


k=l 


k=l 


k=l 


□ 


Recall the definition in |d8j , let denote the numerical approximation of the 
k-th Fourier coefficients Ck- The numerical approximation Ch = {c^)k=i,2,---,N is 
said to be mean consistent with rate Tq iff there are a constant Cq = Cq{T) and 
a positive continuous function or functional V such that 

Vn=0,l,- • ■,nT - l:||E[c(n + 1)]-E[c'‘(n + l)]||jv<C'oF(c(n))/ij;^“ 


along any (nonrandom) partitions with sufficiently small step sizes < 6 < 1, 
where || • || is the Euclidean vector norm in , provided that one has nonrandom 
data c(n) = c^{n). 


Lemma 4.2. 
rate ro = 1.5. 


The method (LIM) governed by Eqs {'4-S) is mean consistent with 


The similar results may be found in [38]. 


5 Numerical Experiments 

Under the condition that > L^(ai + 1), we present the results of sys¬ 

tematic numerical simulations for solutions of the SDEs. The order is de¬ 
fined by order = Ig (||E[c(n -I- 1)] — E[c^(n -|- l)]||Ar)- The ratio is defined by 
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ratio = 1 
the noise. 


I|g|| 

\\E+e\\ 


, where E is the total energy of the system at t = 0 and e is 


Case 5.1. We consider the simple initial data with 


m(0, x) = 


L — X, 


x<\l, 

x>\l. 



Figure 1: The numerical results at the Figure 2: The numerical results at the 
times t = 2 with ratio « 1% times t = 2 with ration 5% 



Figure 3: The numerical results at the Figure 4: The total energy with differ- 
times t = 2 with ratio > 10% ent random terms at t = 10 with ratio 



Figure 5: The total energy with dif- Figure 6: The total energy with differ- 
ferent random terms at t = 10 with ent random terms at t = 10 with ratio 
ratio« 5% > 10% 

The parameters T = 2, At = 0.05, Aa; = 0.01, L = 1, oi = 0.1,02 = 1 
and a — 9 are chosen over the region [0,1]. In Figure and the lines of 
and ”o” respectively denote the initial value u{0,x) and the terminal value 
u{2,x). Figure[^shows that the wave dissipates at time t = 2. Figureshow 
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Figure 7: The numerical results at the Figure 8: The numerical results at the 
times t = 10 with ratio « 1% times t = 10 with ration 5% 




Figure 9: The numerical results at the Figure 10: The total energy with d- 
times t = 10 with ratio > 10% ifferent random terms at t = 10 with 


ratio « 1% 



Figure 11: The total energy with d- Figure 12: The total energy with d- 
iflerent random terms at t = 10 with ifferent random terms at t = 10 with 
ration 5% ratio > 10% 


Table 1: Order of convergence in space and time for the Euclidean vector norm 


Ax 

At 

ratio 

order 

ratio 

order 

0.01 

0.05 

1% 

4.1677 

5% 

3.0281 

0.01 

0.1 

1% 

4.014 

5% 

2.6964 

0.05 

0.05 

1% 

4.5498 

5% 

3.4972 

0.05 

0.1 

1% 

4.9379 

5% 

2.6441 
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the influence of noise enhancement on waveform. When the ratio > 10% , the 
waveform was destroyed. Figure and present the total energy evolution 
and show that the total energy stablely declines. However the total energy is 
linearly bounded in time. These results are in good agreement with the Theo¬ 
rem |3.1[ Similarly, Table presents the numerical results of the linear-implicit 


Euler-type schemes, which are in good agreement with Lemma 4.2 


Case 5.2. In the second case, the initial data is same to the case 1. Using 
L — 1, oi = 1, 02 = 1, 6=1 and a = 9, we present the numerical solution at 
the terminal time T = 10. 


Table 2: Order of convergence in space and time for the Euclidean vector norm 


Ax 

At 

ratio 

order 

ratio 

order 

0.01 

0.05 

1% 

4.5093 

5% 

3.3822 

0.01 

0.1 

1% 

4.1886 

5% 

2.5853 

0.05 

0.05 

1% 

4.0957 

5% 

3.8375 

0.05 

0.1 

1% 

4.4245 

5% 

3.2689 


Eigure shows that the wave dissipates at time t = 10. Eigure show 
the influence of noise enhancement on waveform. When the ratio > 10% , the 
waveform was destroyed. Figure 11 10 and [T^ present the numerical results 
of the total energy evolution and show that the total energy stablely declines. 
With the increase of the noise, the downward trend is not significant but vibrate. 
These results are in good agreement with the Theorem 4.2. Similarly, Table 
presents the numerical results of the linear-implicit Euler-type schemes, which 


are in good agreement with Lemma 4.2 
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Abstract 

In this paper, we introduce an iterative process for approximation of a common fixed point for a finite 
family of multi-valued Bregman relatively nonexpansive mappings with a solution of the split feasibility 
problems in p-uniformly convex and uniformly smooth Banach spaces. We prove the strong convergence 
theorems of the proposed iterative process in p-uniformly convex and uniformly smooth Banach spaces 
and present the numerical results to verify the efficiency and implementation of our results. 

Keywords: Bregman relatively nonexpansive mappings; strong convergence theorems; uniformly convex 
Banach spaces; uniformly smooth Banach spaces; split feasibility problems. 


1 Introduction 


Let El and E 2 be two p-uniformly convex real Banach spaces which are also uniformly smooth. Let C and 
Q be nonempty closed convex subsets of Ei and E 2 respectively, A : Ui —>■ if 2 be a bounded linear operator 
and A* : UJ —>■ E^ be the adjoint of A. The split feasibility problem (SFP) is to find a point 

X € C such that Ax G Q. (1.1) 

Note that the inverse image of the set Q under A is a convex set. Hence the problem 1.1 can be written in 
case that the intersection C fl A~^{Q) is nonempty. We will denote the nonempty solution set of (1.1) by 
U = C n A~^{Q). Therefore fl is a closed convex subset of Ei. 

In 1994, Censor and Elfving [8] introduced the SFP (1.1) in Hnite-dimensional Hilbert spaces for mod¬ 
elling inverse problems which arise from phase retrievals, medical image reconstruction. Various algorithms 

‘Corresponding author. 
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have been invented to solve the SFP (1.1) ( see [2, 6 , 11, 25, 28, 29] and the references therein). In particu¬ 
lar, Byrne [ 6 ] introduced a so-called CQ algorithm, taking an initial point xq arbitrarily and construct the 
sequence {xn} by 

Xn+i = Pc{Xn - lA*{I - PQ)AXn),n> 1 , 

where 0 < 7 < |p|[p: and Pc denotes the projection onto a set C. That is, Pc{x) = argmin^gc l|a; — 2 /||- 
Recently, Schdpfer et al. [19] solved the SFP (1.1) in p-uniformly convex real Banach spaces which are also 
uniformly smooth using the following algorithm: for xi G Ei and n > 1 , set 


Xn+l = AcJ%. [Jei^u - tnA*J^^{AXn 


PgiAXu))], 


( 1 . 2 ) 


where He denotes the the Bregman projection and J the duality mapping. Clearly the above algorithm 
covers the Byrne’ CQ algorithm [ 6 ]. They used algorithm (1.2) for obtaining the weak convergence result 
in a p-uniformly convex real Banach spaces which are uniformly smooth with the condition that the duality 
mapping of E is sequentially weak-to-weak-continuous. In 2014, Wang [26] studied the following multiple-sets 
split feasibility problem (MSSFP) (see [11]): find x G Ei satisfying 

r r+s 

xg[^C,, Ax G Pi Qj (1.3) 

i=l j—r-\-l 


where r, s are two given integers, Ci, i = 1,..., r, is a closed convex subset of Ei, and Qj, j = r-l-1,..., r-Ps, is a 
closed convex subset in E2. Wang [26] modified the above algorithm (1.2) and proved the strong convergence 
theorem using an idea appeared in [13] and the following algorithm: for any initial guess Xg, define {a;„} 
recursively by 

Vn — Pn^n 

Dn = {u G E : Ap{yn,u) < Ap{Xn,u)} 

En = {u G E : {Xn - u, J^ixo) - JE{Xn)) > 0} 

Xn+l = n£)„n£;„(a^o), 
where Tn is defined, for each n G N, by 


J, ^ ^ 1 nQ(„,(a;), 1 < i{n) < r 

\ J%i[JES^)-inA*.FE^{I-PQ.^^^Ax\,r+l<i{n)<r + s, 

t : N —>■ / is the cyclic control mapping 


(1.5) 


i{n) = n mod {r + s) + 1 , 


and satisfies 


0 <t<tn< { 


C„ 


For better comparison of (1.5) with (1.2), we state a version of (1.2) for solving problem (1.3): 

Xn+l — nCi(„) [T^^ (Xn) tnA J^^^AXn Hn) iAx n))], 


( 1 . 6 ) 


where t : N —>■ / is the cyclic control mapping 

i{n) = n mod {r + s) + 1 . 

In 1967, Bregman [3] has discovered an elegant and effective technique for the use of the Bregman 
distance function Ap in the process of designing and analyzing feasibility and optimization algorithms. 
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This opened a growing area of research in which Bregman’s technique is applied in various ways in order 
to design and analyze iterative algorithms for solving not only feasibility and optimization problems, but 
also algorithms for solving variational inequality problems, equilibrium problems, fixed point problems for 
nonlinear mappings, and so on (see [16, 4, 17] , and the references therein). 

Recently, Shehu et al. [22] studied split feasibility problems and fixed point problems concerning left 
Bregman strongly nonexpansive mappings: find an element x G Ei satisfying 

x G C n F{T) such that Ax G Q. (1.7) 

Shehu et al. [22] proposed the following algorithm: for a fixed u G Ei, let {xn}'^=i be iteratively generated 
by ui G El, 

( Xn=AcJ'^t[J^^{Un)—tnA*J^^{AUn—PQ{AUn))] ( 18 ) 

I Un+1 =AcJl,{anJ^^{u) + {1 - a„)J^^{Txn)), n > 1, 

where {a„} is a sequence in (0,1). Moreover Shehu et al. [22] proved the strong convergence of the sequence 
generated by (1.8) for solving problem (1.7) in p-uniformly convex real Banach spaces which are also uniformly 
smooth. 

In 2014, Pang et al. [9] showed that the class of Bregman relatively nonexpansive mappings embraces 
properly the class of Bregman strongly nonexpansive mappings. Very recently, Shahzad and Zegeye [21] 
introduced the class of multi-valued Bregman relatively nonexpansive mappings which includes the class 
of single-valued Bregman relatively nonexpansive mappings. Hence, the class of multi-valued Bregman 
relatively nonexpansive mappings is a more general class of mappings and gave a example of a multi-valued 
Bregman relatively nonexpansive mappings. Moreover, Shahzad and Zegeye [21] proved that if C is a 
nonempty closed convex subset of int{domf) where / : £1 —>■ K is a uniformly Frechet differentiable and 
totally convex on bounded subsets of E and T : C ^ CB(C) is a Bregman relatively nonexpansive mapping, 
then E{T) is closed and convex. 

Our aim in this paper is to construct an iterative scheme for solving problem (1.7) which is also a 
fixed point of a multi-valued Bregman relatively nonexpansive mapping T in p-uniformly convex real Banach 
spaces which are also uniformly smooth and then prove the strong convergence theorems of the sequences 
generated by our scheme under some suitable assumptions. 


2 Preliminaries 


Let 1 < q < 2 < p with ^ ^ = 1- The modulus of smoothness of E is the function pe{t) : [0, oo) —>■ [0, oo) 

defined by 

Pe{t) = sup^^{\\x + y\\ + \\x-y\\) - 1 : l|a:l| < l,]]^]] < l|. 

E is called to be uniformly smooth if 

lim^=0 

r—>0 T 

and E is called to be g-uniformly smooth if there exists a Cq > 0 such that Pe{x) < for any r > 0. 
The modulus of convexity of E is the function 5e '■ (0, 2] —>• [0,1 ] defined by 

^^(e) := inf |l- [[^^^^J] : Ijxll = I]?/]] = l;e= l|x- 2 /ll|. 
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E is called to be uniformly convex if (5£;(e) >0 for all e G (0, 2] and p-uniformly convex if there is a Cp > 0 
so that 5e{s) > Cp£^ for any e G (0, 2]. The Lp space is 2-uniformly convex for 1 < p < 2 and p-uniformly 
convex for p >2. 

Lemma 2.1. [27] Let x,y € E. If E is q-uniformly smooth, then there exists a Cq > 0 such that 

\\x-y\r<\\xr-q{y,JUx))+Cq\\yr. 

It is known that if E is p-uniformly convex and uniformly smooth, then its dual E* is g-uniformly smooth 
and uniformly convex. Moreover the duality mapping is one-to-one, single-valued and = (J|;,)“^ 
where J'f,. is the duality mapping of E* (see [10, 14]). 

Definition 2.2. The duality mapping : E ^ 2^ is defined by 

4(x) = {xGE*: {x, x) = \\xr, ||Sir = ||x|r 1}. 

The duality mapping is said to be weak-to-weak continuous if 

^ ^ ^ y) ^ y) 

holds for any y G E. We observe that lp{p > 1) has such a property, but Lp{p > 2) does not have this 
property. 

Let f : E ^ (—oo, -Poo] be a convex function and x G int{dom) f. The function / is said to be Gateaux 
differentiable at x if 

,• + ty) ~ fi^) ■ r rn 

hm - exists for any y G E. 

i-s-0+ t 

Definition 2.3. Let / : if —>■ K be a Gateaux differentiable convex function. The Bregman distance with 
respect to / is defined as: 

^fix,y) = f{y) - fix) - {/ix),y-x), x,y GE. 

It is worth noting that the duality mapping is in fact the derivative of the function fp{x) = (^)||a:p. 
Then the Bregman distance with respect to fp is given by 

Ap{x,y) = ^\\xr-{.F^x,y) + ^\\yr 

= ^i\\yr-\\xr) + {J^E^,x-y) 

= J(ikr-iiyir)-(4^-42/:^)- 

In general, the Bregman distance is not a metric due to the absence of symmetry, but it has some distance¬ 
like properties. 

The following are some of important properties of the Bregman distance which are needed in the sequel 
^pix, y) = Ap(a;, z) -P Ap{z, y) + {z - y, Jf^x - Jf^z), (2.1) 

and 

\ix,y) + ^piy,x) = (x- y,JEX - Jf^y). (2.2) 
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For the p-uniformly convex space, the metric and Bregman distance has the following relation (see [20]): 

T\\x-y\\P < Ap{x,y) < {x-y,J^x- J^y), (2.3) 

where t > 0 is some fixed number. 

Let C he a nonempty closed convex subset of E. The metric projection 

= argmin jjx — y||, x G E, 
yeC 

is the unique minimizer of the norm distance which can be characterized by a variational inequality: 

{J^{x — Pcx), z — Pcx) < 0, Vz G C. (2.4) 

Similar to the metric projection, the Bregman projection is dehned as 

Ilqa: = argmin Ap(a;,y), x G E, 
yeC 

which is well-defined and the minimizer of it is unique (for more details see [19]). The Bregman projection 
can also be characterized by a variational inequality: 

( 4 (^) - Je{^cx),z - Hex) <0, Vz G C, (2.5) 


from which one has 

Ap{J\cx,z) < Ap{x,z) — Ap{x,Hcx), 'izGC. (2.6) 

Following [1] and [7], we use of the function : FI* x i? —>• [0, -Poo) associated with fp which is defined 
by 

Vp{x,x) = -||x|]‘^ — {x,x) + -||a;l|^, Vx G FI, x G E*. 

Then Vp is nonnegative and Vp(x,x) = Ap(Jj,. (x), x) for all x G E* and y G E. 

Moreover, by the subdifferential inequality, 

(/(x),x-x) </(x)-/(x). (2.7) 

With /(x) = bjjxll'^, X G FI*, then / (x) = J%,, we have 

{J%,{x),y) < ^\\x-y\\‘‘ - illxl|«,Vx,y G E*. (2.8) 

Using (2.8), we have for all x,y G E* and x G E that 

Vp{x + y,x) = -l|x-Pyll« - {x + y,x) + -[[xH^’ 

q p 

> -ll^r + - {x + y,x) + ^l|xl]^’ 

q p 

= -llxr-(x,x) + -llxr + (y,4.(S)) 

q p 

+ {y,J%-^ix)) - {y,x) 

= ^ll^r - {x,x) + ^\\x\\P + (y, J|.(x) - x) 

= Vp(x, x) + {y, J%. (x) - x). 
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In other words, 

Vp{x, x) + {y, J|. (x) -x) < Vp{x + y, x), (2.9) 

for all a: G if and x,y G E* (see, for example, [23],[24]). 

Let C be a nonempty closed convex subset of a smooth Banach space E and let T be a mapping from C 
into itself. A point p G C \s said to be an asymptotic fixed point [16] of T if there exists a sequence 
in C which converges weakly to p and lim„_>oo \\xn — Txn\\ = 0. We denote the set of all asymptotic fixed 
points of T by F{T). 

Definition 2.4. Let C be a nonempty convex subset of int{domf). A mapping T : C ^ int{doinf) with 
E{T) ^ 0 is called to be 

(i) Bregman quasi-nonexpansive if 

Ap{Tx,x) < Ap{x,x), Mx G C,x G F(T); 

(ii) Bregman relatively nonexpansive if F{T) = F{T), 

Ap{Tx,x) < Ap{x,x), yx G C, X G F(T); 

(iii) left Bregman strongly nonexpansive with respect to a nonempty F{T) if 

Ap(Tx,x) < Ap{x,x), Vx G C, X G F(T), 
and if whenever {a;„} C C is bounded, x G F{T) and 

lim (Ap(xn,x) - Ap{Txn,x)) = 0, 

n—>-oo 

it follows that 

lim Ap{xn,Txn) = 0. 

n—¥oci 

It is obvious that any left Bregman strongly nonexpansive mapping is a Bregman relatively nonexpansive 
mapping, but the converse is not true in general. Pang et al. [9] showed that there exists a Bregman relatively 
nonexpansive mapping which is not a Bregman strongly nonexpansive mapping. 

Let N{C) and CB{C) denote the families of nonempty subsets and nonempty closed bounded subsets 
of C, respectively. The Hausdorff metric on CB{C) is defined by 


F[{A, B) = maxjsup dist(a;, B), sup dist(?/, A)}, 

x^A y^B 

for all A,B G CB{C) where dist(x, B) = inf{||a; — y\\ : y G B} is the distance from a point a; to a subset B. 


Recall that a multi-valued mapping T : C ^ CB{C) is said to be 

(i) nonexpansive if H(Tx,Ty) < \\x — y\\, for all x,y G C; 

(ii) quasi-nonexpansive if F{T) ^ 0 and H{Tx,Tp) < \\x — _p||, for all a; G C and p G F{T). 
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Let T : C ^ CB{C). A point p G C is said to be a fixed point of T if p G F{T) where F{T) = {p G T : p G 
Tp}. A point p G C is said to be an asymptotic fixed point [16] of T if there exists a sequence {a;„}„gN in 
C which converges weakly to p and lim„_>oo dist(x„, Txn) = 0. 

Definition 2.5. [21] Let T : C ^ CB{C) is said to be Bregman relatively nonexpansive if the following 
conditions are satished: 

(Al) Fir) is nonempty; 

(A2) Ap{z,x) < Ap{x,x) for z G Tx, x € C and x G F{T); 

(A3) F(T) = F(T). 

The following is the example of a multi-valued Bregman relatively nonexpansive mapping appeared in 

[ 21 ]: 

Example 2.6. [21] Let I = [0,1], A = LP{I), 1 < p < oo and C = {f G X : f{x) > 0,Va; G /}. Let 
T-.C^ CB{C) be defined by 

I {hGC : f{x) - i < h{x) < f{x) - \,\lx G /} if f{x) > l,Va; G / jq) 

1 {0}, otherwise. 

Then T is defined by (2.10) is a multi-valued Bregman relatively nonexpansive mapping. 

We next state the following lemmas which will be used in the sequel. 

Lemma 2.7. [5] Let E be a Banach space and / : if —>■ K o Gateaux differentiable function which is locally 
uniformly convex on E. Let and {t/n}neN be bounded sequences in E. Then the following assertions 

are equivalent 

(i) ^oo Fj{xYi^yj[) 0, 

(a) lim„^oo \\Xn -yn\\= 0. 

Lemma 2.8. [12] Let E be a Banach space, let r > 0 be a constant, and let f : E ^ 'R be a uniformly 
convex function on bounded subsets of E. Then 

n n 

- ^(^kfixk) - a^ajPriWxi - Pill), 
fc=0 k=0 

for all i,j G {0,1, 2,..., n}, Xk G Br, au G (0,1), and k = 0, l,2,...,n with “ I,where pr is the 

gauge of uniform convexity of f . 

Lemma 2.9. [27] Let {a„} be a sequence of nonnegative real numbers satisfying 

^ (f kXn'jOn OtriCT -f Tn, ^ ^ 1, 

where (i) {«„} C [0,1], ^ = oo; (ii) limsupcr„ < 0; (Hi) 7 „ > 0; (n > 1), X[7n < Then, On —> 0 as 

n —>■ oo. 
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3 Main results 


In this section, we introduce an iterative process for approximation of a common fixed point for a finite family 
of multi-valued Bregman relatively nonexpansive mappings with a solution of the split feasibility problems 
in p-uniformly convex and uniformly smooth Banach spaces and prove the strong convergence theorems of 
the proposed iterative process in p-uniformly convex and uniformly smooth Banach spaces 

Theorem 3.1. Let Ei and E 2 be two p-uniformly convex real Banach spaces which are also uniformly 
smooth. Let C and Q be nonempty closed convex subsets of Ei and E 2 , respectively, A : Ei ^ E 2 be a 
bounded linear operator and A* : E 2 ^ Ef be the adjoint of A. Suppose that SEP has a nonempty solution 
set Lt. Let {Ti}fLi be a finite family of multi-valued bregman relative nonexpansive mappings of C into 
CB{C) such that T = nfLiF{Ti) fT ^ 0. Let Ui G Ei and the sequence {x„} be generated by 

( X„= - tnA*J^^{AUn - Pq(.4m„))] 

1 Un+l , Zn^ G TiXn, 


(3.1) 


where {ctn } C [a.b] C (0,1) for all i = 0,1 ,N such that Suppose the following conditions 

are satisfied: 

(i) = 0 for all z = 0,1,..., N. 

(li) 0<t<tn<k< 

Then the sequence {xn}r=i converges strongly to an element x* G T. 


Proof Let x* G LI. Suppose that Wn = Aun- PqiAun) and = Jf,,[J^^{un)-tnA*J^^{Aun-PQ{Aun))], 
Vn > 1. Therefore Xn = LlcVn, Vn > 1. It follows that 


{JE.^{Wn),AUn - Ax*) = \\AUn - PqiAUnW + , Pgi^Un) - Ax*) 

>\\AUn-PQ{AUn)r =\\Wnr. 

By Lemma 2.1, we obtain that 

\{Xn,X*) < Ap{Vn,X*) 

= \iJE-[JE,M - tnA* jP^{Wn)],X*) 

= - 114 ,K) - t^A*jP^{w^)\\^ - {rEA^n),X*)+tMki^n),Ax*) + ^||x*r 


P 


1 , 


Cg{tu\\A\\)\ 


< WJ^iWnW 

- (4,(zz„),x*) +t„(4Jzc„),^x*) + i||x*r 
= - (4^(u„),a;*) -G ^\\x*\\P -G tn{AUn, JE^i'^ri)) 


Cgitu\\A\\r 


ii4,K)r 


= Ap{Un,X*) -G t„(4^(w„), Ax* - Aun) -G 




WJU^nW 


= Ap{Un,X*) -G 


tfl 


C\{tn\\A\\r 


k„ir. 


(3.2) 


(3.3) 
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Using the condition(ii), we have 

Ap{Xn,X*) < Ap{un,x*) Vn > 1. 

Now, using (3.1), we have 

N 

Ap{Xn+l,X*) < Ap{Un+l,X*) < Ap{Xn, X*) + ^ ^ (2: W ^ 3;* ) 

i=l 

N 

< a^°'^Ap{xn,x*) + '^a^^^Ap{xn,x*) 
i=l 

= Ap{Xn,X*). (3.4) 

This shows that {Ap(a;„, x*)} is a bounded decreasing sequence. Hence the lim„_>.oo Ap{xn,x*) exists and 
thus lim„_>oo(Ap(a;„,a;*) - Ap(a;„+i,x*)) = 0. Let j/„ = J|;.(ai°^ J|;^(x„) + JE^izn^)), n > 1. 

Therefore 


N 



2=1 

N 



2=1 
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By Lemma 2.8, we obtain that 




N 



N 


^ i—1 

1 ^ 1 


N 


= ai°Vp(4^(a:„),:r*) +E«i*V,(4^(zW),x*) - (^n) - JlMn)\\) 




N 


= ai°^Ap(x„,x*) + E«n^^p(4*^a;*) - Vr(|| (a:„) - JeM^u^W) 


2=1 

N 


< al°'^Ap{Xn,X*) +J2(^n'’^piXn,X*) - «^ «^Pr (|| (a^n) “ 

2=1 

= Ap(x„,x*) - - 4,(4*^)ll)- 


Thus 


- 4,(4*^)II) < Ap(x„,x*) - A,(x„+i,x*). 

Then, from (3.6), we have 

an^a« Vr(|kB,(a;«) - Js^iZn^W 0> n^oo. 

By the property of p^, we have 

lim ||J|;^(a;„) - J|;^(4*^)|| = 0. 

n—^oo ^ ^ 

Since Jj.. is norm-to-norm uniformly continuous on bounded subsets of E^, we have 

lim ||x„ - = 0- 

n—^co 

Since d{xn,TiXn) < \\xn — Zn'^W, we have 


lim d{xn,TiXn) = 0, 

n—^oo 


(3.6) 
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for each i = {1,2,TV}. Since {xn} is bounded, there exists a subsequence {x„j} of {xn} that converges 
weakly to z. Since Ti is a multi-valued Bregman relative nonexpansive mapping, we obtain z G F{Ti), for 
each i G {1, 2,..., TV} and hence z G n^iF(Ti). 

We now show that z G ff. From (3.3), we obtain that 


- PqiAUnW < \iUn,X*) - Ap{Xn,X*). 


From (3.4), we have 


Putting (3.7) into (3.8), we have 


Ap{Un+l,X*) < Ap{Xn,X*). 


(3.7) 


(3.8) 


( ^^(^"*l^ll)' )Pz^»-PQ(^»n)ir< Ap(a:»-l,X*)-A^(x„,X*). 
By condition (ii) and (3.9), we have 

0<t(l- J**^*l' ) \\AUn - PQ{AUnW 

< (in - - Pq{Au„W 

< Ap{Xn-l,X*) - Ap{Xn,X*). 


Hence, we obtain that 

lim \\Aun - Pq(Hm„)|| = 0. 

n—>-oo 

Since v„ = J|;.['^Bi(^n) “ tnA*J^^{Aun - PgiAun))], Vn > 1, then we have 
0< ||4,(^„)-4 ,(u„)|| <t„||H*||||4JHu„-PQ(Hu„))|| 

- (c^llHII?) 11^*1111^''" " PqiAu^ 

It follows that 


iip-i 


lim HJeAvu) - JeAuu)]] =0. 


Since J|;. is norm-to-norm uniformly continuous on bounded subsets of if}, we have 


lim ||r;„ - u„|| = 0. 

n—^oo 

Furthermore, 


W-JEA’^Eii'^n) - tnA* J^AA'^n “ Pq(yI'U„))] - Un\\ = ||fn “ Mn|| -^0,71^ OO. 

Since is norm-to-norm uniformly continuous on bounded subsets of Ei, then 

t\\A*jP,AAun - PqiAuAn < - Pq{AuA)\\ 

= wj^eA^a - t„A*jPAAun - Pq{AuA) - JlA^Al 

Thus 

lim (Hu„ - Pq(Hm„))|| = 0. 

rj.— 


(3.9) 


(3.10) 


(3.11) 
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From (2.6) and (3.4), we obtain that 

^n) ~ 

< Ap{Vn,X*) - Ap{Xn,X*) 

< Ap{Un,X*) - Ap{Xn,X*) 

< Ap{Xn-l,X*) - Ap{Xn,X*). 


This implies that 


Hence 


lim ||r;„ - Xn\\ = 0. 

n—>-oo 

\\Xn -Un\\ = - Un\\ + - Xn\\ 0 aS 71 -)> OO. 


Since {x„} is bounded, there exists {xn^} of {x„} such that Xn^ ^ z € uJoj(xn)- Since Xnj 
lim„_>oo \\xn — Un\\ = 0, we obtain that ^ z. From (2.2), (2.5) and (2.3), we have 


Ap{z, Hcz) < ( (z) - (Hcz), z - Hcz) 

= - Jei(^cZ),Z- Unj) + {Je^{z) - (H^z), - X^-cUnj) 

+ (JeM) - JEii^cZ),IlcUnj - HeZ) 

< i-JEiiz) - JEii^cZ),Z- Un^) + {Je^z) - (H^z), - UcUnj) ■ 


As j —>■ oo, we obtain that Ap{z, Hcz) = 0. Thus z £ C. Let us now fix a; G C. Then Ax G Q and 


11(7- Pq)Au„J|P = {J^^iAXn - PQ{AUnj)),AXn “ Pq(A'U„J) 

= {J^^iAXn - PQ{AUnj)),AXn - Ax) + {J^^{AXn - Pq(Am„J), Ax„ - Pq{Au, 

< {J^^{AXn - PQ{AUn^)),AUnj - Ax) 

< Af|| A*(/— Pq)^^^^ 11^ ^ 0, n —>■ oo, 

where M > 0 is sufficiently large number. It then follows from (2.4) that 


11(1 - PQ)Azr = (4,(Az - Pq{Az)),Az - Pq{Az)) 

= {JeS^z ~ + {J^^iAz - Pq{Az)), Aunj - PgiAUnj)) 

+ {J^E^iAz - Pq(Az)),Pq(Au„J - Pq(Az)) 

< (-/I:2(^2 -^’q(^^)).^^-^m„^) + (-^I 2(^2 -Pq(Az)),Au„^ -Pq{Au„.)). 
Also, since Aun^ Az, we have that 

lim ||(/-Pq)Az|| =0. 

n—>-oo 

Thus Az G Q. This implies that z £ ft and hence z G F{T) fl 17.Furthermore, we have 

N 

Ap(xji , Un) ^ ^ Ap{xji^ Xji') F ^ ^ Ap{xji , z^ ^). 

i=l 

Since \\xn — Zn^\\ —>■ 0 as rr —>■ oo and {z)j} is a bounded sequence. By Lemma 2.7, we obtain that 
lim„_>oo Ap(xn, zi*^) = 0. From (3.12), it follows that ||a:„ — j/„|| —>■ 0, n —>■ oo. 


z and 


.)) 


(3.12) 
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Let p G F{T) n We next show that limsup„_>go(J|;^(a;„) — JEi{p)jyn — p) <0. To show the inequality 
limsup„_^gQ(J|;^(a;„) — J^^{p),yn — p) < 0, we choose a subsequence {xn^} of {xn} such that 

limsup(Jg^ (x„) - ip),Xn -p) = lim (Jf,^ (a;„) - (p), - p) = 0. 

n—^oo n—^oo 

Since \\xn — yn\\ —>■ 0 as n —>■ oo and (2.5), we obtain that 


limsup(J|;^(a;„) - J|;^(p),p„ - p) < limsup(J^^ (a:„) - J^^(p),x„ -p) = 0. (3.13) 

n—>-oo n—^oo 

Using (3.13), (3.5) and Lemma 2.9, we obtain that Ap(a;„,p) —>■ 0,n —>■ oo. Hence, a;„ —>■ p as n —>■ oo. □ 


Corollary 3.2. Let Ei and E 2 be two Lp spaces with 2 < p < 00 . Let C and Q he nonempty closed convex 
subsets of El and E 2 , respectively, A : Ei ^ E 2 be a bounded linear operator and H* : —>■ UJ he the 

adjoint of A. Suppose that SEP has a nonempty solution set H. Let {Ti}^i be a finite family of multi-valued 
Bregman relative nonexpansive mappings of C into CBiC) such that T = nfLiE{Ti) fT H ^ 0. Let Ui G Ei 
and the seguence {xn} be generated by 


Xn = ncJ|.[J|;^(w„) - tnA* J^^{AUn - Pq(Hm„))] 

Un+1 = He J|;. {an'^JE^ {Xn) + Yh=i Oln''J e^ (Zn^)) , Z^n G TiX, 


(3.14) 


where {ctn^} C [a.5] C (0,1) for all z = 0,1,..., N such that Suppose the following conditions 

are satisfied: 


(i) = 0 for all z = 0,1,..., N 

(li) 0<t<tn<k< 


Then the sequence {a;n})(Ti converges strongly to an element x* G E. 


If we assume that each Tj, i = 1,2, in Theorem 3.1 is a Bregman relative nonexpansive single¬ 
valued mapping, we obtain the following corollary: 

Corollary 3.3. Let Ei and E 2 be two p-uniformly convex real Banach spaces which are also uniformly 
smooth. Let C and Q be nonempty closed convex subsets of Ei and E 2 , respectively, A : Ei ^ E 2 be a 
bounded linear operator and A* ■. Etj ^ Ef be the adjoint of A. Suppose that SEP has a nonempty solution 
set H. Let {Tildi be a finite family of single-valued Bregman relative nonexpansive mappings of C into C 
such that T = nfLiF{Ti) fl H ^ 0. Let Ui G Ei and the sequence {x„} be generated by 

j Xn = llcJE,[JE,^{Un) — tnA* J^^{AUn — PgiAUn))] ISIS'! 

I Un+1 = J^^{Xn) + J2^=i JEiiTtXn)), 

where {ctn^} C [a.5] C (0,1) for all z = 0,1,..., N such that Suppose the following conditions 

are satisfied: 

(i) = 0 for all z = 0,1,..., N 

(a) 0 t Si tn Si k { CqIi'aip ^ ' 

Then the sequence {xn}^:^i converges strongly to an element x* G E. 
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4 Numerical Example 


In this section, we present the numerical example supporting our main result. All codes are written in 
Matlab2013b. 

Example 4.1. Let Ei = L2([0,1]) = E 2 with the inner product given by 

{f,9)=[ f{i){g{t)dt. 

JO 

C :={x& L2([0, 1]) : {x, a) = b}, 

u f \ fn 1 


Suppose that 

where a = 2t^ and 6 = 0. Therefore 

Let 


a + X. 


Q :={x e L2{[0, 1]) : {x, c) > d}, 


where c = | and d = — 2. It follows that 


Pq{x) ■■= 


d — (c, x) 

llclli 


C+ X. 


Define 


A : L 2 {[ 0 , 1] ^ L 2 ([ 0 , 1] by (Ax)(t) = 


Then A is a bounded linear operator with ||A|| = 2 and A* = A. Suppose that 

Tiif) 


{h £ C : f{x) — I < h{x) < f{x) — |,Va; £ 1} if f{x) > l,Va; £ I 
{0}, otherwise, 


and 


T2{f) 


{g £C ■. f{x) - i < g{x) < f{x) - \,'^x £ 1} if f{x) > I,Va; G I 
{0}, otherwise. 


(4.1) 


(4.2) 


In [21], we obtain that Ti and T 2 are multi-valued Bregman relative nonexpansive mappings. Consider the 
problem: 

find X G F{T) fl C such that Ax G Q. (4.3) 

We see that the set of solutions of problem (4.3) is nonempty, since a; = 0 is in the set of solutions. Let 
^ ^ for all n > 1. Put = a;„ - | and = Xn - Using the 

iterative method (3.1), we obtain that 


Xn — lie [^n 

Un+l = Tlcij^iXn) + - |) "P - ^)), U > 1. 


(4.4) 


We make different choices of ui and and take 


\\Xn + i-Xn 


<10 ° as our stopping criterion. 
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Case 1 tn = 0.001 and ui = t. We have the numerical analysis tabulated in Table 1 and show in Figure 


Table 1 Example 4.1: Case 1 


No.of iteration ||a:„+i — Xn \\2 

\\Un+l - U„\\2 

2 

0.45960659 

0.45871914 

3 

0.03706339 

0.03979071 

4 

0.00089775 

0.00150921 

5 

0.00002339 

0.00002339 

6 

0.00000070 

0.00000210 

7 

0.00000043 

0.00000141 

8 

0.00000030 

0.00000100 

9 

0.00000023 

0.00000075 



Figure 1. Example 4.1: Case 1. 
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Case 2 tn = 0.0002 and ui = . We have the numerical analysis tabulated in Table 2 and show in 

Figure 2. 


Table 2 Example 4.1: Case 2 


No.of iteration ||a:„+i — Xn \\2 

||m„+1 - U„\\2 

2 

0.30581518 

0.30563219 

3 

0.02659138 

0.02659287 

4 

0.0008344 

0.00110931 

5 

0.00002409 

0.00002388 

6 

0.00000053 

0.00000064 

7 

0.00000009 

0.00000028 

8 

0.00000006 

0.00000020 

9 

0.00000005 

0.00000015 


4.jpg 4.bb 



Figure 2. Example 4.1: Case 2. 
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ABSTRACT 

In this paper, we study the qualitative behavior of the rational recursive sequences 

a;„+i = ——-^ n = 0,1,2,..., 

il i ^n—2^n—5^n—8^n—ll 

where the initial conditions are arbitrary real numbers. Also, we give the numerical examples of some cases of 
difference equations and obtained some related graphs and figures using by Matlab. 

Keywords: Difference Equation, Recursive sequence. Local stability. Periodicity. 

Mathematics Subject Classification: 39A10. 


1. INTRODUCTION 

Difference equations and dynamic equations on time scales have an immense possibility for applications in engi¬ 
neering, physics, biology, economics, etc. Lately, considerable attentiveness has been devoted to the oscillation 
theory of the various classes of equations,see e.g. [l]-[42] and the references cited therein. 

In this study, we are interested with the behavior of the solution of difference equations 

a:„+i = —---, n = 0,l,2,..., (1) 

zbl zb Xn—2^n—5^n—8^n—ll 

where the initial conditions are arbitrary real numbers. For some outcome in this study for examples: Cinar 
[8-10] obtained the solutions of the difference equations 


^n+1 — 


^n—1 


1 “b Xn^^n—l 


^n+l 


^n—1 


1 


1 “b XfiXfi— 1 


^n+1 


1 -I- bXnXn-l 


Cinar et al. [11] gave the form of the solution of the difference equation 


— 


3 


1 “b XnXn—l^n—2^n—S 


Elabbasy et al. [13] solved the following problem 

OiXn—k 

^n+1 — ^ 

d -b 7 n Xn-i 
1=0 
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In [14] Elsayed studied the difference equation 


2^71+1 — 


5 


■1 H” Xq^—2^n—b 


Elsayed [21-22] obtained the solutions of the following differenee equations 


Xn-\-l — 


Xn—7 


dzl zb XrL—lXn—S^n—5^n—7 


Xn-\-l — 


Xn—9 


±1 ± Xn-4Xn-g 


Elsayed [23] investigated the Solution of difference equations 

^n—S 

Xn^l — I -| I • 

±1 ± Xn-lXn-3 

Elsayed and Iricanin [24] has got the solution of the difference equation 

Xn+i = max{A„/a:„,a:„_i} . 

Ibrahim [26] studied the third order rational difference equation 

^ _ XnXn—2 

Xn-l{a + bXnXn-2)' 

In [30] Kent et al studied the Behavior of solutions of the difference equation 

Xn+l ~ XjiXn—2 !■ 

Let I be some interval of real numbers and let F : ^ be a continuously differentiable function. Then for 

every set of initial condition X-k, X-k+i, ■■■, xq & I, the difference equation 


Xn-{-l — F{Xji^ Xji—i, Xji—2j •••5 Xn—k)j XI — 0, 1, .. 


( 2 ) 


has a unique solution 

Definition 1. A point x £ I called an equilibrium point of Eq.(2) if a; = F{x), that is, 

Xn —X for all n > —k. 

is a solution of Eq.(2), or equivalently, 3; is a fixed point of F. 

Definition 2. (Periodicity) A sequence is said to be periodic with period p if Xn+p = Xn for all 

n > —k. 

Linearized Stability Analysis 

Suppose that the function F is continuously differentiable in some open neighborhood of an equilibrium point 
X* ■ Let 

dF 

p,^—{x,x,...,x) for z = 0, l,...,fc, 

OUi 

denote the partial derivatives of F{uo,Ui, ....Uk) evaluated at the equilibrium x of Eq.(2). 

Then the equation 

yn+l^P0yrL+PlVn-l + ■■■FPk'yrL-k , 71 = 0,1,..., (3) 
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is called the linearized equation associated of Eq.(2) about the equilibrium point x and the equation 

- PoX’^ - ... - Pk^iX - pk ^ 0, (4) 

is called the characteristic equation of Eq. (3) about x. 

The following result known as the Linear Stability Theorem is very useful in determining the local stability 
character of the equilibrium point x of Eq.(2). 

Definition 3. The equilibrium point x is said to be hyperbolic if |F(x)| ^ 1. 

If 1^(3;) I = 1, a; is non hyperbolic. 

Theorem A. [31] Assume that Po,P2, ...,Pk are real numbers such that 

k 

bo| + bi| + •■• + bfel < 1, or ^|pi|<l. 

2 = 1 


Then all roots of Eq.(4) lie inside the unit disk. 

2. THE FIRST EQUATION X^+i = jty --y- 

-v i+AAr_2AAr_5AAr_8AiV-ll 

In this part, we obtain the following special case of Eq.(l) in the form: 


^n+l — 


^n—11 


1 -\- Xn—2^n—b^n—8^n~ll 

where the initial values are arbitrary real numbers. 

Theorem 2.1. Let be a solution of difference equation (5). Then for n = 0,1, 


(5) 


n—1 


a;i2n-ll = 


^12n—8 — 


^12n—5 — 


a^l2n-2 = 


1 + Aipkfc 


X -p (4j -p 1 ) pkfc 

n—1 


, Xl2n-10 


\-r 1 + Aimheh t-t 1 + Aildga 

=’»lli+(«+i).„tet. i».-» = qi 


, Yjl + {Ai + l)pkfc _ 

^JUl + (4i + 2)pA:/c’ 

n—1 


2 = 0 
n—1 


2=0 

-1 


, T—r 1 T (4i + 1) TTiheb -p-r 

^ni + (4^ + 2)mhe6’ = 9 [[ 


2 = 0 
n—1 . 


j. 'TT' 1 + (4i + 2) pkf c -p-r 1 + (4i + 2) Tnheb -p-r 

•^lll + (4* + 3)pfc/c’ Xl2n-3 = d[[ 


i=0 

n—1 


i =0 

n—1 


1 + (4i + 3) mheb ’ 


1 + (4f + 1) Idga’ 

1 + (4i + 1) Idga 
JA 1 + (4i + 2) Idga ’ 

1 T (4i T 2) Idga 
1 + (4i + 3) Idga ’ 


-p-r 1 -b (4z -P 3) pkfc 441 -b (4f + 3) mheb Vr^ 1 + (4z -b 3) Idga 

*"^11 + (4z-b 4)p/c/c’ ^ 1-b (4i + 4) m/ie6 ’ 1 + (4z-b 4) W(/a’ 


where X-n = p, X-io = m, X-g = I, X-g = k, X-r = h, x-q = g, xg = f, X -4 = e, X-g = d, X -2 = c, 
-1 

a;_i = b, xg — a and = 1. 

i=0 

Proof. For n = 0, the result holds. Now, assume that n > 0 and that our assumption holds for n — 1. That is, 


a;i2n-23 = 


Xl2n-20 = 


Xl 2 n -17 = 


1 + ‘^ipkfc 1 + 4imheb 4t 1 + Aildga 

^^lli + (4i + i)pfc/c’ = a:i2„-2i = qi 


2=0 
n—2 


1 + (4i + 1) mheb ’ 


2=0 
n —2 


-p-r 1 + (4i + 1) pkfc -p-r 1 + (4i + 1) mheb -p-r 

^lll + (4j + 2)pfc/c’ ^12"-19 = ^lli Xi2n-lS^g[[ 


2=0 
n—2 


1 + (4i + 2) mheb ’ 


2=0 

n —2 


1 + (4z + 1) Idga^ 

1 + (4i -b 1) Idga 
q 1 + {Ai -b 2) Idga ’ 


i=0 
n—2 


2=0 

n-2 


-p-rT + (4f-b 2 ) pfc/c -p-r 1 + (4f-b 2) mft.e6 -p-r 1 + (4i + 2) Wga 

-^- 1-1 + (4i-b 3 )pfc/c’ 4 _p ( 4 j _p 3 ) Xi2n-ib 11 4 _p ^ 4 j ^ 3 ) ’ 

2 — 0 2—0 2 — 0 
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^12n—14 — C 


1 + (4i + 3) pkfc 
1 + (4i + 4) pkfc 


1-2 


, a;i2n-13 — 


Now, it follows from Eq. (5) that 

a;i2rt-ii = 


i=o 


a;i2n-23 


1 + (4i + 3) mheb 
1 + (4i + 4) mheb ’ 


1-2 . 


a;i2n-i2 = 


-j—r I 4” (4t -p 3) IdgQ 
I + (4z + 4) Idga 


i=0 


I + a;i2n-l4a^l2n-17a;i2n-20a:i2n- 


23 


pYIi 


I I l+4ipkfc 
^ J_ X l + (4i + l)pfc/c 


1 + C 


n 


l + (4i + 3)pfc/c 
l + (4i+4)pfc/c 


/n 


l+(4i + 2)pfc/c ,, 
l+(4i + 3)pfc/c^ 


n 


l + (4t + l)pfc/c 


n. 


l+4ipfc/c 


l + (4i+2)pfc/c?^_l_ X l + (4i+T)pfc/c 


i=0 

n—2 

pU 

2 = 0 


l+42pfc/c 

H-(42+l)pfc/c 


n-2 


n—2 


l + (42+4)pA;/c 


l+pfc/cj] 1+4 We 

n—2 

= pU 


pU 

i=0 


l+Aipkfc 


i+Ui+i)pkfc I 1 I , p>=r _ 

-r J y J-+ i + ( 4 „- 4 )pfe/c 


i=0 

1 + Aipkfc 


i=0 


1 


(4n — 4) pkfc\ 


Therefore, we have 


Similarly 


1 + (4t + 1) pkfc \ 1 + (4n — 3) pkfc J 
1 + Aipkfc 


Xl2n-ll — 


pllr 


1 + (4z + 1) pkfc 


Xl2n-7 — 


Xl2n-19 


1 + a;i2n-ioa;i2ra-i3a;i2n-i6a;i2n-i9 

n-2 




l + (4i + l)Tn/ieti 
l + (4i + 2)Tn/ieti 


1+m 


n l+4imheb T l + (42+3)mfceb 1 T ^ 

l-\-{4i-\-l)mheb X l-\-{4i-\-4)mheb ^X X ^ 


l + (424-2)Tnh,eb 
+ (4i+3)mheb ^ 


n 


l + (4i + l)m.heb 
l + (42-i-2)m./ieb 


n—2 


7 I I l + (42+l)m/ieb 

J. X l + (42+2)m/2eb 


2=0 


n—1 


1 + m/iebJJ^ 


l^rAimheh 


n—2 




2 = 0 


l + (424-l)m/2e6 X X l + (42+4)m/2eb 
2=0 


= '■If 

i=0 

n—2 

= '■n 


1 + (4t + 1) mheb 
1 + (4f + 2) mheb 

1 + (4t + 1) mheb 
1 + (4f + 2) mheb 


_ mheb _ 

l+(4n—3)m/2eb ^ 


/1 + (4n — 3) mheb\ 
\ 1 + (4n — 2) m/ieb / 


Hence, we have 


a;i2n-7 


n—1 


'■n 


1 + (42 + 1) mheb 
1 + (42 + 2) mheb' 


Similarly, other relations can be obtained and thus, the proof has been proved. 
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Theorem 2.2. Eq.(5) has unique equilibrium point which is the number zero and this equilibrium is not locally 
asymptotically stable. Also, x is non hyperbolic. 

Proof. For the equilibrium points of Eq.(5), we can write 

_ X 

X = -T, 

1+x^’ 


Then 


X + = X, 


or x^ = 0. Then the unique equilibrium point of Eq.(5) is a; = 0. 
Let / : (0, oo)"^ ^ (0, oo) be a function defined by 


F(u, V, w, t) 


u 

1 + uvwt ’ 


Then it follows that, 

Fu{u,v,w,t) 

Fyj{U,V,W,t) 


1 

(1 + uvwt)^ ’ 
—v?vt 

(1 + uvwt)^ ’ 


Fy{u,v,w,t) 


Ft{u,v,w,t) 


—v?wt 
(1 + uvwt)^ ’ 
—v?vw 
(1 + uvwt)^ ’ 


we see that 


Fu{x,x,x,x) = 1, Fy{x,x,x,x) = 0, Ftv{x,x,x,x) = 0, Ft{x,x,x,x) = 0. 


The proof follows by using Theorem A. By Definition 3, x is non hyperbolic. 

Theorem 2.3. Every positive solution of Eq.(5) is bounded and lim Xn = 0. 

n —>-oo 

Proof. It is following by Eq.(5) that 

^n—11 ^ 

1 Xn—2^n—5^n—8^n—ll 

Then 

Xn+i < Xn- 11 , for all n > 0 

Then the subsequences {a:i2„-ii}^o > {xi 2 n-io}'^=Q, > •••> decreasing and so are 

bounded from above by 

M = max{a;„ii,a;„io,a;_9,a;_8,a;_7,a:_6,a;_5,a;_4,a;_3,a:_2,a;_i,a;o}. 


3. THE SECOND EQUATION Xtv+i = ^- 

In this part, we give the solution of the recursive equation in the form: 


^n+l 


^n—11 


( 6 ) 


"1 T Xji— 2 X 71 — 5 X 71 —SXn—11 

where the initial values are arbitrary real numbers with X- 2 X- 5 XSX -11 1, a;_ia:_ 4 a:_ 7 a;_io 1, a:oa;_ 3 a;_ 6 a :_9 y^ 


1 . 
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Theorem 3.1. Let be a solution of difference equation (6). Then for n = 0,1,... 

p m I 


a;i2n-ii = 


r) a;i2n-io — 


" 5 ^12n—9 — 


(-1+pfc/c)”’ (-l+m/ie&r’ {-l + ldgaY 

Xi 2 n-s = k{-l+ pkfc)"' , a;i2„-7 = *•(-!+ mhebY , a:i 2„_6 = g (-1 + Wga)” , 

fed 


Xl2n-5 — 


(-l+pfc/cf’ (-l + m/ie6)”’ i-l + ldgaf’ 

xi 2 n -2 = c(-H-pfc/c)”, a;i 2 „_i =6(-l+m/ie6)”, a:i 2 „ = a(-l + Wga)”, 

where X-n — p, X-io = m, X-g = I, X-g = k, X-y = h, X-g = g, xg = f, X -4 = e, xs = d, X -2 = c, 
X-i = b, xg — a. 

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That is 


Xi2n-3 — 


Xl2n-23 = 


P 


m 


I 


TITT) 2:i2n-22 = 


—, a;i2n-21 = 


\n—l ’ 


{—l+pkfc) {—1 + mheb) {—1 + ldga) 

xi 2 n -20 = fc(-l+pfc/c)”"\ Xi2n-19 ^ h {-1 + mheb)'^~^ , Xi2n-is = 9 + Idgaf 

fed 


Xl2n-17 — 


ZJj Xi2n-116 — 


7 Xl2n~15 


(—1+pfc/c)" ^ """ (—l+mhe5)" """ {—1 + ldga)'^ ^ 

a:i2n-i4 = c(-l+pfc/c)””\ a;i 2 „-i 3 = ^(-1, a:i 2 „_i 2 = a(-1 + Wga)” 


Now, it follows from Eq.(6) that 

a;i2ri-ll 


a;i2n-23 


— 1 + a:i2n-14a:i2n-17a;i2n-20a^l2n-23 

_ P 


(-1+pfc/c)" 


-l + c(-l+pfc/c)” ^ (-i+pf/er-^ fe(-l+Pfc/cr 


(-1 + p/c/c)” ^ (-1+ pkfc) 


Then 


Similarly 


a;i2n-6 


Therefore, we have 


a;i2ri-ll 


P 

(-1 +p/c/c)”' 


a:i2n-18 

— 1 + a;i2n-9a;i2n-12a;i2n-15a;i2n-18 

_ g(-l + Mffa)"~^ _ 

-1 + i-i+ldgar ^ (-1 + Idga^-^ i^i+idgar-^ 9 (-1 + Idga)^-^ 
g {-1 + ldga)'^~^ 

— 1 + Idga (—1 + Idga)^^ 


Xi2n-e =g(-l + Mga)”. 


The same other relations can be proved and thus, the proof has been completed. 

Theorem 3.2. Eq.(6) has three equilibrium points which are 0,±'v^ and these equilibrium points are not 
locally asymptotically stable. 

Proof. The proof is the same as Theorem 2.2. 
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Theorem 3.3. Eq.(6) has a periodic solutions of period twelve iff pkfc = mheb — Idga = 2 and will be take 
the form 

{p, m, I, k, h, g, /, e, d, c, b, a,p, m, I, k, h, g, f, e,d,c,b,a,. 

Proof. Assume that there exists a prime twelve solutions 

p, m, I, k, h, g, f, e, d, c, b, a,p, m, I, k, h, g, f, e, d, c, b, a, 

of Eq. (6) ,we have from Eq. (6) that 

p m l 

^ (—l+pfc/c)”’ ^ (—1 + ’ (—l + Wjia)"’ 

k = k {—1 + pkfc)^ , h = h {—1 + mheb)'^ , g = g (—1 + Idga)^ , 

f = _ L _ e=_^_ d= _ - _ 

^ i-l+pkfcf’ i-l + mheb)"’ {-1 + ldgaf’ 

c = c{—l+pkfc)^, b — b{—l + mheb)^ , a = a (—1 + Idga)^ , 
or 

(—1+p/c/c)" = 1, (—1 + m/ie5)" = 1, {—l + ldga)^ = l 

Then 


pkfc = mheb — Idga = 2. 

Second let pkfc = mheb — Idga = 2. Then we have from Eq.(6) that 

^12n—11 — P^ ^12n—10 — ^5 ^12n—9 — ^7 ^12n—8 — k^ 
^12n—7 — h^ Xl2n—6 — ^12n—5 — f^ ^12n—4 — 

Xl2n-3 = d, Xi2n-2 = C, Xi 2 n -1 = b, Xi 2 n — CL. 

Therefore we have a period twelve solutions and the proof is complete. 


4. THE THIRD EQUATION Xn+i = ^ -F- 

-v iv-Ti 1—AiV-2-^iV-5^iV-8^iV-ll 

In this section we examine the following equation 

11 

2^n+l — 1 

1 ^n—2^n—5^n—S^n—11 

where the initial conditions are arbitrary positive real numbers. 

Theorem 4.1. Let be a solution of difference equation (7). Then for n = 0,1,... 


(7) 


n—1 


-p-r 1 — Aipkfc 1-1 1 — Aimheh 

^11 l-(4z + l)pA:/c’ " ""h TV717 

n— 1 ^ / A •. -I \ 7 /• n— 1 


a;i2n-ll = 


^12n—8 — 


^12n—5 — 


a^l2n-2 — 


1 — (4i + 1) mheb 


, a;i2n-9 = 


= 'nTA; 


1 — Aildga 


i=0 

T—1 


1 — (4i + 1) Idga' 


-p-r 1 — (4z + 1) pkfc -p-p 1 — (4i + 1) mheb -p-r 1 — (47 + 1) Idga 

^JUl_(4i + 2)pA:/c’ " ^lli_(4i + 2)m/ie6’ 

R 1-1 If R 1-1 r A • I c\\ . T .1 71 1 - 


-p-r 1 — (47 + 2) pkfc -p-r 1 — (47 + 2) mheb -p-r 

T1 1 _ (Ai^a]nkfr^ ^12"-4 = e_[l————Xi2„-3 = dll 


1 — (47 + 3) pkfc ’ 


1 — (47 + 3) mheb ’ 


i=0 


1 — (47 + 2) Idga ’ 

1 — (47 + 2) Idga 
1 — (47 + 3) Idga ’ 


1 — (47 + 3) pkfc 1 — (47 + 3) mheb Vl 1 — (47 + 3) Idga 

*"^1 1 — (47 + 4)p/c/c’ q 4 _ (4 j-|-4) ®1L 1 _ (4^ _l_ 4)’ 
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where X-n — p,X-io = Tn,X-g = I, X-s = k, X-r = h, x-e = g ,X 5 = f,X-i = e, a ;_3 = d, X -2 = c, 
X-i = b,xo = a and Spkfc ^ 1, 6 mheb ^ 1, 6 ldga ^ 1 for <5 = 1, 2, 3,.... 

Proof. The proof is similar as the proof of the Theorem 2.1. 

Theorem 4.2. Eq.(7) has unique equilibrium point which is the number zero and this equilibrium is not locally 
asymptotically stable. 




5. THE FOURTH EQUATION Xn+i = f-f-f- 

Here we obtain a form of the solutions of the equation 

^n—11 


^n+l — 


-1 Xn—2^n—b^n—8^n—ll 


( 8 ) 


where the initial values are arbitrary non zero real numbers with X- 2 X- 5 X-SX -11 ^ —1, X-iX-iX-'jX-ig ^ —1, 

XgX^^X^gX^g ^ - 1 . 

Theorem 5.1. Suppose {Xn}'^^-ii be a solution of difference equation Xn+i = - - - ,Then for 

n — 0,1,... 


Xl2n-ll 


Xl2n-S 


Xl2n—b 

Xl2n-2 


p m I 

(-1-pfc/cr’ " i-1-Idga^^ 

k (-1 - pfc/c)” , a:i 2 n -7 = h (-1 - mhebY , Xi 2 n -6 = g{-l- Idga)"', 
f _ e _ ^ 

(-1 - pkfcr ’ “ (-1 - mheb^ ’ " (-1 - Idga)^ ’ 

c (—1 — pkfc)"', Xi 2 n-i = b (—1 — mheb)'^, Xi 2 n = a (—1 — Idga)^ , 


where a:„ii = p, a;._io = rn, X-g — I, X-s = k, x-j = h, x-g — g ,X 5 = f, X -4 = e, X -3 = d, X -2 = c, a;„i = b, 
and xg — a. 

Theorem 5.2 Eq.(8) has three equilibrium points which are 0,±-^—2 and these equilibrium points are not 
locally asymptotically stable. 

Proof. The proof as the proof of Theorem 3.3. 

Theorem 5.3. Eq.(8) has a periodic solutions of period twelve iff pkfc = mheb = Idga = —2 and will be take 
the form 

{p, m, I, k, h, g, f, e, d, c, b, a,p, m, I, k, h, g, f, e, d, c, b, a,...} . 


6. NUMERICAL EXAMPLES 

To verify the results of this paper, we consider some numerical examples as follows. 

Example 6.1 The graph of the difference equation (5) and the case when a;_ii = 3.3, a;_io = 1.7, X-g = 2.6, 
X-s = 5, X-T = 3, X-Q = 11, X 5 = 6, X -4 = 2, X -3 — 7, X -2 — 9, X-i = 4.6 and Xg = 1.6.shown in Figure 1. 


plot of x(n+1)=x(n-11)/(1+x(n-2)x(n-5)x(n-8)x(n-11) 
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Example 6.2. In Figure 2, we show that for Eq.(5) that X-u = 4.1, x_io = 2, X-g — 3.2, X-g = 6 , X-^ = — 1, 
a :_6 = 2.4, x^ = 1, X-i = 4.2, x-z = 7, a ;_2 = 11, X-i — 4 and xq = —2. 


plot of x(n+1)=x(n-11)/(1+x(n-2)x(n-5)x(n-8)x(n-11) 



Example 6.3. The graph is shown of the solutions of Eq.(6) where x^n = 3, a;_io = —2, X-g = 9, X-g = —5, 
X-j = 8, X-Q = 2, x^ = 4, a ;_4 = 4, X-^ = —4, a :_2 = —1/30, x^i = —1/32 and xq = —1/36.in Figure 3. 


plot of x(n+1)=x(n-11)/(-1+x(n-2)x(n-5)x(n-8)x(n-11) 



Figure 3. 


Example 6.4. Figure 4 shows the behavior of difference equation.( 6 ) when we choose a:_ii = 5, a:_io = 
—2, x-g = 6 , a:_g = —1, X-j = 4, x-^ = —11, 0:5 = 6 , X-i = 2, x -3 = 7, X -2 = —1/15, a;_i = —1/8 and 
a;o = -1/231. 


plot of x(n+1)=x(n-11)/(-1+x(n-2)x(n-5)x(n-8)x(n-11) 



Figure 4. 
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Example 6.5. The diagram of the difference equation deffned by Xn+i = - shows the period 

1 X-n — 2^7i — 5^n — 8^n — ll 

thirty six solutions since x^u — 1, X-^io = 3.5, X-g = —4, X-s — 6 , X-r = —2, X-g — 2.4, xg = —1, X-i = 1.2, 
X -3 = 8 , X -2 = 10, x^i = —3 and xg = 4. in Figure 5 


plot of x(n+1)=x(n-11)/(1-x(n-2)x(n-5)x(n-8)x(n-11) 



Figure 5. 


Example 6.6. See Figure 6 , we suppose for Eq.(7), that X-n = 4.3, X-ig = 8.1, X-g = —3, a :_8 = 2.7, 
X-'j = —1, X-g = 2.4, xg = 3, X-i = 1.5, X-g = 11, X -2 = —2, X-i = 5 and Xg = —2. 


plot of x(n+1)=x(n-11)/(1-x(n-2)x(n-5)x(n-8)x(n-11) 



Figure 6 . 

Example 6. 7 . (see Figure 7) shows the period thirty six solutions of Eq.( 8 ) since X-n — 3, X-ig — 9, X-g = — 6 , 
a ;_8 = 2, x -7 = 1, X-g = 4, 0:5 = 5, X -4 = —4, x-g = 3, X -2 = —1/15, X-i = 1/18 and ato = 1/36. 


plot of x(n+1)=x(n-11)/(-1-x(n-2)x(n-5)x(n-8)x(n-11) 
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Example 6.8. (See Figure 8 ) , we suppose for difference equation ( 8 ), that X-n = 11, X-io = 3, X-g = —5, 
a:_8 = —2, X-j = 4, X-q = 2, x^ — 9, X-i = —2, X-^ = 7, X -2 = 1/99, X-i = 1/12 and xq = 1/35. 


plot of x(n+1)=x(n-11)/(-1-x(n-2)x(n-5)x(n-8)x(n-11) 



Figure 8 . 
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Some fixed point theorems of non-self contractive 
mappings in complete metric spaces 


Dangdang Wang, Chuanxi Zhu* , Zhaoqi Wu 
Department of Mathematics, Nanchang University, Nanchang, 330031, P. R. China 

Abstract In this paper, we establish some fixed point theorems for non-self mappings, which solve 
the problem 1 in [ 1 ], satisfying special contractive conditions in complete metric spaces. 

Keyword Fixed point; non-self mapping; contractive mapping; complete metric spaces 

1 Introduction 

The aim of this paper is to answer an open problem of Rus [1]. We give a non-self mapping T satisfying 
receptively four contractive conditions such that T has a unique fixed point. This is a solution for the open 
problem. 

An open problem in [1] as following: 

Let {X, d) be a metric space, Y a non-empty bounded and closed subset of X and T : T —>■ A a non-self 
operator. We suppose that there exists a sequence {xn)neN* such that T^{xn) is defined for all n G N*. In 
which additional conditions on T we have: 

(a) Ft ^ 0? 

(5) Ft = {x*}l 

where Ft := {x G X\x = Tx}. 

In this paper, we give following marks. 

(1) Mt{Y) = sup{d{x,y)\x,y € T}; 

(2) Et{Y) = sup{d(a:, Ta;)|a; G Y}; 

(3) NTiy) = sup{d{x,Ty)\x,y G Y}. 

In (2), we can easy to obtain: i) if A C Y, then Et{X) < Et{Y); ii) Et{Y) = Et{Y). 

Lemma 1 [4] Let a„, 6 „ G i?+,n G N. We suppose that: 

(i) E^oafc < oo; 

(ii) &„ —>■ 0 as n —>■ oo. 

Then 

^ 0 US TT -^ OO . 

^‘Correspondence author. Chuanxi Zhu. Email address: chuanxizhu@126.com. Tel:-|-8613970815298. 
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2 Fixed point theorems 

In this section, we give some non-self contractions as follows. 

Let {X, d) be a metric space, F be a non-empty bounded and closed subset of X. Suppose that T : Y ^ X 
be a non-self mapping satished following condition: 

(Wl) d{Tx, Ty) < ad{x, y) + bd{x, Tx) cd{y, Ty), for all x,y GY, where a,b,c G R+ and a -I- & -I- c < 1; 

(W2) d{Tx, Ty) < bd{x, Ty) + cd{y, Tx), for all x,y G Y, where b,c G 

(W3) d{Tx, Ty) < ad{x, y) + bd(x, Ty) + cd(y, Tx), for all x,y GY , where a,b,c G R+ and a < 1; 

(W4) d{Tx, Ty) < aid{x, y)+a 2 d{x, Tx)+a^d(y, Ty)+aid{x, Ty), for all x,y G Y, where oi, 02 , 03,04 G R+ 

and 01 - 1 - 02 - 1-03 < 1 . 

Lemma 2 Let (X, d) be a metric space, L be a bounded and non-empty closed subset of X. li T : Y ^ X 
satisfying (Wl), then T is a non-self a-graphic contraction with a = a + c. 

Proof Let x GY such that Tx GY, we get 

d(T^x, Tx) < ad{Tx, x) + bd(Tx, T^x) + cd(x, Tx), 
so 

d(T^x,Tx) < — ■^—d(x,Tx). 

1 — 0 


Theorem 1 Let (X, d) be a metric space, T be a non-empty bounded and closed subset of X. T : Y ^ X 
be a non-self mapping satisfying (Wl). We suppose that there exists a sequence {xn)neN* such that T^{xn) is 
defined for all n G N*. Then 

(i) T has a unique fixed point; 

(ii) T^~^{xn) —t X* and T'^{xn) -G x* as n ^ -Poo; 

(hi) d{x,x*) < j^d{x,Tx), V x G Y, i.e. Mt{Y) < j^Et{Y). 

Proof (i)-P(ii) Let Ti := T(Y), Y2 := T{YinY), ■■■, r„+i := T(Y„nY), nGN*. We remark that: 

(1) r„+i C V n G IV*; 

(2) T"(a:„) G r„, V n G N*, so Y„ ^ 0. 

Since T satisfying (Wl), we have that: 

M(r„+i) = M(r(y„ n y )) = M(T(y„ n y )) 

< aM{Y„ nY) + {b + c)ET{Yn n F) < • • • (2.1) 

< o"+iM(r) -P a”(6 -P c)Et{Y) -P • • • -P 0(6 -p c)l;t(f„_i n F) -P (6 -P c)Et{Y^ n F). 
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On the other hand, from Lemma 2, we get 

EriYn n y) = ET{T{Yn-inY O F) = Et{T{Y^.i O F) O F) 

= sn^{d{Tx,T^x)\x G F„_i nF,Tx G F} < ^^L;t(F„_i 0 F) 
<---<i'^TETiY), riGN*. 

Because of a + 6 + c < 1, so (f^)" — >■ 0, n — >■ +oo, i.e. EriYn 0 F) — >• 0, n — >■ +oo. 

Let a„ = a” and &„ = (5 + c)ET{Yn 0 F), by lemma 1, we have 

M(F„_|_i) 0 as n +oo. 

From Cantor intersection lemma, we get 

h;o := n„ewF„ ^ 0, M(Y^) = 0 and T(Y^ O F) C Fo,. 

From Foo ^ 0 and M(Foo) = 0, we have that Fqo = x*, i.e. Fqo be a single point set. Otherwise, T"(x„) G F„ 
and G F„_i O F, this implies that {T"(x„)}„£n and {F"“^(a;„)}„g ^ are fundamental sequences. 

Since Y„,n e N are closed, so we get 

T"~^(x„) —>■ X* and T"(x„) x* as n ^ +oo. 

Also because of T is continuous, then T”(x„) —>■ T{x*). Therefore, T{x*) = x*. 

(iii) Let x G F, by using (Wl) we have 

d(x, X*) < d(x, Tx) + d{Tx, x*) < (i(x, Tx) + ad(x, x*) + bd{x, Tx) + cd{d{x, Tx),Td{x, Tx)), 


so 


d{x,x*) < 


1 + 6 
1 — a 


d(x, Tx), V X G 


F. 


Remark 1 Let 6 = c in Theorem 1, then T is a non-self Civic — Reich — Rus operator. And then. Theorem 1 
generalizes Theorem 5 in Rus [1]. At the same time, this theorem gives an answer to the Problem 1 of [1]. 

For (W4), we give a Lemma as following: 

Lemma 3 Let (A, d) be a metric space, F be a non-empty bounded and closed subset of X. Define T : Y ^ X 
be a non-self mapping. Then At(F„ fl F) —>• 0, as n —>■ oo, where F„ = T(F„_i fl F). 

Proof From the definitions of Nt and F„, we have 

sup{d(x, Ty)\x, y G F„ n F} = Nt(Y„ n F) = AT(T(F„_inF) n F) 

= At(T(F„_i n F) n F) = sup{d(Tx, T^y)\x, y G F„_i n F}. 

Since l^-iflF C YndY, so d{Tx,T‘^y) < d{x, Ty), for all x, y G F„_inF. Hence, AT(F„nF) < AT(F„_inF). 
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By the density of real numbers we can get, there exists k G and fc < 1, such that NriVn H V) < 

kNT(v„-inr). 

And then, 


JVT(r„ nv)< kJVrlVn-i n r) < • • • < U^NtIY) O, as n ^ +00. 


Theorem 2 Let (A, d) be a metric space, T be a non-empty bounded and closed subset of A. T : Y ^ X 
be a non-self mapping satisfying (W3). We suppose that there exists a sequence {xn)n^N* such that T^{xn) is 
defined for all n G N* . Then 

(i) T has a unique fixed point; 

(ii) T^~^{xn) —t X* and T'^{xn) x* as n ^ -Poo. 

Proof Let Yi := T(Y), Y 2 := T(YinY), • • • , Y^+i := T(Y„nY), nG N*. We remark that: 

(1) r„+icr„,Vne A*; 

(2) T"(x„) G r„, V n G N*, so r„ ^ 0. 

Since T satisfying (W3), we have that: 

M(r„+i) = M{T{Y„ n Y)) = M{T{Y„ n Y)) 

< aM{Yr, n r) + (5 + c)AT(r„ n y) 

< aM{Y„) + {b + c)NT(Yr, f^Y) < ■ ■ ■ 

< a"+iM(y) + a”(6 + c)Nt(Y) + • • • + a(& + c)At(A„-i n F) + (& + c)At(F„ n Y). 

Let a„ = a” and &„ = (5 -P c)NT{Yn H F), by lemma 3 we have 

—y 0 as n —y Foo, 

and the proof is similar with the proof of Theorem 1. This is the complete proof. 

For (W3), when a = 0, it becomes condition (W2). Thence, we have the following Corollary: 

Corollary 1 Let (A, d) be a metric space, F be a non-empty bounded and closed subset of A. Define T : Y ^ 
A be a non-self mapping satisfying (W3), the conclusions of Theorem 2 remain holds. 

Theorem 3 Let (A, d) be a metric space, F be a non-empty bounded and closed subset of A. T : Y ^ X 
be a non-self mapping satisfying (W4). We suppose that there exists a sequence {xn)n^N* such that T^{xn) is 
defined for all n G N* . Then 

(i) T has a unique fixed point; 

(ii) T^~^{xn) —t X* and T'^{xn) x* as n ^ +00; 

(hi) d{x,x*) < j^d{x,Tx), 'i x G Y, i.e. Mt{Y) < j^Et{Y). 
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Proof (i)+(ii) Let Yi := T(Y), Fa := T{Yi n F), • • •, F„+i := T(F„ n F), n G N*. We remark that: 

(1) F„+i C F„, V n G TV*; 

(2) T"(x„) G F„, V n G TV*, so F„ ^ 0. 

Since T satisfying (Wl), we have that: 

M(F„+i) = M(T(F„ n F)) = M(T(F„ n F)) 

< aiM(F„ n F) + (aa + a3)ET{Y„ n F) + a4iVT(F„ n F) 

< ■ • • < 

< a”~*'^Af(F) + [a"(aa + a^)ET(Y) + • • • + ai(aa + a^)ET(Yn-i fi F) + (oa + a^)ET{Yn fi F)] 

+ K • aiNriY) + • • • + oi • aiNriY^-i n F) + a^NriY^ n F)] 

= a^+iM(F) + $£^ 

where ^Et = ai(a 2 Y as)ET{Y) H-l-ai(aa + a3)L;T(L"ri-i nF) + (oa + a3,)ET{Yn nF), 

= a” • a^NriY) + • • • + m • a^NriY^.^ n F) + aiNriY^, n F). 

For X GY, such that Tx G T(Y), we have 

d{T^x, Tx) < aid{Tx, x) + a 2 d(Tx, T^x) + a 3 d{x, Tx) + a 4 d{Tx, Tx), 

so 

d{T^x,Tx) < ^ dix,Tx). (2.2) 

1 — 02 

Thence 

EriYn n F) = EriTiY^.i n F n F) = £;t(t(f„_i n f) n f) 

= sup{fi(Ta;,T2a;)|a; G F„_i nF.Ta; G F} < F;t(F„_i n F) 

1 — 02 

< ... < )^l±^)r^ET{Y), n G TV*. 

1 — 02 

Because of o + 6 + c < 1, so —>■ 0, n —>■ + 00 , i.e. FTt(F„ n F) —>• 0, n —>■ + 00 . 

Let o„ = o” and &„ = (oa + 03 )iTTT(F„ fl F), by lemma 1 we have ^Et —t 0 as n —>■ + 00 . 

From Lemma 3, we know, TVt(F„ fl F) —>■ 0 as n —>■ + 00 . 

Let o„ = o" and &„ = 04 TVt(F„ fl F), by lemma 1 we obtain —>■ 0 as n —>■ + 00 . 

In summary, we get TVf(1^4_i) —>■ 0 as n —>■ + 00 , and the proof is similar with the proof of Theorem 1. 

Although let o = 0 in (W4), it becomes (W2), because different proof process details of the transformation, 
so we give separately the proof of Theorem 1 and Theorem 3. 
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Double-framed soft sets in 5-algebras 
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Abstract. The notion of a double-framed soft (normal) subalgebra in a B-algebra is introduced and related prop¬ 
erties are investigated. We consider characterizations of a double-framed soft (normal) subalgebra and establish a 
new double-framed soft subalgebra from old one. Also, we show that the int-uni double-framed soft of two double 
framed soft subalgebras is a double framed soft subalgebra. 


1. Introduction 

Molodtsov [11] introduced the concept of soft set as a new mathematical tool for dealing with uncertainties that 
is free from the difficulties that have troubled the usual theoretical approaches. Molodtsov pointed out several 
directions for the applications of soft sets. Worldwide, there has been a rapid growth in interest in soft set theory 
and its applications in recent years. Evidence of this can be found in the increasing number of high-quality articles 
on soft sets and related topics that have been published in a variety of international journals, symposia, workshops, 
and international conferences in recent years. Maji et al. [10] described the application of soft set theory to a 
decision making problem. Jun [5] discussed the union soft sets with applications in BCK/BCI-algehras. Jun et 
al. [6] introduced the notion of double-framed soft sets, and applied it to BCK/BCI-algehras. They discussed 
double-frame soft algebras and investigated some related properties. 

We refer the reader to the papers [3, 4, 14] for further information regarding algebraic structures/properties 
of soft set theory. On the while, Y. B. Jun, E. H. Roh and H. S. Kim [7] introduced a new notion, called a 
RTf-algebra. J. Neggers and H. S. Kim [12] introduced a new notion, called a R-algebra. C. B. Kim and H. S. 
Kim [9] introduced the notion of a RG-algebra which is a generalization of R-algebras. S. S. Ahn and H. D. Lee 
[1] classified the subalgebras by their family of level subalgebras in RG-algebras. 

In this paper, we introduce the notion of a double-framed soft (normal) subalgebra in a R-algebra and investigate 
some related properties. We consider characterizations of a double-framed soft (normal) subalgebra and establish 
a new double-framed soft subalgebra from old one. Also, we show that the int-uni double-framed soft of two 
double framed soft subalgebras is a double framed soft subalgebra. 

2. Preliminaries 

A B-algebra [12] is a non-empty set X with a constant 0 and a binary operation “ * ” satisfying axioms: 
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(Bl) X * X = 0, 

(B2) X *0 = X, 

(B) {x * y) * z = X * {z * {0 * y)) 

for any x,y,z in X. For brevity we call X a B-algebra. In X we can define a binary relation “ < ” by a: < y if 
and only if a; * y = 0. 

An algebra {X; *, 0) of type (2, 0) is called a BH-algebra if it satisfies (Bl), (B2) and 
(BH) x*y = y*x = 0 imply a; = y for any x,y € X. 

An algebra (AT; *,0) of type (2,0) is called a BG-algebra if it satisfies (Bl), (B2) and 
(BG) (x * y) * (0 * y) = a; for any x,y G X. 

Proposition 2.1. [2, 12] Let (A';*,0) be a B-algebra. Then 

(i) the left cancellation law holds in X, i.e., x * y = x * z implies y = z, 

(ii) if X * y = 0, then x = y for any x,y G X, 

(iii) if 0 * X = 0 * y, then x = y for any x,y G X, 

(iv) 0 * (0 * x) = X, for all x G X, 

(v) X * (y * 2 ;) = (x * (0 * z)) * y for all x, y, z G X. 

A non-empty subset S' of a B-algebra X is called a subalgebra of if x * y G S for any x,y G S. A non-empty 

subset A^ of is said to be normal \i {x * a) * {y * b) G N for any x*y,a*b G N. Then any normal subset A^ of a 

B-algebra X is a subalgebra of X, but the converse need not be true ([13]). A non-empty subset X oia B-algebra 
X is a called a normal subalgebra of X if it is both a subalgebra and normal. 

Molodtsov [11] defined the soft set in the following way: Let U be an initial universe set and let B be a 
set of parameters. We say that the pair {U,E) is a soft universe. Let 0^{U) denotes the power set of U and 
A,B,C,--- CE. 

A fair (/, A) is called a soft set over U, where / is a mapping given by / : X —>• f^{U). In other words, a soft 
set over U is parameterized family of subsets of the universe U. For e G A, /(e) may be considered as the set of 
e-approximate elements of the set {f,A). A soft set over U can be represented by the set of ordered pairs: 

if, A) = {(x,/(x))|x G A,/(x) G 3^{U)}, 

where f : X ^ f^{U) such that /(x) = 0 if x ^ A. Clearly, a soft set is not a set. 

3. Double-framed soft normal subalgebras 

In what follows let X denote a B-algebra unless otherwise specihed. 

Definition 3.1. A double-framed pair {{a,fi);X) is called a double-framed soft set over U, where a and /3 are 
mappings from X to fP{U). 

Definition 3.2. A double-framed soft set {{a,l3);X) over U is called a double-framed soft subalgebra over U if it 
satisfies : 


86 


KO-AHN 85-93 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.1, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Double-framed soft sets in i?-algebras 

(3.1) (Vx, y eX) (a(x *y)2 a{x) n a{y), f3(x * y) C /3(a;) U f3{y)). 

Example 3.3. Let X be the set of parameters where X := {0, 1,2,3} is a B-algebra with the following Cayley 



0 

1 

2 

3 

0 

0 

2 

I 

3 

1 

1 

0 

3 

2 

2 

2 

3 

0 

1 

3 

3 

1 

2 

0 


Let {{a,l3);X) be a double-framed soft set over U defined as follows: 


r T3 if X = 0, 
a : X ^ X I—>■ < Ti if X = 3 , 

[ T2 if X = {1,2}, 

and 

r 73 if X = 0, 

(3 : X ^ X 1 -^ < 72 if x = 3, 

i 7i if X = {1,2} 

where Ti,T 2,T3,71,72 and 73 are subsets of U with Ti C T2 C T3 and 71 D 72 D 73 It is easy to show that 
{{a,(3)-,X) is a double-framed soft subalgebra over U. 

Lemma 3.4. Every double-framed soft subalgebra {{a,/3);X) over U satisfies the following condition: 

(3.2) (Vx G X) (a(x) C a(0), /3(x) D /3(0)). 

Proof. Straightforward. □ 

Proposition 3.5. For a double-framed soft subalgebra {(a,/3);X) over U, the following are equivalent: 

(i) (Vx G X) (a(x) = a(0), j3{x) = /3(0)). 

(ii) (Vx, y € X) {a(y) C a(x * y), I3(y) 2 /3(x * y)). 

Proof. Assume that (ii) is valid. Taking y := 0 in (ii) and using (B2), we have q;(0) C a(x * 0) = a(x) and 
/3(0) 2 f3{x * 0) = /3(x). It follows from Lemma 3.4 that a(x) = a(0) and /3(x) = /3(0). 

Conversely, suppose that a(x) = a(0) and j3{x) = /?(0) for all x G X. Using (3.1), we have 

a{y) = q;(0) fl a{y) = a{x) fl oi{y) C a{x * y), 

Piy) = /3(0) U P{y) = I3{x) U P(y) 2 I3{x * y) 

for all x,y G X. This completes the proof. □ 

For two double-framed soft sets ((a, (3);X) and {{f,g);X) over U, the double-framed soft int-uni set of {{a,/3)-,X) 
and {{f,g);X) is defined to be a double-framed soft set {{anf,fiOg);X) where 

af\f : X —>• fP{U), X !->■ a{x) fl /(x), 
pOg : X —>• X !->■ /3(x) U g{x). 

It is denoted by ((a, /3); A) □ ((/, g);X) = ((oC/, l30g);X). 
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Theorem 3.6. The double-framed soft int-uni set of two double-framed soft subalgebras {{a, /3); X) and ((/, g); X) 
over U is a double-framed soft subalgebra over U. 


Proof. For any x,y G X, we have 

{anf){x * y) =a{x *y)fi f{x * y) A {a{x) n a{y)) n {f{x) n f{y)) 

={a{x) n f{x)) n {a{y) n f{y)) = ianf){x) n {anf){y) 

and 

{I30g){x * y) =j3{x * y) U g{x * y) C {j3{x) U /3(y)) U {g{x) U g{y)) 

={l3{x) U g{x)) U {P{y) U g{y)) = {p(Jg){x) U (/30g)(?/). 

Therefore {{a,fi);X) □ {{f,g);X) is a double-framed soft subalgebra over U. □ 

For two double-framed soft sets ((a, fl);X) and {{f,g)-,X) over U, the double-framed soft uni-int set of ((a, /3); X) 
and {{f,g);X) is defined to be a double-framed soft set {{a(jf,fing);X) where 

aOf : X —>• 3^{U), x a{x) U f{x), 
flf\g : X — >• X !->■ j3{x) fl g{x). 

It is denoted by {{a, I3);X)U ((/, g);X) = {{aOf, l3ng);X). 

The following example shows that the double-framed soft uni-int set of two double-framed soft subalgebras 
{{a,l3);X) and {{f,g);X) over U may not be a double-framed soft subalgebra over U. 


Example 3.7. Let E = X he the set of parameters, and let [/ = Z be the initial universe set, where X = 
{0,1, 2, 3,4, 5} is a i?-algebra [12] with the following table: 
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Let {{a,l3);X) and {{f,g)-,X) be double-framed soft sets over U defined, respectively, as follows: 

Z if X G {0,4}, 


a ■. X ^ X !->■ 


9Z if X G {1,2, 3, 5}, 


and 


j3 : X ^ X !->■ 


7Z ifxG{0,4}, 

Z if X G {1,2,3,5}, 


f:X^^{U), x^ 


Z if X G {0,5}, 

3Z if X G {1,2, 3, 4}, 


g : X ^ X !->■ 


2Z ifxG{0,5}, 

Z if X G {1,2, 3,4}, 
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It is routine to verify that ((a, /3); X) and ((/, g); X) are double-framed soft subalgebras over U. But ((a, (3)-,X)U 
{{f,g);X) = {{a0f,(3ng);X) is not a double-framed soft subalgebra over U, since (a0/)(4 * 5) = (q;0/)(2) = 
a(2)U/(2) = 9ZU3Z = 3Z ^ Z = (a0/)(4) n (a0/)(5) and/or (/3n5)(4*5) = (/?n5)(2) = ZnZ = Z^7ZU2Z = 
(/3n5)(4)U(/3n5)(5). 


Let {{a, 13); A) and {{f,g);B) be double-framed soft sets over a common universe U. Then {{a, (3); A) is called 
a double-framed soft subset of {{f,g);B), denoted by {{a, ft); A) C {[f,g);B ), if 


(i) ACB, 

(ii) (Ve G A) 


a{e) and /(e) are identical approximations, 
j3{e) and g{e) are identical approximations. 


Theorem 3.8. Let {{a, j3);A) he a double-framed soft subset of a double-framed soft set ((/, g);B). If ((/, g); B) 
is a double-framed soft subalgebra over U, then so is ((a, f3);A). 


Proof. Let x,y € A. Then x,y £ B, and so 


a{x) n a{y) = f{x) n f{y) C f{x * y) = a{x * y), 
I3{x) U /3{y) = g{x) U g{y) A g{x * y) = /3{x * y). 


Hence {{a, (3); A) is a double-framed soft subalgebra over U. 


□ 


The converse of Theorem 3.8 is not true as seen in the following example. 


Example 3.9. Let {U = Z, X) where X = {0,1,2,3} is a B-algebra as in Example 3.3. For a subalgebra {0, 3}, 
define a double-framed soft set ((a,/3); {0, 3}) over U as follows: 


a : {0,3} —>■ A^{U), x >->■ 


Z if a; = 0, 

2Z if a; = 3, 


and 


/? : {0,3} —>■ A^{U), x !->■ 


27Z if a; = 0, 
9Z if X = 3, 


Then {{a,f3); {0,3}) is a double-framed soft subalgebra over U. Take B := X and define a double-framed soft set 
{{f,g);B) over U as follows: 


f : B ^ X I-)- 


z 

II 

o 

72Z 

if X = 1, 

4Z 

II 

to 

2Z 

if X = 3, 


and 


g : B ^ 3^{U), x >->■ 


Z n 4Z = 4Z and/or g{l * 3) = g{2) = Z ^ g(l) U g(3) = 3Z U 9Z = 3Z. 


27Z 

if 

X = 

0 , 

3Z 

if 

X = 

1 , 

Z 

if 

X = 

2 , 

9Z 

if 

X = 

3. 

a over 

U 

since /(O 


= /(I) = 72Z ^ /(O) n /(2) = 


89 


KO-AHN 85-93 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.1, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Jung Mi Ko and Sun Shin Ahn 

For a double-framed soft set {{a,j3)-,X) over U and two subsets 7 and 6 of U, the "f-inclusive set and the 
5-exclusive set of {{a, P); X), denoted by zx(a; 7 ) and exiP',5), respectively, are defined as follows: ix{c(;"f) ■= 

{x € AT I 7 C a(x)} and ex(/3; d) := {x G AT | d A I3{x)} , respectively. The set DFx {a, j3)^^ := {a; G AT | 7 C a{x), 5 A /3(a;)} 

is called a double-framed including set of ((a, /3); X ). It is clear that DFx {ct, g-^ = ixict', 7 ) H ex(/3; 5). 

Theorem 3.10. For a double-framed soft set {(a,/3);X) over U, the following are equivalent: 

(i) {{a, fl);X) is a double-framed soft subalgebra over U. 

(ii) For every subsets 7 and 5 of U with 7 G Im{a) and 5 G Im{j5), the y-inclusive set and the 6-exclusive 
set of {{a, fl);X) are subalgebras of X. 


Proof. Assume that ((a, /3); X) is a double-framed soft subalgebra over U. Let x,y £ X he such that x,y £ ix{cx', 7 ) 
and x,y £ ex(/3; 6) for every subsets 7 and 6 of U with 7 G Im{a) and 5 £ Im{/3). It follows from (3.1) that 

C({x * y) a{x) n a{y) A 7 and fi{x * t/) C /3(a;) U fi{y) C 5. 

Hence x * y £ ix{cx] 7 ) and x *y £ ex{P]5), and therefore zx(q:; 7 ) and ex(/3; 5) are subalgebras of X. 

Conversely, suppose that (ii) is valid. Let x^y £ Xhe such that a{x) = a(y) = yy, j5{x) = 5^ and (3{y) = 5y. 
Taking 7 = 7 a; H 7 j, and 5 = 5xfi 6y imply that x,y £ ixicc, 7 ) and x,y £ ex(/3; i5)- Hence x * y £ ixicx; 7 ) and 
x * y £ ex{l3; 5), which imply that a{x * y) A 7 = 7 ,,, fi 7 ^ = a{x) fl a{y) and j3{x * y) Q 5 = Sy = j3{x) U /3(y). 
Therefore {{a,fi);X) is a double-framed soft subalgebra over U. □ 

Corollary 3.11. If {{a,/3);X) is a double-framed soft algebra over U, then the double-framed including set of 
((a, I3);X) is a subalgebra X. 


For any double-framed soft set {{a,/3)]X) over U, let ((a*,/?*); AT) be a double-framed soft set over U defined 
by 


a* : a: X ^ 


P* -.X ^ ^(C), 


a{x) if X G ixicf, 7 ), 
r] otherwise, 

I3{x) if X G ex(/3;(5), 
p otherwise. 


where 7 , d, 7 and p are subsets of U with p C a{x) and p A /3(x). 


Theorem 3.12. If {{a, /3); X) is a double-framed soft subalgebra over U, then so is ((«*,/?*); X). 


Proof. Assume that ((a,/3); AT) is a double-framed soft subalgebra over U. Then zx(q;; 7 ) and exi/3;S) are subal¬ 
gebras of X for every subsets 7 and d of 17 with 7 G Im{a) and 5 £ Im{j3), by Theorem 3.10. Let x,y £ X. If 
x,y £ ix{c(; 7 ), then x * y £ ix(Q;; 7 ). Thus 

a*{x * y) = a{x * y) A a(x) fl a{y) = a*{x) fl a*{y). 


If X ^ zx(a; 7 ) or y ^ ix(o:;j), then q;*(x) = p or a*{y) = p. Hence 


a*{x * y) A 7 = a*{x) fl a*{y). 
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Now, if x, j/ G ejf(/3; (5), then x *y £ ex{P', (5). Thus 

j3*{x *y) = j3{x * y) C j3{x) U ^(y) = j3*{x) U /3*(y). 

If a; ^ ex{l3;S) or y ^ ex{li',S), then I3*{x) = p or f5*{y) = p. Hence 

j3*{x *y) Cp = j3*{x) U /3*(y). 

Therefore ((a*,/?*); X) is a double-framed soft subalgebra over U. □ 

Let {{a,l3)]X) and ((a,/3);F) be double-framed soft sets over U, where X,Y are H-algebras. The (cta, P\/)- 
productoi {{a,(3)]X) and ((q;,/3);F) is defined to be a double-framed soft set {{ax^Y, I3 x\/y)] X x Y) over U in 
which 

Oixf\Y ■■ X xY ^ ^(U), (x, y) H> a{x) n a{y), 

PxvY : X xY ^ ^{u), (x, y) H> ^(x) U ^(y). 

Theorem 3.13. For any B-algebras X and Y as sets of parameters, let {{a,(3)-,X) and {{a,(3);Y) be double¬ 
framed soft subalgebras over U. Then the {a/\, -product of {{a,fi)-,X) and ((a,/3);Y) is also a double-framed 
soft subalgebra over U. 

Proof. Note that {X x Y, (0,0)) is a H-algebra. For any (x,y), {a,b) £ X xY,we have 

axAY ({x, y) @ (a, b)) = ax ay {x*a,y*b) 

= a{x * a) n a{y * b) £) {a{x) fl a{a)) fl (Q;(y) H a{b)) 

= {a{x) n a(y)) fl (a(a) fl a{b)) 

= oiXAY (a;, y) n ax ay (a, b) 

and 


PxvY {{x, y) @ (a, b)) = Pxvy {x*a,y*b) 

= I3{x * a) U /3(y *b) C {j3{x) U /3(a)) U (/3(y) U j3{b)) 

= {I3{x) U /3(y)) U (/3(a) U /3{b)) 

= PxvY {x, y) U PxvY (a, b) 

Hence {{oxay, Pxvy)', E x F) is a double-framed soft subalgebra over U. □ 

Definition 3.14. A double-framed soft set {{a,fi)-,X) over U is said to be double-framed soft normal of a 
H-algebra X if it satisfies: 

(3.3) (Vx, y,a,b £ X){a{{x * a) * {y * b)) D a(x * y) H a(a * b),P{{x * a) * {y * b)) C /3(x * y) U fi{a * b)). 

A double-framed soft {(a,j5)\X) over U is called a double-framed soft normal subalgebra of a H-algebra X if it 
satisfies (3.1) and (3.3). 
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Example 3.15. Let {U = Z,X) where X = {0,1,2,3} is a B-algebra as in Example 3.3. Let {{a,/3);X) be a 
double-framed soft set over U defined as follows: 


a : X ^ ^{U), X !->■ 


Z if a; G {0, 3}, 
2Z if a; G {1,2}, 


and 


j3 : X ^ 3^{U), X !->■ 


3Z if a; G {0,3}, 
Z if a: G {1,2}, 


It is easy to check that ((a,/3); AT) is a double-framed soft normal over U. 


Proposition 3.16. Every double-framed soft normal (/, Jf) of a B-algebra X is a double-framed soft subalgebra 
ofX. 


Proof. Put y := 0,b := 0 and a := y in (3.3). Then a{{x*y) * (0 * 0)) A a(a; * 0) nQ;(?/ * 0) and fi{{x*y) * (0 * 0)) C 
/3(a;*0)U/3(?/*0) for any x,y G X. Using (B2) and (Bl), we have a{x*y) A a{x)r\a{y) and j3{x*y) C /3(a;)U/3(y). 
Hence ((a,/3); AT) is a double-framed soft subalgebra over U. □ 

The converse of Proposition 3.16 may not be true in general (Example 3.17). 

Example 3.17. Let E = X he the set of parameters, and let U = X be the initial universe set, where 
X = {0,1, 2, 3,4, 5} is a H-algebra as in Example 3.7. Let ((a, /?); X) be double-framed soft set over U defined as 
follows: 

r 73 if a; = 0 , 
a : X ^ a; I—>■ < 72 if a: = 5, 

[71 if a; G { 1 , 2 , 3 , 4 }, 

and 

( Ti if a; = 0, 

I3 : X ^ ^{U), x^ I T 2 if a: = 5, 

Its if a: G { 1 , 2 , 3 , 4 }, 

where 71,72,73 ,ti,T 2 and T3 are subsets of U with 71 C 72 C 73 and ti C T2 C T3. It is routine to verify that 
((a,/ 3 ); A") is a double-framed soft subalgebra over U. But it is not double-framed soft normal over U since since 
a(l) = a((l * 3 ) * (4 * 2)) = 71 ^ q ;(1 * 4) fl a (3 * 2) = a( 5 ) fl q;( 5 ) = 72 and/or /?(!) = , 0((1 * 3 ) * (4 * 2)) = T3 ^ 
/ 3(1 * 4) U / 3(3 * 2) = / 3 ( 5 ) U /3(5) = r2. 

Theorem 3.18. For a double-framed soft set {{a,/3);X) over U, the following are equivalent: 

(i) {{a, fl);X) is a double-framed soft normal subalgebra over U. 

(ii) For every subsets 7 and S of U with 7 G Im{a) and 6 G Im{j5), the y-inclusive set and the 6-exclusive 
set of ((a, /3);X) are normal subalgebras of X. 


Proof. Similar to Theorem 3.10. □ 

Proposition 3.19. Let a double-framed soft set {{a,P);X) over U of a B-algebra X be double-framed soft 
normal. Then a{x *y) = a{y * x) and j3{x * y) = Piy * x) for any x,y € X. 


92 


KO-AHN 85-93 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.1, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Double-framed soft sets in i?-algebras 

Proof. Let x,y G X. By (Bl) and (B2), we have a(x*y) = a{{x*y)*{x*x)) D a{x*x)r\a{y*x) = a(0)nQ;(y*a;) = 
a{y * x). Interchanging x with y, we obtain a{y * x) D a{x * y). 

By (Bl) and (B2), we have fi{x * y) = P{{x * y) * {x * x)) C f3{x * x) U (3{y * x) = /3(0) U fi{y * x) = (3{y * x). 
Interchanging x with y, we obtain j3{y * x) C j3{x *y). □ 

Theorem 3.20. Let {{a,P);X) be a double-framed soft normal subalgebra of a B-algebra X. Then the set 
■= G X\a{x) = a(0),/3(x) = /3(0)} is a normal subalgebra of X. 

Proof. It is sufficient to show that -^(a,/ 3 ) is normal. Let a,b,x,y € X be such that x*y € and a*b € 

Then a{x * y) = a(0) = a{a * h),f3{x * y) = /3(0) = /3(a * b). Since ((a,/3);X) is a double-framed soft normal 
subalgebra of X, we have a{{x*a)*{y*b)) D a{x*y)r\a{a*b) = a(0) and fi{{x*a)*{y*b)) C l3{x*y)Ufi{a*b) = /3(0). 
Using (3.2), we conclude that a{{x*a)*{y*b)) = q;( 0) and fl{{x*a)*{y*b)) = /3(0). Hence {x*a)*{y*b) G X(^a,i 3 )- 
This completes the proof. □ 
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APPLICATIONS OF DOUBLE DIFFERENCE FRACTIONAL ORDER 
OPERATORS TO ORIGINATE SOME SPACES OF SEQUENCES 

ANU CHOUDHARY AND KULDIP RAJ 

Abstract. In the present article, we introduce and study some sequence spaces by 
means of double difference fractional order operators, Orlicz function and four dimen¬ 
sional bounded regular matrix. We make an effort to study some topological and 
algebraic properties of these sequence spaces. Some inclusion relations between newly 
formed sequence spaces are also establish. Finally, we study several results under the 
suitable choice of order 7 . 


1. Introduction and Preliminaries 

Let (vok,iTVk,i) be a double sequence of seminormed spaces such that vjk-i,i-i C vjk^i for 
all non-negative integers k and 1. A sequence space X is called solid or normal if and 
only if it contains all such sequences y = {yk,i) corresponding to each of which there is a 
sequence x = (xk,i) € X such that \yk,i\ < |a;fc,i| for all non negative integers k and 1. Let 
Q be a normal sequence space and denotes the set of all double complex sequences. 
Dehne a linear space 

= {x = {xk,i) € : Xk,i € zuk,i for all non-negative integers k and 1}. 

Let ly and v' be seminorms on a linear space X. Then v is said to be stronger than v' 
if whenever (xk,i) is a sequence such that v{xk,i) —> 0, then also v'{xk,i) 0. If each is 
stronger than the other, then v and v' are said to be equivalent. 

A double sequence has Pringsheim limit L (denoted by P —lima; = L) provided that given 
e > 0 there exist n € N such that \xk,i — L\ < e whenever k,l > n (see [11]). A double 
sequence x = {xk,i) is bounded if there exists a positive number n such that |a;fc_i| < n for 
all k and 1. 

Some initial works on double sequences is due to Bromwich [5]. Later on, the double 
sequences were studied in (see [12], [13]) and operators on sequence spaces were studied 
in (see [1], [9]). 

The fractional difference operator for a positive proper fraction 7 on single sequence 
is defined as 

A(fo(a;,) = f;(-l)- 

mil (7 — TO -I- 1) 

m =0 

where r( 7 ) denotes the Euler gamma function of a real number 7 or generalized factorial 
function (see [2], [3]). For 7 ^ {0, —1, —2, —3, • • • }) ^( 7 ) can be expressed as an improper 
integral, 

noo 

r(7) = / e~^s'^~^ds. 

Jo 

2010 Mathematics Subject Classification. 40A05, 40A30. 

Key words and phrases. Orlicz function, fractional double difference operator, double sequence, para- 
normed space. 
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For X G and a positive proper fraction 7 , the double difference operator of fractional 
order 7 is defined as 


( 1 . 1 ) 


m—O n—0 


m\n\T(^ 


r(7 + i)^ 

— TO + i)r (7 


n + 1 ) 




The above defined infinite series can be reduced to finite series if 7 is a positive integer 
(see [4]). Throughout the text it is assumed that {xk,i) = 0 for any negative integers k 
and 1. 

An Orlicz function M is a function, which is continuous, non-decreasing and convex with 
M(0) = 0, M(x) > 0 for X > 0 and M(x) —00 as x — 00 . An Orlicz function 
M is said to satisfy A 2 -condition for all values of u, if there exists i? > 0 such that 
M{2u) < RM{u),u > 0. 

The idea of Orlicz function was used by Lindenstrauss and Tzafriri [7] to define the fol¬ 
lowing sequence space: 


00 I I 

= {xk) € w : E ■^(“~) ^ some p > o| 

k=l ^ 


known as an Orlicz sequence space. The space Im is a Banach space with the norm. 


ll^ll 


= inf 


P > 


0:E^ 






A sequence M. = (Mk) of Orlicz functions is called a Musielak-Orlicz function (see [ 8 ], 

[ 10 ]). 


Remark 1.1. (1) Let A4 = {Mk^i) be a Musielak Orlicz function and q be a non-negative 
integer. Then for a real number d € [0,oo), we have 
{i)M{qx) < qM{x) 

(ii) M{dx) < (1 + [d\)M{x), where [.J denotes the greatest integer function. 

(2) For a complex number a, 

|Q,|Pfc,i < niax{l, jaj'^} 

and 

jafc,/+ 

where L = suppk,i < oo and D = max(l, 

k,l 


Let A = {aijki) be a four-dimensional infinite matrix of scalars. For all i,j € No, where 
No = N U {0}, the sum 

00,00 

Ui^j ^ ^ 
k,1^0,0 

is called the A-means of the double sequence {xk,i)- A double sequence {xk,i) is said to 
be A-summable to the limit L if the A-means exist for all i, j in the sense of Pringsheim’s 
convergence 

p,q 

P- lim aijkiXk.i = Vid and P- lim = L. 

p,q—¥oo ‘ ^ i.j—^oo 

fe.i=0,0 

A four-dimensional matrix A is said to be bounded-regular (or RH-regular) if every bounded 
P-convergent sequence is A-summable to the same limit and the A-means are also bounded. 


Theorem 1.2. (Robison [14] and Hamilton [ 6 ] j The four dimensional matrix A is RH- 
regular if and only if 
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(RHi) P-YiTnaijki = 0 for each k and I, 

00,00 

(RH 2 ) P-lim ^ \aijki\ = ^, 

00 

(RH 3 ) P-lim \aijki\ = 0 for each I, 
i.i ' ^ 

00 

(RH 4 ) P-lim> \aijki\ = Q for each k, 

l.j 

00,00 

(RH 5 ) ^ \aijki\ < 00 for all ij G N. 

A real valued function g defined on a linear space X is called a paranorm, if it satisfies 
the following conditions for all x,y G X and for all scalars /3 

(i) g{X) = 0, where A is the zero element of X 

(ii) g{-x) = g{x) 

(hi) gix + y) < g{x) + g{y) 

(iv) If {fin) is a sequence of scalars with /3„ —)• 0 as n —)■ 0 and Xn is a sequence in X such 
that g{xn — t) —> 0 as n —)■ 00 for some x G X, then g{PnXn — Px) —> 0 as n —)■ 00. 

Let M = {Mk,i) be a Musielak Orlicz function, A = {uijki) be a nonnegative four¬ 
dimensional bounded-regular matrix, u = {uk,i) be any double sequence of strictly positive 
real numbers, p = {pk,i) be a bounded double sequence of positive real numbers, de¬ 
notes the double difference operator of fractional order 7 . In this paper we define the 
following sequence space 

Q[Ay\p,u,u, A-Ad] = 


— ^ ■ I ^ ^ ^ijkl 

' fc,Z=0,0 


k'k.i 


Xk^l 


1 Pk,l 


G Q, for some p > 0 


Remark 1.3. (1) Let M. = (Mkj) be a Musielak Orlicz function and p = pi + p^- Then 
for X = {xk,i) and y = {yk,i) G Q[X)^\p,v,u,A,M], we have 
(uk,iX''2\xk,i)+Uk,i^j^\yk,i)^^^^’’'^ 

/ , ^ijkl 
/c,/= 0,0 


Mk,l ’^k,l 


, 00,00 

^ ^ ^ ^ ^ijkl 

^ k,1^0,0 
00,00 


^kA ^kA 


A ('T) 

Uk,lX'2 Xk,l 


Pi 


Pk,l 


+ E ^ijkl 

fe ,/= 0,0 


lAk,l 


Uk,iX^^\k,i 
P2 


Pk,l 


for all non-negative integers i and j and for some pi,P 2 > 0. 


(2) Let M = (Mkj) be a Musielak Orlicz function and d gC. Then for L = snppk,i < 00 , 

k,l 

we have 
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k,1=0,0 


Mk,i yk,i 


ANU CHOUDHARY AND KULDIP RAJ 
Uk,iA^^'’{dxk,i)' 


< max{l,(l + 

O^ijkl 


for all non-negative integers i and j and for some p > 0 . 


Uk,iA^^\xk,i] 
P 


{Mk,i + I i'k,i 


Uk,iA^^\xk,i) 


(3) Let Ai = {Mk,i) and Ai' = (M^ j) be two Musielak Orlicz functions. Then 
00,00 

^ijkl 

k,1=0,0 


1 Pk,l 


< 


D ( E O^ijkl 

' fc ,/^ 0,0 


Mkl k'kd 


+ E O^ijkl 

fc ,/^ 0,0 


^k,l ( ^k,l 


Uk,iA‘'^\xk,i 


Uk,iA‘'^\xk,i) 


for all non-negative integers i and j and for some p > 0 . 

(4) Let Ai = {Mk,i) be a Musielak Orlicz function. Let p = (pfc,/) and v' = {^'ki) be 
two sequences of seminorms. Then 


y^ dijkl 

k,l=0,0 


Mk,i I {vk,i + v'k^i) 


Uk,iA‘'^\xk,i 


P 


J Pk,l 


< 


y 00,00 

B E ^ijkl 

^ fc,/^ 0,0 

00,00 

y~! O'ijkl 

k,l=0,0 


Mk,i Vk,i 


p 


^k,l Vk,l 


, / Uk,iA^^\xk,i 


Pk,l 


for all non-negative integers i and j and for some p > 0 . 

The main goal of this paper is to introduce the double difference operator of frac¬ 
tional order 7 . In this study, being an application of double difference operator some 
new difference double sequence spaces of fractional order have been introduced and sub¬ 
sequently, their topological and algebraic properties have been discussed in detail. Infact, 
this study involves new results obtained under different suitable choice of 7 . 


2. Main Results 

Theorem 2.1. Let Ai = {Mk,i) he a Musielak Orlicz function, v = (vk,]) he a sequence 
of seminorms and u = (uk,i) he a double sequence of strictly positive real numbers. Then 
the sequence space Q[A^\p,v,u,A,A4] is a linear space over the complex field C. 

Proof. This is a routine matter, so we omit it. □ 

Theorem 2.2. Let Ai = {Mk,i) be a Musielak Orlicz function, v = (yk,i) be a sequence of 
seminorms and u = (uk,i) he a double sequence of strictly positive real numbers. Then the 
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sequence space Q[A^\p,iy,u,A,A4] is a paranormed space with paranorm g defined by 
00,00 

O'ijkl 

kd=0,0 

where N = max{l, L} and L = suppk,i < oo. 

k,l 


g(x) = inf (p) d 


Mki Vkj 


i^^kd') 


< 1 , for some p > 0 


Proof, (i) Clearly g{x) > 0, for x = (xkd) G u, w, .4, A^]. Since Mkd{0) = 0, we 

get 5 ( 0 ) = 0 . 

(ii) g{-x) = g{x). 

(iii) Let x = {xkd),y = (j/fc,;) € ( 5 [A 2 ^\p, u, m, A, TM], then there exist pi > 0 and P 2 > 0 
such that 


and 


E 

fc ,/= 0,0 


O^ijkl 


Mkl h>kA 


Ukd^2\^kd 

Pi 



< 1 


E 

fc ,/= 0,0 


^ijkl 


Mk 


kd ^kd 


UkdA^2\ykd) 

P2 



< 1 . 


Now for p = Pi + P 2 and by using Minkowski’s inequality, we have 


E/ 

kd=0,0 


Mkd k'kd 


Ukd^2\^kd) + Ukd^'2\ykd 


( 7 )/ 


Pi + P2 


< 


Pi 


Pi + P2 
P2 

Pi + P2 


E/ 

kd=0,0 

00,00 


E 

fc,Z=0,0 


^ijkl 


J.J I I Ukd^2 ^kd 

Mkd ^kd -^ 

Pi 


UkdA^^^kd 

P2 


Mkd ^kd 


1 Pk,l\ Jf 


< 1 - 

Hence, g{x + y) 


= inf (P 1 +P 2 ) ^ ( E “oTci 

' fc , 1 = 0,0 


Mkd k'kd 


UkdA!'2\xkd) + UkdA)^’{ykd) 


(7)/ 


lPk,l\ N 


< 


1 , for some p > 0 


< inf (pi) ( E O^ijkl 

^ ^ fc,/^0,0 

, X 00,00 

+ infMp2)T^ : f Uijki 

^ ^kd=0,0 

= 9{x)+g{y)- 


Mkd k'kd 


Mkd k'kd 


lkkd^2 ^^kd') 
Pi 

UkdA^2\ykd) 

P2 


-\Pk,l\ Tj 


< 1 , for some pi > 0 


< 1 , for some p 2 > 0 


(iv) Finally, we show that scalar multiplication is continuous. In order to show this, let 
us consider a complex number a. Then by definition we have 


98 


CHOUDHARY-RAJ 94-103 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.1, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


6 


ANU CHOUDHARY AND KULDIP RAJ 


g{ax) 


00,00 

inf <{ (p)^ : ( “yfc' 


= inf 


fc,Z=0,0 

00,00 


auk,iA^2\^k,i) 


r|t) 


Pk,l 


(kijkl 

k,1=0,0 


Mk,l yl'k,! 
Mk,i (vk,i 


-\Pk,i\ iv 


Uk,l^i^Hxk,l) 

t 


' <l,t> ol, 


where i = |^. Hence the proof. 


□ 


Theorem 2.3. Let M = and M' = he two Musielak Orlicz functions, 

u = {uk,i) he a double sequence of strictly positive real numbers and A = (aijki) be a 
nonnegative four-dimensional bounded-regular matrix. Then 


k', u,A,M] n Q[A\^\p, V, u,A, M'] C QlA^^^p, v, u,A,M -\- M']. 


. (7) 


(7) 


Proof. Suppose x = {xk,i) € Q[A .^2 \p,v,u,A,M\ <1 Q[A 2 '^\p,iy,u,A,AT]. This implies 
that 


,(7) 


and 


kkijkl 

k, 1 = 0,0 


y^ kiijki 

k,l=0,0 


Mk,i Vk,i 


^k,l ( k'k,l 


Uk,iA^f*^Xk,i 

P 






both are in Q. Now by using part (3) of Remark 1.3, we have 


^ijkl 

k,1^0,0 


{MkJ + ^kl) ( l^k,l 


'^k.l^o ^k.l 


00,00 

^ Tt^ ^ ^ aijki 

k,l=0,0 


Mk,i Vk,i 


Uk,iA^^\k,i 


J Pk,l 


N! (kijkl 
k,l=0,0 


^k,l ( k'k,l 


Uk.iA^A''Xk,i 


{Mk,i + Vk,i 


Uk,iA^.^\k,i 


, 00,00 

Since Q is normal, E ^ijkl 

^ k,1^0,0 

Then x = {xk,i) G Q[A 2 ^\p, p, m, .4, + At']. Hence the proof. 


J Pk,l 


e Q. 


□ 


Theorem 2.4. Suppose that At = (Mk,i) he a Musielak Orlicz function, v = {vk,i) and 
v' = he two double sequences of seminorms. Then 

QlA^^^Pt u, A, At] n (5[A2 ^\p, a, u,A, At] C ( 5 [A 2 ^\p, n -\-v',u, A, At]. 

Proof. One can easily obtain the proof by using part (4) of Remark 1.3. So, we omit it. □ 


Theorem 2.5. Let M = {Mk,i) be a Musielak Orlicz function. Ifv= {vk,i) and A = {Af, j) 
he two double sequences of seminorms such that (vk,i) is stronger than (Aj^i) for each k 

and I, then ( 5 [A 2 ^\p, p, m, A, At] C ( 5 [A 2 ^\p, p', m, A, At]. 
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Proof. Consider a double sequence x = {xk,i) € Q[A ^2 \p,i^,u,A,A4]. Then 


00,00 

0,ijkl 

k,1=0,0 


Mk,l Vk,l 


Uk,iA^f\k,i 


Pk,l 


e Q. 




Since each 1 ^ 1 -,i is stronger than corresponding we have a natural number Nk,i corre¬ 
sponding to each pair of non-negative integer k and I such that ;(rc) < Nk,iVk,i{w)- Let 
N = maxjfVfe;}. Then v'^ i{w) < Nvk,i{w) for all non-negative integers k and 1. Thus, 


^k,l 


Uk,lA^2^'’xk,l 


< Nvk,i 


Uk,lA^2^'’xk,l 


From Remark 1.1, we have 

00,00 P X 

y ' ^ijkl i 

k,1=0,0 ^ ^ 


Uk,iA.^f^Xk,i 


Pk,l 


< max{l,Af'^} E ^ijkl 

k,1^0,0 


Mkl l^kA 


Uk.iA^A'’Xk,i 


00,00 

Since Q is normal, ( E ^ijkl 


k,1^0,0 


^k,l ( l^k,l 


Uk,iA^.^\k,i 


Pk,l 


e Q. 




This implies x = {xk,i) € Q[A ^2 \p,v',u,A,M]. 


□ 


Corollary 2.6. Let M. = {Mk,i) be a Musielak Orlicz function. If v = (ufe,;) and v' = 
{Af, i) be two double sequences of seminorms such that {vk,i) is equivalent to ;) for each 
k and 1. Then 

Q[^i''\p,'^,'a,A,M] = Q[a!2'\p,A,u,A,M]. 

Theorem 2.7. Suppose M = {Mk,i) and M' = he two Musielak Orlicz func¬ 

tion such that Mk,i{l) is finite for each k and 1. Let A = {aijki) be a nonnegative four¬ 
dimensional bounded-regular matrix. Then 

u, u,.4, Al'] C Q[A 2 '^\p,iy,u,A,M o Al']. 

Proof. Consider x = {xk,i) € Q[A^\p,i',u,A,M.']. So, 


00,00 

E/ ^ijkl 

k,l=0,0 


^k,l ( ^k,l 


Uk,lA^f\k,l 

P 


Pk,l 


e Q. 




Since each {Mk,i) is continuous and Mk,i{0) = 0 for each k and I, we choose € (0,1) 
corresponding to an arbitrary e > 0 such that Mk,i{s) < e for 0 < s < <j. Let us take 


Sk,l = Mi l (^’^k,i ^ 


Uk,iA!^'’xk,i 


and 

00,00 

(2-1) E ^ijkl 

fc,Z=l,l 


Mk,i{sk,i) 


1 Pk,l 


— aijki 
1 


Mk,i{sk,i) 


1 Pk,l 


E/ 

2 


Mk,l{sk,l) 


1 Pk,l 


where the first summation is over Sk,i < S and the second is taken over Sk,i > <?• For 
Sk,i < we have Mk,i{sk,i) < e and hence 


E 


^ijkl 


Mk,i{sk,i) 


1 Pk,l 


< 


y~~! aijki [e 
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Now by using Part (2) of Remark 1.1, we have 


(2-2) E ^ijkl 
1 


Mk,i{sk,i) 


Pk,l 00,00 

< max{l, E ^ max{l, e^} E 

1 k,1^0,0 


For Skj > <?, we have Sk,i < 



. So, from Part (1) of Remark 1.1, we have 


Mk,i{sk,i) < Mk^i ( ) < ( 1 + 


Sk,l 


Mfc,,(l)<2Mfc,i(l)^. 


Let ^ = max(Mfc^;(l)), then Mk,i{sk,i) < 2^^. By using Part (2) of Remark 1.1, we get 


k,l 


(2.3) 


E/ 


Mk,i{sk,i) 


J Pk,l 


2^ - 

< max i: O'ijkl [^k,. 


L\ 00,00 


]Pk,i 


fc ,/= 0,0 


From (2.1), (2.2) and (2.3), we have 


E (^^jkl[Mk,lisk,lW’•' < max(l,e^) E ^ijki 

k,1^1,1 k,1^0,0 

00,00 


"2^ 

+ max ( 1, ( — 


Pkj 


k,1^0,0 


Since Q is normal, 

00,00 

<^tjki[^k,i{^k,iw^’^ 




00,00 


E / ^vkl 


k,1=1,1 

(7) 


{Mk,i o I Vk,i 


Uk,l^^2^Xk,l 


J Pk,l 


€ Q- 


Thus, X = {xk,i) € Q[/S. 2 ’,p,v,u,A,M o M']. Hence the proof. 


□ 


Theorem 2.8. Let A4 = (Mkj) be a Musielak Orlicz function such that Mk,i{s) < 
Mk-i,i-i{s) for all s G [0,oo),p = (pfc,i) be a double sequence of seminorm such that 
Vk,i{s) < Vk-i,i-i{s) for all s. Let A = (aijki) be a nonnegative four-dimensional bounded- 
regular matrix such that Oijki < aij(^k-i)(i-i) for all non-negative integers i,jjk and I and 
suppose p = {pk,i = p) is a constant sequence of positive real number. Then 

C Q[A''2'^\p,iz,u,A,M]. 

Proof. Suppose x = {xk,i) is a double sequence in Q[A^^ ^\p,iy,u,A,A4]. Then 


E/ 

k,1=0,0 


Mk,i Vk,i 


Uk,iA!^ ^''xk,! 



G Q. 
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APPLICATIONS OF DOUBLE DIFFERENCE FRACTIONAL ORDER OPERATORS 


Since Mk^i{s) < < Ufc_i,;_i(s) and we have 


k,1^0,0 


Mk,i i^k,i 


- X! ®d(fe-i)d-i) 

k,1^0,0 
00,00 

= aijki 

k,1=0,0 


Mk-i,i-i Vk-i,i-i 


Uk-l,l-l^^2 ^'’xk-1,1-1 

p 


Mk,i Vk,i 


Uk,l^^2 ^^Xk,l 


00,00 

Since Q is normal , ( E ^ijkl 


Mki ykA 


00,00 

aijki 

k,1=0,0 


Mk,i Vk,i 


fe,1=0,0 

Uk,l^2^Xk,l'^ ^ 


Uk,lA!^ ^^Xk-l,l-l 


e Q. Now, 




aijki 

k,l=0,0 


Mk,i Vk,i 


Uk,l^^2 ^\xk,l - Xk-l,l-l) 


< 


D E ^ijkl 

^ k,1^0,0 

00,00 


^k,l ^k,l 


p 

Uk,l^^^~^ 


2 ^k,l 

P 


aijki 

k,l=0,0 


Mk,i Vk,i 


Uk,iAy 'xk-i,i-i 


Again Q is normal. So, E aijki ^k,l ( k^k,l 
^ k,1=0,0 

Thus, x= {xk,i) e (5[A^^\p, u, M, A, A^]. 


ak,lA2 Xk,l 


G Q. 




□ 


In order to show the strictness of the above inclusion let us consider the following example. 

Example 2.9. Consider A4 = {Mk,i) be a Musielak Orlicz function with Mk,i(x) = 
X, {k'k,i) be a sequence of seminorm with Vk,i{x) = \x\,pk,i = 1,A = I be an identity matrix 
of infinite order, p = = x and {xk,i) = 1 for all non-negative integers k and 1. 

Then 


00,00 

sup E ^ijkl 


I'k.l 


A (o') 

Uk,iAy'xk,i 


Pk,i 


= sup \Jij{j)\ (say), 




where Ji,j{p{) is the expansion of the series (1.1) for Xk,i = 1- Forj = i, sup \ Ji,j{'^)\ < oo 

ip 

whereas for 7 = —i, sup |f 7 i^j( 7 )| = 00 . Thus, x = {xk,i) G u, u,/, Al] but 

ip 

X = {xk,i) ^ 1^00 [A 2 V, u, /, Al]. Therefore, the inclusion relation is strict in general. 

Theorem 2.10. Let A4 = {Mk,i) be a Musielak Orlicz function and P be a nonnegative 
four-dimensional bounded-regular matrix whose all entries are 1. If 0 < mihk,i < hk,i < 

k,l 

Ck,i < snp Ckj < 00 for all non-negative integers k and 1. Then 

k,l 

£oo ,h,v,u,P,M] c [A^^^ ,c,v,u,P,M\. 
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Proof. Consider that x = {xk,i) € ^oo /i, p, u, P, A^]. This implies 


sup ^ 

k,1=0,0 


Mk,i Vk,i 




= E 

k,1=0,0 
< oo. 


Mk,i Vk,i 




Then for sufficiently large k say ko and sufficiently large I say Iq, we have 

^kfl 


Mki i^kd 


A C) „ \ \ -\ hk 

Uk,l^2 ^k,l 


< 1 


for all k > ko and I > lo- Hence, 


Mk,i Vk,i 


Uk,ll^2''xk,l'' ^ 


') h 


I'k^i 


Uk,iAi^^Xk,i^^^'^^ 


< 


for all k > ko and I > lo- Now by taking summation from ko to oo and lo to oo on both 
sides, we have 


Mk,i Vk,i 


E 

k,l—kQ ,lo 


Thus, sup ^ 
k,i=o,o 




Mk,i Vk,i 


^ E 

k,l=ko.,lo 
< OO. 


Mk,i Vk,i 


Uk,iA^^'^Xk,i^^^^'‘'‘ 


< OO. 


Therefore, x = {xk^i) € ^oo[A 2 ^\ c, u, w, P, M]. Hence the proof. 


□ 
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On the dynamics of higher-order anti-competitive system: 


Xn+l — A-\- 



Vn+l — B ^ 

'y ^ Vn-i 
i=l 


A. Q. Khan* M. A. El-Moneam^” E. S. Aly^ M. A. Aiyashi^ 


Abstract 

We study the boundedness and persistence, asymptotic stability, existence and uniqueness of positive equilibrium 
point, and rate of convergence of an anti-competitive system of higher-order difference equations. The proposed work 
is considerably extended and improve some existing results in the literature. 

Keywords: difference equations; boundedness; persistence; asymptotic stability; rate of convergence 

2010 AMS Mathematics subject classifications: 39A10, 40A05. 


1 Introduction 


Difference equations or systems of difference equations play a vital role in the development of different sciences ranging 
from life to decision sciences (see [l||^ and references cited therein). DeVault et al. have investigated that every 
positive solution of the difference equation: Xn+i = ^ ~ Oj 1;'' ’ i converges to a period two solution. 

Abu-Saris and DeVault have investigated the global stability of the positive equilibrium of the difference equation: 
Xn+i = A + ^ , n = 0,1, • • •. Zhang et al. have studied the global dynamics of the difference equation: x„+i = 

A -I— ^ yn +1 = S -I —- , n = 0,1, • • •. In this paper, our goal is to investigate the dynamics of following 


^ ^ Un—i ^ ^ ^n—i 

i—1 2—1 

higher-order anti-competitive system of difference equations: 


_ A , Un _ 

Xn+l — A-\ - - -, l/n+l — B -\ - - - 


n = 0,1,-- - , 


^ ^ Xn—i 


'y Vn-i 


( 1 ) 


where initial conditions X-p, y-p, p = k, k — 1, fc — 2, • • • , 1, 0 and A, B are positive. 


2 Main results 


Hereafter we will prove main results for under consideration system. 
Theorem 1. If ABk^ > 1, then the following statements holds: 

(i) Every positive solution {{xn,yn)} of 0 is bounded and persists. 


(a) The interval 


^ kB(kA^+B) 
k^AB-l 


^ kA(kB^+A) 
k'^AB-l 


is invariant set for (1). 
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brahim@jazanu.edu.sa 

^Department of Mathematics, Faculty of Science, Jazan University, Jazan, Kingdom of Saudi Arabia, e-mail: elkhateeb@jazanu.edu.sa 
^Department of Mathematics, Faculty of Science, Jazan University, Jazan, Kingdom of Saudi Arabia, e-mail: maiyashi@jazanu.edu.sa 


104 


A. Q. Khan etal 104-109 



















J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.1, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Proof, (i) If {{Xn,yn)} be a positive solution of Q then 

Xn> A, yn> B, n = 0,1, 

From Q and ([^, one gets 


. 1 1 

Xn+l <A + -j^yn, yn+1 < B + -j^Xn- 


Moreover, from one gets 


Xn+l <A+ + yn+1 < B + + k^AB^^-^' 


Now consider 


(2) 

( 3 ) 

( 4 ) 


B 1 A 

<;„+! - A + — + Qn +1 - B+ — 


1 


kA k^AB 

Therefore, solution {(^n, Pn)} of ([^ is given by 


kB k^AB 


Qn—1 ■ 


( 5 ) 


— Cl 


Qn — di 


1 


k^AB 

Wab 


C2 - 


d2 - 


1 


k^AB 


kB {kA^ + B) 
k^AB - 1 


1 \ kA{kB^+A) 

Wab I k'^AB - 1 


( 6 ) 


where ci, C 2 , di, ^2 depend upon <;_i, <jo, g-i, £>o- Assuming ABk^ > 1, then ([^ implies that {<j„} and {gn} are 
bounded. Now considering solution {(<?„, gn)} of § for which 


<^-1 — x-i, <jo — xq, g-i — y-i, go — yo, 


( 7 ) 


where X-i,Xo G 


^ kB(^kA^+B) 
A^ k^AB-l 


and y-i,yo G 


B 


kA{kB‘^+A) 
’ k'^AB-1 


. From (41 and (7) one gets 


Xn. < 


kB {kA^ + B) kA (kB'^ + A) 


k^AB - 1 


yn < 


k^AB - 1 ■ 


( 8 ) 


From ([^ and Q, we get 


kBikA^ + B) kAikB'^+A) 

A<Xn< —B <yn< —n = 0,1, • • • . 


k^AB - 1 


k'^AB - 1 


□ 


Proof, (a) Follows from induction. 

Theorem 2. System {!) has a unique positive equilibrium point {x,y) G 


□ 


^ fcB(fcA^ + B) 
A^ k^AB-l 


^ kAt^kB^+A) 
k^AB-1 


if 


k^ 


2 k^B{kA^ + B) fkBikA^ + B) 
k'^AB - 1 [ k'^AB - 1 


-A\-B 


l 2 kB{kA^ + B) 

k^AB - 1 


-A < 1. 


( 9 ) 


Proof. Consider 


From (101, 


Defining 

where 


x = A+ y = B + 

kx ky 


y = kx{x — A), X = ky[y — B). 


S{x) = ks{x){s{x) — B) — X, 


s(x) = kx(x — A), 
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and X G 
gets 

and 


Now if a; G 


where 


^ kB(kA^+B) 
k^AB-l 


. We claim that S{x) = 0 has a unique solution x G 
S'{x) = 2ks{x)s{x) — kBs {x) — 1, 
s' {x) = 2kx — kA. 


^ kB^kA^+B) 
k^AB-1 


^ kB(kA^ + B) 
k^AB-1 


be a solution of S{x) = 0 then from (111 and (12) one gets 
ks{x){s{x) — B) = X, 

s(x) = kx(x — A). 


. From (11) and (12) one 

(13) 

(14) 

(15) 

(16) 


In view of (14), (15) and (16), equation (13) becomes 


S'(x) = {2kx{x — A) — B) {2x — A) — 1, 


< k 


2 , 2k'^B{kA^ + B) (kB(kA^ + B) A ^ f2kB{kA^ + B) 


-A] -1. 


(17) 


k^AB - 1 V - 1 J J \ k^AB - 1 

Now assume that hold then from 0 one gets S'{x) < 0. Hence S{x) = 0 has a unique positive solution x G 

^ /cB(/cA^+B)] 
k'^AB-l ■ 

Theorem 3. If 


□ 


1 kB'^ + A 1 kA^ + B 

E4 A{k^AB -1)^ ’ kB B{k‘^AB-l) 


< 1, 


(18) 


then equilibrium {x, y) G 


^ kB(kA^ + B) 
k^AB-l 


B 


fcA(feB^+A) 


'> k^AB-1 

Proof. The linearized system of ([^ about {x, y) is 

$„+i = E<I>r. 


of the system (1) is locally asymptotically stable. 


where 


= 


1 Xn \ 

Xn—1 


Xn—k 

Vn 

Vn-l 

II 


0 

j_ 

ky 

0 


0 


Vo 0 


' k^i 

0 


kx 

0 0 


■ fc2j;2 

0 


0 


0 \ 
0 


0 


0 0 


0 


Let us denote 2fc + 2 eigenvalues of FI as /ci, K 2 , ..., K 2 k +2 and D — diagirni, m 2 , . 
where mi = mk +2 = I, mi = mk+i+i = 1 — ie, i = 2, 3, • • • , k + 1, and 


... 1 0 / 

.., TO 2 fe+ 2 ) be a diagonal matrix. 


0 < e < min 


1 - 


1 kB'^ + A 


1 


1 - 


kA^+B 


k + l\ kA A{K‘^AB-1)J" fc + lV kB B{K‘^AB-l) 
Since D is invertible and by computing DED~^, one gets 


< 1 . 
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/ 0 


1712171^ ^ 


0 

^TOfc+2mr^ 

0 




DED-^ = 


\ 0 




ruk+imf,^ 


W™i™fc+i 


T^rnimk+2 

0 


0 

0 

Wfc+3TOfc+2 


0 


0 

0 

0 

' fc^™fc+2”^fc+3 

0 


0 


-1 


-1 


- k2y2 7nk+2m2i.^l /c2y2 ”^fc+2”^2fc+2 

0 0 


7n2k+27n‘2k+l 


From TOi > 7712 > • • ■ > TUk+i > 0 and mk +2 > Tnk+s > • ■ ■ > rn 2 k +2 > 0) one has 


77127711 ^ < 1, 77737712 ^ < 1, • • • , nik + lTTlf, ^ < 1, 771fc+3771j,^2 < I; 771fc+4771j,^3 <1, • • • , m2k+2m2k+i < 1. 


Also, 


y _i , 7 / _i i _i 

^77117712 +••• + ^ 7711771^+1 + — 7711771^+2 = 




1 

kx 


kx k'^x'^ \ 1 — 2e 1 — (/c + l)e/ 


< ll^ + T^ 


1 


< 


kx kx'^ J 1 —(A: + l)e’ 

1 kB^ + A \ 1 


And 


^771fe+2771i 1 + ;^771fe+277l43 + • • • + 771^+27712^^2 


kA A{k‘^AB-l) J 1- (yfc + l) 


+ ••• + ■ 


< 1 . 


ky k^y'^ \1 — 2e 1 — {k + l)e J ’ 


1 X 

< + 


1 


< 


ky ky"^ J 1 —(fc + l)e’ 

1 kA^ + B \ 1 


kB B{k^AB-l)J 1-(A: + 1) 


< 1 . 


Since E has the same eigenvalues as DED ^ and hence 


max \Kn\<\\DED ^||oo = max{77i277ii , • • • , mfe+im^ ,mk+3'm^,2^---,m2k+2m2k+i, 

l<n<2fc+2 

1 1 


- + ^ , 

kx V 1 — 2e 

X / 1 


+ ••• + ■ 7 - 


k‘^y2 y 2^ _ 2g 1 _ (fc _|_ 1) 


1 — {k + 1)€ J ' ky 


}< 1 . 


Thus equation (201 implies that (x,7/) G 


^ kBikA^+B) 
A, k^AB-l 


B 


kA{kB^+A) 


Theorem 4. Equilibrium {x,y) G 


3 kB{kA^+B) 
A) k^AB-l 


B 


> k^AB-1 
kA{kB'^+A) 


( 19 ) 


( 20 ) 


of (11 is locally asymptotically stable. □ 


’ k^AB-l 


of (1) is globally asymptotically stable. 


Proof. Let {(x„, !/„)} be arbitrary solution of ([T|). Also let lim supx„ = Li, lim infx„ = ^i, lim sup7/„ = L 2 j li™. infi/„ 

' ' n—>-oo n—>-<50 n—>-oo n—>-oo 


( 21 ) 


I 2 where li,Li G (0,oo), i = 1,2. Then from O one gets 


. Lo . . lo 

Li<A+—, Zi>A+——. 

KLl k,Li\ 
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And 


From (21), we have 


From (221, we get 


Li , h 

L 2 < B + ——, h > B + 

kL2 klj2 


Aki^Li — li) < L2 — ? 2 - 


Bk{L 2 — I 2 ) ^ L\ — l\. 


( 22 ) 


(23) 


(24) 


From (23) and (24), we get 


{ABk^ - l)(Li - h) < 0, 

which implies that li = Li. Similarly it is easy to prove that I 2 = ^ 2 - D 

a positive solution of 0 such that (xmUn) —t ix,y) as n ^ 00 , where {x,y) G 
. Then, the error vector satisfying 

lim VlICnII = \kE\, lim = |kF;|, 

n—>-oo n—>-oo Kn 


Theorem 5. Assuming {(a;„,j/„)} 

^ kB[kA‘^+B) 
k^AB-l 

X 

fcA(feB^-l-A) 

k^AB-1 


where kE are the characteristic roots of E. 

Proof. If {{Xn,yn)} be any solution of 0 such that {Xn^ Vn) (^j y) as n —)■ oo. To find error term one has 

k 

h/r 


^n+1 ^ — 


y 


^ ^ ^n—i 


{Xn-i - x) + - (yn - y), 


kx ^ Xn-^ 


^ ^ ^n—i 


2 = 1 


^2 = 1 


2 = 1 


2/n+l -y = 


X 

ky ^ 


{xn-x)-y 


X! X! y^- 


2=1 


2 = 1 


ky ( y^-i 

V2=l 


{yn-^ - y) ■ 


Denote e^ = Xn — x and = 2 /„ — y, one has 


^n+l — T! ^rii£n-i + ^n+1 “ C'„e„ + Dnie„_j^, 


where 


Ar,/\ — An2 — ‘ ‘ ‘ — An.k — 


Bn = 


kx\^^Xn-i\ ^Xn-^ 


Cn = 


^ ^ yn-i 
2=1 


■j T^nl — Dji2 — * * * — Dnk — ^ ^ 


2=1 , _ 


ky ^yn-i 


S2=l 


Taking the limits, we obtain 


y 1 

lim Ani = lim A „2 = • • • = lim Ank = -yiwry, bm Bn = —, 

n—>-oo n —^00 n—>-oo K^X^ n—^oo f^x 

1 X 

lim C„ = —, lim D„i = lim D „2 = • • • = lim Dnk = -yy^- 

n—foo Ky n—foo n—foo n—foo K^y"^ 
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Hence we have system (1.10) of where 


/ el \ 

pi 

t-n — l 


1 0 


^n+1 — ^^n-i 

y y J_ 

^ 2^2 kx 

0 0 0 


0 

0 


0 0 \ 

0 0 


( 25 ) 


where = 


^n—k 


.2 

^n-1 


,E = 


0 

j_ 

ky 

0 


0 

0 

0 


1 

0 

0 


0 

0 

0 


0 0 

n_^ 

O 1.2 y2 

1 0 


0 0 


X _ X 

k'^y'^ k^y^ 

0 0 


. This is similar 


\ e^fc / 


V 0 


to linearized system of Q about {x,y). 


0 0 0 0 


1 0 


n 


3 Conclusion 

In the present work, dynamics of following higher-order anti-competitive system is studied: 

Xn+1 — A - - - , Un+l — B -\ - - -. 

^ ^ Xn—i ^ ^ Un—i 

i=l i=l 


Our investigations reveal that if ABk"^ > 1, then {(x„,y„)} of this system is bounded and persists and the region 


^ kBi^kX^+B) 

A, 1,2 D_1 


B 


kA[kB'^+A) 


k'^AB-1 


then equilibrium {x,y) G 


^ kB(kA^+B) 
k^AB-1 


is invariant set. It is proved that A -^ + < 1 and 

B 


kA^+B 


< I 


kA{kB'^+A) 

k^AB-1 


^AB-1) 

of the system is locally asymptotically stable. Finally 


global dynamics and rate of convergence that converges to {x,y) G 
demonstrated. 


^ kB(kA^+B) 
k^AB-1 


B 


kA[kB'^+A) 

k'^AB-1 


of (1) are also 
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Abstract 

We investigate a modified HIV infection model with antibodies and latency. The model consider saturated 
HIV-CDd"*" T cells and HIV-macrophages incidence rates. We show that the solutions of the proposed model 
are nonnegative and bounded. We established that the global stability of the three steady states of the model 
depend on threshold parameters Ro and Ri. Using Lyapunov function, we established the global stability of 
the steady states of the model. The theoretical results are confirmed by numerical simulations. The results 
show that antibodies can reduce the HIV infection. 


1 Introduction 

Constructing and analyzing of within-host human immunodeficiency virus (HIV) dynamics models have become 
one of the hot topics during the last decades [1]-[18]. These works can help researchers for better understanding 
the HIV dynamical behavior and providing new suggestions for clinical treatment. A vast of the mathematical 
models presented in the literature have focused on modeling the interaction between three main compartments, 
uninfected CD4+ T cells (s), infected cells (u) and free HIV particles (p). Other models have differentiated 
between latent and active infected cells [19]-[23], an HIV mathematical model has been presented by inroducing 
a new variable (w) for the latently infected cells as: 


s = p — Ss — Xsp, 

(1) 

w = Xsp — {a + j3) w, 

(2) 

u = /3w — au, 

(3) 

p = ku- gp, 

(4) 


where, p is the creation rate of the uninfected CD4+ T cells, 6, a, a and g are the death rate constants of the four 
compartments s, w, u and p, respectively. The term (3w represents the activation rate of the latently infected 
cells. The HIV-CD4+T cell incidence rate is given by Asp. Parameter k represents the rate constant of free 
virus production. Sun et. al. [24] have modified the above model by considering the saturated infection rate 
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s = p — ds -, 

s +p 

(5) 

w = - [a + p) w, 

s+p 

(6) 

u = j3w — au, 

(7) 

II 

I 

(8) 


Model (5)-(8) consider one type of target cells (CD4+ T cells). Moreover, the model does not acount the 
presence of the antibodies which are important in reducing the HIV infection. To have more accurate HIV 
model we improve model (5)-(8) by taking into account the dynamics of HIV with two target cells, CD4+T cells 
and macrophages and antibodies. The global stability of the model is proven by using Lyapunov method. 


2 The modified HIV 

We propose the following model: 


f AiSip 

— Pi GiSi , 

Si^P 

z = l, 2 . 

(9) 

\SiP 

Wi= , {az + Pz)wi, 

Sz+P 

* = 1 , 2 , 

( 10 ) 

iii = PiWi - diUi, 

* = 1 , 2 , 

( 11 ) 

2 

p = '^kiUz - gp- ppz, 


( 12 ) 




z = rpz — (z. 


(13) 


where, 2 : (t) represents the populations of the antibody immune cells. The antibodies are proliferated and die 
at rates rpz and (z, respectively. The HIV particles are killed by antibodies at rate fj,pz. 

2.1 Preliminaries. 

Lemma 1. The solutions of model (9)-(13) with the initial conditions Si (0) ,Wi (0) ,Ui (0) ,_p(0) and 2 : (0) are 
nonnegativite and bounded for t > 0 . 

Proof. We have 

Si Ui=o= Pi > 0, Wi |u,i=o= > 0 V Si > 0,p > 0, Ui |„,= 0 = /3iW^ >0 V u;* > 0, i = 1,2 

Sz+P 

2 

p \p=o= '^kiUi > 0 V Ui > 0, i U= 0 = 0. 

i=l 

This shows the nonnegativity of the model’s solutions. Now we let Gi (t) = Si (t) + Wi (t) + Ui {t), then 

Gi Pi ^iSi OiiWi diUi ^ Pi ^i (Si T Wi T Ui) Pi KiGi^ 

where Ki = min {(5i, Oi, Ui} , t = 1, 2. Hence 0 < Gi (t) < Mi where, Mi = therefore Si (t), Wi (t) and Ui (t) 

are all bonded. Let G 3 (t) = p{t) + ^z (t), then 

2.2 2 

ds (t) = '^kiUi - gp- —z < '^kzM^ - K3 (p + = '^hMi - K3G3 (t) , 

i—1 i—1 
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where K 3 = minjg, C}. Hence p {t) < M 3 and z (i) < M 4 for t > 0 where, M 3 
that, there is a bounded subset of D 


2 

M 4 = ^. So 

i=l 


r = {(si, S2, wi, ^2, ^1,^2,^, z) € M : 0 < Si + Wi + Ui < Mi, 0 < p < M3, 0 < w < M4} . 


is positively invariant with respect to system (9)-(13). 

Lemma 2. For system (9)-(13) there exist two bifurcation parameters Rq and Ri with Rq > Ri such that 

(i) if i?o < 1 , then the system has only one steady state Hq, 

(ii) if < 1 < i?o, then the system has only two steady states Hq and Hi, 

(hi) if i?i > 1 , then the system has three steady states no,niand n 2 . 

Proof. Let 


. X,s,p _ 

Pi 

S^+P 

(14) 

XiSiP 1 0 ^ n 

(a*+ Pj)wi = 0, 

Si+P 

(15) 

PiWi - QiUi = 0, 

(16) 

2 

'^kiU^ - gp- ppz = 0, 

(17) 

0 

II 

1 

(18) 

z = 0 or p = First, we consider the case z = 0 , 

then from Eqs. 


(15)-(16) we can get: 


Wi = 


XiSip 


(oi +/3i) (si +P)’ 


Ui = 


XiPtSiP 


di + Pi) {Si + p)’ 


(19) 


kiXiPiSi 


where = ^. From Eq. (17) we obtain 

(t t ITu ^ = ( 20 ) 

+ P*) (si+p) J 

2 

Eq. (20) has two possible solutions p = 0 or 

Z—1 

If p = 0, then substituting it in Eq. (19) leads to the uninfected steady state Hq = (s?, S 2 ) O 7 0: Oj Oj Oj 0)- If 
p 7 ^ 0 , we have 

Xi Pi Si 


E; 


i 5 (oi + Pi) (sj + p) 


-1 = 0 . 


( 21 ) 


Eq. (14) implies that 


sf = ^ ((s° - ViP) ± \l{ViP -4f + 4s?P^ , 

where, s° = ^,ipi = ^ + l,i = 1,2. Clearly if p > 0 then s“ < 0 and s^ > 0, then we choose Si = 

s* = ^ (( 5 ° - P^P) + \j{PiP - s°)^ + 4s0p^ . 

Substituting from Eqs. (14) and (19) into Eq. (17) we get 

o 

kiPi 


E 


_( ^3i (^i '1~ Pi) 


(pi - 6 iSi) -gp = 0 . 


( 22 ) 


(23) 
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Since Si is a function of p then from Eq. (23) we can define a function Hi (p) as: 

^ ki|3^ 


Hi (p) = ~ - 9 P = 0 . 

f^ai (ofj + /?*) 


( 24 ) 


We need to show that there exists a p > 0 such that Hi (p) = 0. It is clear that, if p = 0, then Si = and 

2 

Hi ( 0 ) = 0 and when p = p = > 0 , we have Si = Si (p) > 0 and 


(^) = < 0. 


f^a^g (ai + A) 


Since Hi (p) is continuous for all p > 0, we obtain 


(0) = 5 E 




\i=l 


Qip (ai + A) 


-1 . 


Therefore, Hi (0) > 0, if 


E; 


kiXiPi 


> 1 


(25) 


{a, + Pi) 

It means that if condition (25) is satisfied, then there exists p G (0,p) such that Hi (p) = 0. From Eqs. (19) and 

(22), we have Si, Wi, Ui,p > 0. Thus, an infection steady state without antibodies Hi = (si, A) Wi,W 2 , Ui,U 2 ,P, 0) 
2 

exists when , > l.Now we can define 

2L^aig(ai+l3i) 




R ='S^R = 'SA 

° ^a*p(Q;i+A)’ 


i=l 


Now if z A 0: then from Eqs. Eqs. (14)-(16), 
1 I / n C ^ 


Si - Pi- ] + \ [ Pi-- s. 


4^ 

r 


XiSiP 

(a* + A) (si ppy 


XiPiSip 


{ai + Pi) (sj +p)' 


A E 


kiXiPiSi 


P \^l 


- 1 


Thus, z > 0 when 4 --n'> ^ define the parameter Ri as: 


ri = j2 


kiXiPiSi 


^aip(aj + A) (si +p)’ 

If Ri > 1, then z = ^ (i?i — 1) > 0 and exists an infection steady state with antibodies 112 = 
(si, S2, fill, 'W2, Ml, U2,P, A if Hi > 1- 


2.2 Global properties 

We will use the following function throughout the paper, F : (0, oo) —[0, oo) as F (q) = q — 1 — Inq. 
Theorem 1. The steady state Ho is globally asymptotically stable when i?o E 1- 


113 


AN Al-Qahtani et al 110-120 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.1,2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Proof. Define 




(oi + A) 

Wi H-T- Ui 


-P+-Z, 

r 


where, = a (a ^+/3 ) - evaluate along the solutions of system (9)-(13) as: 


dW, 


dt 


= E' 

2 

= E 


. (ai + /3i) . 

yji H-- Ui 


p -\—z 
r 


li 


{ai + Pi) ' 

- (Oi + ft) H--- {PiWi - a^Ui) 


Si+P 


Pi 


+ — gp — ppz + - {rpz — (z). (26) 


Eq. (26) can be simplified as 


dWm \iSip /iC /xC 

— = -SP-T^ 

i=l i —1 

(kiXiPi \ pC, , , pC, 

If i?o < 1, then < 0 holds in F. Moreover, = 0 when p = 0 and z = 0. Hence the largest compact 
invariant set in F is 


dWi 


Ql = ^isi,S2,Wi,W2,Ui,U2,P,z) G F I = 0 

= {(si,S2,W1,W2,'Ui,M2,P, 2 ) G F I p = 0, z = 0} . 

LaSalle’s invariance principle yields limt_>_|_oo p{t) = 0 and limi_,.+oo ^ (t) = 0. One can get limit equations: 

ipi — Pi diSij 
Wi = - {ai + ft) Wi, 
iii = PiWi - aiUi. 


(27) 

(28) 
(29) 


Define a function IF 02 by 


bFo2 — 


SiF ( -g I + w. 

Si 


{ai + Pi) 


Then 


dWf 


02 


dt 

2 

= E7. 

= 


1- - I + w/i + 


{ai + Pi) . 


Pt 


-Ui 


1 - -]{Pi- ^iSi) - («* + /?*) Wi + 


0^2 2 


{ai + ft) 


{PiWi - QiUi) 


Si - S. 


Si 


- Y^kiUi. 


Z=1 ' Z=1 

Therefore, < 0 holds in Qi and = 0 if and only if Si = s° and Mi = 0 . There is the largest compact 
invariant set in Qi: 

Q2 = |(si,S2,W1,W2,'Ui,M2,P,z) G Ql \ = 0 

= {(si,S2,m;i,W2,ui,'U2,p,z) g Ql I Sj = s'l,Wi > 0 ,Mi = 0 } . 
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In (52, from Eq. (29) we get PiWi — Ui (0) = 0, and then Wi = 0. So 

dWt 


Q 2 = ^{si,S 2 ,Wi,W 2 ,Ui,U 2 ,P,z) e Qi I = 0 

= {isi,S 2 ,Wi,W 2 ,Ui,U 2 ,P,z) G Qi\ S^= Si,Wi = 0,Mi = O} 

= {no}. 


Hence, if Rq < 1, all solution trajectories in E approach the uninfected steady state Hq. 
Theorem 2. The steady state Hi is globally asymptotically stable when < 1 < i?o- 
Proof. We introduce 


= ^ 7 . 


— 


(aj + A) (t + p) 
XiTp 


dr + WiF 


'Wi\ (Oi+A) 




A 


UiF 


+ pf(1]f^^z. 
\P J ^ 


Evaluating along the trajectories of system (9)-(13): 


dWi 

dt 






2 




1 - 


1 - 


(aj + A) (sj +p) \ . 

XiSiP 

{ai + /3i)m (si+p) 


1 . ^ . 

Si + 1-) Wi + 

w, 


1- j Ui 


+ ( 1 — - ) p + -i 


+ 


i=l 

{ai + Pi) ( u. 


XiSip 


Pi SiSi 


Pi 


1- iPiWi - ttiUi) 

u, ' 


XjSip 

Si+P 

2 


+ 1 - 


Wi\ f XiS,p 


Wi J \Si+p 


- {ai + Pi) w, 


+ ( ^ “ p ) ( E**“* - 9P- PPZ ) + ^ (rpz - (z). 


\i=l 


Simplify Eq. (30) as: 


dWi 

dt 


-E7^ 
2 = 1 


Pi diSi 


{eg + Pi) Wj {sj + p) 

XiSip 


Pi SiSi 


XiSip \ XiSip Wi 


Si+P/ Si+pWi 


{ai + Pi) Wi 


, , o ^ Ui a^{ai+ Pi) ^ Gi (Oj + A) P 

\0!.i “h Pi) Wi -|- Ui Ui 

Ui Pi Pi p. 


c 


- 9P + 9P + P\p - -] Z- 


From the conditions of Hi, we obtain 


(30) 


(31) 


X ~ \ ( \ a \ ~ XiSiP , \ o\ ~ d“A)~ / io'i~ 

Pi = biSi + {ai+Pi)wi, , = (a, + --- Ui = {ai + Pi)w^ 

Si+P A 

{ai + Pi) Wi {Si + p) (oj + A) Wi {s^ + p) Si {si + p) 


9P = y^kjU. 
2=1 


2, Xi 




XiSip 


St {Si + p) '' 


then, we have 


dWi 

dt 


= E7. 

2=1 


^ ^ , Si St{St+p) ^ St+p 

OtSi 1-^3- , 'X + 3^—3 

St St {St +p) St+P 


+ {ai + Pi)wi[b - 
Eq. (32) becomes 


A St{si+p) 

SiWip{Si+p) WiUi 

UiP Si+pN 

V St {Si + p) 

SiWiP {st + p) WtUi 

UiP Si+pJ 


, ( , o \ ~ \ 1 P , p{st+p) Si+P 

+ {ai + Pi) Wi —I — - + — - - —- H- - —; 

P p{St+p) Si+P 

+ p{p-p)z. 


(32) 


dWi 

dt 


= E 


It 


i=l 

+ {ai + Pi)wi[h- 


Sip{St - Sp \ q \ ~ ^dP-pf 

St{St+p) ^'’'^^p{St+p){St+p) 


A Si(s*+A 

SiWip {Si + p) WiUt 

UiP 

Si d-pV 

V Si {St + p) 

SiWip {si + p) WiUt 

UiP 

Si +pj _ 


+ p{p-p)z. 
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Using the rule 


we obtain 


1 

- > a* > 

71 f ^ 


2 = 1 




Si (Si + p) , SiW^p (Si + p) WiUi UiP Si+p 


- 5 > 0. 


Si{h+p) SiWip{si+p) WiU^ UiP s^+p 

Now we show that if < 1 then p < ^ = p. This can be shown if we prove that 

sgn (si - Si) = sgn {p - p) = sgn (i?i - 1). 
Suppose that, sgn (p — p) = sgn {si — Si). 


/ ( X ~ \ _ ^iSiP \iSiP _ 

\Pi ~ OiSi) — [Pi — OiSi) — - ■ Z ~ V ■ z — Ai 

s^+p Si+p 


[p - p) 


(Si - Si)p‘^ 


[Si + p) [s, + p) [Si + p) (Sj + p) J ■ 


This yields, sgn[si — Si) = sgn[si — Si), which leads to contradiction and then sgn[p — p) = sgn[si — Si). 

2 

Using the condition for the steady state Hi we have ’+/T v.l ■ -i-n'i = 






-E; 




^ Uig {ai + ^^) {si + p) aig (a^ + ^i) {si + p) 


-E; 


kiXiPi ([s^-Si)p+{p-p) Si 


^ +9 (ai + I3i) \ (si + p) (s, + p) 


(33) 


From (33) we get sgn(Ri — 1) = sgn(p — p). So that, if i?i < 1 then p < ^ = p. So that, if i?i < 1 then 
< 0 holds in F and = 0 when Si = Si,Wi = Wi,Ui = Ui,p = p, z = 0. Hence the largest compact 
invariant subset in F is 

dWi 


Qs = ^(si,S2,Wi,W2,Ui,U2,P,z) € F | = 0 

= {{si,S 2 ,Wi,W 2 ,Ui,U 2 ,P,z) eT \ Si = S^,W^ = Wi,Ui = Ui,p = p, Z = 0} 

= {ni}. 

It follows that, if i?i < 1 then Hi is GAS in F by LIP. 

Theorem 3. The steady state II 2 is globally asymptotically stable when i?i > 1. 

Proof. Define 


W 2 = 


2=1 


Sj — Sj — 


{a^ + l3i)wi (t + p) 

\tp 


dr + w^F — + 


Wi\ , (ai + Pi) 


A 


UiF 


Then is given as: 


dW2 

dt 




2=1 

2 


1 - 


{ai+Pi)w, isi+p)\ . 


XiSip 


Wi 


s, + I 1- ]Wi 

Wj 


(q^2 H“ Pi) (^ ■ 

'1 - \Ui 


+ pFp-\+^zF(^-). 

\v r \z/ 


(H) 


{(Xi + Pi) Wi (si + p)\ / 

[('-w- ) U - 


j OjSi 


XiSip 


(aj + Pi) A _ 

A 


(PiWi - ttiUi) 


+ 1 - 


Si+p 
2 


+ 1 -- 


Wi\ { XiSrP 


p 


- (ai + Pi) w, 


WiJ \Si+p 

^kiUi - gp- ppPj + ^ (1 “ ('^P^ ~ ■ (34) 


^i=l 
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Eq. (34) can be simplified as: 


dW2 

dt 


i=l 


Pi diSi 


{ctj + Pi) Wj {Sj + p) 
\Sip 


Pi 5iSi 


XiSip \ XtSip Wt 


Si+pJ Si+pw^ 


+ (ai + Pi) Wi 


, , o \ Ui a^{ai+ Pi) _ ai (a* + Pi) p 

(CKj Pi) Wi -p Ui Ui 

Ui Pi Pi p. 


K- 


- gp + gp- ppz H— 2 ^- 

r 


Using conditions of 112 we get 


/ , o^- a^{ai + Pi)_ , {at + Pz) Wi {s^ + p) Si{si+p) 

Pi = OiSt + (ai + Pi)wt, -^- Ut = {ai+Pi)wi, — - 


Pt 


XiSip Si{si+p)’ 


Xt = 

Then, we have 


(at + Pt) Wi (st + p) 


SiP 


2 2 
gp = '^kiUt - ppz, gp = z^hui - ppz 


2 = 1 


2=1 


dW2 

dt 


= E7^ 


Si St (St +p) , St+P 


StSt 1 - ^ ^ 1 ^ +(at + Pt)wt -I-+ 


2=1 

+ (ai + Pi)wi\^ - 


St s, (s, +p) s,+p 


p p(St+p) , Si+p 


P p{st+p) Si+p 


St(Si+p) 

WiSiP (Si + p) WiUi 

pUi 

Si -|-p\ 

V St (Si + p) 

WiSip(St+p) WtUi 

pUi 

Si+pJ _ 


Eq. (35) becomes 


dW2 

dt 


Sip(st - St)^ 
St (Si + p) 


E7. 

2=1 


+ {a^ j3^)wi\b - 


- (at + Pi) Wi 


Si (p - pY 


p{si+p) (st+p) 


St(Si+p) 

SiWiP (Si + p) WiUi 

UiP 

Si -|-p\ 

V St(Si+p) 

StWiP (Si + p) WiUi 

UiP 

Si+pJ _ 


(35) 


It follows that, < 0 for all Si,Wi,Ui,p, z > 0 and = 0 when Si = Si,Wi = Wi,Ui = Ui,p = p,z = z. 


Hence 


Q4 = < (si,S2,Wi,W2,Ui,U2,P,z) G r 


dW2 

dt 


= 0 


= {(si,S2, Wl, W2,'Ui,M2,_P, 2;) e r I Si = Si, Wi = Wi,Ui = Ui,p = p, Z = z} 
= {^ 2 }. 


It follows that, if i?i > 1 then II 2 is GAS in T by LIP. 


3 Simulations 

We support our results by numerical simulations using the values of the parameters given in Table I. 

For the parameters Ai, A 2 and r we have three cases to show its effect on the stability of the system. 
We assume that £1 = £2 = 0 (there is no treatment). The initial condtions are considered to be: si (0) = 
500, S2 (0) = 20, wi (0) = 1, W2 (0) = 0.3, m (0) = 20, U 2 (0) = 0.2,p (0) = 90, z (0) = 40. 

Case (I) Rn < 1. We consider Ai = 0.002, A 2 = 0.00001 and r = 0.0001. Then, Rq = 0.2469 < 1 and 
i?i = 0.1062 < 1. This means that Hq is GAS. From Figures 1-8 we can see that the trajectory of the system 
converges the steady state no(830,24.6,0,0,0,0,0,0). 

Case (II) i?i < 1 < Ro- Choosing Ai = 0.02, A 2 = 0.0005 and r = 0.0001. In this case, i?o = 2.5694 and 
i?i = 0.7141 < 1 and Hi exists with Hi = (448.116,17.9,2.949,0.436,32.439,0.218,650.956,0). According to 
Theorem 2, Hi is GAS. Figures 1-8 show the validity of the theoretical results of Theorem 2. 
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Table 1: The values of parameters of the models. 


Parameter 

Value 

Parameter 

Value 

Parameter 

Value 

Parameter 

Value 

Pi 

11.537 

P2 

0.03198 

ki 

10 

k2 

5 

Si 

0.0139 

S 2 

0.001 

9 

0.5 

P- 

0.01 

ai 

0.57 

0-2 

0.5 

c 

0.05 

f 

0.5 

ai 

0.1 

0-2 

0.02 

h 

0.5 

Al 

varied 

/3i 

1.1 

P 2 

0.01 

A 2 

varied 

r 

varied 


Case (III) > 1. We take Ai = 0.02, A 2 = 0.0005 and r = 0.002. Then we get Rq = 2.5694 > 1 and i?i = 
2.3288 > 1. Figures 1-8 show that, the steady state 112(762.485,19.254,0.521,0.348,5.735,0.174,50,66.438) is 
GAS which confirm the results of Theorem 3. 




Figure 1: The concentration of uninfected CD4+T Figure 2: The concentration of uninfected 

cells. macrophages. 




Figure 3: The concentration of latently infected Figure 4: The concentration of latently infected 

CD4+T cells. macrophages. 
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Figure 5: The concentration of productively in- Figure 6: The concentration of productively in¬ 
fected CD4+T cells. fected macrophages. 




Figure 7: The concentration of HIV. 


Figure 8: The concentration of B cells. 
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FOURIER SERIES OF TWO VARIABLE HIGHER-ORDER FUBINI FUNCTIONS 

LEE CHAE JANG, GWAN-WOO JANG, DAE SAN KIM, AND TAEKYUN KIM 


Abstract. In this paper, we consider the two variable higher-order Fubini functions and investigate 
their Fourier series expansions. In addition, we will express those functions in terms of Bernoulli functions 
and obtain as a consequence the corresponding polynomial identities for the two variable higher-order 
Fubini polynomials. 


1. Introduction 


by 


For each nonnegative integer r, the two variable Fubini polynomials Fm\x;y) of order r are defined 


pXt ^ ±171 

71- rt -TW = 'n ArHa;;y) —, (see [4,7]). 

(1 - y(e* - 1 )) to! 


( 1 . 1 ) 


However, in this paper y will be an arbitrary but fixed nonzero real number, and hence Fm\x;y) are 
polynomials in x, for each 0 7 ^ y € M. 

In the case of r = 1, Fm{x;y) = Fm\x;y) are called two variable Fubini polynomials and they were 
introduced by Kilar and Simsek in 0 For a; = 0, Fm\y) = Fm\0',y) are called Fubini polynomials of 


order r, and Fm’ = Fm’{l) = Fm\0] 1) Fubini numbers of order r. Further, Fm\x] 1) are called ordered 
Bell polynomials of order r and they are denoted by Ob^m (x); Fm\l) = Fm\0', 1 ) are also called ordered 
Bell numbers of order r and they are also denoted by Obm^. Thus Obm'' (x) and Obm^ are respectively 
given by 




(r)/ 


{2-Fy 


= Y,Obt\x) — 

m\ 


m =0 


( 2 -eT 


_ ±IIL 


m =0 


(see gllli)- 

As we see from (1.1), Fm\x;y) are Appell polynomials and hence 


= mFjylj_{x;y), (to > 1 ). 


dx^m ■■-m-iv 


Also, we have 


yFy^\x + l;y) = {y + l)Fj^\x;y) - Fj^ ^\x-y), (to > 0). 


( 1 . 2 ) 

(1.3) 

(1.4) 

(1.5) 


2010 Mathematics Subject Classification. 11B83, 42A16. 

Key words and phrases. Fourier series, two variable higher-order Fubini function, two variable higher-order Fubini 
polynomial, Bernoulli function. 

1 


121 


LEE CHAE JANG et al 121-126 







J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.1, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Fourier series of two variable higher-order Fubini functions 


Indeed, 


OO .1771 


771=0 


- 1 ) 

(l- 2 /(e‘-l)r 


( 1 . 6 ) 


y Ul - y{e* - 1)) (i _ j/(et - 1)) 


r—1 


OO .1771 


771=0 


The identity (|1.5|) follows from this. In turn, from (|l.4|) and (|l.5|), we obtain 

1 

y 


FW(l;y) - F^Z^{y) = ^ (pl^iy) - 


[ y)dx = (-Fi +1 (1; y) - F^l^(y) 

— _1_ (p^^'> (y) _ pF~^'> 

~ {m + l)yV^y’ 

As is well-known, the Bernoulli polynomials Bm{x) are given by 

J. ^ J.771 

(see [2]). 

— 1 777' 


771=0 


ml 


(1.7) 


( 1 . 8 ) 


(1.9) 


For any real number cc, the fractional part of x is denoted by < a; >= x — [a;] G [0,1). We also need 
the following facts about Bernoulli functions i?rn(< x >): 

(a) for m > 2, 


Bm{< X >) = -to! ^ 


71= —00,71^0 


„27rmx 


{2TrinY' 


(b) for TO = 1, 


- E 


„27ri7irc 


27rzn 


i7i(< X >), for X G ffi — Z, 
0, for X G Z. 


( 1 . 10 ) 


( 1 . 11 ) 


71= —00,71^0 

In this paper, we will consider the two variable higher-order Fubini functions Fm\< x >; y), for each 
0 ^ y G M, and derive their Fourier series expansions. In addition, we will express those functions in 
terms of Bernoulli functions and obtain as a consequence the corresponding polynomial identities for the 
two variable higher-order Fubini polynomials. For some related to Fourier series, we refer the reader 
to 


2. Main results 


In this section, we assume that to > 1, r > 1, and 0 y G M. For convenience, we set 

AW(y) = FFYl;y) - F^^iy) = J (^^^(y) - F^([-^)(y)) . (2.1) 
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We note here that 


and 


i^W(l;j/)=FM(2/) ^ AM(y)=0 

f F^\x;y)dx = 

Jo m -h i 


( 2 . 2 ) 


(2.3) 


Before we move on our discussion for Fourier series expansions of Fm\< x >\y), in passing we note 
the following: 


1 


( 1 -y)’ 




from which, by letting y = ^ we get 


06M=fM(1) = -£ 


fe =0 


r + k—l\k 


2k ■ 


(2.4) 


(2.5) 


Indeed, we may see (2.4) from 

+ fc — 1 


O-vY 


m—0 


= E 

oo 

= E 




r k — I 


oo / oo 

= E E 

m—0 \k—0 


m—0 

r + k — 1 
k 


( 2 . 6 ) 


k y f.my 
to ! 

k^yA 




Fm {< a; >;y) is a periodic function on M with period 1 and piecewise C^. Further, in view of (2.2), 
Fm'^ {< X >;y) is continuous from those (r, to) with aU (y) = 0 (or equivalently (y) = F^ (y)), and 
is discontinuous with jump disconitinuities at integers for those (r,m) with Am\y) 7 ^ 0 (or equivalently 

FY:\y) ^ FY[-^\y)). 

The Fourier series of Fm\< x >;y) is 


E 


m,r,y) ^Trinx 


(2.7) 


where 


fjy = cyr,v) = f 2- >;y)e-2-™ 

^0 

= / i^W(a:;y)e-2-““dx. 
^0 


dx 


( 2 . 8 ) 


Now, we would like to determine the Fourier coefficients C, 


(m) 
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4 


Fourier series of two variable higher-order Fubini functions 


Case 1 : n ^ 0. 


dx 


liTin L Jo liTin Jq \ox J 

1 X NX . ^(r) / X -0-vor,^ , 


~iFj^Hl;y)-F^, 

ZTTin 


m 


Hy)) + £-l^'Fj::UFy)e-^^^^^dx 

- - C^rn-1) - 

Thus we have shown that 

(y{m) _ ^ ^(m-1) _ ^ AF)(o,') 

” 27rm ” 27rm 

from which by induction on m we get 


C^” 


Case 2: n = 0. 


_^ V ("^ + . (y). 

m + 1 ^ (27rm)J "* 

j=i 


= [ F^\x;y)dx = 

Jo m -\- 




Assume first that Am\y) = 0. Then Fm\l;y) = Fm\y)- As Fm\< x >',y) is piecewise C 
continuous, the Fourier series of Fm\< x >;y) converges uniformly to Fm\< x >;y), and 

X >;y) 

(y) + V ( _ — V (v)\ 

m + 1^+42/^ + \ rn + 1^ (27rmV 

n= —oo,n^0 y j — 1 ^ ^ J 

1 , , 1 Ah _L 1 \ , , / AC g27rma; 


m + l^™+i(^)^m + l^ V J 


'Ij+M -f- E 

\ n— — oo.7 


^ , (27rin)-? 

i= —oo,n^0 ^ 


1 

m + 1 


j=0jAi \ -2 ^ 

-c AOcd V / ^ xeM-Z, 

+ (yj 10, for X e z. 

We are ready to state our first result. 

Theorem 2.1. For positive integers r, I, and 


0 7 ^: y G M, we let 

AW(y) = F«(l;y) - F«(y) = J - Fj-^\y)) . 


Assume that aU (y) = 0. Then we have the following. 


(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 

and 

(2.13) 

(2.14) 
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(a) Fm\< X >;y) has the Fourier series expansion 
F^\< X >;y) 


m + 1 


n——00,71^0 


.+ 1^ (27rm)J' 

j — l'' ' 


for all a; G M, where the convergence is uniform. 

(b) 


F^'>{<x>-,y) = Y X >), (2.16) 

for all a; € M. 

Assume next that Am\y) ^ 0. Then Fm\7;y) ^ Fm\y). Hence Fm\< x >;y) is piecewise C°°, and 
discontinuous with jump discontinuities at integers. Thus the Fourier series of Fm\< x >;y) converges 
pointwise to Fm\< x >;y), ior x G R — Z, and converges to 

l{F^\y) + FifHl;y)) = F^f^y) + \At\y), (2.17) 

for X G Z. We are now ready to state our second result. 

Theorem 2.2. For positive integers r, I, and 0 ^ y gM., we let 

A«(y) = F«(l;y) - F«(y) = ^ (i^«(j/) - FY"\y)) ■ (2.18) 

Assume that Am\y) 0. Then we have the following. 

(a) 

^ (y)+ V I_1 (to + l)j (^) ( 

m + I TO + 1 (27rm)J 

n=-co,n^0 \ j=l J 12 iql 


F^\< X >;y), 
F«(y) + lAM(y), 


for X gM. — Z, 
for X gZ. 


m + 1 


Y x>)= F^^(< X >;y) 

')'=n \ J / 


for all X gM. — Z; 


for all X G Z. 


1 ^ h + ^\A^Yj+iiy)Bji<x>)=F^\y) + lA(;,\y) 


We remark that the case of y = 1 had been treated in the previous paper [?]. From Theorems 2.1 and 
2.2, we have 

F^\< X >;y) = ^^^^lj+i{y)Bj{< x >), ( 2 . 22 ) 
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6 Fourier series of two variable higher-order Fubini functions 

for all X G M. — Z and 0 ^ y G M.. We immediately obtain the following polynomial identities from this 
observation. 

Corollary 2.3. We have the following polynomial identities for two variable higher-order Fubini polyno¬ 
mials 

(a) F^\x;y) = :^Y.T=o 2/) - ^mli+i(0; 2/)) Bj{x), 

(b) yFjn\x-y) = J2T=o (^m-i+i(y) “ F^Ip+iiv)) Bj{x). 

For a: = 0, we have the following identities for higher-order Fubini polynomials. 

Corollary 2.4. We have the following polynomial identities for higher-order Fubini polynomials 

(a) F^\y) = 0 

(b) yF}^\y) = Er=o K-,+i(y) - F^P+iiy))■ 

Finally, for y = 1, we get the following identities for higher-order ordered Bell polynomials. 
Corollary 2.5. We have the following polynomial identities for higher-order ordered Bell polynomials 

(a) Oi,L>(i) = Sr.o ("D 

(b) obS{^) = ^ sr-o ("D (o'-Sb+i - oi>!;:‘h) B,M. 
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WEIGHTED COMPOSITION OPERATORS FROM DIRICHLET TYPE 
SPACES TO SOME WEIGHTED-TYPE SPACES 

MANISHA DEVI, AJAY K. SHARMA AND KULDIP RAJ 

Abstract. Let K : [0, oo) [0, oo) be a right continuous increasing function and 
: D ^ (0, oo) be any continuous function. In this paper by considering K and u 
as weight functions, we characterize the boundedness and compactness of weighted 
composition operators from Dirichlet type spaces to some weighted-type spaces. 


1. Introduction and Preliminaries 

Let D be the open unit disk and 5D be its boundary in the complex plane C. Let iJ(D) 
denotes the class of all holomorphic functions on D, S'(D) be the class of all holomorphic 
self-maps of D and be the space of all bounded analytic functions on D. Let dA{z) = 
= j.i£d 0 normalized area measure on D. 

TT TT 

A continuous function iz : D —(0,oo) is called weight. For v{z) = J^(|2:|), z G D, weight 
is radial and weight is a standard weight if lim ^(z) = 0. 

For weight iz, the Bers-type space Au is the collection of all / G H(D) such that 


and with the norm 


supiz{z)\f{z)\ < oo 
zeD 


ll/IU, = snpiy{z)\f{z)\, 

zeD 

it is a non-separable Banach space. The closure of the set of polynomials in Ai, forms a 
separable Banach space. This set is denoted by A^^ and contains exactly of those f G A^ 
such that 


hm ,z{z)\f{z)\=0. 

|z|-i.l- 

The Bloch-type space Bu on D with the weight v is the space of all holomorphic functions 
/ on D such that 


sup i^{z)\f'{z)\ < oo. 


2010 Mathematics Subject Classification. 47B33, 30D55, 30H05, 30E05. 
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The little Bloch-type space is the closure of the set of polynomials in and contains 
all those f & B^ such that 

hm v{z)\r{z)\ = Q 
Pl-j-i 

and with the norm 

ll/lb. = l/(0)| +supi/( 2 ;)|/'(z)| < oo, 

zeB 

both Bi, and B^^ form Banach spaces. 

For more information about these spaces one may refer [20] and references therein. 

Let ip € S'(D) and ip be an analytic map on D. The operator C^p so called as the composi¬ 
tion operator and is defined as C^f = f o p, / e iL(D). The operator which is called 
as the multiplication operator is dehned by M^f = ip ■ f, f £ iL(D). For / G H(JS)), the 
weighted composition operator on H (D) is defined by 

{W^,vf){z) = ip{z)f{p{z)), 

where ip G iL(D), p G S'(D) and z G D. 

It can be easily seen that for i/i = 1, the operator reduced to C^. If p{z) = z, opera¬ 
tor get reduced to M^. This operator is basically a linear transformation of iL(D) defined 
by (IFi/>,<p/)(z) = ip{z)f{p{z)) = {M^Cpf){z), for / in H(D) and z in D. The basic 
problem is to give the function-theoretic characterization when between various function 
spaces Ip and p induce bounded or compact weighted composition operator. Various holo- 
morphic functions spaces on various domains have been studied for the the boundedness 
and compactness of weighted composition operators acting on them. Moreover, a number 
of papers have been studied on these operators acting on different spaces of holomorphic 
functions on various domains for more detail (see [1], [5], [7]-[II], [13], [15], [19]). 

Consider a function K : [0,oo) —>■ [0, oo) which is right continuous and increasing. The 
Dirichlet type space Vk consists of all functions f G H (D) such that 

ll/llk = l/(0)r+ [ \nz)fK{l-\z\^)dA{z)<oo. 

Jb 

For more about the Dirichlet type spaces we refer ([2], [3], [4], [12], [14], [16]). In this 
paper we consider function K as a weight function satisfying the following two conditions: 

(a) Ki(t) = /o if(s)f « K{t), 0 < t < 1 ; 

(b) K2{t) = iG(s)f| « K{t), t > 0. 

From condition (b), we get that K{2t) ~ K{t) for 0 < t < 1. Also there exist C > 0 
sufficiently small for which t~^Ki{t) is increasing and K2(t)t^~^ is decreasing (see [4], 
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[17], [18]). 

This paper is entirely devoted to characterize the boundedness and compactness of oper¬ 
ator from Dirichlet type spaces to the Bers-type space and Bloch-type space. 
Throughout this paper, C will represents a constant which may differ from one occurrence 
to another. The notation A < B means that there exist C > 0 such that A < CB. We 
write A» B \i A< B and B < A. 

The paper is organized in a systematic manner. Section 1 covers the introduction and lit¬ 
erature part. Lemmas that are used to formulate our main theorems are kept in Section 2. 
Section 3 contains the boundedness and compactness of the oparator 
Section 4 considers the boundedness and compactness of the oparator : Vk —> Au- 


2. Auxiliary Results 

To arrive at the main results we use some lemmas, as given below 

Lemma 2.1. [4] Let K he a weight function. Then for any ru € D and e > 0, we have 

is in Vk ■ Moreover, 

sup||/^|jx,^ w 1, 

zGD 

and fz converges to zero uniformly on compact subsets o/D as |z| —)■ 1“. 

The following two lemmas can be proved easily by following the Lemma 2.1 and [4]. 
Lemma 2.2. [4] Let K he a weight function. Then for every f G Vk we have 




\Vk 


^K{i-\zm-\z\^y 


z e D. 


Lemma 2.3. [4] Let K be a weight funetion and n be a positive integer. Then for every 
f G Vk we have 


|/(")(z)|<C 




VA(l-|z|2)(l-|2|2)n+l 


, z GD. 


The following criterion characterize the compactness. It was given for the first time in [6]. 
Since the proof is standard, so we omit it. 


Lemma 2.4. Let v be the standard weight and the operator : Vk —> is bounded. 

Then is compact if and only if for any bounded sequenee {fn)nefi B>k 

which converges to zero uniformly on eompact subsets o/D, we have 

lim llWv-.v/nllB,. = 0- 

n—foo 
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3. Boundedness and compactness of weighted composition operator from 
Dirichlet type space to Bloch-type space 

Theorem 3.1. Let v and K be two weight functions, ip € iJ(D) and ip he a self analytic 
map on D. Then the operator : Vk —> Bi, is bounded if and only if the following 

conditions are satisfied: 


(i) Ml = sup 


(ii) M 2 = sup 


ijK{l-\p{z)\^){l-\p{z)\^) 
v{z)\ip{z)p'{z)\ 


< 00; 


< 00. 


ijK{l-\p{z)mi - \p{zWy 
Furthermore, if the operator : Vk —>■ B,, is bounded, then 

Mi+M2< < 1 + Ml + M 2 . 

Proof. First suppose that condition (i) and (ii) hold. Using Lemma 2.2 we have, 

viz)\iW,p^pfY{z))\ < n{z)\ip'{z)\\f{ip{z))\ + n{z)\ip{z)ip'{z)\\f{(p{z))\ 


< 


Hz)W{z)\ 

^K{i-\p{z)m-\p{zW) 

^ n(z)\ip{z)ip'(z)\ 

^K{l-\p{z)m-\p{zWy 


l(W^V-.^/)( 0 )| = |V'(0)||/((^(0))| 


(3.1) 

Also, 

^ V^(1-|<^(0)|2)(1-|^(0)|2)' 
From conditions (i), (ii) and equations (3.1) and (3.2), we get 

\\W^,cpf\\B,^ = \ip{0)\\f{piQ))\ +supv(z)|(lU/,,<p/)'(z)| 


■Dj. 


< 


IV’(0)| 




zei 


< 


__ 

vw^¥(ma-\T{ow) 

< (i + Mi+M2)||/|b^. 


-P Ml -L M2 


liDj. 


Therefore, : Vk —> Bi, is bounded and 

(3.3) < I + M 1 +M 2 . 

Conversely, suppose that : Vk —> B,, is bounded. Let 2 = p{C), C € D and 

(3.4) g^w) = Tyw)f„{w), 

where fziw) is defined in Lemma 2.1 and Tz{w) is defined as 

1 - IzP 

(3.5) Tz{w) = l-- - 

1 — zw 
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Then € H°° as 

sup |t^(u')| < sup ("l + / ) < 3. 

meD togd \ i — |2||w| / 

Therefore, gz G Vk and sup ||gz||x)jf ^ 1- From equation (3.5) we have, 

juGD 

Tz{z) = 0 


(3.6) 
and 

Thus 

(3.7) 


r'z{w) = 


(1 — ZwY 


<i.z) = 


—z 


(1-kp)’ 

Therefore, gz{z) = 0, using the value of fz{z) and from (3.7), we obtain 

g'ziz) = T'^{z)fz{z)+Tz{z)f'^{z) 


—z 


Using the above fact, we get 

> i^(C)IV''(C)ff¥>(C)(7’(C)) + V’(C)7>'(C)5^(C)(7>(C))I 

>v{om)v'{09WMO)\ 

^{c,)mw{ 0 M 0 \ 

When 5 G (0,1) is fixed, we have 

i'{omw{o\ 


(3.8) 


fo(cT>^ x/7f(l-|7>(C)P)(l - l<^(C)P)^ 

Taking fz{w) = 1 € 7?^, implies that 

(3-9) sup v{w)\il)'{w)\ = ||UV,<p(1)||b„ < 

Again taking f{w) = w G Vk, using the asymptotic estimate (3.9) and boundedness of (p, 
we get 




(3.10) 


supp(w)|V'(w)(/3'(w)| < 




Using (3.10) and the compactness of p, we easily get 

H0l'^(C)‘p'(0l 


MCMS VK{l-\piCW)il - |(^(C)P) 

1 


(3.11) 


< 
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Further, from (3.8) and (3.11), we obtain 

(3,12) Homwiol 


CeD - |<^(C)P)2 

Again, for fz as defined in Lemma 2.1, we have 

> i^(C)|V’'(C)^(c)(‘/?(C)) + V’(C)<p'(C)4(c)(‘^(C))| 
KC)I^'(C)I 




> 


Vif(i-|^(C)P)(i-|^(C)P) 

(l + e/2)v(C)|V'(C)llY>'(C)ll<^(C)l 


+ 


By using the boundedness of ip, we get 

KC)I^'(C)I 


(3.13) 


^K{i-\p{cr)ii-\p{on 
< +C- 


^(C)IV’(C)II<^'(C)II‘P(C)I 


Taking the supremum over ^ € D in (3.13) and using (3.12), we get 

HCWiOl 


(3.14) 


CeD VX(1-|VJ(C)P)(1-|(^(C)P) 

From (3.12) and (3.14), we obtain 

(3.15) M,+M2<\\W^,Jv^^b.. 

Hence, from (3.3) and (3.15), we get 

Ml + M2 < \\W^,Jv^^B. < 1 + Ml + M2. 


< 




□ 


Theorem 3.2. Let v he a standard weight, ip G H(D) and p be a self analytic map on D. 
Let K be a weight Junction. Assume that : Vk —> Bi, is bounded. Then the operator 

IF^ : Vk —> is compact if and only if the following conditions are satisfied: 


(0 lim - 

l<p(^)Kl ^A:(1 - |(^(z)|2)(l - |(^(z)|2) 

(K\ ’^{z)\'tp{z)p'{z)\ 

MA\^i ^K{l-\p{zW){l-\p{zWY 


= 0 ; 


= 0 . 


Proof. First suppose that (i) and (ii) hold. Let {fn)neN be a bounded sequence of functions 
in Vk that converges to zero uniformly on compact subset of D. To prove the compactness 
of we have to show that ||LF/,,<^/n||B,, —)■ 0 as n —)■ oo. 

Condition (i) and (ii) implies that for any £ > 0, there exists S G (0,1) such that 


(3.16) 


^K{l-\p{zW){l-\p{zW) 
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and 

(3.17) 




< s, 


^Kil-MzW)il-MzW)^ 

whenever 6 < \^{z)\ < 1. 

Let A = {z e D : |z| < (5} be a compact subset of D. We have 
= IV'(0)||/„((/?(0))| +SUpp(C)|(lL^,<^/„)'(C)| 

CeD 

< IV'(0)||/„((/5(0))| +SUpp(C)|V''(C)ll/n(t/?(C))l 

CeD 

+ supp(C)|V'(C)‘/^'(C)ll/)^(Y>(C))l 

CeD 


< IV'(0)||/n((/5(0))| 


sup v{C)\'lP'{C)\\fn{(piC))\ 

{CeD:vp(C)eA} 


sup v{C)\^'{C)\\fnM0)\ 

{CeD:5<|¥>(C)|<l} 

sup I^iCM{CW{0\\fni‘f{0)\ 

{CeD-.ip(c)eA} 

sup I^{0\i’{CW{0\\fni‘P{0)\ 

{CeD:5<|¥>(C)|<l} 


< IV'(0)||/n((/5(0))| 
+ C 


Is. sup \fu{z)\ + IVsup |/;(z)| 

zeA zeA 


{CeD:<5<|v(C)l<l} - l‘/=(C)P)(l - l'/5(C)P) 


'iCMiOl 


(3.18) 


C 


{CeD:<5<|v(C)l<l} - l‘/^(C)P)(l - l'/?(C)P)^ 

where we have |/n(t/?(0))| < sup \fn{z)\ < s and sup \fn{z)\ < £, for some Nq G N and 

A z^ A 

for all n > Nq. Also we have used the fact that iIj G and N = supp(C)|V'(C)V5^(C)l < oo- 

CeD 

Using the above fact in (3.18) and along with (3.16) and (3.17), we get ||lUi/’,(^/n||B„ < Cs, 
for n > Nq. Since £ > 0 is arbitrary, so we have UlUi/’.v/nllB.. —> 0 as n —)■ oo. Hence, 
HV.v ■ i® compact. 

Conversely, suppose that W^^^p : Vk —> B^, is compact. Let (Cn)n6N be a sequence in D 
such that |(/?(Cn)l —>■ 1 as n —>■ oo. Suppose such a sequence does not exist, then (i) & {ii) 
are vacuously satisfied. Let gn{w) = T'c/ 3 (c„)(iy)/(^(C„)('*^); where fz and Tz are defined earlier 
in Lemma 2.1 and Theorem 3.1. Then, ||T,^(f„)||x)^ < 1, ||/c^(c„)^ 1 and (/c^(c„))neN 
converges to zero uniformly on compact subset of D as n —>■ oo. So, || 5 „||x)x < 1 and 
(5n)neN converges to zero uniformly on compact subset of D as n —)■ oo. 

Since : Vk —> B„ is compact, so we have 

\\W^,v9n\\B^ -> 0 as n OO. 

Also, we have (as in Theorem 3.1), 

JziCn)\i^{CnW{Cn)\ACn)\ 


WUWvk 

-\\fn\\vK^ 


IIbLi/’ji/pS'nII^ 


V7V(l-|<^(Cn)P)(l-|Y>(Cn)IT' 
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Using the above two facts, we get 


(3.19) 


lim 


HCnM{Cu)<p'{Cu)\ 


k(c„)Ki V^(1-|<^(C„)|2)(1 - 


= 0 . 


Using Lemma 2.1, we have sup ||/(^(c„) I|x>k ^ 1 and fcp{c„) converges to zero uniformly on 
compact subsets of D as n —)■ oo. Since : Vk —> Bi, is compact. Therefore, 


(3.20) 

From (3.13), we obtain 

v{C,n)W{Cn)\ 


yx(i-|vj(C„)P)(i-|<^(C„)P) 


lim \\W^,^U(c„)\\b^ = 0. 




C 


’^{CnM{Cn)‘P'iCn)\ 

Vi^(i-|vj(C„)P)(i-|^(C„)|T^ 


which on combining with (3.19) and (3.20) gives 


(3.21) 


lim ^ 

I^ICUKI V^(1-|(^(C„)P)(1 - \viCuW) 


Hence, the result follows from (3.19) and (3.21). 


□ 


4. Boundedness and compactness of weighted composition operator from 
Dirichlet type space to Bers-type space 

In this section, we consider the Bers-type spaces and characterize the boundedness and 
compactness of operator : Vk —> Ay. We omit the proofs as these are similar to 

Theorem 3.1 and 3.2 of Section 3. 


Theorem 4.1. Let v be a weight and K be a weight function, ip € JI(D) and tp be a self 
analytic map on D. Then the operator : Vx —> Ai, is bounded if and only if the 

following condition is satisfied: 

v{z)\i’{z)\ 

h = sup — , - < oo. 

.eD ^K{l-\g,{zW){l-\g:{zW) 


Theorem 4.2. Let v be a standard weight, ip € H(D) and ip be a self analytic map on D. 
Let K be a weight function. Assume that the operator : Vk —>■ Av is bounded. Then 

Wp,^p : Vk —>■ Ai, is compact if and only if the following condition is satisfied: 


lim 

ivp(z)i-)-i- 


iy{z)\ip{z)\ 


^K{l-\ip{zW)il-\ip{zW) 


= 0 . 
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OSCILLATION CRITERIA FOR DIFFERENTIAL EQUATIONS 
WITH SEVERAL NON-MONOTONE DEVIATING ARGUMENTS 

G. M. MOREMEDIL H. JAFARli, AND I. P. STAVROULAKIS*’i 


Abstract. Consider the first-order linear differential equation with several re¬ 
tarded arguments x' (t) + Pi (^) ^ i'^i (0) = 0, t > tg, where the functions 
Pi, Ti & C ([to, oo), , for every i = 1,2,..., m, ri (£) < t for t > to and 

limt^oo Ti (t) = oo. New oscillation criteria which essentially improve known 
results in the literature are established.An example illustrating the results is 
given. 


1. Introduction 

Consider the first-order linear differential equation with several non-monotone 
retarded arguments 

m 

(t)) = 0, t>to, (1.1) 

i=l 

where the functions pi, Ti € C ([to, oo), M+), for every z = 1,2,..., m, (here M+ = 

[0, oo)), Ti (t) < t for t > to and limj^oo Ti (t) = oo. 

Let To G [to, +oo) , T (t) = min {t^ (t) : z = 1,..., m} and t_i (t) = sup {s : r (s) < t}. 
By a solution of the equation (1.1) we understand a function x G C ([To, +oo) ,M), 
continuously differentiable on [t_i (To), +oo] and that satisfies (1.1) for t > t_i (Tq). 
Such a solution is called oscillatory if it has arbitrarily large zeros, and otherwise 
it is called non-oscillatory. 

In the special case where m = 1 equation (1.1) reduces to the equation 

x' (t) +p{t)x (t (t)) = 0, t > to, (1.2) 

where the functions p, t G C ([to, oo), M+), t (t) < t for t > to and limj^oo t (t) = 
oo. 

For the general theory of these equations the reader is referred to [13,16,18,19,32]. 

The problem of establishing sufficient conditions for the oscillation of all solu¬ 
tions to the differential equations (1.1) and (1.2) has been the subject of many 
investigations. See, for example, [1-40] and the references cited therein. 

In the case of monotone argumetns, a survey of the most interesting oscilla¬ 
tion conditions for Eq.(1.2) can be found in [36]. While in the general case of 
non-monotone arguments we mention the following interesting sufficient oscillation 
conditions. 


2010 Mathematics Subject Classification. Primary 34K11; Secondary 34K06. 

Key words and phrases. Oscillation, Retarded, Differential equations. Non-monotone 
arguments. 
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In 1994, Koplatadze and Kvinikadze [26] established the following: Assume 

a{t) := sup t{s), t>0. (1.3) 


S<t 


Clearly a{t) is non-decreasing and T{t) < a{t) for all t > 0. Let fc G N exist such 
that 


limsup / p(s)exp| / ds 

J (7{t) I J 


> 1 — c(a), 


(1.4) 


where a :=liminft^oo f*(-f^p(s)ds < ^ 


•!/'i(<) = 0, V'fcW = exp |y^ ^ = 2,3,... fortGM+. (1.5) 


and 


if a > 7 , 


( 1 . 6 ) 


^ ^ \ ~ ~ Vl — 2a — a^) if 0 < a < ^ . 

Then all solutions of equation (1.2) oscillate. 

In 2011 Braverman and Karpuz [6] derived the following sufficient oscillation 
condition for Eq.(1.2) 


/.t r .ait) 1 

limsup / p(s) exp < / p(,J)(i^ > ds > 1, 

t^oo J a{t) J 


(1.7) 


while in 2014 Stavroulakis [37] improved the above condition as follows: 

limsup f p(s)exp| / piOd^ 1 ds > 1— ^ — a — Vl — 2a — a^') (1.8) 

t^oo Ja{t) ["''r(s) J ^ ^ ^ 

In 2018 Chatzarakis, Purnaras and Stavroulakis [9] improved further these con¬ 
ditions as follows: Assume that for some fc G N 

t / <^(t) \ 

limsup / p(s)exp / Pk{u)du ds > 1, (1.9) 

i—^oo J J J 


or 


CT(t) 

cr(t) 


V-fs) 


limsup / p(s) exp / Pk{u)du ds > 1 — 

t—^OO J J 


1 — a — Vl — 2a — a^ 


( 1 . 10 ) 


cr(t) 

where 0 < a < and 

— P ' 


\r{s) 


Pk {t) = pit) 


f f If 

1+ / P (s) exp / p (u) exp / Pk-i{^)d^ du ds 

T(t) \t(s) \r(M) J J 


with Poit) = pit). Then all solutions of Eq. (1.2) oscillate. 

Concerning the differential equation (1.1) with several non-monotone arguments 
the following related oscillation results have been recently published. 
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Assume that there exist non-decreasing functions ai € C ([to, oo), M"*") such that 
Ti [t) <ai{t)<t, i = l,2,...,m. (1-11) 

In 2015 Infante, Kopladatze and Stavroulakis [21] proved that if 


limsupTT IT / Pi (s) exp / y^pi(^)exp / 'S^v^{u)du ds > 
t^oo , J J ^ J ^ 

^ = ' \rds) VdO ) ) \ 

( 1 . 12 ) 

then all solutions of Eq. (1.1) oscillate. 

Also in 2015 Kopladatze [27] improved the above condition as follows: Let there 
exist some k gN such that 

m m / m \m \ 

lim sup n n Pi (s) exp m / i’kiOdndsl 

i=i I J. Vfci / / 




where 




V'l (t) = 0, V'i (i) = exp ^ J '<Pi-iis)ds ,z = 2,3,..., 


I 

0 < Oi := liminf / pi (s) ds < -, i = 1,2,, m, 

i^oo J e 


Ci{ai) = -—— - ^z = 1,2, (1-15) 

then all solutions of Eq. (1.1) oscillate. 

In 2016 Bravermen, Chatzarakis and Stavroulakis [7] obtained the following it¬ 
erative sufficient oscillation conditions 

t m 

lim sup / '^^pi{u) ar {h{t) ,Ti{u)) du > 1, (1-16) 


p m 

lim sup / 2. Pi ('^) {h {t), Ti (zz)) du > 1 — 
t—^OO J 


1 — a — V 1 — 2a — 


, (1.17) 


m ^ 

lim inf / > pi (u) Ur (h (t) ,Ti {u)) du > -, 
t^oo J ^' e 
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h{t)= max hi{t) and hi {t)= sup t* (s), i=l,2,...,m, 

l<i<m to<s<t 


0 < a := liminf / '^^Pi (s) ds < - 


ai {t, s) = exp yJ'YlPi ('*^) duj , 

/ ‘ m \ 

ttr+l {t, s) = exp / (u) Gr {u, Ti (u)) du , T € N. 


Also, in 2016 Akca, Chatzarakis and Stavroulakis [1] improved that result re¬ 
placing condition (1.8) by the iterative condition 


p m 

limsup / y ^ Pi {u) Gr {h {u ), Tj {u)) du 

t^oo J 


1 -L in Ao 


where Aq is the smaller root of the equation A = e“^, 


•j. m 

0 < a := liminf /Pi (s) ds < - 

f —>r^r) / I ^ ^ 


and T (t) = max (<)} . 

l<f <m 

In 2017 Chatzarakis [8] derived the following results: Assume that for some 
fc G N 

t ( h{t) \ 


limsup / P(s) exp / Pk{u)du ds > 1, 
t—^OQ J J 


limsup / P(s) exp / Pk{u)du ds > 1 — 
t—^OQ J J 


1 — a — v 1 — 2a — 


limsup / p(s) exp / P}:{u)d 

t^oo Jh{t) y Jt(s) 


:u ds> - - / 2 ’ 

/ 1 — a — V 1 — 2a — a^ 


f* f \ 

limsup / p(s) exp / Pk{u)du ds > 
t^oo J cr(t) \Jt(s) } 


1 + lnAi 1 — a — Vl — 2a — a^ 


ft / py{s) \ ^ 

liminf / p(s) exp / Pk{u)du ds > -, 

Jait) \Jr{s) J e 
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where h{t), t (t), a are defined as above, Ai is the smaller root of the transcendental 
equation A = e“^, and 


II 

t 

1-1- / P (s) exp 

( ‘ 

/ P {u) exp 

( } ] 
J Pk-iiOd^ 

du 

ds 


r(t) 

\r{s) 


) 



with Po{t) = P{t) = (0- Then all solutions of Eq. (1.1) oscillate. 


Recently Bereketoglu et al [4] improved the above conditions as follows: 

Assume that there exist non-decreasing functions ai G C ([to, oo), M"*") such that 
(1.11) is satisfied and for some k gN 


lim sup 


i=i 


o-i(t) 


y P* (s) exp J Pk (u) du ds 


Vj (*) 


V-ds) 


1/r, 


> -, (1.26) 


or 


lim sup 

t—^OO . - 

j=i 


where 


Vj (t) 


]y ( y Pi (s) exp I y Pk (u) du I ds 


-| l/m 


> 


m“ 


1 - (oj) 


i=l 


(1.27) 




[ 

t ft \ 

m p 1 r 1 

l/m \ 

1 + m 

Y\_ Pi ('®) / Pk-i ("“) du ds 

\ 

f 

1 

V-i(s) / 

J 


with 


Po (t) = m 


Y[pi w 


l/m 


ai is given by (1.14) and Ci (ai) by (1.15). Then all solutions of Eq.(l.l) oscillate. 


In 2018 Attia et al [3] established the following oscillation conditions. 
Assume that 

0 < p := lim inf / > pk{s)ds < 

and 

limsup ( I (3(v)fiu-|-c(p)e'^3<*) > 1 , 

where 


k—1i—1 



Pfc(s)e' 


r 


9kW 






e e (0, A(p)), 


or 


limsup ( [ Qi{v)dv + > 1, 

t^oo ' 
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where 


k=li=l 


n n pt 

Q,{t) = V Vp,(i) / g (0^ 

g^ = liminf / p£{s)ds, £=1,2, ...,m 


or 


n f n „i 


limsup I n y Rk{s)dsj + 


riLi c{Pk) Ilj,, E?=1 Pi(-)ds \ ^ Jl_ 
n” In"’ 


where 


Rk(s) = e-’^k 


_ j"(,) Er=iPh«)d« 




>Ti(s) 


e G (0, A(p)), 


and 

/■* 1 
0 < I3f. := liminf / pi{s)ds < -. 

e 

Then Eq. (1.1) is oscillatory. 

In this paper we further investigate the problem and derive oscillation conditions 
which essentially improve all the above mentioned conditions. 


2. Main Results 


Our main results are the following two theorems 

Theorem 1. Assume that there exist non-decreasing functions ai € C ([tg, oo), M’*') 
such that (1-11) is satisfied and for some fc G N 


lim sup 


1=1 


mi ( W 

Y\_ (s) exp / Pk (u) du ds 




STiis) 


Ijm 


> 


where 

Pk (t) = P{t) 

with 


I / r I u \ ’ 

1 + J P {s) exp j J P (u) exp j J Pk-i {f) df 1 du 

<Ti(t) V-i(s) v-d") / ) 


Po{t) =P{t) =^Pi (t). 


i=l 


( 2 . 1 ) 


ds 

( 2 . 2 ) 


Then all solutions of Eq. (1.1) oscillate. 


Proof. Suppose for the sake of contradiction that Eq.(l.l) has a non-oscillatory 
solution X (t). Since —x {t) is also a solution to (1.1), we confine ourselves only to 
the case that x (t) is an eventually positive solution of Eq.(l.l). Then there exists 
ti > to such that x {t) > 0, x (r^ (t)) > 0, x{ai (t)) > 0. Thus, from Eq.(l.l) it 
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follows that x' (t) < 0 for all t > ti and therefore x (t) is non-increasing and taking 
into account that {t) < t, it follows 

m 

x' (t) + ^ Pi (t) x{t) <0, t> ti- (2.3) 

i=l 

Dividing the last inequality by x (t) and integrating from r* (t) to t for sufficiently 
large t, we have 

X (tj (t)) > x (t) exp / £ (2.4) 

V*d) / 

Dividing (1.1) by x (t) and integrating from Ti (s) to t, s < t, we obtain 


: {n {s)) = x {t) exp J {u) 


■{Ti{u)) 


du , z = 1,2,..., m. (2-5) 


Combining the last two relations, we obtain 


X {Ti {s))>x (t) exp / £ p^ (u) exp I J ^ (0 j . (2.6) 

\riis) ) j 

Now, integrating (1.1) from Ti {t) to t and using (2.6) for sufficiently large t, we 
have 

m /tm \\ 

x{Ti{t))>x{t) 1+ / / '^PeiOd^\du\ds . 


Multiplying the last inequality by pi {t) [cf. 10,3,4] and taking the sum over i 
( z = 1,2,..., m ), we have 


x' (t) + Pi {t) x{t) < 0, t>ti, 


where 


Pi (t) = P{t) 1-1- f P(s)exp / P(zt)exp / -Po(C)dC dzz ds . 

Ti{t) Vds) Vd“) / / 

Observe that (2.8) resembles with (2.3), where Y^^iPi (0 [= P{^) = (^)] is re¬ 

placed by Pi {t) , and following the same steps as from (2.3) to (2.8), for sufficiently 
large t we find 


x' (t) + P 2 (t) X (t) < 0, 


where 


P 2 {t) = P{t) 1-1- J P(s)exp J P(zt)exp J Pi{^)d^ du ds . 
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Repeating the above procedure, it follows by induction, that for sufficiently large t 

x'{t)+Pk{t)x{t) <0, (2.10) 

where Pk (t) is given by 


Pk (t) = Pit) 


T I ^ / “ \ \ 

1 + J Pis) exp j J F(u)exp j J Pk-ii^)d^ 1 du 1 ds 

Ti{t) Vd“) / / 


Dividing (2.10) by x it) and integrating from (s) to Oi it), s < t, for sufficiently 
large t, we get 

(°f \ 

a: (Ti (s)) > X (ctj (t)) exp / (u) du . 


( 2 . 11 ) 




On the other hand, integrating (1.1) from aj (t) to t for sufficiently large t, we have 

m ^ 

X (cTj (t)) =xit) + E Pi is) X ixi is)) ds. (2-12) 


Combining (2.12) with (2.11) and using the arithmetic mean-geometric mean in¬ 
equality, we obtain 


ci- 

IV 

' m 

na;(cr* it)) 

Ijm 

‘ \ y 

Pi is) exp / Pk iu) du ds 




yjd) lyds) / / . 


Now, taking the product on both sides of the last inequality, we find 

I I ^ 

n ^ 


n (^3 (^)) ^ 

i=i 


3 = 3 


n 

3 = 3 


m ^ > \ 

Y\_ J (s) exp J Pk iu) du ds 


apt) 


\ri(s) 


1/n 


Hence 


lim sup 


3 = 3 


ai(t) 


Y\_ J Pi (s) J Pk iu) du ds 

yds) / 


Ijm 


< 


which contradicts ( 2 . 1 ). 


□ 


For the next theorem we need the following lemma (See [39,13,26,27,4]). 

Lemma 1. Let there exist non-decreasing functions ai € C ([to, oo) ,!£“'') such that 
condition (1-11) is fulfilled and equation (1.1) has an eventually positive solution 
X : [to, +oo) ^ (0, -poo). Then 

X (t') 

lim inf ——— > 0 ( 04 ), z = 1 , 2 ,..., m, 
i^oo xiaiit)) 

where a, and Ci (oi) are given by (1-14) and (1.15). 
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Theorem 2. Assume that there exist non-decreasing functions ai € C ([ig, oo), M"*") 
such that (1-11) is satisfied and for some fc G N 


lim sup 


i=i 


n 

i=l 


CTi(t) 

Pi (s) exp I f Pk (u) du I ds 


-| l/n 


yj (t) 


> 


m" 


1 - («*) 




(2.13) 

where Pk (u) is given by (2.2), ai by (1.1)) and Ci{cx.i) by (1.15). Then all solutions 
of Eg. (1.1) oscillate. 


As in the proof of Theorem 1, we assume, for the sake of contradiction, that 
Eq.(l.l) has a non-oscillatory solution x (t) and derive (2.11) and (2.12). Combining 
( 2 . 12 ) with ( 2 . 11 ) and using the arithmetic mean-geometric mean inequality for 
sufficiently large t, we get 


X (aj (t)) > X {t)-\-m 


m 

Xjm 

m 1 

f.dt) \ 


Wx{ai {f)) 

_i^l 


Yl Pi (s) exp 

L 

/ Pk (u) du 

bi) ) 

ds 


Taking the product on both sides of the last inequalities and using Lemma 1, as in 
proof of [4, Theorem 2], we find 



1/m 


ds 


< 


< 


< 


1 — lim inf 


x^ {t) 


n a: {<Ji (t)) 

i=l 


m“ 


1 - Ci (Oi) 


which contradicts (2.13). 

Remark 1. It is clear that the left-hand sides of both conditions (2.1) and (2.13) 


are identically the same and also the right-hand side of (2.13) reduces to (2.1) when 
Ci (cti) = O.Thus, it seems that Theorem 2 is exactly the same as Theorem 1, when 
Ci{ai) = 0. One may notice, however, that the condition (1.14) is required in 
Theorem 2 but not in Theorem 1. 

In the case of monotone arguments we have the following theorem. 

Theorem 3. Let Ti be non-decreasing functions and for some k €N 

1 

or 

m 

1 - n o (ai) 

i=l 
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where 


Pk{t) = P{t) 1+ J F(s)exp| J F(M)exp| J du | fis 


Po (t) = Pit) = i^) > 

i=i 

ai is given by (1.14), Ci (ai) by (1.15). Then all solutions of (1.1) osillate. 
3. Corollaries and Examples 
In the case m = 2, Eq.(l.l) reduces to the equation 

x' (t) + Pi it) X (n (t)) + P2 it) X (t 2 it)) = 0. (3 

Erom Theorems 1 and 2 the following corollary is immediate 
Corollary 1 . Assume that (1.11) holds and for for fc G N 

2 I" 2 * / \ 1 [ ol 

lim sup n n Pi (s) exp / Pk iu) dw ds I > < r 2 1 


j=i \i=i 


i 1 - n Ci (a*) 


where, 


Pkit)=Pit) 1 + f P(s)exp f P(u)exp f Pfe_i(^)d^ d-u ds , 

(Ti(t) \ri(s) Vd“) / / 

Poit) = 2(pi it)p2 

and for z = 1,2, ai is given by (1.14) c^ ( 0 ;^) by (1.15). Then all solutions of 
Eg. (3.1) oscillate. 

Corollary 2 . Assume that there exist a non-decreasing function a (t) such that 
T (t) < a (t) < t and for some fc G N 

• /'w \ r 1 

lim sup / p(s)exp / Pk iu) du ds > < or (3-2) 

l/o l-c(a) 


t ( ^ ^ \ \ 

Pk it) = pit) 1 + J p (s) exp y p iu) exp J Pk-i if) d^ du ds , Poit) = pit), 


t 

0 <Qf:=liminf / p is) ds < , 

t^oo J e 


cia) = 


1 — a — Vl — 2a — 


Then all solutions of Eq.(1.2) oscillate. 
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The following example (cf.[6],[21],[4]) is given to illustrate our results. It is to be 
pointed out that in this example it is shown that our conditions essentially improve 
all the related known conditions in the literature. 


Example 1. (Cf. [6],[21],[4]) Consider the equation 

x' (t) + px (t (t)) = 0, t>0, p > 0 . 

with the retarded argument 

( t — 1, t € [3n, 3n + 1], 

r (t) = < —3t + (12n + 3), t G [3n + 1, 3n + 2], 
[ 5t — (12n + 13), t € [3n + 2, 3n + 3]. 

For this equation, as in [6,21,4], one may choose the funtion 


(3.4) 


t-1, 
(T (t) = 4 —3n, 


t € [3n, 3n + 1], 
t € [3n + 1, 3n + 2.6], 
5t — (12n + 13), t G [3n + 2.6, 3n + 3]. 


If we choose = 3n + 3, (cf. [6, Example 1] and [21, Example 4-^])i then for 
fc = 1, the condition (2.1) of Theorem 1 (or the condition (3.2) of Corollary 2) 
reduces to 

t / <T(t) \ 3„+3 / 3„+2 \ 

limsup J pexp j J Pi (u) du 1 ds > lim J pexp j J Pi (u) du 1 ds, 

(T{t) Y (^) / 3n+2 \5s —(12n+13) J 


where 


Pi{t) = p 


1 + 


pexp 


pexp 


pdf du ds 


ait) 


Vr(tt) 



3n+3 

n 

/ 3n+3 \ 

r 

■ 

IV 

1 + p exp 

/ pexp{p)du 

ds 


J 

3?i~|“2 

t/ , 

\5s-(12n-|-13) / 



= P 


1 + 


Therefore 


ait) 


where Pi = p 


limsup / pexp / Pi {u)du ds > — l) , 

t^oo J J oPi 


T(t) 

^6peP _gPeP 


.For p = 0.255, Pi « 0.484721, and so 


(e^^^ - 1) « 1.082293 > 1. 

5-r 1 


Therefore all solutions of Eq. {3.4) oscillate. 

Observe, however, that when we consider the conditions stated in [6], [37] [21], 
[27], [7], [1] and[4] for the above equation (3.4), we obtain the following: 
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1. Observe that, for = 3n + 3, 


^3n+3 r pcr{3n-\-3) p3n-\-3 ( p3n-\-2 

p exp ^ I pd^ '>ds= p exp < / pd^ > ds = 




«/cr(3n+3) 

and condition (1.7) reduces to 

But, for p = 0.255 


/3n+2 


/5s-(12n+13)) 


j5p _ 2 


j5p _ 2 


> 1 . 


0.51574 < 1 


therefore the condition (1.7) is not satisfied. 

2. Similarly, in the condition (1.8), 

t 

a = liminf / p{s)ds= lim / pds = p 
t—*oo J n—*oo J 

and 


T(i) 


3n+3 


3n+2 


c (a) = c (p) = 

and, as before, (1.8) reduces to 

e^P -1 , 

-z- > 1 - 


1 -p- 1 - 2p - ; 


1 — p — ^1 — 2p — p2 


Taking p = 0.255 the left-hand side of (1.8) is equal to 0.51574 while the right-hand 
side is 0.95345. Therefore this condition is not satisfied. 


3. The condition (1.12) reduces to 

t / <T(t) 




lim sup / pexp / pexp / pdu | | ds > 1, (3.5) 

t^+oo J \ J \ J 

a(t) \r{s) \ t ( 4 ) 

and, as in [20,Example 4.2], the choice of = 3n -I- 3, leads to the inequality 


(gSpe- - 1 ) 

^?- - > 1 - 

5eP 


(3.6) 


0.64849 < 1. 


Observe, however, that for p = 0.255, 

(gSpeJ’ - 1) 

5eP 

Therefore the condition (3.6) is not satisfied. 

4. The condition (1.13), for k = 2, reduces to 

t / <T(t) 


lim sup / pexp / p 1/^2 (?)ds>l —c(a), (3.7) 

t^oo J J 

a{t) \ t ( s ) / 
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where 'tp 2 (C) = 1, and for = 3n + 3, as before, it leads to 

e^P-1 ^ 1-p - a/ 1 - 2p - p2 


For p = 0.255, we have 




0.51574, 


while the right-hand side 

1 - c(p) « 0.95345. 

Therefore the condition (3.7) is not satisfied. 

5. The condition (1.16) for r = 1 reduces to 


t 

limsup / pai {h (t) ,T (s)) ds > 1, 

J 


h(t) 


where 


/ f ^ 

h{t) = a (t) and oi (t, s) = exp / pdu 


That is, to the condition 


cr(t) 


limsup / pexp | j pd^ \ ds > 1, 
t—^OO J 


T(t) 


r(s) 


and, as before, for = 3n -I- 3 and p = 0.255, we have 

e^P - 1 

—-— « 0.51574 < 1. 


Therefore the condition (3.8) is not satisfied. 

6. Similarly, condition (1.20) for r = 1 reduces to 

a{t) 

limsup / pexp I [ pd^ I ds > 


1 -I- In Ao 
An 


T(t) 


r(s 


(3.8) 


(3.9) 


(3.10) 


(3.11) 


where Aq is the smaller root of the equation A = e^'^. As before, for tn = 3n + 3 
and p = 0.255, we have 

e^P - 1 


while 


1 + In An 


0.51574, 


An 


0.94664 


Therefore the condition (3.11) is not satisfied. 
7. For fc = 1, condition (1.26) reduces to 
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} [ 7 1 

limsup / pexp / Pi {u)du ds > 1. (3-12) 

(T(t) \r{s) J 

If we choose = 3n + 3, 

f f f 1 f T ( “7 

Pi{t) = _p < 1 + p exp / pdu (is>=p<l+ j p exp 


pdu ds 


= P 1 + 


<T(t) 

gSp _ gP 


V(«) 


371 - 1-2 


\5s-(12n-H13) 


and, as before, (3.12) reduces to 




For p = 0.255 we find Pi « 0.424232 and so 

— - 1) « 0.882491 < 1. 

5Pi ^ ' 

Therefore the condition (3,12) is not satisfied 

We conclude, therefore, that for p = 0.255 no one of the conditions (1.7), (1.8), 
(1.12), (1.13) for k = 2, (1.16) and (1.20) for r = 1, and (1-26) is satished. 

It should be also pointed out that not only for this value of p = 0.255 but for all 
values of p > 0.255 , especially for all values of p G [0.255,0.358], (cf. [21, Example 
4.2]), 


P 

5Pi 




1)>1 


and therefore all solutions of (3.4) oscillate. Observe, however, that for p = 0.358 


also for p = 0.3 


e^P - 1 

—-— « 0.99789 < 1, 


(gSpe- _ 1) 

5eP 


0.974101 < 1, 


p5p _ X 


0.696337 < 0.912993 : 


1 + In Ao 
An 


and for p = 0.263, Pi « 0.44944 and so 


— (e®^i - 1) « 0.99024 < 1. 
oPi ' ' 


Therefore for all values of p G [0.255, 0.358] the conditions of Corollary 2 are sat- 
isHed and so all solutions to Eq.(3.4) oscillate, while no one of the above mentioned 
conditions is satisfied for these values of p G [0.255, 0.358]. 
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Abstract 

The present paper is concerned with Hyers-Ulam stability of the second-order linear difference 
equation A\x{t) -|- aAhx{t) + (5x{t) = f{t) on hZ, where Ahx{t) = {x{t + h) — x{t))/h and hZ = 

{hk\ fc G Z} for the stepsize h > 0; a and /? are real numbers; f{t) is a real-valued function on hZ. 

The purpose of this paper is to find an explicit HUS constant for the second-order linear difference 
equation whose characteristic equation has real roots. It is clarified that an HUS constant changes 
by the influence of the stepsize. 

Keywords: Hyers-Ulam stability; HUS constant; second-order linear difference equation; stepsize. 
2010 Mathematics Subject ClassifRcation: Primary 39B82; Secondary 39A06; 65Q10. 


1 Introduction 


Hyers-Ulam stability is originated from in the field of functional equations. In 1940, this problem was 
posed by Ulam [32, 33]. In the next year, it was solved by Hyers [9]. After that, there has been an 
increasing interest in studying Hyers-Ulam stability of functional equations, differential equations and 
difference equations (see [1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 22, 23, 24, 25, 26, 27, 
31, 34, 36]). In this paper, we will deal with Hyers-Ulam stability of the second-order nonhomogeneous 
linear difference equation 

Alx{t) + aAhx{t) + l3x{t) = f(t) (1.1) 


on /iZ, where 

Afix{t) = ^ } - — and hZ = {hk\ fc G Z} 

h 

for the stepsize h> Q-, a and j3 are real numbers; f{t) is a real-valued function on hZ. If 1 — ah + j3h‘^ = 0 
holds, then we no longer have a second-order difference equation. For this reason, we assume that 


1 — ah + jSh? ^ 0. 


( 1 . 2 ) 


It is well-known that the global existence and uniqueness of solutions of (1.1) are guaranteed for the 
initial-value problem. We say that (1.1) has “Hyers-Ulam stabiliti/’ on hZ if there exists a constant 
K > 0 with the following property: Let £ > 0 be a given arbitrary constant. If a function (p : hZ ^ R 
satisfies |A|(/)(t) -I- aAh(p{t) + I34>{t) — f{t)\ < e for all t G hZ, then there exists a solution x : hZ ^ R 
of (1.1) such that \(p{t) — x{t)\ < Ke for alH G hZ. We call such K an “HUS constanf for (1.1) on hZ. 
In addition, we call the minimum of HUS constants for (1.1) on hZ the “best HUS eonstanf. Recently, 
the best HUS constant of various functional equations and linear operators has been discovered by Popa 
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and Ra§a (see [28, 29, 30] and the references cited therein). When h —>■ 0, (1.1) becomes the second-order 
linear differential equation 

x" + ax + (3x = f{t), (1-3) 


that is, (1.1) is an approximation of the ordinary differential equation (1.3). In 2010, Li and Shen [18] 
proved that (1.3) has HUS on a finite interval I if characteristic equation has two different positive roots. 
In 2014, Xue [35] extended their results. Since the solution of the difference equation with small stepsize 
is a good approximate solution of the differential equation, studying Hyers-Ulam stability of difference 
equation (1.1) will contribute to computer science. 

In 2018, the author [22] dealt with Hyers-Ulam stability of the first-order nonhomogeneous linear 
difference equation 

Ahx{t) - ax{t) = f{t) (1.4) 


on hZ, where a is a real number and f{t) is a real-valued function on hZ. We say that (1.4) has “Hyers- 
Ulam stabilit]!' on hZ if there exists a constant K > 0 with the following property: Let £ > 0 be a given 
arbitrary constant. If a function ^ : hZ —>• M satisfies \Ah4>{t) — a(j){t) — f{t)\ < e for all t £ hZ, then 
there exists a solution a; : /iZ —>• K of (1.4) such that \4>{t) — x{t)\ < Ke for all t € hZ. Noticing that 
if f{t) = 0 with a = 0 or a = —2/h, then (1.4) does not have Hyers-Ulam stability on hZ (see [21]); if 
a = — Ijli, then we no longer have a first-order difference equation. For this reason, we assume that 


a 0, 


1 

h 


and 


2 

h' 


In [22], the author proved that 
(1.4) on hZ is 

B{a, h) = 


This constant is rewritten as 


(1.4) has Hyers-Ulam stability on hZ, 


if a>0or 0<h< 



a + l/h\ — l/h\' 


and the best HUS constant for 
1 

•) 

a 

-- < h. 
a 

(1.5) 


Let <I>(t) be an antidifference of (j){t) on hZ, that is, A/j$(t) = holds on hZ, and let C be an arbitrary 
real constant. We denote $(t) -I- C by A'^^efilt). We can obtain the above fact according to the following 
results. 


Theorem A (see [22, Corollary 2.5]). Suppose that a > 0 or a < —2fh. Then (1.4) has Hyers-Ulam 
stability with an HUS eonstant B{a, h) on hZ, where B{a, h) is the eonstant given by (1.5). Furthermore, 
if a funetion 4> : hZ —>■ K satisfies \Ah(j){t) — a(j)lt) — f{t)\ < s for all t € hZ, then 

^lim |(/)(t)(ah -I- 1)“^ - A^^f{t){ah + 1)“^ | 


exists, and there exists a unique solution 

+ ly 


-I-^lim |^(t)(a/i-P 1) ^/(t)(ah-P 1) * | (ah-Pl)' 


of (1.4) sueh that \4>{t) — a;(t)| < B{a, h)e for all t £ hZ. 

Theorem B (see [22, Corollary 2.6]). Suppose that —1/h < a < 0 or —2/h < a < —1/h. Then (1.4) has 
Hyers-Ulam stability with an HUS eonstant B{a,h) on hZ, where B{a,h) is the eonstant given by (1.5). 
Furthermore, if a funetion (j> : hZ —>■ M satisfies \Ah4>{t) — a4>{t) — f{t)\ < e for all t G hZ, then 

^Jim |(/)(t)(ah -P 1)“^ - A//^f{t){ah + 1)“^ | 
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exists, and there exists a unique solution 


x{t) 




+ ^Jim |^(i)(o/i + l) ^ - A^^/(f)(a/i + 1) ^ | 


{ah + 1) 


of (1.4) sueh that \4>{t) — x{t)\ < B{a, h)e for all t G /iZ. 

Remark 1.1. We can confirm that the best HUS constant for (1.4) on hZ is greater than or equal to 
B{a, h) by the following example. Consider the first-order nonhomogeneous linear difference equation 


/:^^cf{t)-am-f{t)=e{-l)^ 


( 1 . 6 ) 


on /iZ, where e > 0 and m G {1,2}. Let 

f>o(t) = (ah + l)^Aj{^f(t)(ah + 1)-^, 

“ {(-1)™- l}/h-a 

and f>(t) = + </>m(t) for alH G hZ. Then (j){t) is a solution of (1.6). Now we will check this fact. 

Since 

f{t){ah + = Ah(t>o{t){ah + 1)“^ 

= j^^4>o{'t h){ah + 1) — (j)Q{t){ah + 1) *• | 

(j>o{t + h) - {ah + l)(j)o{t) , , _ t-\-h 

= -- {ah+l) '• 

= {Ah4io{t) - a(j)o{t)){ah + 1) ^ 

holds, (j)o{t) is a solution of (1.4). From 

. mt 1 r . . m(t + h) . , rnt '1 ( 1 1 , , mt 

Ah(-l)- = ^ |(-1)^^ - (-1)“} = -(-1)“, (1.7) 

we have 

. . . ^ £{(-1)™- 1}(-1)T , , , , 

Ah4>Tn{t) — _ X} _ ah ~ ^ 1) '“ + a4>m{t)- 

That is, (j)m{t) is a solution of (1.6) with f{t) = 0. Using the above facts, we obtain 

A/j(/)(t) - a(l){t) = Ah{(l)o{t) + (i)m{t)) - a{(j>o{t) + 0m(i)) = fit) +£(-1)^- 


This means that (j){t) is a solution of (1.6). Therefore, 

\Ah(l){t) - a(l){t) - f{t)\ = e 

holds for alH G hZ. Since 4>o{t) is a solution of (1.4), and (ah-I- 1 )*A jg a solution of (1.4) with f{t) = 0, 
the general solution of (1.4) is written as 

x{t) = c{ah -I- 1)K -(- (j)Q{t) 


for alH G hZ, where c is an arbitrary constant. Noticing that c = 0 holds if and only if \(j){t) 
bounded on hZ. When c = 0, we have 


\(j){t) - X{t)\ = \(l)m{t)\ 


£ 

|a + {l-(-l)™}/h| 


x{t)\ is 


for all t G hZ and m G {1,2}. This means that the best HUS constant for (1.4) on hZ is greater than or 
equal to 


max 


1 1 
|a| ’ \a + 2/h\ 


B{a, h). 
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Remark 1.2. Theorems A, B and Remark 1.1 imply that the best HUS constant for (1.4) on hZ is B{a, h) 
given by (1.5). 

The purpose of this paper is to find an HUS constant for (1.1) on hZ. In addition, we will find an 
explicit solution x{t) of (1.1) such that \4>{t) — x{t)\ is less than or equal to HUS constant multiplied by 
£ on hZ, where is a function satisfying |A^(/)(t) + aAh(l){t) + P(j){t) — f{t)\ < £ on hZ. In the next 
section, we will present main theorems and their proofs, and give an HUS constant for (1.1) on hZ. In 
Section 3, we will classify HUS constants for (1.1) on hZ by coefficients a and j3. For illustration of the 
obtained results, we will take an example. 

2 HUS constant for the second-order linear difference eqnations 

We can easily see that the quadratic equation 

A 2 + aA + /3 = 0 ( 2 . 1 ) 

is the characteristic equation for the second-order homogeneous linear difference equation 

Alxit) + aAhx(t) + l3x{t) = 0 (2.2) 

on hZ, where a and /3 are real numbers with (1.2). In fact, we consider the funtion x{t) = (Ah -I- 1)*/^ 
on hZ, where A is a root of (2.1). Notice that since (1.2), non of A is equal to —Ijh. On the other hand, 
if A ^ —1/h then (1.2) holds. Clearly, Ahx{t) = A(Ah -I- 1 )*/^ and Af^x{t) = }?{Xh + 1)*/^ hold on hZ. 
Therefore, if (2.1) holds then x{t) is a solution of (2.2). Conversely, (2.1) is satisfied whenever x{t) is a 
solution of (2.2) on hZ. Thus, (Ah -P 1 )*/'* is a solution of (2.2) on hZ if and only if (2.1) holds. 
Throughout this paper, we define 

Ai = {A G K| A > 0}, A2 = |a G K - ^<A<0 

and 

A3 = |agK A 4 = |a G M A <-^1. 

First, the following simple result is obtained by using Theorems A and B. 

Theorem 2.1. Suppose that (2.1) has real roots Ai and X 2 with Xi G U^=i fori G {1,2}. Then (1.1) 
has Hyers-Ulam stability with an HUS eonstant B{Xi,h)B{X 2 ,h) on hZ, where B{-,h) is the eonstant 
given by (1.5). 

Proof. Assume that a function (jf): hZ —>• M satisfies 

+ otAhcfit) + I3(j){t) - f{t) \ < £ 

for all t G hZ. Let tp{t) = Ah(j){t) — Xi4>{t) for t G hZ. From Ai -P A 2 = —a, A 1 A 2 = f3 and the above 
assumption, we get the inequality 

\Ahip{t) - X2ipit) - f{t) \ = I A|(/)(t) -P aAh(l){t) + S(j){t) - f{t)\ < £ (2.3) 

for all t G hZ. Using Theorems A and B, we can find a solution u : hZ —>• K of 

Ahu{t) - X2u{t) = f{t) (2.4) 

such that \'4’{t) — u{t)\ < B{X 2 , h)e for all t G hZ. Namely, we have 

\Ah<j){t) - Xi(j){t) - u{t)\ < B{X 2 , h)e (2.5) 

for all t G hZ. Using Theorems A and B again, there exists a solution n : hZ —>• K of 

Ahvft) - Xiv{t) = u{t) (2.6) 
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such that — u(t)| < B{Xi,h)B{X2, h)e for all t £ hZ. Since u{t) is a solution of (2.4), we have 

+ aAhv(t) + I 3 v{t) = A\v{t) - (Ai + X2)Ahv(t) + XiX2v{t) 

= Ah(Ahv{t) - Xiv{t)) - X2{Ahv{t) - Xiv{t)) 

= Ahu{t) - X 2 u{t) = f{t) 

for all t G hZ. Therefore we can conclude that v{t) is a solution of (1.1). □ 

More explicitly, we can obtain the following result. 

Theorem 2.2. Let s > 0 be a given arbitrary eonstant, and let B{-,h) be the eonstant given by (1.5). 
Define 

Fit) = Aj;^fit){X 2 h+l)-^-^ 

for t £ hZ. Suppose that (2.1) has real roots Ai and X2 with Xi £ Uj=i * G {!) 2}. If a funetion 

(p : hZ -£ R satisfies 

lAlp^t) + aAhpit) + fipft) - f{t) \ < e 
for all t G hZ, then one of the following holds: 

(i) if Xi, X2 G Ai U A4, then the limiting values 

Cl = ^lim ^{Ahpit) - Xi(j){t)){X2h + l)~i - 1^(01 

and 

di = ^lim |^(t)(Ai/i + 1)“K _ (F(t) + ci) {X2h + l)i{Xih + 1)“^ | 

exist, and there exists a unique solution 

a;(t) = ^ (T'(t) + Cl) (A2h + 1)(Ai/i + 1) + di j-(Aih + 1) 

of (1.1) sueh that \ 4 >{t) — x{t)\ < B{Xi, h)B{X2, h)e for all t £ hZ; 

(a) if Ai G Ai U A4 and A2 G A2 U A3, then the limiting values 

C2 = [{Ah<l>it) - Xi(j)(t)){X 2 h + l)”"^ - F{t)'^ 

and 

d 2 = ^lim |^(t)(Ai/i + 1)“K _ (F(t) + C2) (A2h + l)^(Aih + 1)“^ | 

exist, and there exists a unique solution 

x{t) = {F{t) + C2) (A2/1 + l)^(Ai/i + 1)“^ + (i2| (Aih + 1 )^ 

of (1.1) sueh that \ 4 >{t) — x{t)\ < B{Xi, h)B{X2, h)e for all t £ hZ; 

(Hi) if Xi, X2 £ A2 U A3, then the limiting values C2 and 

ds = ^Jim ^(j){t){Xih + 1)“^ _ A^^ (F(t) + C 2 ) (A2h + l)^(Aih + 1)“^ | 
exist, and there exists a unique solution 

xit) = A^ ^ (A'(t) + C2) {X2h + 1)(Ai/i + 1) + ^3 (Aih + 1) 

of (1.1) sueh that \ 4 >{t) — x(t)\ < B{Xi, h)B{X2, h)e for all t £ hZ. 
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Proof. Assume that a function ^ : hZ —>• M satisfies 

+ aAh(l>it) + - f{t) \ < e 

on fiZ. Let tp{t) = Ah(j){t) — for t G fiZ. Using the above assumption with A 1 +A 2 = —a, X 1 X 2 = P, 

we have (2.3) for t G hZ. 

First we prove case (i). Using A 2 G Ai U A 4 and Theorem A, we see that 
^fim + 1 )“^ - 

= ^lim ^{Ah(j>it) - Xi(j){t)){X2h + l)~i - = ci 

exists, and there exists a unique solution 

u{t) = {F{t) + Cl) {X 2 h + 1)^ 

of (2.4) such that — u{t)\ < B{X 2 , h)s for all t G hZ. That is, (2.5) holds on hZ. Using Ai G Ai U A 4 
and Theorem A again, we conclude that the limiting value 

^lim |())(t)(Aih + l)”"^ - Af^^ {F{t) + ci) {X2h + 1)^ {Xih + 1)“^ | = di 

exists, and there exists a unique solution 

v{t) = {F{t) + Cl) {X 2 h + l)K(Aih + 1)“^ + di| (Aih + 1 )^ 

of (2.6) such that |0(t) — c(t)| < B{Xi,h)B{X 2 ,h)e for all t G hZ. Using the same argument as in the 
proof of Theorem 2.1, we see that v{t) is a solution of (1.1). Noticing that v{t) is a unique solution of 
(1.1) such that \4){t) — v{t)\ < B{Xi,h)B{X 2 ,h)e for all t G hZ. 

Next we prove case (ii). Using A 2 G A 2 U A 3 and Theorem B, we see that the limiting value 

^ lim |■i/;(^)(A 2 /l + 1 )“^ — F(t)| 

= - Xi(j){t)){X2h + l)~i - F'(t)| = C2 

exists, and there exists a unique solution 

u{t) = {F{t) + C 2 ) {X 2 h + 1)^ 

of (2.4) such that (2.5) holds for all t G hZ. Using Ai G Ai U A 4 and Theorem A, we can conclude that 
the limiting value 

^lim |(/)(t)(Aih + l)”"^ - Af^^ {F{t) + C 2 ) (A 2/1 + l)^(Ai/i + 1)”^| = ^2 

exists, and there exists a unique solution 

v{t) = {F{t) + C 2 ) {X 2 h + l)^(Aih + 1)-^ + ^ 2 } (Aih +1)^ 

of (2.6) such that \(j){t) — v{t)\ < B{Xi,h)B{X 2 ,h)e for all t G hZ. Repeating the same argument as in 
the proof of Theorem 2.1, v{t) is a unique solution of (1.1) such that |^(t) — n(t)| < B{Xi,h)B{X 2 ,h)e 
for all t G hZ. 

We prove case (iii). As in the same argument of the preceding paragraph, using A 2 G A 2 U A 3 and 
Theorem B, we see that C 2 exists, and there exists a unique solution 

u{t) = {F{t) + C 2 ) {X 2 h + 1)^ 
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of (2.4) such that (2.5) holds on hZ. Using Ai G A 2 U A 3 and Theorem B again, we can find the limiting 
value 

^4){t){Xih + 1)“K _ iF{t) + C 2 ) (A 2/1 + 1)k(Ai/i + 1)“^| = da 
and a unique solution 

vit) = {a-1 (Fit) + C 2 ) i\ 2 h + l)^(Aih + 1)-^ + da} (Aid +1)^ 

of (2.6) such that \(l){t) — v{t)\ < B{\i,h)B{\ 2 ,h)e for all t G dZ. By the same argument as in the proof 
of Theorem 2.1, v{t) is a unique solution of (1.1) such that \(j){t)—v{t)\ < B{Xi,h)B{X 2 , h)e for all t G dZ. 

□ 

A natural question now arises. Is B{Xi,h)B{X 2 ,h) the best HUS constant for (1.1) on dZ? A partial 
answer to this question is as follows. 

Theorem 2.3. Suppose that (2.1) has real roots Ai and X 2 with Xi G Uj=i * G {1)2}. Then the 

best HUS eonstant for (1.1) on dZ is greater than or equal to 

|(Ai + 2/d)(A2 + 2/d)|}- 

Before to prove this theorem, we will give a lemma. 

Lemma 2.1. Suppose that (2.1) has two roots Ai and X 2 with Xi ^ —1/d for i G {1,2}. Define 

Fit) = A-^f{t){X2h+l)-'-^ 

and 

Y{t; Ai, A 2 ) = {A)/iF(t)(A 2 d + l)i{Xih + 1)~^} (Aid +1)^ (2.7) 

fort G dZ. Then Y(t; Xi, X 2 ) is a solution of (1.1). 

Proof. Since 

F{t){X2h + 1)^ (Aid + 1)“^ 

= A^F(t; Ai,A2)(Aid + 1) 

= — |u(t + d; Ai, A 2 )(Aid + 1) — y(f;Ai, A 2 )(Aid + 1) ^} 

= ^{Y{t + d; Ai, A 2 ) - (Aid + l)Y{t- Ai, A 2 )}(Aid + 1)"^ 

= {AhY{t; Ai, A 2 ) — XiY(t] Ai, A 2 ))(Aid +1) 

holds, we have 

AhY(t; Ai, A 2 ) — AiU(t; Ai, A 2 ) = F{t){X2h + 1) 
for all t G dZ. Using this equality, we obtain 

AffY{t; Ai, A 2 ) — XiAffY (t; Ai, A 2 ) 

= AhF{t){X2h + 1 )^ 

= ^{F(t + d)(A 2 d + l)T -i^(t)(A 2 d + l)^} 

= (^A^F(t) + (A 2 d + 1 )"^^ 

= f{t) + X2Fit){X2h + l)i 

= /(O + ^ 2 {AhY{t; Ai, A2) — AiF(t; Ai, A2)) 

for all t G dZ. This means that Y{t; Ai, A 2 ) is a solution of (1.1). □ 
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Proof of Theorem 2.3. We have only to show that for a given (p{t) satisfying 

\Al(p{t) + aAh(p{t) + I3(p{t) - f{t) \ < e 
on hZ, we find an explicit solution x{t) of (1.1) such that 

for all t G hZ. 

We now consider the second-order difference equation 

+ aAMt) + Mt) - m = ( 2 . 8 ) 


on /iZ, where e > 0 and m G {1, 2}. Let 




(- 1 )™ - 1 


— Ai 


(- 1 )™ - 1 
h 


-As 


and (^(t) = F(t;Ai, A 2 ) -P ‘Pm{t) for all f G hZ, where F(t; Ai,A 2 ) is the function given by (2.7). Note 
here that Y{t; Ai, A 2 ) is a solution of (1.1) from Lemma 2.1. Now, we will check that (p{t) is a solution of 
(2.8). From (1.7), we have 


Aii-i) '• = 

Using this, we get 


^ fi-ir-i 


(- 1 )^. 


(_l)m _ 1 


(-ir -1 ,. 

a -;- +13 


e{-iy 


(- 1 )™ - 1 


-Ai 


(_l)m _ I 


— Ac 


= e(-l)' 


for all t G hZ. That is, is a solution of (2.8) with f{t) = 0. Using the above facts, we obtain 

Alip{t) + aAh+it) + /3^{t) 

— {t; Ai, A2) + aAhY (t; Ai, A2) + jSY(t; Ai, A2) 

+ Al(fm{t) + aAh+mit) + I3(pm{t) 

= /W +e(-l) " • 


This means that (p{t) is a solution of (2.8). Therefore, 

\Al(p{t) + aAh(p{t) + I3(p{t) - f{t) \ = e 

holds for all t G hZ. Let xo{t) be the general solution of (1.1) with f{t) = 0. That is, xo{t) is written by 
ci(Ai/i-I-1)K-P C 2 (A 2 /i-P 1)^ or ci(Aih-P l)s-P C 2 t(Aih-P l)s. 


where ci and C 2 are arbitrary constants. Since F(t;Ai,A 2 ) is a solution of (1.1), the general solution of 
(1.1) is written as 

x{t) = Xo{t) -P r(t; Ai, A 2 ) 

for all t G hZ. Noticing that Ci = C 2 = 0 holds if and only if \'+{t) — x{t)\ is bounded on hZ. When 
Cl = C 2 = 0, we have 


\ip{t)-x{t)\ = \(pm{t)\ 


Ai + 




A 2 -p 
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for all t £ hZ and m G {1,2}. This means that the best HUS constant for (1.1) on hZ is greater than or 
equal to 

1 1 


max 


IA 1 A 2 I |(Ai + 2/h)(A2 + 2/h)| j 


□ 


Theorems 2.1 and 2.3 imply the following result. 


Corollary 2.4. Suppose that (2.1) has real roots Ai and A 2 . If Xi, X 2 G Ai IJ A 2 or Xi, X 2 G A 3 IJ A 4 , 
then (1.1) has Hyers-Ulam stability with the best HUS eonstant B{Xi, h)B{X 2 , h) on hZ, where B{-, h) is 
the eonstant given by (1.5). 

Proof. From Theorem 2.1, (1.1) has Hyers-Ulam stability with an HUS constant B{Xi,h)B{X 2 , h) on hZ. 
Since 


if Ai , X2 G Ai y A 2 , and 


max 


max 


1 


1 


1 


IA 1 A 2 I ’ |(Ai + 2//i)(A2 + 2//i)| J IA 1 A 2 


1 


1 


1 


IA 1 A 2 I |(Ai + 2 //i)(A 2 + 2/h)| J |(Ai + 2 /h)(A 2 + 2 /h)| 
if Ai, A 2 G A 3 y A 4 , we conclude that 

1 1 


max 


IA 1 A 2 I ’ |(Ai + 2/h){X2 + 2/h)| 


— B{Xi, h)B{X2, h). 


From Theorem 2.3 it follows that B{Xi, h)B{X 2 , h) is the best HUS constant. □ 

From Corollary 2.4, we obtain the following. 

Corollary 2.5. Suppose that (2.1) has exaetly one real root X with X G y^^i Aj. Then (1.1) has Hyers- 
Ulam stability with the best HUS eonstant B‘^{X,h) on hZ, where B{-,h) is the eonstant given by (1.5). 


3 Classification of HUS constants by the coefficients 


According to Theorem 2.1, we see that the following fact. 
Remark 3.1. An HUS constant for (1.1) on hZ is rewritten as 


B{Xi, h)B{X2, h) 


( 1 


IA1A2I 

1 

|Ai(A 2 + 2//i)| 

1 

. |(Ai + 2/h){X2 + 2 /h)| 


if Ai, A 2 G Ai U A 2 , 

if Ai G Ai U A 2 , A 2 G A 3 U A 4 , 

if Ai, A 2 G A 3 U A 4 , 


where Ai and A 2 are real roots of (2.1) satisfying Xi ^ 0, —1/h and —2/h for i G {1, 2}. 

Unfortunately, HUS constants in the right-hand side of the equation are implicit expressions. In this 
section, we will decide HUS constants more explicitly. To be specific, we will classify HUS constants for 
(1.1) on hZ by coefficients a and (3. Let S be the set 


5 = 


(a,/ 3 ) G 


a ^ / 1 1 


2 4 



9 


160 


Onitsuka 152-165 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.1, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Since f3 = a/h — 1/h? is the tangent line to the curve /3 = a^/4 at (2//i, 1/h^), S is divided into three 
sets as follows (see Figure 1): 


^1= (a,^)G 


1 1 

-tQ; - — < /3 < — 
h A 


a < P ^ 0 


S2 = \{a,P)€ 


^ 1 1 




Note that /? = 2a/h — 4//i^ is the tangent line to the curve /3 = a^/4 at (4/h,4/h^); fl S 2 , S 2 H S 3 
and S 3 n are empty sets; S' = S'! U S '2 U S '3 holds. The above-mentioned sets are used without notice 
in this paper. 


P 



Figure 1: The sets Si, S 2 and S 3 on the {a,P) plane. 


The obtained result is as follows. 

Corollary 3.1. If (a,P) G S, then (1.1) has Hyers-Ulam stability with an HUS constant 


B 


—a + \/ — 4^P 


h B 


—a — 


,h 


on hZ, where B(-,h) is the constant given by (1.5). Furthermore, one of the following holds: 
(i) if {a, P) G Si, then the best HUS constant for (1.1) on hZ is 1/|/?|; 

(a) if {a, P) G S 2 , then an HUS constant for (1.1) on hZ is 

1 

P + -I- \Ja'^ - 4/3^ jh 


(Hi) if {a, P) G S 3 , then the best HUS constant for (1.1) on hZ is 

1 

|/3-2a/h-L4//i2|' 


Proof. Suppose that {a, P) G S. Let 


hi 


—a + — 4.p 

2 


and /i 2 


—a — sj oP — \p 
2 
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Then /xi and ^2 are real roots of (2.1) since /? < a^/4 holds. By /3 ajh — Ijh?, (1.2) is satisfied, and 
therefore, we have ^ —Ijh ^ ^ 2 - From j3 ^ 2a/h — 4/h^ we see that ^ —2/h ^ /X 2 . In addition, 
by /3 0, non of /zi and /X 2 are equal to 0. Therefore, /xi, ^2 G Uj=i ^1- Using Theorem 2.1, (1.1) has 

Hyers-Ulam stability with an HUS constant B B (^ 2 , h). 

Next, we will show that the assertions (i)-(iii). We consider the case (q;,/3) G Si. From 


it follows that 


1 1 „ 

-a - -^ < /? < — 
h A 


0 < — 4/3 < — —a + = a — — 


h 




That 


is, 0 < ^/a'^ — A/3 < \J{a — 2/h)^ = \a — 2/h\ holds, and therefore, we have 


-a-|a- 2 /h| -a + \a-2/h\ 

--- < M2 < /ii < --• 


(3.1) 


By using a < 2/h, we obtain —1/h < M 2 < Mi- This means that mi, M 2 G Ai U A 2 . From Corollary 2.4 
and Remark 3.1, the best HUS constant for (1.1) on fiZ is 


IM1M2I 

Next, we consider the case {a, (3) G S' 2 . Since 


/l2 


holds, we have > 1/(0 — 2//i)2 = \a — 2/h\. This means that 


Using this inequality we obtain 


— \/q;2 — 4 y 3 < Q, _ < \/q;2 _ 4^, 

h 


1 


M 2 < -y < hi- 
h 


That is. Ml G Ai U A 2 , M 2 G A 3 U A 4 . From Remark 3.1, an HUS constant for (1.1) on hZ is 

1 1 


Imi (m2 + 2//1) I + y^a2 _ 4^^ //j 


Finally, we consider the case (a, (3) G S' 3 . Using the same argument in the proof of the case (a, 13) G Si, 
we have (3.1). By using a > 2/h, we obtain M 2 < Mi < —1/h. This and (3 ^ 2a/h — A/h? imply that mi, 
M2 G A 3 U A 4 . From Corollary 2.4 and Remark 3.1, the best HUS constant for (1.1) on hZ is 


1 


1 


1 


Kmi T 2 //i)(m 2 + 2 //i)| |miM 2 + 2 (mi + M 2 )/h + 4/h2| |/J — 2 a/h + 4//i2| 

This completes the proof of Corollary 3.1. 

For illustration of the obtained result, we will present an example. 

Example. We consider the second-order linear difference equation 

Alx{t) -P 3Ahx{t) -P x{t) = f(t) 

on hZ, where (1.2) and 

m'-- 

^ h h 2 


□ 


(3.2) 
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hold. Since (3,1) G S, Corollary 3.1 implies that (3.2) has Hyers-Ulam stability. Moreover, fixing the 
stepsize gives an HUS constant. For example, if h = 1/3 then (3,1) G Si, and therefore, the best HUS 
constant for (3.2) is one. If /i = 1 then (3,1) G S' 2 . So, we get an HUS constant 1/ — 2). If h = 3 

then (3,1) G S' 3 , and thus, the best HUS constant for (3.2) is 9/5. 

Remark 3.2. Under the assumption that (a,/3) is included in the first quadrant and S, if the stepsize 
is sufficiently small, then we can choose a h so that {a, (3) G S'!. On the other hand, if the stepsize is 
sufficiently large, then we can choose a h so that (q;,/3) G S' 3 . From Corollary 3.1 and Example 3, we see 
that the best HUS constant for (1.1) on hZ is affected by the stepsize. In other words, it is concluded 
that the best HUS constant changes by the influence of the stepsize. 
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Abstract 

Here we extend advanced known Iyengar type inequalities to Cho- 
quet integrals setting with respect to distorted Lebesgue measures and 
for monotone functions. 
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1 Background - I 


In the year 1938, Iyengar [7] proved the following interesting inequality. 
Theorem 1 Let f be a differentiable function on [a, b] and \f' (x) | < Mi. Then 


J f{x)dx-^{b- a) (/ (a) + / (6)) 


< 


Miib-af (/(6)-/(a)f 


4Mi 


• ( 1 ) 


In 2001, X.-L. Cheng [3] proved that 
Theorem 2 Let f € ([a, 6]) and \f" (a;)| < M 2 . Then 

J f {x)dx-^ib- a) (/ (a) + / (6)) + \ib- af (/' (6) - /' (a)) 


< 


where 


M2 ^3 - a) a2 

24*'’-“* - wsr*'- 


[b-a) 


( 2 ) 


In 2006, [6], the authors proved: 
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Theorem 3 Let f G ([a, 6 ]) and \ f" (a:)| < M. Set 


Then 


I = J fix)dx-^{b-a)if (a) + / (5)) + ^ (& - af (/' (b) - f (a)). 

_M {b — a) ^ M ^^ 2 , I 
M{b-af M 




24 


5- 


~ Aa + 


5- 


— Ab 


where 


A„, = 




2M 


b — a 


A. = ^(/'(6)-/' 


,, fa + b\\ b — a 


In 1996, Agarwal and Dragomir [1] obtained a generalization of (1): 


(3) 

(4) 

(5) 

( 6 ) 


Theorem 4 Let f : [a, ^ M &e a differentiable function such that for all 

X G [a, b] with M > m we have m < f (x) < M. Then 


J f{x)dx-^{b-a){f{a) + f{b)) 


< 


(/ jb) - f{a)-m{b- a)) [M {b - a) - f (b) + / (a)) 

2{M-m) ■ ^ 

In [9], Qi proved 

Theorem 5 Let / : [a, 6] ^ M &e a twice differentiable function such that for 
all X G [a, b] with M > 0 we have |/" (a;)| < M. Then 


f (x) dx - 




(/' {b)-!'{a))(b-af 


< 


where 


M^b-af-{f'ib)-f'{a)f ■ 


( 8 ) 

(9) 


Finally in 2005, Zheng Liu, [ 8 ], proved the following: 
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Theorem 6 Let f : [a, b] ^ be a differentiable function such that /' is inte- 
grable on [a, b] and for all x € [a, b] with M > m we have 


- T < M and ,n < ^ < M. (10) 

X — a 0 — X 


Then 


f f {x) dx - 
J a 

1 + 3F2 


(/(a) + /(^)) 


(5 - a) + 


1 + P" 


U'{b)-f'{a)){b-aY 


48 


(m + M) {b — af 


< 


{M — m){b— a)" 
48 


where 


= 


(/' ia)+f{b)-2[i^^)y 


(M^) (6 _ a )2 _ (// (;,) _ f, (a) _ (n^) 


(1-3F2), (11) 


( 12 ) 


In [2] we extended (1) for Choquet integrals. Motivated by these results we 
extend here Theorems 2-6 to the Choquet integrals setting. 


2 Background - II 

In the next assume that {X,P) is a measurable space and (M+) M is the set of 
all (nonnegative) real numbers. 

We recall some concepts and some elementary results of capacity and the 
Choquet integral [4, 5]. 

Definition 7 A set function fj, : P ^ M’*' is called a non-additive measure (or 
capacity) if it satisfies 

(1) pi0)=O; 

(2) pL (A) < pL (B) for any A C B and A,BgP. 

The non-additive measure p, is called concave if 

p{AU B)-\-p{Ar] B) < p{A)-\-p{B), ( 13 ) 

for all A,B € P. In the literature the concave non-additive measure is known 
as submodular or 2-alternating non-additive measure. If the above inequality 
is reverse, p is called convex. Similarly, convexity is called supermodularity or 
2 -monotonicity, too. 

First note that the Lebesgue measure A for an interval [a, b] is defined by 
A ([a, 5]) = b — a, and that given a distortion function m, which is increasing (or 
non-decreasing) and such that m (0) = 0, the measure p (A) = m (A {A)) is a 
distorted Lebesgue measure. We denote a Lebesgue measure with distortion m 
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by /i = It is known that is concave (convex) if m is a concave (convex) 
function. 

The family of all the nonnegative, measurable function / : (X, T) (M+, S (K"'’)) 
is denoted as L'^, where B (ffi^) is the Borel cr-field of M+. The concept of the 
integral with respect to a non-additive measure was introduced by Choquet [4]. 

Definition 8 Let f € L^. The Choquet integral of f with respect to non¬ 
additive measure fi on A & T is defined by 

(C) / [ p.{{x: f{x)>t}nA)dt, (14) 

J A Jo 

where the integral on the right-hand side is a Riemann integral. 

Instead of (C) fdji, we shall write (C) f fdjjL. If (C) f fdjj, < oo, we say 
that f is Choquet integrable and we write 

Lh (m) = |/:(C') I /d/x<oo|. 

The next lemma summarizes the basic properties of Choquet integrals [5]. 

Lemma 9 Assume that f,g& Lq {fj). 

( 1 ) {C) f lAdp = pt(A), AeT-. 

( 2 ) (Positive homogeneity) For all A G M+, we have (C) f Xfdp, = A • 
{C)Jfdf,. 

( 3 ) (Translation invariance) For all c G M, tee have (C) /^ (/-I- c) d/t, = 

(C*) I A fd-B + CB (^) • 

( 4 ) (Monotonicity in the integrand) If f < g, then we have 

(C) I fd^i < (C) I gdpi. 

(Monotonicity in the set funetion) If fi < v, then we have (C) f fdp, < (C) f fdv. 

( 5 ) (Subadditivity) If pt is concave, then 

(C) J if + g)dpi<{C) J fdpi+iC) J gdpi. 

(Superadditivity) If pi is eonvex, then 

(C) J if + g)dpi>{C) J fdpi+iC) J gdpi. 

( 6 ) (Comonotonic additivity) If f and g are comonotonic, then 

(C) J if + g)dpi=iC) J fdpi+iC) J gdpi, 

where we say that f and g are comonotonie, if for any x,x' G X, then 
if (x) - f (x')) (g (x) - g (x')) > 0. 
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We next mention the amazing result from [10], which permits us to compute 
the Choquet integral when the non-additive measure is a distorted Lebesgue 
measure. 


Theorem 10 Let f be a nonnegative and measurable function on M"*" and gi = 
be a distorted Lebesgue measure. Assume that m (x) and f {x) are both con¬ 
tinuous and m{x) is differentiable. When f is an increasing (non-decreasing) 
function on M'*', the Choquet integral of f with respect to fj,^ on [0,t] is repre¬ 
sented as ^ 

{C) [ fdp.^ = [ m! {t-x)f {x) dx, (15) 

d[o,t] Jo 

however, when f is a decreasing (non-increasing) function on M+j the Choquet 
integral of f is 

(C) [ fdp,^ = [ m' (x) / (x) dx. (16) 

J[o,t] do 

Remark 11 We denote by 


j m' (t — x), when f is increasing (non-decreasing), 
( to ' {x) , when f is decreasing (non-increasing). 


(17) 


So for f continuous and monotone we can combine (15) and (16) into 



1 (t,x) f {x)dx. 


(18) 


3 Main Results 

We present the following advanced Choquet-Iyengar type inequalities: The next 
is based on Theorem 2. 

Theorem 12 Here f : ^ M"*" is a monotone twice continuously differen¬ 

tiable function on M’*', is a distorted Lebesgue measure, where m is such that 
TO (0) = 0, m is increasing and thrice continuously differentiable on M’*', t G M"*". 
Then 

i) if f is increasing and |(to' it — ■) f)'' (x)| < M2, V x G [0, t], M2 > 0, we 
have that 


8 


(C) f f (x) dii^ (x) - I [to' (t) f (0) -P to' (0) / (t)] -P 


[(to' ( 0 ) /' it) - to' it) /' ( 0 )) + (to" it) f ( 0 ) - to" ( 0 ) / m 


24 I 6 M 2 ^ 


< 


(19) 
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where 


At = (m' it)f ( 0 ) + m'( 0 )/' (t))- 


2 (to' (t)/(0)) 


t 


(m" (t)/(0) + m"(0)/(0), 


( 20 ) 


that 


ii) if f is decreasing and \{m'f)” {x)\ < M 3 , \/ x €. M 3 > 0 , we have 

(C) I f (x) dn^ (x) - I (m' (0) / (0) + to' (t) f (t)) + 


[(to" it) f {t) - to" ( 0 ) / ( 0 )) + (to' it) /' it) - to' ( 0 ) /' ( 0 ))] 


-^3 ,3 _ t A ♦♦2 

24 I 6 M 3 ^ ’ 


< 


( 21 ) 


where 


Ar = [to" (i)/(t)+m"(0)/(0)]- 


2 [to' it) f it) - to' ( 0 ) / ( 0 )] 


to' (t)/' (<)+to' (0)/' (0)]. 


( 22 ) 


Proof, i) If / is increasing and | (to'( i—•)/)" (x) | < M2, V x G [0,t], 
M 2 > 0, we have that 

(C) [ f (x) dp,^ (x) - I (to' (t) / (0) + to' (0) f it)) + 


((to' (t - •) /)'(t) - (to' (t - •) /)' 


(C) / / (a^) (a^) - I [to' (t) / (0) + to' (0) / (t)] + 


- [(to' (0) /'(t) - to' (t) /' (0)) + (to" (t) / (0) - to" (0) / (t))] 

-^2 3 _ ^ a »2 

24 I 6 M 2 ^ ’ 


(by (2) & (15)) 
< 


(23) 


where 


a; = (m' (* - .) /)' (0) - 2(m-(0)/(t)-W«)J(0)) 


(to' it)f' ( 0 )+to' ( 0 )/' (t))- 


2 (to' (0) / (t) - to' (t) / (0)) 

t 


(to" (t)/(0) + TO"(0)/(t)). 


(24) 
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ii) If / is decreasing and \{m'f)" (a;)| < M 3 , V x G [0,i], M 3 > 0, we have 
it 

(C) f / (x) (x) - I {m (0) / (0) + m (t) f (t))+ 

j ((to'/)' (t) - (to'/)' (0 )) = 


(C) f f (x) (x) - I (to' (0) / (0) + to' (t) f(t)) + 


(by (2) & (16)) 


- [(to" (t) f it) - to" (0 ) / (0 )) + (to' it) /' it) - to' (0 ) /' (0))] < 

^ A**2 (-oc) 

where 

At* = [m" (t) / (t) + to" (0 ) / (0)] + K (t) /' it) + to' (0 ) /' (0)] 

2[(m7) (^)-(to7) (0)] _ 

The theorem is proved. ■ 

The next result is based on Theorem 3. 

Theorem 13 Here f : ^ M"*" is a monotone twice continuously differen¬ 

tiable function on M’*', is a distorted Lebesgue measure, where m is such that 
TO (0) = 0, m is increasing and thrice continuously differentiable on M’*', t G M"*". 
Then 

i) if f is increasing and |(to' it — ■) /)" (x)| < Mi, V x G [0, t], Mi > 0, we 
call: 

h = iC) [ f (x) dn^ (x) - I [to' it) f (0) + to' (O) / it)] + 

^ [(to' (0) /' it) - to' it) /' (O)) + (to" it) f (0) - to" (0) / (<))], (27) 


i (y ^ (0 + (y (I 


+ (TO"(t)/(0)-TO'(t)/'(0))] + -, 


^ ii-m" (0) / it) + to' (O) /' it)) 
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and we obtain 


Ml 

-Ml -^-i 

24 3 


Mit^ Ml 

^4 jT 




<h< 


~ An M + ( - — A. 




(30) 


ii) if f is decreasing and |(to'/)” (x)| < M 2 , V x € [0,i], M 2 > 0, we call: 
h = {C) ( f (x) (x) - I (m' ( 0 ) / ( 0 ) + m' (t) f (t)) + 


and 


- [{m" it) f it) - m" (0) / (0)) + (m' {t) f (t) - m' (0) f (0))] (31) 


),( 2 ) _ 1 
^0 " 2M2 



-(m"(0)/(0) + m' (0)/'(0))] 


4’ 


(32) 


and 


x( 2 ) _ 

* 2 M 2 


[{m"{t)f{t)+m'{t)f it)) 



(33) 


and we obtain: 


M2t^ M 2 

- 1 - 

24 3 

M2t^ M 2 
^4 ^ 


((Ar)V(Apr) 


< Jo < 




i( 2 ) 


(34) 


Proof, i) Here / is increasing and |(m' {t — •) f)" (x)| < Mi, V x e [0,t], 
Ml > 0 . 

We call 

h = (C) / / (x) dii^ (x) - I (to' (i) / ( 0 ) + to' ( 0 ) / (t)) + 

j ((to' (t - •) /)' (t) - (to' (t - •) /)' (0)) = 

(C) f / (x) (a:) - | K (i) / (0) + to' (0) / (i)] + 

aio.tl ^ 


- [(to' (0) /' it) - to' (i) /' (0)) + (to" (<) / (0) - to" (0) / (i))]. (35) 
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We set 


“2M- 


2^ (("*' (< - ■) /)' (0 - (>»' (i - ■) /)' (0)) + 3 = 


ill ^ Wil) il 


2Mi 


and 


+ im" (t) f (0) - m' (t) f (0))] + 

^ {[m' {t - •) /)' (t) - (to' {t - •) /)' Q 


4 


2Mi 


[(-to" (0)/(t)+TO' (0)/' (t)) 




By Theorem 3 and (15) we get 


-^^24 + 

Mit3 Ml 

^4 ^ 


((A?')^(Arr) 


< /l < 




ii) Next / is decreasing and |(to'/)" (x)| < M 2 , V x G [0,t], M 2 > 0. 
We call 

h = {C) f f (x) {x) - I (to' (0) / (0) + to' (t) / (t)) + 

j ((’7^7)' (i) - im'f)' (0)) = 

(C) f f (a;) (x) - I (to' (0) / (0) + to' (t) / (t)) + 


- [(to" it) f it) - to" (0) / (0)) + (to' it) /'(t) - to' (0) /' (0))]. 


We set 


and 




2 M 2 




t 


-( to "( 0 )/( 0 ) + to '( 0 )/'( 0 ))] + -, 


7^) = 


2 M 2 


[(TO"(t)/(t)+TO'(t)/' (t)) 


(36) 

(37) 

(38) 


(39) 


(40) 


(41) 


(42) 
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By Theorem 3 and (16) we get 



The theorem is proved. ■ 

The next result is based on Theorem 4. 

Theorem 14 Here f : M’*' ^ M'*' is a monotone differentiable function on M"*", 
is a distorted Lehesgue measure, where m is such that m (0) = 0, m is 
increasing and twice differentiable on M'*', t G M’*'. Then 

i) if f is increasing, and mi < (m' (t — •) f)' (x) < Mi, V x G where 

Ml > mi, we obtain: 

(C) f f (x) (x) - I (to' (t) f (0) + to' (0) / (t)) < 

(to' (0) / (t) - to' (t) f (0) - TOit) (Mil - to' (0) / (t) + to' (t) f (0)) 

2 {Ml-mi) ■ ^ ’ 

a) if f is decreasing, and m 2 < {m'f )' {x) < M 2 , V x G where M 2 > 

m 2 , we obtain: 

{C) f f (x) dfi^ (x) - I (to' (0) / (0) + to' (t) / (t)) < 

(to' jt) f jt) - to' (0) / (0) - TOat) (Mat - to' (t) / (t) + to' (0) / (0)) 

2 (M 2 - TO 2 ) ■ ^ ’ 

Proof, i) Here / is increasing and toi < (to' {t — •) /)' {x) < Mi, V a; G [0, t], 
where Mi > mi. We get, by Theorem 4 and (15), that 

(C) f f (x) (x) - I (to' (t) f (0) + to' (0) / (t)) < 

(to' (0) / (t) - to' (t) / (0) - mit) {Mit - to' (0) / (t) + to' (t) / (0)) 

- 2(Afi-,n.) -^ '*> 

ii) Next / is decreasing and TO 2 < (to'/)'( cc) < M 2 , V x G [0,t], where 
M 2 > TO 2 . We get, by Theorem 4 and (16), that 

(C) f f (x) dn,^ (x) - I (to' (0) / (0) + to' (t) / (t)) < 

10 
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jm' jt) / (t) - m' (0) / (0) - Wat) (Mat - m' (t) / (t) + m' (0) / (0)) 

2 (M2 - m2) 

The theorem is proved. ■ 

The next result is based on Theorem 5. 


Theorem 15 Here f : M’*' ^ M"*" is a monotone twice differentiable function 
on M"*", is a distorted Lebesgue measure, where m is such that m (0) = 0, m 
is increasing and thrice differentiable on M+j t € Then 

‘i) if f is increasing, and |(m' {t — •) /)” (a;)| < Mi, \/ x G Mi > 0, we 

call: 

Ql = 

\-m" it) f (0) + m' it) f (0)) + (-m" (0) / (<) + m' (0) f it)) - 2 ( "^'(o)/(d-M(t)/(o) ^ 

Mfff — (—m" (0) / it) + m' (0) /'(t) + m" (t) / (0) — m' it) /' (0))^ 
and we obtain 


(C) f f (x) d^i^ ix) - I [m' it) / (0) + m' (0) / (t)] + 




i[o,t] 

i-m" (0) / it) + m' (0) /' it) + m" it) / (0) - m' it) f (0)) 
Mit^ 


< 


24 


(1 - 3Q?) , 


(49) 


ii) if f is decreasing, and (m'/)” (x) < M 2 , \/ x G [0,t], M 2 > 0, we call: 


Ql = 


'im!' (0) / (0) + m! (0) f (0) + m" it) f it) + vn! it) f it))-2 (^ rn'{t)f{t)-m'{o)f{o) ^ 
Mfff — [m" it) f it) + m' it) f it) — m" (0) / (0) — m' (0) /' (0)]^ 

(50) 

and we obtain 


(C) / / (x) dii^ ix) - I [m' (0) / (0) + m' it) f (t)] + 

(1 + Q2) t^ 


im" it) f it) + m' it) r if) - m" (0) / (0) - m' (0) f (0)) 


< 


M2t^ 

24 


(1 - 3Q2) . 


(51) 


11 
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Proof, i) If / is increasing, and | (m'(f— •)/)" (x)| < Mi, V x e [0,f], 

Ml > 0, we set: 

((m' (i - .) /)' (0) + (m' it - .) /)' (i) - 2 

M2t2 _ ((in '(t - •) /)' (t) - im' {t - •) /)' (0))^ 

((-m" (t) / (0) + m' it) r (0)) + (-m" (0) / {t) + m' (0) f (t)) - 2 ( M(o)/(t)-MW/(o) ^^^ 

M^t 2 _ (0) / (t) + m' (0) /' (t) + m" (t) f (0) — m' (t) f (0))^ 

(52) 

By Theorem 5 and (15) we derive 


(C) / / (x) dii^ (x) - I [m' (t) f (0) + m' (0) / (t)] + 




'[O.i] 

i-m" (0) / (t) + m' (0) /'(t) + m" {t) f (0) - m' (t) f (0)) 
Mit^ 


< 


24 


(1-3Q?). 


(53) 


ii) If / is decreasing, and {m'f) (x) < M 2 , V x G [0,f], M 2 > 0, we set: 


((0) + ira'I)' (t) - 2 ((YZlliHGQwf “j' 

q 2 _ _y_ / / _ l'54^ 

M|t2 - ((to'/)' (t) - (to'/)' (0))^ 

'(to" (0) / (0) + to' (0) /' (0) + to" (t) / (t) + to' (t) /'(t)) - 2 

M|t2 _ [iTj" (i) J (i) _|_ rn' (t) /'(t) — to" (0) / (0) — to' (0) /' (0)]^ 

By Theorem 5 and (16) we derive 


(C) f f (x) dii^ (x) - I [to' (0) / (0) + to' (t) f (t)] + 

(1 + Q2) 


(to" (t) / (t) + to' (t) /'(t) - to" (0) / (0) - to' (0) /' (0)) 
(1 - 3Q2) . 


< 


24 


(55) 


The theorem is proved. ■ 

Finally we apply Theorem 6 to obtain: 
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Theorem 16 Here f : M'*' ^ M'*' is a monotone and continuously differentiable 
function on M+, is a distorted Lebesgue measure, where m is such that 
m (0) = 0, m is increasing and twice continuously differentiable on M’*', t G M"*". 
We have 

U f is increasing, and 


[m' {t - •) /)' (x) - [m’ {t - •) /)' (0) 

mi < - < Ml, 


and 


mi < K it - ■) f)'(t) - jm' {t--)fy{x) ^ 


t — X 


V a; G with mi < Mi, we set: 


(56) 

(57) 


(^{m' (t - •) /)' (0) + (m' it - •) /)' it) - 2 ■)/)(o) ^ ^ 

( m ™)2 ^2 _ _.) fY ( i ) _ _.) fY (0) _ 

(58) 

Then 


(C) f fix)dii^ix) 
J[0A 


jjm' jt - ■) /) (0) + jm' jt - ■) /) (t)) ^ ^ 


^ - •) f)' w - - •) /)' (0)) 

(Ml - mi)t^ 


1 + 3Pf 


48 


48 


(1 - SPf) . 


a) If f is decreasing, and 

(to'/)' ix) - (to'/)' (0) 


TO2 < 


< M2, 


and 


„ ^ (rn'f)'it) - im'f)'ix) ^ 

TO2 < -;- < M2, 

t — X 


1 ' (TOi+Mi)t3 

(59) 

(60) 

(61) 


V a; G [0,t], with m 2 < M 2 , we set: 

(to'/)' (0) + (to'/)'( t) - 2 f (-'/)W;K/)(°) 


P," = 


Then 


_ ^^,jY (0) - 

W) / / (x) (x)--- 1+ 

J\0M ^ 


2 • 


(62) 
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( to 2 + M 2 ) 


< 


{M2 - m2) 
48 


(1 - 3P|). 


(63) 


Example 17 A well-known distortion function is m{t) = t G M’*'. We 
have m (0) = 0, m {t) > 0, m! (t) = > 0, that is m is strictly increasing. 

We have that m” {f) = —2 (1 + f)~'^, (t) = 6 (1 + t)~'^, and in general we 

get that (t) = (—1)"''’^ n! (1 + 1)~^^^^\ V n G N. 
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SOME RESULTS ABOUT AX-STATISTICALLY PRE-CAUCHY 
SEQUENCES WITH AN ORLICZ FUNCTION 

HAFlZE GUMU§, OMER Klgl, AND EKREM SAVA§ 


Abstract. In this study, we define the concept of X— statistically convergence 
for difference sequences and we use an Orlicz function to obtain more general 
results. We also show that an AX—statistically convergent sequence with an 
Orlicz function is AX—statistically pre-Cauchy . 


1. Introduction 

In this part, we give a short literature data about X—statistical convergence, 
statistical pre-Cauchy sequences and difference sequence spaces. As is known, con¬ 
vergence is one of the basic notions of Mathematics and statistical convergence 
extends the notion. It is easy to see that any convergent sequence is statistically 
convergent but not conversely. Statistical convergence was given by Zygmund [35] 
in Warsaw in 1935 and then it was formally introduced by Fast [16] and Stein- 
haus [33], independently. Later it was reintroduced by Schoenberg [32]. Even now, 
this concept has very much applications in different areas such as number theory 
by Erdos and Tenenbaum [10], measure theory by Miller [26] and summability 
theory by Freedman and Sember [17]. Statistical convergence is also applied to 
approximation theory by Gadjiev and Orhan [18], Anastassiou and Duman [1] and 
Sakaoglu and Unver [19]. If we want to briefly remember this concept by using the 
characteristic function, we should give the following definitions: 

Definition 1.1. Let E be a subset o/N, the set of all natural numbers. The natural 
density of E is defined by 

1 " 

d{E) := lim- XeU) 
n n j^i 

whenever the limit exists where x(E) is characteristic function of E. 

Definition 1.2. ([16]) A number sequence (x„) is statistieally convergent to x 
provided that for every £ > 0, 

din G N : [xn — x] > £} = lim — \{k < n : \xk — x] > £}] = 0 

n n 
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2 HAFlZE GUMUg, OMER Klgl, AND EKREM SAVA§ 

or equivalently there exists a subset if C N with d{E) = 1 and no(s) such that 
n > no{e) and n € K imply that |x„ — x\ < e. In this case we write st — limx„ = x. 
Statistical convergent sequences are generally denoted by S. 

X—convergence has emerged as a kind of generalization form of many types of 
convergence. This means that, if we choose different ideals we will have different 
convergences such as usual convergence and statistical convergence as we will see 
from the examples below. In 2000, Koystro et. al. [24] introduced this concept 
in a metric space and then many concepts studied for statistical convergence have 
moved to ideal convergence. Before dehning I—convergence, the definitions of ideal 
and hlter will be needed. 

Definition 1.3. A non-empty family of sets I C 2^ is called an ideal if and only 
if i) 0 G X, ii) for each A, B € 2 we have AU B G X and Hi) for each A € X and 
each B C A we have B €X. 

An ideal is called non-trivial if N ^ X and non-trivial ideal is called admissible if 
{n} € X for each n € N . 

Definition 1.4. A non-empty family of sets !F C 2^ is a filter in N if and only 
if i) 0 ^ X", ii) for each A, B € IF we have AO B G IF and Hi) for each Ag T and 
each B A A we have B G T. 

If X is a non-trivial ideal in N (i.e., N ^ X), then the family of sets 
X (X) = {M C N : 3A G X : M = N \ A} 

is a filter in N. 

Remark 1.1. Generally we will use ideals in our proofs but if the notion is more 
familiar for filters, we will use the notion of filter. 

Definition 1.5. ([24]) Let X C 2^ be a proper ideal on N. The real sequence x = 
(xn) is said to be X—convergent to a: G IR provided that for each e > 0, 

A{e) = {fc G N : lx„ — a;] > e} G X. 

The set of all X—convergent sequences usually denoted by cx- 

More investigations in this direction and more applications can be found in 
Kostyrko, Salat and Wilezynski’s paper. We just want to give some well known 
examples which we mentioned before. 

Example 1.1. If X = Xf ={A C N : A is finite} then we have the usual conver¬ 
gence. 

Example 1.2. If X = Xd ={A C N : d(A ) = 0} then we have the statistical con¬ 
vergence where d is the asymptotic density of A. 

Following the statistical convergence and X—convergence located an important 
role in this area, Das, Sava§ and Ghosal [6] have introduced the concept of X—statistical 
convergence as follows and they extend the important summability methods statis¬ 
tical convergence and X—convergence using ideals. 

Definition 1.6. ([6])A sequence x = (xn) is said to be X— statistically convergent 
to L for each e > 0 and S > 0, 

■|n G N : — \{k < n : — L\> e}j > G X. 
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Wt will denote the set of all T—statistieally convergent sequences by Sj. 

Before giving information about the definitions and works of pre-Cauchy se¬ 
quences, lets remember the definition of an Orlicz function. Orlicz function is a 
function M : [0, oo) ^ [0, oo) which is continuous, non decreasing and convex 
with M (0) = 0, M {x) > 0 for x > 0 and M (x) ^ oo as x ^ oo. An Orlicz 
function M satisfies the A 2 -condition if there exits a constant K > 0 such that 
M (2tt) < KM {u) for all tt > 0. We want to give a little note here that if convexity 
of Orlicz function M is replaced by M(x -I- y) = M{x) + M(y) then we get the 
modulus function which is familiar to us. 

Lindendstrauss and Tzafriri [25] used the idea of Orlicz function to define the 
following sequence space. 

Im ■= G w : ^ M < QQ for some p > 0 

which called an Orlicz sequence space. Im is a Banach space with the norm 
||x|| :=inf|p>0: <l|. 

The notion of statistically pre-Cauchy for real sequences was introduced by Con¬ 
nor, Fridy and Kline [4] in 1994. They proved that statistically convergent sequences 
are statistically pre-Cauchy and any bounded statistical pre-Cauchy sequence with 
nowhere dense set of limit points is statistically convergent. Khan and Lohani [20] 
handled this concept in a different way with the Orlicz function. More works on 
statistically pre-Cauchy sequences are found in Dutta, E§i and Tripathy [8] , Dutta 
and Tripathy [9] and Khan and Tabassum [21] . 

As an expected result, in 2012, Khan, Ebedullah and Ahmad [22] defined pre- 
Cauchy sequences for X—convergence and they introduced the concept of X—pre- 
Cauchy sequence. They established the criterion for arbitrary sequence to be 
X—pre-Cauchy and they also gave another criterion for X—convergence. 


Definition 1.7. ([22]) Let x = (x„) be a sequence and let M be an Orliez funetion 
then X is I—pre-Cauehy if and only if 


X - lim ^ Y, M 


(\xk- ■ 


kj<n 


= 0 


for some p > 0. 


Yamanci and Gtirdal [34] , Ojha and Srivastava [27] and Saha et. al. [28] have 
some studies about this new definiton. 


Definition 1.8. ([7]) A sequence x = (x„) is said to be X — statistically pre-Cauchy 
if for any £ > 0 and <5 > 0, 

|n e N : ^ \{{j,k) : \xk - Xj\ > s} , j,k<n\>s'^ e X. 

In another direction, in 1981, ioo(A), c(A) and co(A) difference sequence spaces 
defined by Kizmaz [23] where loo, c and cq are bounded, convergent and null se¬ 
quence spaces, respectively. In this study the sequence Ax = (Ax„) defined by 
(Ax„) = (x„ — x„+i) for all n G N and some relations between these spaces for ex¬ 
ample Co(A) C c(A) C loo{^) were obtained. In Et and Qolak’s paper [11] Kizmaz’s 
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results generalized for A™ sequences such that, 

co(A’”) = {x = {xn) : A""x G cq} 

c(A’") = {x = (xn) : A™a; G c} 

;oo(A™) = {x = (Xn) ■■ A"^x e loc,} 

where m G N and A’^x = (A"*a;„) = (A"^~^x„ — A’^~^x„+i) i.e. 

m 

A^Xn = X) They proved that these spaces are Banach spaces with 

0 

the norm 

m 

IMlA = Ekd + l!A™x|U. 

Following these definitions, Et [12], Et and ^olak [11], Et and Bagarir [13], 
Aydin and Ba§ar [2], Bekta§ et. al. [3], Et and E§i [14], Sava§ [31] and many others 
searched various properties of this concept. Et and Nuray [15] have introduced the 
A"*—statistical convergence and the set of all A™—statistical convergent sequences 
was denoted by S'(A’"). Following this study, Gtimilg and Nuray [19] have extended 
A"*—statistical convergence to A™—ideal convergence. 

Definition 1.9. ([19]) Let I C 2^ 6e a non-trivial ideal in N. The sequence x = 
(xn) of real numbers is said to be AT—convergent to a; G ffi if for each £ > 0 the set 

{n G N : \Axn — x\> e} & I. 

The space of all AT—convergent sequences is denoted by cx(A). 

Before we get to the part where our main results are, we would like to give 
some expressions that have already been proved before about X—convergence and 
AX—convergence, without moving away from our aim. At the same time it will be 
interesting to move these expressions to X—statistical convergence. 

Proposition 1.1. LetT C 2^ be an ideal mN and (Ax„) be a real sequence. Then 

c(A) C ci(A). 


Note that the inverse of this proposition is not generally true as can be seen from 
the following example. 


Example 1.3. For the difference sequence Ax — (Ax„) 
X G cXd(A) but X c(A). 


1, n is square 
0, n is not square ’ 


Definition 1.10. Let X be an ideal in N. // {n + 1 : n G N} G X for any A G T, 
then X is said to be a translation invariant ideal. 


Corollary 1.1. IfT is translation invariant and (a;„) G cj then (a:„+i) G cj . 
Example 1.4. X^ is a translation invariant ideal. 

Proposition 1.2. //X C 2^ is an admissible translation invariant ideal then cx C 
cx(A). 
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2. Main Results 

In this section, we define AX—statistical convergent and AX—statistically pre- 
Cauchy sequences and we give some inclusion theorems. 

Definition 2.1. A sequence x = (x„) is said to be AX—statistically convergent to 
L provided that 

€ N : — \{k < n : \Axk — L\ > e}| > (jj’ G X. 

In our paper, the set of all AX—statistically convergent sequences will be denoted 
by S'i(A). 

Now, lets evaluate this new definition for the Xf ideal in the example mentioned 
above. 

Example 2.1. For the idealX = Xf, Sxf{A) = S{A). 

Definition 2.2. A sequence x = {xn) is said to be AX—statistically pre-Cauchy if, 
for any £ > 0 and S > 0, 

|n G N : ^ |{(j, k) : \ Axk - Axj \ > e, j, A: < n}| > G X. 

Theorem 2.1. An AX—statistically convergent sequence is AX— statistically pre- 
Cauchy. 

Proof. Let x = {xn) be AX—statistically convergent to L. Let £ > 0 and d > 0 be 
given. We know that 

Yl=-|nGN: —||fc<n: \Axk — X|>-||>(5|’GX. 

Then for all n € A^^ where c stands for the complement, 

— Ilfc < n : \Axk — X| > -|| < i5 i.e. — IIA: < n : \Axk — X|<-||>1 — (5. 
nit 2JI nit 2JI 

Writing = {k < n : \ Axk — X| < |} we observe that for j, k G i3„, 

\Axk - Axj\ < \Axk - X| -I- \Axj - X| < I -I-1 = £. 

Hence Bn ^ Bn C {(j, k) : \Axk — Axj\ < e, j, k < n} which implies 

< \\{ij,k) : \Axk - Axj\< s, j,k<n}\. 

n j 

Thus for all n G 

: \Axk - Axj\ < s, j,k<n}\> > (1 - 5)^ 

i.e. 

^ \{{j,k) : \Axk - Axj\ > e, j,k < n}| < 1 - (1 - (5)^. 

Let (5i > 0 be given. Choosing 6 > 0 so that 1 — (1 — 5)^ < we see that Vn G 

A - Axj\ > £, j,k < n}\ < 
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and so 


G N : ^ \{{j,k) : \Axk - Axj\ > e, j,k < n}| > (5i ^ C A. 


Since A Gl, we have the proof. 


□ 


Theorem 2.2. Let x = (xn) be a sequence and M be Orlicz function. Then x is 
AX—statistically pre-Cauchy if and only if 


1 V- ,J\^^k-Axj 


X - lim — X) ^ \ 

" k,j<n \ 


= 0 for some p > 0. 


Proof. First suppose that X — lim„ ^ Yl, ^ _ g some p > 0. 


For each £ > 0 and n G N we have 


k,j<n 


M ^ |Aa:fc-Aa:j | ^ 


k,j<n 


> 


^ j^f \Ax^-Accp \ 

" k,j<n \ P J 

\Axk-Axj\<e 

iX E m( 

k,j<n ' 

I Aa^fc —AtCj |>£ 

— ( \Axk-Axj\ 

^ \ p 


|AtCfe-Aa;j| 


) 


k,j<n 
I Axfc —AtCj |>£ 


> AI{s) {:^\{{j,k) : \Axk - Axj\> s, j,k<n}\) 

Then for any (5 > 0, 

{n G N : ^ \{{j,k) : \Axk - Axj\ > e, j,k < n}\ > 5} 

CnGN:;^ E > 6M{e) 

k,j<n \ P J 
Thus X is ZXX—statistically pre-Cauchy. 

Now conversely assume that x is AX—statistically pre-Cauchy and e > 0 be 
given. Let ry > 0 be such that Mfq) < |. Since Orlicz function is bounded, there 
exists an integer B such that M{x) < ^ for all x > 0. Then for each n G N, 


1_ JVf /"lAAnAGil'l = dj ^ 
k,j<n \ P J " t, \ P J 


k,j<n 
I Axfc —AtCj |<?7 




k^jKn 
I Ax/e —AtCj |>?7 


< M{p) + ^ E 


k-,3 

I AtCfc —AtCj |>?7 


- ^ + Y :\Axk- Axj\>r], j,k<n}\) 
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Since x is AX—statistically pre-Cauchy, for 5 > 0, 

A = |n G N : ^ \{{j,k) : \ Axk - Axj \ > 77 , j,k <n}\> 6} G I. 


Then for n G A'^, 
1 


^ - Axjl > ? 7 , j,k < n}| < (5 


and so 


E M 


^ k,i<r 


jAxfc — Axj 


< - ^ - 5. 

“2 2 


Let (5i > 0 be given. Then choosing e, (5 > 0 such that ^ < Si we see that 


for each n G A‘^, 


i? S "v 


f\Axk - Axj 


i.e. 


GN: ^ E M 


^ k,j<r. 


\Axk — Axj 


<(5i 


> Si} c AgI. 


□ 


Theorem 2.3. Let x = (a;„) be a sequence and M be Orlicz function. Then x is 
AX—statistically convergent to L if and only if 

X — lim — E ^ I _ Q some p > 0. 

" V P J 

Proof. Suppose that X — lim„ ^ E / |Aa;fc-L| \ _ q some p > 0 . We have, 

k=l \ P J 

- ^ M ( IAGLaC'I = 1 ^ M f |Aa;fc-L| \ y ^ ^ / |Aa:fc-L| \ 

^ k—i \ ^ J ^ k—1 V ^ ^ k—1 \ ^ J 

\Axk-L\<€ \Axk-L\>e 

> M{s)k\{k<n:\Axk-L\>e}\. 

Then for any <5 > 0, 

{n gN : ^\{k <n : \Axk - X| > £}| > <5} C |n G N : ^ E ^ ^ M{e).S 

Due to the statement we accepted at the beginning of the theorem, right hand 

side belongs to the ideal. As we know from the second expression of ideal, left hand 
side is also in ideal and this proves the theorem. 

Since the second part of the theory is very similar to the second part of the 
previous theorem, we can easily prove. □ 
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On invariance and solutions of some fifth-order rational recursive sequences 


M. Folly-Gbetoula * and D. Nyirenda 


Abstract 

We study the fifth-order difference equations of the form 


^n+1 


Xn—A^n—2 


^n—l(^n “1“ bfiXn—AXn— 2 ) 


,n = 


where and bn are real sequences, using the method of Lie group analysis. In par¬ 
ticular, nontrivial vector fields associated with the group of point transformations are 
derived and exact solutions obtained. Closed form formulas for the solutions to the 
recursive sequences are given explicitly. This work is a generalization of a result by 
Elsayed [E. M. Elsayed, Behavior and expression of the solutions of some rational dif¬ 
ference equations, J. Computational Analysis and Applications, 15(1) (2013), 73-81]. 


Keywords; Difference equation; Symmetry; Reduction; Group invariant; Periodicity 
Mathematics Subjet Classification: 39A10; 39A13; 39A90 


1 Introduction 


Over a century ago, Sophus Lie [7] developed an algorithm based on the invariance of the 
ordinary differential equations under their symmetry group. Maeda [8, 9] observed that the 
Lie Symmetry approach can be applied to ordinary difference equations. Recently, Hydon 
[3] utilized a similar method to come up with some interest-provoking results. It is now a 
foregone conclusion that Lie’s method can be used to hnd symmetries and conservation laws 
of recursive sequences, even in the context of variational equations. 

In this paper, we obtain the vector helds of 


^n+1 


^n—A^n—2 


&ri^n—4^72—2) 


( 1 ) 


where an and bn are random real sequences, and then proceed to hnd the solutions in closed 
form. Our work extends the work by Elsayed [1], where the formulas of the solutions of the 
difference equations 


^n+l 


Xfi—4^n—2 


Xji—i(^ii ih Xji—4Xyi—2) 


n = 0, 1 ,..., 


( 2 ) 


in which the initial conditions a;_ 4 , X- 3 , X- 2 ,X-i, xq are arbitrary non-zero real numbers, were 
obtained. 

For related work, see [2, 4, 10]. 
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1 School of Mathematics, University of the Witwatersrand, Johannesburg, X3, Wits 2050, South Africa 
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1.1 Background on Lie analysis 


In this section, we briefly discuss some key ideas on Lie group analysis of difference equations. 
For a broader comprehension of the concepts, refer to [3, 11]. The definitions and notation 
are taken from the same source [3, 11]. 

Let 

X* = X{x;e) (3) 

be a one parameter Lie group of transformations. 

Definition 1.1 An infinitely differentiable funetion F is an invariant funetion of the Lie 
group of point transformation (3) if and only if, for any group transformations, 

F{x) = F{x*). (4) 

Definition 1.2 The infinitesimal generator of the one-parameter Lie group of point trans¬ 
formation (3) is the operator 

d 


X = Xix)=ax)xA = J2^^ 


X] 


i=l 


dxi ’ 


(5) 


where A is the gradient operator. 

Theorem 1.1 F{x) is invariant under the Lie group of transformations (3) if and only if 

XF{x) = 0. (6) 

Consider the forward fifth-order recursive sequence 

^n+5 *h(n, Uji, ■ ■ ■ , Ttjj_|_4) (7) 

for some smooth function $. Suppose the one-parameter Lie group of point transformations 
is of the form 

n* =n, u^^/, = Un+k + £'S^Hn,Un)+)(e^), k = 0,...,5, (8) 

where f denotes the characteristic, c (c is small enough) is the group parameter and S : n ^ 
n -|- 1 is the shift forward operator. The symmetry condition is given by 

<+5 = <,•••, <+ 4 ), (9) 

whenever (7) is true. The substitution of (8) in (9) yields the linearized symmetry condition: 

Wn) - X4> = 0 (10) 

where X, the vector fields of (7), is given by 


d d d 

X =^(n,M„)--h^(n-l- l,M„+i)--^-h^(n-h4,M„+4)--. 

OUn OUn+l OUn+A 

Despite the fact that (10) looks simple, its solution finding process is highly involving. 
In our work, we will use the canonical coordinate [5] 

du„ 


( 11 ) 


s„ = 




( 12 ) 


to lower the order of the difference equation under investigation. 
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2 Main results 


Let 


Un+5 = 


^n^nH-2 

^n+3("^n 


(13) 


where An and Bn are random real sequences, be the forward recursive equation equivalent 
to (2). 

Substituting (13) in (10), we have that 




UnUn+ 2 {S ^0 


AnUn{S^) 


An'Un+ 2 ^ 


U. 


'n+3 


i^An “h BnUnUn+2) Un+3^An ~\~ BnUnUn+2^ ^n+Z^An BnUnUn+2') 


0 . 

(14) 


We act the differential operator 


^ ^ d _ 

dtifi *9'U^_I_3 

to eliminate the hrst term in (14). This leads to 

{An + BnUnUn+ 2 ) ~ + BnUn{S^) — {An + BnUnUn+ 2 )^' H ^ = 0 (15) 

after simplihcation. The differentiation of (15) with respect to Un twice, keeping Un+z hxed, 
yields 


- (A ^++^?=0. 


Un ~ Ur'^ 


(16) 


Split (16) by comparing powers of Mn+ 2 ; we have 


I Un +2 term : _ ^^^ 2 ^( 2 ) + 2 uni' - 2^ = 0, 

1 other terms : = 0. 

Equations in (17) further simplify to 

Un^i^^'> - 2 Uni' + 2^ = 0. 

It is clear that the solution of (16) is 

•C ^n) fn^n H“ Qn^n 


(17) 


(18) 

(19) 


for some arbitrary functions /„ and Qn of n. Using characteristic’s expression as given in 
(19), we reduce equation (14) to the following difference equation 

Bn9n+Z^n^n+2^n+Z T Bn{fn+3 T /'n+5)^n^n+2^n+3 AnQn^n^n+Z T 9n+A^'nAn+2 

An{fn T fn+2 T fn+Z T fn+5^^n+Z ^n(/n+l^n+2^n+3 T An9n+Z^n+Z 0- (20) 
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which then splits into a system (by comparing products of powers of shifts of Un) as follows: 


Un+Z terms : /„ + fn +2 + fn+Z + /n+5 = 0 (21a) 

UnUn +2 terms : Qn+z = 0 (21b) 

UnUn+z terms : = 0 (21c) 

UnUn+2Un+Z tcrmS : fn+Z + fn+5 = 0 (21d) 

UnUn+ 2 Un+z^ tcrms : Qn+z = 0 (21e) 

Un+2Un+z tcrms : Qn+l = 0 (21f) 

Un+z^ terms : Qn+z = 0 . (21g) 

Thus, the ‘dual constraint’ is given by: 

fn + fn+2 = 0, (22a) 

Qn = 0. (22b) 


Solving (22) for /, we obtain two independent solutions given by exp(±n7r/2). Therefore, 
the characteristics are 


=Q^Un, 6 = (23) 

and so the prolonged infinitesimal generators admitted by (13) are 

^ '^ndufi ^ '^n^ldun-\-i "b ^ '^n-\- 2 dunJ ^2 ^ ^ , (24a) 


X 2 =a^Undu^ + a^^^Un+ldu„+, + a”+^Mn+2'9«„+2 + a^^^Un+zdur,+3 + 


•^lin+4 • 


(24b) 


Observe that a = exp{in/2) and a is its complex conjugate. Using the generator Xi, we 
have the canonical coordinate 




du^i 1 - I I 

= — In kin . 


a^Un 


(25) 


Thanks to the form of (22), the invariant function Vn is constructed as follows 

K = + Sn+ 2 a^^^ (26) 


since XiVn = a"' + = 0 and X 2 U„ = «"■ + = 0. For rational difference equations, 

it is convenience to use 


IKI = exp{-Un}, (27) 

i.e., Vn = -2 l. 1 /{unUn+ 2 ) but we will be using the one with plus sign: 14 = l/'Wn'Wn+ 2 - We 
then substitute (27) into equation (13) to get the third-order linear difference equation 

14+3 = AnVn + Bn- (28) 
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The iteration of equation (28) leads to 


n—1 


n—1 


n—1 




3n+j 


= ( n 

^fci=0 


( -Bsi+i Mk2+j I , j - 0,1, 2. 

1=0 V k2=l+l 


(29) 


Invoking (25), (26) and (27), we have that 

\Un\ =exp {anSn) 


^ n—1 ^ n—1 

= exp j q;"-Ci + q;”c2 - x a^oi^^Vki “ x 


ki =0 

n—1 


k 2=0 


n—1 


= exp CK^Ci + q;”c 2 + ^ ln|^fcil + x5^«" In 117 


k 2 \ 


ki =0 


k 2=0 


n—1 


= exp I y^Re( 7 (n,/ci))ln|VfcJ J, 

V fci=0 / 

in which Hn = a"'Ci + q;"'C 2 and 7 (n, k) = a^a^. 

It is worthwhile to mention that the function 7 satisfies the following: 

7(0,1) = d, 7(1, 0) = a, 7(n, n) = 1,7(n + 2, /c) = -7(n, /c), 

7(n, /c + 2) = —''yin, /c), 7(4n, /c) = 7(0, /c), 7(n, 4A;) = 7(n, 0). 

From the expression of Un given in (30) and from the above properties (31), note that 

( 4n+j —1 

^3 + ^ 1 )) I 

A:i=0 

For j = 0, we have 

\u4n\ ^exp(i/o + In |Vb| - ln|V 2 | + . . . + ln|V:i„_ 4 | - ln|V4„_2l) 


(30) 


(31) 


(32) 


n—1 


= ex 


:p(i^o) n 


s=0 


17 


4s 


17 


4s+2 


(33) 


By setting n = 0 in (30), we get exp(i7o) = uo and so 


n—1 


^4n 


“»n 


v. 


45 




(34) 


We have omitted the absolute function because it can be shown, using (27), that there is no 
need for it. In a similar way, we have that 


^4nH-jf — 


n—1 

n 


14 


4s+j 


To ^4s+i+2 


, for any J = 0,1,2,3. 


(35) 
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This equation implies that 


^ 12 n-\-j 


= Uj 


= Un 


3n—1 


n 

s=0 


yAs+j +2 


n—l 


n 

s=0 


yi 2 s+j 

hl2s+j+2 


yi 2 s+A+j yi 2 s+j+% 
yi2s+j+6 yi2s+j+10 


which now holds for j = 0,1, 2,..., 11. 
For j = 0, we have 


Ul2n 


n—l 


“«n 

s=0 


Fi2s Fi2s+4 Fi2s+8 
hl2s+2 hi2s+6 Fl2s+10 


(36) 


Using (29) in (36), we have that 


n—l 

^12^ = Uq 


45—1 4s—1 4s—1 

fd) n ^3fci + X) n ^3fc2 

ki =0 1=0 k 2 =l+l 


4s 4s 

Ui n ^3fci+i + ^ -Bsi+i 
A:i=0 1=0 


As 

n ^3fc2+i 

^2=^+1 


4s—1 4s—1 4s—1 4s+l 4s+l 4s+l 

U2 n ^ 3 fci +2 + X) -S3Z+2 n ^3fc2+2 Uo ri ^ b^i h 

ki=0 1=0 k2=l-\-l ki=0 1=0 k2=l-Al 

4s+l 4s+l / 4s+l 

U2 n ^ 3 A:i +2 + X) ( B31+2 n ^ 3 fc 2+2 

fci=0 1=0 \ /c2=Z+l 


X 


4s+2 4s+2 / 4s+2 

hi n ^3A:i + l + ^ ( -B 3 Z+I 11 ^3Zc2+1 

fci=0 /=0 \ k2=l-\-l 


— Uq 


n—l 

n 

s=0 


4s—1 4s—1 4s—1 4s 4s 4s 

n ^3fci+ U0U2 B31 n A3k2 n ^3zci+i+ uiu^ b^i+i n a, 

;i=0 Z=0 /c2=Z+l Zci=0 1=0 k2=l-\-i 


ki=0 


^3k2+l 


4s-1 


:S —1 ^s—± 4s—1 

n ^ 3 Zci +2 + U2U4 B31+2 n ^ 3 Zc 2+2 
fcl=0 / = 0 fc2=/ + l 

iS+l 4s+l / 4s+l 

n ^3fci+2+ U2U4 ( B31+2 n ^ 

. _n 7 _r\\ 7_7ii 


4s+l 4s+l 4s+l 

n ^3fci+ U0U2 B31 n A3k2 

1=0 k 2 =l-\-l 


X 


4s+l 

n 

Zci=0 


1=0 


fc2=Z+l 


Zci=0 
3/c2+2 


4s+2 4s+2 / 4s+2 

n ^3fci+i+ U1U3 (-S3Z+1 n ^ 

Zsi=n ^ 7 --7 11 


i3Zc2 + l 
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Hence Xi 2 n-i is equal to 

4s—1 4s—1 4s—1 4s 4s 4s 

n-l n + X-/iX-2 Yh ^3Z 11 ®3fc2 11 03fci+l + aZ-sX-i X] ^3Z+1 11 ®3fc2+l 

A:i=0 Z=0 A:2=Z+1 fci=0 Z=0 fc2=Z+l 


X 


-4 


n 


4s-1 

4s-l 

4s—1 


4s+l 4sH-l 

n ®3fci-i-2 + a:_2a:o 

Y hl+2 

n 

(l3k2+2 

n 03fci + a;_4a;_2 E b-. 

A:i=0 

1=0 

A:2=Z-I-1 


ki=0 1=0 

4S-I-1 

4S-I-1 

/ 

4s+l 

\ 

n ®3fci-|-2 + X. 

-23^0 E 1 

b3l+2 

n 

(^3k2+2 

ki=0 

\/ 

Z=0 

\ 

fc2=Z+l 

) 


4s+l 


fc2=Z+l 


X 


4s+2 4s+2 / 4s+2 

n ®3fci+i+az-sx-i Y ( ^ 31+1 n ®3fc2+i 

A:i=0 Z=0 \ fc2=Z+l 


For j = 1, we have 


4s 


n-l n ^3fci + l + Y ^ 31+1 n ^3A:2 + 1 ^2 H ^3fci+2 + Y ^ 31+2 H ^3A:2+2 

n fci=0 /=0 fc2=Z+l fci=0 Z=0 fc2=Z+l 


X 


V^O fi ^3., + YB 3 I fi ^3.2 

ki=0 1=0 k2=l-hl 

4s+2 4s+2 4s+2 

il) n ^ 3 fci + Y ^31 n ^ 3 A :2 

/ci=0 / = 0 fc2=/ + l 

4s+2 4s+2 4s+2 

Y n ^3fci+2 + Y B31+2 n ^3fc2+2 

ki=0 1=0 k2=l-\-l 


4s+l 4s+l 4s+l 

hi n ^3fci+i + Y -S3/+1 n ^3fc2+i 

ki=0 1=0 k2=l-\-l 


so that a;i 2 n -3 is equal to 

n-l 

2^-3 n 


4s—1 4s—1 4s—1 4s 4s 4s 

-1 n ®3fci+l + aZ-sX-i Y ^31+1 n ®3fc2+l n ®3fci+2 + X_2X0 Y ^31+2 11 ^3A:2+2 

ki=0 1=0 k2=l+l ki=0 1=0 k2=l+l 


X 


4s 4s 4s 

^=0 ]4 Uafei + a;_4a;_2 Y ^3i 11 ®3fc2 

fci=0 /=0 k2=l-\-l 

4s+2 4s+2 4s+2 

n asfci + a;_4a;_2 E hi H a-3k2 

Ali=0 / = 0 /C2=/ + l 


4s+l 4s+l 4s+l 

n ^3fci+i + az-sX-i Y hi+i n ®3fc2+i 


A:i=0 


1=0 


k 2 =l+l 


4s+2 4s+2 4s+2 

n ®3fci+2 + X- 2 X 0 Y hl+2 n ®3fc2+2 
ki=0 1=0 k2=l-\-l 


For j = 2, we have 


4s—1 4s—1 4s—1 

n-l ^2 n ^3fci+2 + Y B31+2 n ^3A:2+2 

n fci=0 Z=0 fc2=Z+l 

S = l 


4s+l 

ho n ^3ki 

ki=0 


4s+l 4s+l 

Y B31 n ^3k2 
1=0 k2=l-\-l 


X 


4s 4s 4s 4s~l“l 4s~hl 4s~l“l 

=0 Vi n ^3fci+i + Y B31+1 n ^3fc2+i h2 n ^3fci+2 + y B31+2 n ^3fc2+2 

fci=0 /=0 k2=l-\-l ki=0 1=0 k2=l-\-l 

4s+2 4s+2 4s+2 

hi n ^3fci+i + Y b^i+2 n ^3fc2+i 

/ci=0 /=0 k2=l-\-l 

4sH-3 4s+3 4s+3 

ho n ^ 3 fci + Y B3I n ^3A:2 

ki=0 1=0 k2=l+l 
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SO that 


4s—1 4s—1 4s—1 4s+l 4sH-l 4s+l 

n-1 n ®3fci+2 + X-2XQ h^l+2 H ®3fc2+2 H ®3fci + X-4X-2 Y ^31 H ®3fc2 

n A:i=0 1=0 k2=l+l ki=0 1=0 k2=l+l 

4s 4s 4s+l 4s+l 4s+l 

^=0 ]4 doki + l + X_2,X_i Y boi+1 n ®3fc2+l n ®3A:i+2 + X_2Xo Y ^31+2 11 ®3fc2+2 


X 


fci=0 ^=0 /c2=/+l fci=0 

4s+2 4s+2 4s+2 

n ®3fci + l + X-^X-i Y bzi+2 n ®3A:2+1 
^1=0 / = 0 /C2=/ + l 

4s+3 4s+3 4s+3 

n asfci + X-iX -2 Y hi n 0-3k2 

fcl=0 /=0 ^2=^+1 


^=0 ^2=^+1 


Following similar substitutions as above where Ui = Xi _4 and Vi = ^ we deduce that 

for xi 2 n+j -4 with j = 3,4, 5,..., 11; 


a^l2n-l — 

4s 4s 4s 4s+l 4s+l 4s+l 

n-1 Yl (^3kr+X-4X-2Yhl n ®3fc2 n ®3fci+l + X-sX-i Y hl+1 n ®3fc2+l 

n A:i=0 1=0 k2=l+l ki=0 1=0 k2=l+l 

^s 4s is 4s+2 4s+2 4s+2 

]4 Cl3ki+2 + X- 2 Xq Y hl+2 11 ®3fc2+2 11 ®3fci + X- 4 X -2 Y hi 11 ®3fc2 


X 


/ci=0 / = 0 /C2=^ + l 

4s+2 4s+2 4s+2 

n ®3fci+2 + X-2X0 Y hl+2 n ®3fc2+2 
ki=0 1=0 k2=l-\-l 

4s+3 4sH-3 4s+3 ' 

n ®3fci+i+ X- 3 X- 1 Y hi+i n ®3fc2+i 

ki=0 1=0 k2=l+i 


ki=0 


1=0 k2=l+l 


Xl2n — 

4s 4s 4s 4s+l 4sH-l 4s+l 

n-1 n ®3fci+l + X-3X-I Y hl+1 n ®3fc2+l n ®3fci+2 + X-2XQ Y hl+2 11 ®3fc2+2 

n fcl=0 1=0 k2=l+l ki=0 1=0 k2=l+l 

4s+l 4s+l 4s+l 4s+2 4s+2 4s+2 

n asfci + X-4X-2 Y hi n ®3fc2 n ®3fci+i+ X-3X-1 Y hl+1 n ®3fc2+i 

^ 1=0 /=0 ^ 2 =^ + 1 / ci =0 /=0 ^ 2=^+1 

4s+3 4s+3 4s+3 

n a3fci+ X- 4 X -2 Y hi n 0‘3k2 

fcl=0 1=0 k2=l+l 


X 


4s+3 4s+3 4s+3 ’ 

n ®3fci+2 + X-2X0 Y hl+2 n ®3A:2+2 
ki=0 1=0 ^2—^+1 
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Xl2n+1 — 

As As As 4s+2 4sH-2 45+2 

n-l n ®3fci+2 + X- 2 X 0 X] ^3/+2 n ®3fc2+2 11 ®3fci + X-iX-2 Yh ^31 H ®3fc2 

n A:i=0 1=0 k 2 =l+l ki=0 1=0 k 2 =l+l 

4s+l 4s+l 4s+l 4s+2 4s+2 4s+2 

^=0 n ®3A:i + l + X- 3 X -1 Y ^3Z+1 n ®3fc2+l 11 ®3A:i+2 + X- 2 Xq Y ^31+2 11 ®3fc2+2 


2^2 


n 


Zci=0 

1=0 

/C2—/ + 1 

fci=0 

1=0 

k 2 =l + l 

4s+3 

4S-I-3 

45+3 




n ®3Zci+l + X- 3 X 

-1 Y hl+l n ®3Zc2-L1 



ki =0 

Z=0 

Zc2=Z-l-l 




^ 4s+4: 

4s+4 

45+4 




n a3fci + X- 4 X -2 Y b 

31 n ®3fc2 




ki =0 

1=0 

fc2=Z+l 




4s+l 

4S-I-1 

4s-|-l 

45+2 

4s+2 

45+2 

n ®3Zci + X- 4 X- 

■2 Y hi 

n ®3fc2 

n ®3fci-i-i + X- 3 X -1 

Y hi+i n ®3fc2-Li 

ki =0 

1=0 

^2=^ + 1 

ki =0 

1=0 

^2=^ + 1 

4s+l 

4s+l 

4s-Ll 

4s+3 

4S-I-3 

4S-I-3 

n ®3Zci-|-2 + X- 2 X 0 

Y hl +2 

n ®3fc2-l-2 

n ®3Zci + X- 4 X- 

2 Y hi 

n ®3zc2 

ki =0 

1=0 

Zs2=Z-l-l 

k \=0 

1=0 

k 2 =l+l 

4s+3 

4S-I-3 

4S-I-3 





n ®3fci+2 + X- 2 X 0 Y ^31+2 n '^3k' 


+2 


X 


ki=0 

/ 

Z=0 

/C2—/+1 

45+4 

45+4 

45+4 


n ®3A:i+l + X-sX-i Y ^3Z+1 H ®3Zc2+l 
ki=0 1=0 /c2=/+l 


2Zl2n+3 = 

4s+l 4s+l 4s+l 4s+2 4s+2 4s+2 

n-l n ®3fci+l + X- 3 X -1 Y ^3Z+1 n ®3Zc2 + 1 11 ®3Zci+2 + X- 2 X 0 Y ^31+2 11 ®3fc2+2 


X 3 


n 


Zci=0 


1=0 


fc2=Z+l 


fci=0 


1=0 


fc 2 =z+l 


4s+2 4s+2 4s+2 4s+3 4s+3 4s+3 

n osfci+ x-ix -2 Y hi n ®3fc2 n ®3fci + l + X- 3 X -1 Y hl+1 n ®3 Zc2+1 

^1=0 /=0 ^2=^+1 / ci =0 /=0 k2 = l-\-l 

45+4 4s+4 45+4 

n a3fci+ X- 4 X -2 Y hi n 03 Zc2 

fci=0 / = 0 /C2=/ + l 


X 


45+4 45+4 45+4 ' 

n ®3fci+2 + X- 2 X 0 Y hl +2 n ®3fc2+2 

ki=0 1=0 ^2=^+1 
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^12n+4 

4s+l 4s+l 4s+l 4s+3 4s+3 4s+3 

n-1 n ®3fci+2 + X- 2 X 0 X] bsi+2 n ®3A:2+2 11 ®3fci + X-iX-2 Yh ^31 H ®3fc2 

n fcl=0 1=0 k 2 =l+l ki =0 1=0 k 2 =l+l 

4s+2 4s+2 4s+2 51+3 51+3 55+3 

^=0 n ®3A:i + l + X- 3 X -1 Y ^3Z+1 n ®3fc2+l 11 ®3A:i+2 + X- 2 Xq Y ^31+2 11 ®3fc2+2 


15 n 


^1=0 

/=o 

k 2 —^+1 

fcl=0 

1=0 

k 2 =l + l 

45+4 

4s+4 

45+4 




n ®3fci+i + X- 3 X 

-1 Y hi+i n ®3fc2+i 



ki =0 

Z=0 

A:2=Z+1 




^ 4s+5 

4s+5 

4s+5 




n a3fci + X- 4 X -2 Y b 

31 n ®3fc2 




ki =0 

1=0 

fc2=/+l 




4s+2 

4s+2 

4s+2 

45+3 

4s+3 

45+3 

n ®3A:i + X- 4 X- 

■2 Y hi 

n ®3fc2 

n ®3fci+i+ X- 3 X -1 

Y hl+l n «3fc2+l 

ki =0 

1=0 

^2=^ + 1 

ki =0 

1=0 

^2=^ + 1 

4s+2 

4s+2 

4s+2 

45+4 

4s+4 

45+4 

n ®3A:i+2 + X- 2 X 0 

Y hi+2 

n ®3fc2+2 

n ®3A:i + X- 4 X- 

2 Y hi 

n ®3fc2 

ki =0 

1=0 

fc2=Z+l 

k \=0 

1=0 

fc2=Z+l 

45+4 

45+4 

4s+4 





X 


n ®3fci+2 + X-2X0 Y ^ 31+2 n ®3A:2+2 
ki =0 1=0 k 2 =l-\-l 

45+5 45+5 45+5 ' 

n ®3A:i+l + X_3X_i Y hl+1 n ®3fc2+l 
ki =0 1=0 /c2=/+l 


^12n+6 

45+2 45+2 45+2 45+3 45+3 45+3 

n-1 n ®3fci+l + X- 3 X-I Y ^3Z+1 n ®3A:2 + 1 11 ®3A:i+2 + X- 2 X 0 Y ^31+2 11 ®3fc2+2 


Xq 


n 


A:i=0 


1=0 


k2=l+l 


fcl=0 


1=0 


k2=l+l 


4s+3 4s+3 4s+3 4s+4 4s+4 4s+4 

n 03^1+ x-ix -2 Y hi n ®3fc2 n ®3fci + l + X- 3 X -1 Y hl+l n ®3A:2+1 

^1=0 /=0 ^2=^+1 / ci =0 /=0 k2=l-\-l 

45+5 45+5 45+5 

n a3fci+ X- 4 X -2 Y hi n <^3k2 

ki =0 1=0 /c2=/+l 


X 


45+5 45+5 45+5 ' 

n ®3fci+2 + X- 2 X 0 Y hl +2 n ®3fc2+2 
ki =0 1=0 k 2 =l-\-l 
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Xl2n+7 — 


X7 


4s+2 4s+2 4s+2 

-1 n ®3fci+2 + X-2X0 X] bsi+2 n ®3A:2+2 
ki =0 1=0 k 2 =l-{-l 


n 


45+4 45+4 45+4 

n asfci + X-4X-2 E hi n 0 - 3 k 2 

ki =0 1=0 ^2=/+! 


45+3 45+3 45+3 45+4 45+4 45+4 

^=0 n ®3A:i + l + X-3X-1 E hl+l n ®3fc2+l n ^ 3 ^ 1+2 + X-2X0 E hl+2 n ®3fc2+2 

^1=0 /=0 k 2 =l-\-^ fci=0 /=0 k 2 =l-\-l 

45+5 45+5 45+5 

n ®3A:i+l + X-sX-i E hl+l n ®3fc2+l 
ki =0 1=0 /c2=/+l 


X 


z=o 

4s+6 45+6 45+6 

n a 3 fci+ X-4X-2 E hi n fl 3 fc 2 

ki =0 1=0 k 2 =l+l 


where xi,X 2 , X 3 , X 4 , x^, xq and xj are given as follows: 


Xl = 


X- 4 X -2 


X-i{ao + hoX-4X-2) 


, X2 = 


X- 3 X-I 


Xohi + biX-3X-i) 


, X3 = 


X-iXo{ao + boX-4X-2) 
X-4{a2 + b2X-2Xo) 


X 4 = 


X-4X-2Xo{ai + biX-sX-i) 


X 5 = 


X-3X-4{a2 + b2X-2Xo) 


X-3X-i{aoa3 + (6003 + b3)x-4X-2) ’ a;o(ao + &oa^-4a:-2)(aia4 + {bia4 + b4)x-3X-i) ’ 

X_3X_i{aoa3 + ( 60 % + b3)x_4X_2) 


Xq = 


and 


Xl = 


x_4{ai + biX_3X_i){ai,a2 + +05 + b^)x_2Xo) ’ 

X- 2 Xo{aQ + bQX-4X-2){aia4 + (6104 + b4)x-3X-i) 


X-3{a2 + b2X-2Xo){aQa3ao + (oeas^o + a-ebs + bQ)x-4X-2) 
We now turn our attention to special cases in the subsequent sections. 


3 The case and bn are 1-periodic 

Let ttn = a and bn = b, where a, 6 G M. We simply carry out a substitution and hnd the 
following solution: 



4s-1 

4s 

4S-I-1 

n—1 

+ bx_4X_2 E h 

^4s-|-l _|_ 1 )X_ 2 ,X _1 E h 

^4s-|-2 _|_ 1 )x_ 2 Xq E h 

. TT 

1=0 

1=0 

1=0 

411 

4s-1 

4s+l 

4s+2 ’ 

s=0 

+ bx-2Xo E h 

a4s+2 + bX-4X-2 E h 

q4s+3 _|_ l)X-3X-i E h 


1=0 

1=0 

1=0 


45 — 1 

As 

4s+2 

n—1 

-f bx-3X-i E h 

a4s+i + bx-2Xo E h 

a4s+3 + bX-4X-2 E h 

,17 

1=0 

1=0 

1=0 

3 11 

4s 

4s+l 

4s+2 

s=0 

a4s-|-l _|_ 1)X_^X_2 E h 

a4s+2 + bx_3X_i E h 

q4s-|-3 _|_ 1)x_2Xq E 


1=0 

1=0 

1=0 
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Xl2n-2 


Xl2n-1 


Xl 2 n — 


Xl2n+l 


Xl2n+2 


Xl2n+Z 


a^l2n+4 


12 n +5 



4s-l 

4S-I-1 

4s+2 

n—1 

+ bx_2Xo Y 

a4®+2 _|_ bx_4X_2 Y 

^4s+3 _|_ l,x_^x_i Y 

- r o TT 

1=11 

1=0 

Z=0 


45 

As+l 

4s+3 

s=0 

a4:s+i _|_ bx-sX-i Y ctf" 

a‘^s+2 _|_ bX-2XQ Y 

^4s+4 _|_ bX-4X-2 Y 


1=0 

/=0 

Z=0 


45 

4S-I-1 

4S-I-2 

n—1 

^4s-|-l _|_ 1)X_4X_2 Y 

a4^+2 _|_ bX-sX-i Y 

^4s-|-3 _|_ 1,x_2Xq Y 

- r 1 TT 

1=0 

1=0 

1=0 

a;-iXX 

45 

4:S + 2 

4s+3 

5 = 0 

q4s-|- 1 _|_ bX-2Xo Y 

a4^+3 + bX-4X-2 Y 

^4s+4 _|_ bX-zX-i Y 


1=0 

1=0 

Z=0 


45 

4s+l 

4S-I-3 

n—1 

4S-I-1 _|_ bX-sX-i Y 

a4^+2 _|_ bx_2Xo Y ® + bx_4X_2 Y “ 

Tn TT — 

z=o 

1=0 

1=0 

a^oXX 

4S-I-1 

4s+2 

4S-I-3 ’ 

«=o a^®+2 + bx-4X-2 X] + bx-^x-i a'- 

^4s+4 _|_ bX-2XQ Y 


/=0 

1=0 

Z=0 


45 

4s+2 

4S-I-3 

n—1 

^4s-|-l _|_ 1 )x^ 2 Xq Y 

^4s+3 _|_ l,x_4X-2 Y 

^4s-|-4 _|_ l)x_2,X-l Y 

- ri TT - 

/=0 

Z=0 

1=0 

ail XX 

4S-I-1 

4S-I-2 

4s+4 

«=o _|_ bx-sX-i Y 

a4^+3 + bx_2Xo Y 

q4s+1, _|_ bx_4X_2 Y 


Z=0 

1=0 

1=0 


4S-I-1 

4s+2 

4s+3 

n-l + bX-4X-2 Y “ 

^4s+3 _|_ l)x_^X-i Y 

a4®+4 _|_ bX-2Xo Y 

- To TT - 

Z=0 

Z=0 

1=0 

^2 XX 

4S-I-1 

4s+3 

4s+4 

s=0 

a^s+2 _|_ bx_2Xo Y 

^4s+4 _|_ bx_4X_2 Y 

(l4s+5 _|_ bX-sX-i Y 


Z=0 

Z=0 

1=0 


4S-I-1 

4S-I-2 

45-|-4 

n-l > 

a4®+2 _|_ bX-zX-i Y 

^4s+3 _|_ l)x_2Xo Y 

^4s-|-5 _j_ x_ 4X-2 Y 

- r, TT 

/=0 

Z=0 

Z=0 

- a^aXX 

4S-I-2 

4S-I-3 

4s+4 ’ 

5 = 0 , 

a4*+3 + bx_4X_2 Y 

a4^+4 + bx_3X_i Y 

a4®+5 + bx_2Xo Y 


z=o 

Z=0 

1=0 


4S-I-1 

4s+3 

45+4 

n—1 

^4s+2 _|_ 1 ,x_ 2 Xq Y 

^4s+4 _|_ l)x_4X-2 Y 

^4s-|-5 _|_ l,x_^X-i Y 

- r. TT - 

/=0 

Z=0 

1=0 

- 0:4 XX 

4S-I-2 

4S-I-3 

4s+5 

s=0 o4s-|-3 _|_ bX-sX-i Y 

^4s-|-4 _|_ bx_2Xo Y 

q4s+0 _|_ bx_4X_2 Y 


Z=0 

1=0 

1=0 


4S-I-2 

4s+3 

45 + 4 

n-l + bX-4X-2 Y 

^4s+4 _|_ l)x_sX-i Y 

a4®+5 _|_ bX-2Xo Y 

- x^Tl - 

Z=0 

Z=0 

1=0 

- X5 XX 

4S-I-2 

4s+4 

4s+5 

s=0 

a4s+3 _|_ bx_2XQ Y 

q4s+5 _|_ bx_4X_2 Y 

q4s+1, _|_ bx_2,X-l Y 


/=0 

Z=0 

1=0 
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4sH-2 45+3 45+5 

n-i + bx-sX-i o} + bx_2Xo + bx_4X_2 Y 1 

_i=o_i=0_ 1=0 

4s+3 4s+4 4s+5 ’ 

«=o + bx-^X-2 Y 1 + bx-sX-i Y 1 cb^ + bx-2Xo Y 1 

1=0 1=0 1=0 


45+2 45+4 45+5 

n-i + bx_2XQ Y 1 + bx_iX_2 Y 1 + bx^^x^i Y 1 

n l=0 1=0 1=0 

4s+3 4s+4 4s+6 ' 

s=o a^s+4 _|_ l)X-zX-i d + bx- 2 Xo Y + bx-4X-2 Y 

1=0 1=0 1=0 


where Xi, X 2 , x^, X 4 , x^, Xq, Xy are given by 


X-4X_2 


•^-3'^-l 


and 


^ a;_i(a + bx_j^x_2) ’ ^ Xo{a + bx^x^i) ’ ^ a;_4(a + bx_2Xo) ’ 

a;_4a;_2a;o(a + bx-^X-i) X-^X-^ia + bx-2Xo) 

— _____ — _____ 

X- 3 X-i{a'^ + {ab + b)x-iX- 2 ) ’ a;o(a + bx-^X- 2 ){a? + {ab + b)x-zX-i) ’ 

a;_3a;_i(a^ + (a6 + b)x_iX_2) 
a;_ 4 (a + bx_ 2 ,X-i){cfi + (a6 + b)x_ 2 Xo) 

X-2Xo(a + bx-iX-2){a^ + (a6 + b)x-3X-i) 

Xj — -. 

X-z{a + bx- 2 Xo){a^ + {a% + ab + b)x-iX- 2 ) 


3.1 The case a = 1 

The solution, which appears for b = ±1 in Theorems 1 and 6 of [1], is given by 

^ 1 + Asbx_iX _2 1 + (4s + l) 6 a;_ 3 a;_i 1 + (4s + 2 )bx_ 2 Xo 
xi 2 n -4 X -4 ^ ^ 4 s 6 a;_ 2 a;o 1 + (4s + 2 )bx_iX _2 1 + (4s + 3 ) 6 a;_ 3 a;_i ’ 


n ” ^ 1 + 4 s 6 a;_ 3 a;_i 1 + (4s + l)bx- 2 Xo 1 + (4s + 3 ) 6 a;_ 4 a ;_2 

1 + (4s + l) 6 a;_ 4 a ;_2 1 + (4s + 2)bx_^x_i 1 + (4s + 3 )bx_ 2 Xo 


n l + 4 s 6 a;_ 2 a;o 1 + (4s + 2 )bx- 4 X -2 1 + (4s + 3)bx-^x-i 

1 + (4s + l) 6 a;_ 3 a;_i 1 + (4s + 2 )bx- 2 Xo 1 + (4s + 4 ) 6 a;_ 4 a ;_2 ’ 

^ 1 + (4s + l) 6 a;_ 4 a ;_2 1 + (4s + 2 )bx- 3 X-i 1 + (4s + 3 )bx- 2 Xo 
Xi 2 n-i X-i ]^ _|_ _l_ i'ji)X- 2 Xo 1 + (4s + 3 )bx- 4 X -2 1 + (4s + 4 ) 6 a;_ 3 a;_i ’ 
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^ 1 + (4s + l)hx_^x_i 1 + (4s + 2)bx_2Xo 1 + (4s + 4)6a;_4a;_2 
Xi2n Xq _I_ _I_ 2)bx_iX_2 1 + (4s + 3)bx_3X_i 1 + (4s + 4:)bx_2Xo 


^ 1 + (4s + l)bx_ 2 Xo 1 + (4s + 3 )bx_ 4 X _2 1 + (4s + 4)6a;_3a;_i 
a^i2n+i xi _l_ _l_ 2 )bx- 3 X-i 1 + (4s + 3 )bx- 2 Xo 1 + (4s + 5 )bx- 4 X -2 ’ 


^ 1 + (4s + 2 )bx-iX -2 1 + (4s + 3 )bx- 3 X-i 1 + (4s + A)bx- 2 Xo 
a^i2n+2 X 2 ^-4^ _l_ 2 )bx- 2 Xo 1 + (4s + 4)6a;_4a;_2 1 + (4s + 5 )bx- 3 X-i ’ 


^ 1 + (4s + 2)bx-sX-i 1 + (4s + 3 )bx- 2 Xo 1 + (4s + 5 )bx- 4 X -2 
Xl2n+3 ^3 JJ_ ^4g _|_ ^'jl)x_^x _2 1 + (4s + 4 :)bx_ 3 X_i 1 + (4s + 5 )bx_ 2 Xo 


^ 1 + (4s + 2 )bx_ 2 Xo 1 + (4s + 4)6a;_4a;_2 1 + (4s + 3 )bx_ 2 ,X-i 
a^i2n+4 X 4 _l_ (^4^ _l_ ^'ji)x_^x_i 1 + (4s + 4 :)bx_ 2 Xo 1 + (4s + 6 )bx_ 4 X _2 ’ 


1 + (4s + 3 )bx- 4 X -2 1 + (4s + 4 )bx- 3 X-i 1 + (4s + 5 )bx- 2 Xo 
1 + (4s + 3 )bx- 2 Xo 1 + (4s + 5 )bx- 4 X -2 1 + (4s + 6 )bx- 3 X-i ’ 


^ 1 + (4s + 3)bx-sX-i 1 + (4s + 4 :)bx- 2 Xo 1 + (4s + 6 )bx- 4 X -2 
a^i2n+6 Xq JJ^ _I_ (-4^ _j_ 1 -|- (^4s -|- 5)6a;_3a;_i 1 + (4s + 6 )bx_ 2 Xo 


^ 1 + (4s + 3)bx_2Xo 1 + (4s + 5)bx_4X_2 1 + (4s + 6)bx_sx_i 
Xl2n+7 X 7 (^ 4 ^ _|_ 4'jl)x_^x_i 1 + (4s + 5)bx_2Xo 1 + (4s + 7)bx_4X_2 ’ 

where xi,X 2 ,X 3 ,X 4 ,X 5 ,xq,xy are given by 

X_4X_2 X_2,X-1 X_iXq{1 + bx_4X_2) 

X_i{l + bx_4X_2)' Xo{l + bx_ 2 .X-l)' X_4{1 + bx_ 2 Xo) 

_ a;_ 4 a;_ 2 a;o(l + bxsX-i) _ X-4X-3{1 + bx-2Xo) 

X- 3 X-i(l + 2bx-4X-2) ’ a;o(l + bx-4X-2){l + 2bx-3X-i) ’ 

^ _ X-3X-i{l + 2bX-4X-2) ^ _ X- 2 Xo{l + bx-4X-2){l + 2bX-3X-i) 

X-4{1 + bx- 3 X-i){l + 2bx-2Xo) X-3{1 + bx- 2 Xo){l + 3bX-4X-2) 
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3.2 The case a = —1 

The solution, which appears for 6 = ± in Theorems 3 and 8 of [1], is given by 


Xl2n-i — 2^-4, a^l2n-3 — 2^-3, a;i2n-2 — X-2, Xi2n-1 — X-i, Xi2n — Xq, 


Xl2n+l — 


X-iX_2 


+ bx_^x_2) 


, a;i2n+2 — 


X- 3 X -1 


a;o(-l + bx_3X_i) 


, a;i2n+3 — 


a;_ia;o(-l + bx_iX_2) 
a;_4(-l + bx_2Xo) 


_ X-4X-2Xo{-l + bX-sX-i) ^ _ X-4X-3{-l + bX-2Xo) 

Xl2n+4 ) Xi2n+5 7 7 j \ j 

X_3X_i Xo{-l + bx_4X_2) 

X- 3 X-I X- 2 X 0 


Xl2n+6 


a;_4(-l + bx_3X_i) 


? ^12nH-7 


a;_3(-l + bx_2XQy 


4 The case and are 3-periodic 


The 3-periodicity of the sequences yields the following solution: 




4s -1 

As 

4S-I-1 


n —1 

-h boX-4X-2 Y «0 

03 ®+^ -h 6 ia;_ 3 a;_i Y 

4®^^ -h b2X-2Xo Y 4 

2^12n-4 

=x-4n 

1=0 

z=o 

Z=0 

4s-1 

4S-I-1 

4s+2 ’ 



af -f b2X_2Xo Y ®2 

+ boX_4X_2 Y «o 

^4s-L3 l)^x_3X_i Y 4 



1=0 

z=o 

1=0 



4s-1 

45 

4s+2 


n—1 

biX-3X-i Y 

02 ^"^^ b2X-2Xo Y 0-2 

4^"^^ + boX-4X-2 Y 4 

2^12n-3 

= ^ all 

z=o 

1=0 

1=0 

4s 

4s+l 

4s+2 


5 = 0 

+ boX_4X_2 Y «o 

-h 6 ia;_ 3 a;_i Y o[ 

4®+^ + b2X_2Xo Y 4 



z=o 

1=0 

1=0 



4s-l 

4s+l 

4s+2 


n —1 

02 ® -h b2X-2Xo Y ®2 

+ boX-4X-2 Y «o 

4^“^^ + &ia;_ 3 a;_i X] 4 

a^l 2 n -2 

=i- 2 n 

1=0 

z=o 

1=0 

As 

4s+l 

4s+3 ' 


5=0 

0 ^®+^ -h 6 ia;_ 3 a;_i Y 

+ b2X_2Xo Y 4 

4^’^'^ + boX_4X_2 Y 4 



1=0 

z=o 

1=0 



As 

4S-I-1 

4s+2 


n —1 

+ boX-4X-2 Y «o 

of-h biX-3X-i Y o[ 

-h b2X-2Xo Y 4 

a^l 2 n-l 

=*-'11 

z=o 

1=0 

1=0 

45 

4s+2 

4s+3 ' 


s=0 

+ b2X-2Xo Y «2 

+ boX_4X_2 Y «o 

-h 6ia;_3a;_i Y 4 



1=0 

z=o 

1=0 



As 

4S-I-1 

4s+3 


n-1 + biX-3X-i Y, Ol 

4®^^ -h b2X-2Xo Y 4 ^ + bQX-4X-2 Y 4 

2'12n “ 

- TT_ 

1=0 

1=0 

1=0 

^oll 

4s+l 

4s+2 

4S-I-3 ’ 


-h boX_4X_2 Y ®o + ^ 12 ^- 32 ^-! Y 

4^“^^ + b2X-2XQ Y «2 



1=0 

z=o 

Z=0 
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Xl2n+l 


Xl2n+2 


a^l2n+3 


a^l2n+4 


2^12n+5 


^12n+6 


a^l2n+7 


where Xi, 



45 

+ boX. 

4s+2 

af+ 


4S-I-3 

n—1 

+ b2X_2Xo «2 

.4X_2 E «0 

bix^sx. 

-1 E «i 

X. TT 

/=0 


/=0 



1=0 

Xlll 

4S-I-1 

02 *’*’^ + b2X. 

4S-I-2 

a^®+^ + 


4s+4 

s=0 

03 ®+^ + biX-3X-i 

-2X0 E «2 

boX-4X- 

-2 E flo 


1=0 


1=0 



1=0 



4S-I-1 

4s-|-2 

4s+3 

n—1 

ao®+^ + bQX-AX-2 E «o 

ai®+^ + feix-sx-i E 

+ b2X-2Xo E «2 

X 2 Y 1 

1=0 

z=o 

«=0 

4s+l 

4S-I-3 

45-1-4 

s=0 

02®“^^ + b2X_2Xo E ®2 

+ boX_4X_2 E «0 

^4s+5 Jj^x_3X_i E ®i 


Z=0 

1=0 

1=0 


4S-I-1 

4s+2 

45-1-4 

n—1 

03®+^ + biX-3X-i E 

+ b2X-2Xo E «2 

+ &oa:-4a:-2 E «o 

2^3 n 

1=0 

1=0 

1=0 

4s+2 

4s+3 

45-|-4 

5=0 

+ boX_iX_2 E «o 

+ 6ia;_3a;_i E 

af + b2X_2Xo E 4 


1=0 

z=o 

1=0 


4s+l 

4S-I-3 

45-1-4 

n—1 

02®“^^ + b2X_2Xo E ®2 

+ boX_4X_2 E «0 

4®+^ + bix_3x_i E 4 

x^H 

/=0 

/=0 

1=0 

4S-I-2 

4S-I-3 

4s+5 

s=0 

03®+^ + biX-3X-i E 

02®“^^ + b2X-2Xo E «2 

4^^*^ + boX-4X-2 E 4 


1=0 

1=0 

1=0 


4s+2 

4s+3 

45-|-4 

n—1 

+ bQX_iX_2 E «0 

+ 6ia;_3a;_i E 

af + b2X_2Xo E 4 

3^5 n 

1=0 

z=o 

1=0 

4s+2 

4s-|-4 

4s+5 

s=0 

+ b2X-2Xo E «2 

+ boX-4X-2 E «o 

af+ 6ia;_3a;_i E 4 


z=o 

1=0 

1=0 




4 S-I -2 

4 S-I -3 

4 s -|-5 

n—1 

+ 6ia;_3a;_i E 4 

4*“^^ + b2X-2Xo E 4 

4^^® + boX- 4 X -2 E 4 

3^6 n 


1=0 

1=0 

1=0 

4 s-L 4 

Uq 

4 s +3 

4 s-l -4 

4 s +5 ' 

5 = 0 

+ boX_ 4 X _2 E 4 

^ 4 ®-L 5 ^ 

4®“^® + boX_2Xo E 4 



i =0 

z=o 

1=0 



4 S-I -2 

4 s-l -4 

4 s +5 

n —1 

4®^'^ + b2X-2Xo E 4 

4*"^^ + boX- 4 X -2 E 4 

4®“^® + ^ix-sx-i E 

*-n 


i =0 

1=0 

/=0 


4 s +3 

45 - 1-4 

4 s -|-6 

s =0 

+ 6ia;_3a;_i E 4 

4^“^^ + b2X-2Xo E «2 

4'"’^^ + E 4 



«=o 

/=0 

/=o 


a^2,2:3,0:4, Xs, Xq and x-j are given as follows: 
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Xi = 


X-/^X-2 


X-i{ao + hQX-iX- 2 ) ’ 


= 


X-^^X-i 


a;o(ai + hiX-^X-iY 


= 


X-iXo{ao + bQX-AX- 2 ) 
X-i{a2 + b2X-2Xo) 


X 4 = 


X_4X_2Xo{ai + biX_3X_i) 


X 5 = 


X_3X_4{a2 + b2X_2Xo) 


x_3X_i{al + {botto + bo)x_4X_2) ’ Xo{ao + boX_4X_2){al + {biai + bi)x_3X_i) ’ 

X_3X_4{al + {botto + bo)x_4X_2) 


X6 = 


and 


X 7 = 


x_4{ai + biX_3X_i){al + (6202 + b2)x_2Xo) ’ 

X-2XQ{ao + bQX-4X-2){a\ + (feiOi + bi)x-3X-i) 
X-3{a2 + b2X-2XQ){al + (agfeo + ao&o + bQ)x-4X-2) 


5 Conclusion 

In this paper, we derived symmetry generators for the difference equations (2) and explicit 
formulas for the solutions of the equations were also obtained. Our solution generalised 
Theorems 1, 3, 6 and 8 of Elsayed [1]. 
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Abstract 

In this paper we consider analytic functions in the unit disc D such that |/^^^(^)| is 
bounded in D. We present several sufficient conditions for function to be p-valent 
starlike, convex or strongly starlike of a certain order. 
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1 . Introduction 

A function / analytic in a domain ZJ G C is called p-valent in D, if for every complex number w, 
the equation f{z) = w has at most p roots in ZJ, so that there exists a complex number wo such that 
the equation f{z) = wq has exactly p roots in D. We denote by 7Z the class of functions f(z) which 
are holomorphic in the open unit unit D = {z G C : |z| < 1}. Denote by A(p), p G N = {1, 2,.. .}, 
the class of functions f{z) G ZZ given by 

OO 

f{z)=zP+ {zeB). 

n=p+l 

Let A = A.(l). Let S denote the class of all functions in A which are univalent. Also let S*{a) and 
Cp{a) be the subclasses of A{p) consisting of all p-valent functions which are starlike and convex of 
order a, 0 < a < 1, dehned as 

S*{a) = |/(z) G A(p) : me > a, z G d| , 

Cp{a) = {f{z) e A{p) : zf{z)/p e S*{a)} . 

Note that 5j"(0) = S* and Ci(0) = C, where S* and C are usual classes of starlike and convex functions 
respectively. 

The well-known Noshiro-Warschawski theorem says that if / G ZZ satishes 

(1.1) me{e*"/'(2)} > 0, (^gD) 

for some real a, then f{z) is univalent in D. Ozaki [5], generalized the above theorem for / G A{p): 
if 

(1.2) me {e^^f^^\z)} >0, {z e D) 

for some real a, then f{z) is at most p-valent in D. Also in [31 454] it was shown that if / G A{p), 
p >2, and 

(1.3) I aTg{f^P\z)}\ < — {z e D), 
then / is at most p-valent in D. 


The above results (1.1), (1.2) and (1.3) describe some consequences of a certain conditions on 
or I aTg{f^{z)}\. It is the purpose of this paper is to consider analytic functions with 
bounded modulus of a certain order of derivative, like \f”{z)\, and to present some implications of 
this hypothesis. 
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2. Main results 

A function f{z) is said to subordinate a function g Eli. m. the unit disc E, written / -< if 
and only if there exits an analytic function w eH such that t(;(0) = 0, |tc(2:)| < 1 and f{z) = g[w{z)] 
for z E E. Therefore f -< g m. E implies f{E) C g{E). In particular if g is univalent in E then f -< g 
if and only if /(O) = ^'(O) and f{E) C g{E). The idea of subordination was used for defining many 
of the classes of functions studied in geometric function theory. In [9] Tuneski proved the following 
theorem. 


Theorem 2.1. If f{z) G .4., 0 < fc < 1 


\f\z)\<k, (^GD), 


then 


zf\z) kz 

f{z) ^ 


2-k' 


(z E 


In [B] it was proved a weaker result 




implies that f{z) is univalent in D . Applying Theorem 2.1, Tuneski in [9] obtained the following 
corollaries. 


Corollary 2.2. 

If f{z) G 4., 0 < a < 1 and 



\f"U)\ < 

(z e D), 

then 

^n/L)r“' 

{z E D). 


The result is sharp. 

Corollary 2.3. If f{z) G 4., 0 < a < 1 and 

2sin(a7r/2) 


\nz)\ < 


then 


arg 


1 + sin(a7r/2) ’ 
zf'{z) 1 an 

IW 


< 


z E 


z E 


The result is sharp. 

In |9] Tuneski proved also the following result. 

Theorem 2.4. If f{z) E A, < k <1 

\f\z)\<k, (;.GD), 

then 

ffz) ^ 1 + kz, {z E D). 


Theorem 2.4 implies the following corollary. 
Corollary 2.5. If f{z) E A, 0 < a < 1 and 


i/"wi<T^, iz<=- 


then 


91eU + 


2-a’ 

U"(z) 


/'(j) 


> a, {z E D). 


The result is sharp. 
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We also need the following result. 

Theorem 2.6. [1] If f{z) G .A, 0 < A < 1 

|/'(z)-l|<A, (zeD), 

then 

zf{z) 


where 


arg 


a = — sin 

71 




aTT 

<T’ 


(aVI - (AV4) + ^^1^) ■ 


In [2] it was proved the following result. 

Theorem 2.7. [2] Let f{z) G A{p). Suppose that there exists a positive integer j, I < j < p, such 


that 


Then we have 


j + fHc 


j — 1 + IHc 


zfL(z 


3. Main results 


> 0, {z e D). 


> 0, (z e 


Now we are going to make use of Theorem 2T, Corollary 2^ and of Theorem 2T to obtain the 
following theorem. 

Theorem 3.1. [2] Let f{z) G A{p). Suppose that 

\f^^^^\z)\ < p\, (^gD). 

Then f{z) is p-valently convex and p-valently starlike in D. 

Proof. If we put 


then it follows that 


9{z) = ^\z), g{0) = g{0) -1 = 0, {z e D), 

|g"WI < < 1, (-ee). 


p\ 


From Theorem 2.1 and Corollary |2.2[ we have 


me 


zg'jz) 

9{z) 


= mz 


zf^Hz) 

WW) 


> 0, (z G 


and so, we have 


p—l + mt 


zf^P\z) 

WW) 


From Theorem 2.7, it follows that 

zf'\z) 


1 + 91e 


f'{z) 


> 0 and mz 


> p — 1 > 0, ( 2 ; G D). 

zfiz) 


fiz) 


>0, {z e 


This shows that f{z) is p-valently convex and p-valently starlike in 
For real a, 0 < a < 1, if f{z) G Al(p) satisfies 


□ 


arg 


zf{z) 

f{z) 




then f{z) is called a strongly starlike function of order a. Applying Corollary 2.3 and the method 
of proving from [21 Th.5] give us the following theorems. 
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Theorem 3.2. If f{z) G A{p) and if there exists a a, I) < a < 1, such that 


(3,1) 

then 


1 + sin(Q(7r/2) 


U e 


arg 


zf^P\z) 

.WW) 

or f^P~^'>{z)/p\ is strongly starlike of order a in 


air 

<T’ I"*' 


Proof. For the case p = 1 Theorem |3.2| becomes Tuneski’s result |2.3[ Suppose that p >2. 
If we put 


9{z) = g{0) = g{0) -1 = 0, {z e D), 


then it follows that 


From Corollary |2.3[ we have 


and so, we have 


zg'jz) _ zf(p\z) 
g(z) f^P-^Kz)' 

zg'iz) 


[z e D). 


arg 


arg 


9i.z) 

zf^P\z 


<—, (^leD), 


avr 

<T- 


This shows that f^P~^\z)/p\ is strongly starlike of order a in D. 

Again, applying [2], Th.5] yields us that if f{z) G A{p), then for all G D, we have 


(3.2) iHe 

Therefore, if we put 

then 


zf^P\z) 

WW) 


> 0 


Vfc G {1,... ,p} : 91e 


zf^'^Hz) 

fp-^){z) 


> 0 . 


2/(P-2)(;; 

p\ 


:= G{z) = z^ -I - G .4,(2), 


zG'(z) _ zf(P-^^(z) 


[z G 


and so (3.1) also implies that 

mt 


zGfz) 


= Die 


f(p-^){z) 


> 0, {z e D). 


This shows that G{z) or 2f^P ‘^\z)/p\ is 2-valently starlike in 
Theorem 3.3. If f{z) G A{p), 0<a<l, l<p and 


l/"’■"‘'WI < 2. 


then 


for all k, A; G {1, 2,... ,p — 1}. 


k + Die 


,f{k+l)^Z 

fP){z) 


> 0, {z e 


□ 
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Proof. If we put 

9 {z) =g{0) = g'{0) -1 = 0, ( 2 ;eD), 

pi 

then it follows that 

zg"(z) zfP+^Uz) , 


From Corollary 2.5, we have 


and so, we have 




p + P-PPM , „ 0, (ze 


/'"H 


Z 


Applying Theorem 2.7 gives hnally 




for all k, k E {1,2,... ,p — 1}. It completes the proof. 


From Theorem 3.3, we have 


l/"’■"■'WI < ^. (^6 


+ (j€D), 


this suggests the following question. 

Open problem. What is the best value of a{p) such that 


l/''’*''WI < j. (^6 


O + !■ > “M- (* *= ®)' 


If p = 1, then the function f{z) = z + z^ j^ shows that the best value of a{p) is 0. 

Theorem 3.4. If f{z) G .4,(p), 0 < A < 1 and if 

(3.3) -p!| < p!A, (^gD), 

then 


(3.4) 

where 

(3.5) 


arg 


zf'jz) 

f{z) 


an 

<T- 


a = — sm 
n 


hAvTvpvi) + f 

This means that f{z) is strongly starlike of order a m D. 
Proof. If we put 


9 {z) = ^\z), g{0) = g{0)-1 = 0, (^GD), 


then from (3.3), we have 


W{z)-1\ = 




p\ 


< A, {z e D). 


From Theorem 2.6, we have 


arg 


zfp\z) 

WW) 


Oin , 

< —, (zGD), 
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where a has the form (3.5). Let us put 




Then it follows that 


z'p \z) 
p{z) 


= 1 + 


/(p-2)(^) ’ 

zf^P\z) zf^P-^\z) 
f(p-^){z) ~ f(p-^){z) 


or 


1 + = p(z )+ 


From Theorem 2.6, we have 


this gives 
(3.6) 


arg 


z&Uz) 


p{z) 


< (2^eD), 


arg < 1 + 




fiP 1)(2;) 

If there exists a point Zq G D, such that 


< 


arg 


zfiHz) 


aiT 

< ww, (ze 


an 


and 

then from |1], we have 


arg{p(z)} I < —, (|z| < |zo|) 


arg{p(2;o)} | = ^, 


^oP'(^o) 

p{zo) 


= iak, 


where fc is a real number such that 


when p(zo) = ia, while for p{zo) = —ia, such that 


k > - { a -\— 


k < -]: (a + - ] , 


where = =tm, a > 0. For the case we have 

, , zof'izo) , . zop'{zo) 

1 + ... X = P{zo) + 


f'izo) 


( \ ^ ^oP'(^o) 1 


p{zo) 

p2 


= (ia)“ s 1 + iak— 


[la) 


= 1 + I. 


Thus, it is trivial that 


since we have 


arg < 1 + 


Zof^^K^o) 1 ^ 


arg 


1 + — 
a" 


2 

> 0 , 
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k > - { a — 


This contradicts (3.6) and for the case p^^‘^{zo) = —ia, applying the same method as the above, we 
would have 


arg < 1 + 




< - 


which also contradicts (3.6). Applying the same method repeatedly once again, we can complete the 
proof of Theorem 3.4 □ 


We now note that Pommerenke [7] and Sakaguchi [H] showed the following. 

Lemma 3.5. ^ If f and h are analytic in D, and h is convex and univalent in D, with 


arg 


m 

h'iz) 


an 


[z e 


for some real a, 0 < a < 1, then 


arg 


[ f{z 2 ) - f{zi) \ 
\ h{z 2 ) - h{zi) J 


< 


an 


- 2 ’ 


z e 


for all Zi,Z 2 G D. 

Putting zi = 0, Z 2 = z in Lemma [375| gives 

m 


(3.7) 


arg 


h'(z) 


an 


arg 


M 

h{z) 


< 


an 


— r> ’ 


Z e 


Therefore, applying Theorem 3.4 and (|3.7|) we can deduce the following corollary. 

fit) 


Corollary 3.6. If f{z) G A{p) is such that 


-dt 


is a convex function, and if 

(3.8) 

for some A, 0 < A < 1, then 

(3.9) 


\f^P\z)-p\\<p\X, (zGD), 

fiz) 


arg 




an 

<T- 


where a is given in (3.5). 
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Abstract 

In this paper we give general solution of fractional linear differential equations 
and fractional Cauchy Euler equation. Since there are many definitions for frac¬ 
tional derivatives, we use the conformable derivative to get exact solutions. Factor¬ 
izing polynomials of the fractional differential operators is the key method to get 
such solutions. Some specihc examples on both types of equations are presented. 
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1. lutroductiou 

Many authors have solved many well known differential equations like the Con¬ 
formable Fractional Heat equation, Bessel equation, Legendre equation and many 
more. [1], [4], [5], [6], [7], [9] and [10]. The Cauchy Euler equation is a well 
known important type of ordinary differential equation. In This paper we give the 
procedure and justification of how to handle the Cauchy Euler equation, but the 
fractional one. 

However, there are many dehnitions available in the literature for fractional 
derivatives. The main ones are the Riemann Liouville dehnition and the Caputo 
definition, see [8] . 
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2 


(i) Riemann - Liouville Definition. For a G [n — l,n), the a derivative of / is 

t 


D^um = 


1 


/(a 


dx. 


r(n - a) dt”- J {t- 

a 

(ii) Caputo Definition. For a G [n — l,n), the a derivative of / is 


DZ{f){t)=. 


1 


/(")(x) 


T{n-a)J 

a 

Such definitions have many setbacks such as 


dx. 


(i) The Riemann-Liouville derivative does not satisfy D“(l) = 0 (D“(l) = 0 for 
the Caputo derivative), if a is not a natural number. 

(ii) All fractional derivatives do not satisfy the known formula of the derivative 
of the product of two functions: 

DZU9) = fK{g) + gK{f)- 

(iii) All fractional derivatives do not satisfy the known formula of the derivative of 
the quotient of two functions: 

(iv) All fractional derivatives do not satisfy the chain rule: 

D^ifogm =f^^\9{t))g^^\t). 

(v) All fractional derivatives do not satisfy: f = f, in general. 

(vi) All fractional derivatives, specially Caputo definition, assumes that the func¬ 
tion / is differentiable. 


We refer the reader to [3] for more results on Caputo and Riemann - Liouville 
Definitions. 


Recently, the authors in [ 2 ], gave a new definition of fractional derivative which 
is a natural extension to the usual first derivative. So many papers since then were 
written, and many equations were solved using such definition. The definition goes 
as follows: 

Given a function / : [0, oo) —> M. Then for alH > 0, a € (0,1), let 

TMm = 

Tq, is called the conformable fractional derivative of / of order a. 

Let stands for Ta{f){t). 

If / is a— differentiable in some (0, &), 5 > 0, and lim exists, then 

i^0+ 

define 

/(“)(0)= lim/(“)(t). 
t^o+ 
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3 

According to this definition, we have the following properties, [2 ], 

1. T„(l) =0, 

2. Ta,{tP) = ptP-°^ for all p € M, 

3. Tq( sinat) = cosat, a G M, 

4. TQ(cosat) = —at^““ sinat, a G ffi 

5. Ta(e“*) = at^““e“‘, a G M. 

Further, many functions behave as in the usual derivative. Here are some for¬ 
mulas 


T^{-n = 1 

a 


TQ(sin —1“) = cos(—1“), 
a a 

Ta(cos —1“) = — sin(—1“). 
a a 

We will use the conformable fractional derivative for the Cauchy Euler equation. 
But first, we present the linear fractional case with constant coefficients. 


2. Conformable Linear Differential equations 

Let us write to denote the a—derivative of y, n—times. That is = 
TaTa---Ta{y), u-times. 

Theorem 1. Let 

+ ... + ai2/“ + aoy = 0 (1) 

Consider the equation 

-b a„_ir("-i)“ -b ... -b air“ -b ao = 0 (*) 

If rf = Ai, = A„ are the real roots of (*) then yh = ciyi -b ... -b c„j/„ where 
Vk = “ . 

Proof. Let T"“ = n-times. Then equation (1) can be written in the 

form 

(r(”0 + a„_ir(”-i)“ + ... + air“ + aoI)y = 0 (2) 

(where T°‘ = -£^). 

Now, if we let D = T“ then (2) becomes 
(n" + a„_in"-i + ... + ao/)y = 0 

The polynomial (I?" -b a„_iiA"“^ -b ... -b ao/)j/ = 0 , factorizes to 

(n-Ai)(n-A 2 )...(n-A„)y = 0 (3) 
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Now, y will be a solution to (3) if j/ G ker(D — Afc)Vl < k < n , noting that {D — Xi) 
commutes with {D — Xj) for all i and j . Thus y is the solution for (3) if 

{D — Xi)y = 0 or {D — X 2 )y = 0 or ...or {D — Xn)y = 0 

However {D — Xk)y = 0 implies 
Dy — XkV = 0 
So -Xky = 0 

Hence yk = 6^*=® “ if Xk is real. 

Consequently, yh = cie^^® “ +... + c„e'^"® “ , if all the roots are real and distinct. 
Now, replacing T“ by r“ we get 

(r“ — Xi)y = 0 or (r“ — X 2 )y = 0 or ...or (r“ — A„)y = 0 
Thus the roots are 


r“ = Ai , r“ = A 2 , r“ = A, 
and the general solution is 


Vh = cie’'!® “ + ... + c„e’'"® 


There are two other cases for the roots to be considered: 

(1) (j)If one of the root is repeated, say Ai, 2-times. That is (r“ — Ai)^ is 


a factor of (3). Then yi = “ , 2/2 = 

solutions for the differential equation (3). 
Proof. We have to show 


, are two independent 


(T“ - Ai) 2 —e 

0 

Indeed: 


\\e • 


= 0 


(T“ - Ai) (T“ - Ai) —e^i® “ = 0 


= (T“ - Ai) 
= (T“ - Ai) 


a 

T“(—e^i®“ )-Ai( —e^i®“ ) = 0 
a a 


“ ) - Ai(—“ ) = 0 
a a 


= (T“-Ai) =0 

Similarly one can show that if Ai is repeated k-times then 


fOL 4.0L 

2/1 = e^^® V 

a a 

are independent solutions. 

(M)There is a root, say Ai = a + ib , a, & G ffi. Then 

rx -t-OC n 4-C)t 

7 ^ 1 > 1^ 

= e COSO — and y 2 = e ^ sino— 
a a 

are two solutions of (3) associated with Ai. 

Indeed: 
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5 


Since Ai = a + is a root, then Ai = a — is a root. 

Then 

and 2/2 = are solutions of (3) 

But 

yi=e^~{cosb — + is'mb — ) 
a a 

y2=e“^(cos6— — isin6— ) 
a a 

Place yi + 2/2 is a solution (the equation being homogenous) and 2/1 — 2/2 is 
a solution too. So 

2/1 = 2/1 + 2/2 = 2e“^ cos 6— and 2 ^ = 2/1 ~ 2/2 = sin 6— 

a a 

are solutions of the homogenous equation (3). 

Consequentely 

= 1 ~ ai^ . = 1 ~ 

2/1 = o 2 /i = e “ cos 6— and 2/2 = ^y 2 = e “ sin6— 

2 a 2i a 

are two independent solutions for the equation. 


Example 1 

T2“2/ + r“2/ - 22/ = 0 (i) 

Solution. Consider the associated equation 
+ r“ _ 2 = 0 
(r“-2)(r“ + l) = 0 
Hence Ai = 2, A 2 = —1 

Thus yi = cie « and y 2 = C 2 e « 

One can easily check that these are solutions of (/).See figure (1) 
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3. Conformable Cauchy Euler Equation 

The standard form of the classical homogenous Cauchy Euler equation of order 
2 is: 

x^y" + aixy' + agy = 0 

Now the conformable Cauchy Euler equation of order 2 can be written as 

+ aix°‘T°‘y + aoy = 0 (1) 

Now we will give the procedure how to solve (1). 

Procedure 

Put y = x"’’ 

Then 

= r“(T“x“’') 

= T“(arx“'-“) 

= ar{ar — 
aiT“2/ = ai(r“a;“’') 

= 

Thus 

= x2“(aV(r - 
aix°‘T°‘y = 
aoy = aox"’' 

Hence 

x^“(aV(r - + aoa:“’' = 0 

So 

[Q;^r(r — 1) + oiur + oq] =0 

Solve 

Qf^r(r — 1) + axar + oq = 0 
to get r = ri,r = r2 ■ Assume ri, r 2 are reals . Then 

yi = 2/2 = 0 :“’’^ are two independent solutions of (1) and 

yh = 

Remark. The case of conformable Cauchy Euler Equation of any order can be 
handled in the same way as the case of order 2. 

Example 2. Solve 

+ x2“2/(“) - I = 0, y(l) = 1, (1) = 1 
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Solution. Put y = and substitute in the equation to get 
a^r{r — 1) + ar — - = 0 

Take a = - we get 
2 ® 

1 / X 1 1 

-r(r- 1) + 2 ^ ® 

r(r —l) + 2r —2 = 0 
r^+r—2 = 0 
(r+2)(r-l) = 0 
ri = 2,r2 = 1 

yi = y 2 =x^ {a= i) 

yh = ci-+ C 2 ^ 

X 

2/(1) = Ci+ C2 

y^x) = ci(-l)x"^"5+ C2^ 

So 2/5( 1 ) = -Cl + ^ = 1 . Hence ^C 2 = 2 =4> c ci = -^ 

1 4 

2 //! = ^ . See figure (2). 



4. Conclusion 

Conformable fractional derivative can be applied to solve linear differential equa¬ 
tion with variable coefficients as an example Cauchy Euler equation. 
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Applications of neutrosophic sets in 5-algebras 

Sun Shin Ahn 

Department of Mathematics Education, Dongguk University, Seoul 04620, Korea 

Abstract. The notions of a neutrosophic subalgebra and a neutrosophic normal subalgebra of a i?-algebra 
are introduced and characterizations of them are discussed. We show that the homomorphic preimage of a 
neutrosophic subalgebra of a B-algebra is a neutrosophic subalgebra, and the onto homomorphic image of a 
neutrosophic subalgebra of a i?-algebra is a neutrosophic subalgebra. 


1. Introduction 

Zadeh [12] introduced the degree of membership/truth (t) in 1965 and defined the fuzzy set. As a general¬ 
ization of fuzzy sets, Atanassov [2] introduced the degree of nonmembership/falsehood (f) in 1986 and defined 
the intuitionistic fuzzy set. Smarandache introduced the degree of indeterminacy/neutrality (i) as independent 
component in 1995 (published in 1998) and defined the neutrosophic set on three components (t, i, f) = (truth, 
indeterminacy, falsehood). Y. B. Jun, E. H. Roh and H. S. Kim [4] introduced a new notion, called a BiJ-algebra. 
J. Neggers and H. S. Kim [9] introduced a new notion, called a i?-algebra. C. B. Kim and H. S. Kim [7] introduced 
the notion of a BG-algebra which is a generalization of B-algebras. S. S. Ahn and H. D. Lee [1] classified the 
subalgebras by their family of level subalgebras in i?G-algebras. 

In this paper, we introduce the notions of a neutrosophic subalgebra and a neutrosophic normal subalgebra of 
a B-algebra and discuss characterizations of them. We show that the homomorphic preimage of a neutrosophic 
subalgebra of a B-algebra is a neutrosophic subalgebra, and the onto homomorphic image of neutrosophic image 
of a neutrosophic subalgebra of a B-algebra is a neutrosophic subalgebra. 

2. Preliminaries 

A B-algebra ([9]) is a non-empty set X with a constant 0 and a binary operation “ * ” satisfying axioms: 

(Bl) X * X = 0, 

(B2) X *0 = X, 

(B) {x * y) * z = X * {z * {0 * y)) 

for any x,y,z in X. For brevity we call X a B-algebra. In X we can define a binary relation “ < ” by x < y if 
and only ii x * y = 0. 

An algebra (A; *, 0) of type (2, 0) is called a BH-algebra if it satisfies (Bl), (B2) and 

(BH) x*y = y*x = 0 imply x = y ior any x,y € X. 

° 2010 Mathematics Subject Classification: 06F35; 03G25; 03B52. 

° Keywords: i?-algebra; (normal) subalgebra; neutrosophic subalgebra; neutrosophic normal subalgebra. 

*^E-mail: sunshineOdongguk. edu 
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An algebra (A; *,0) of type (2,0) is called a BG-algebra if it satisfies (Bl), (B2) and 
(BG) {x * y) * {0 * y) = X for any x,y € X. 

Proposition 2.1.([3, 9]) Let (A;*,0) be a B-algebra. Then 

(i) the left cancellation law holds in X, i.e., x * y = x * z implies y = z, 

(ii) if X * y = 0, then x = y for any x,y € X, 

(iii) if0*x = 0*y, then x = y for any x,y € X, 

(iv) 0 * (0 * x) = a;, for all x G X, 

(v) X * {y * z) = {x * (0 * z)) * y for all x,y,z G X. 

Theorem 2.2.([7]) If (A; *,0) is a B-algebra, then it is a BG-algebra. 

Proposition 2.3.([7]) Every BG-algebra is a BH-algebra. 

Let (A; *x, Ox) and {Y ; 0^) be il-algebras. A mapping : A —>■ A is called a homomorphism if (p{x*xy) = 

ip{x) *Y T{y) for any x,y G X. A non-empty subset S' of A is called a subalgebra of X ii x*y € S for any x,y € X. 
A non-empty subset A of A is said to be normal if {x * a) * (y * b) G N for any x * y,a * b G N. Then any normal 
subset A of a il-algebra A is a subalgebra of A, but the converse need not be true ([10]). A non-empty subset A 
of a B-algebra A is a called a normal subalgebra of A if it is both a subalgebra and a normal set. 

Definition 2.4. Let A be a space of points (objects) with generic elements in A denoted by x. A simple valued 
neutrosophic set A in A is characterized by a truth-membership function Ta{x), an indeterminacy-membership 
function Ia{x), and a falsity-membership function Fa{x). Then a simple valued neutrosophic set A can be denoted 

by 

A := {{x,Ta{x),Ia{x),Fa{x))\x G A}, 

where T a{x), I a{x), Fa{x) G [0,1] for each point x in A. Therefore the sum of Ta(x),Ia(x), and Fa(x) satisfies 
the condition 0 < Ta(x) -h Ia(x) + Fa{x) < 3. 

For convenience, “simple valued neutrosophic set” is abbreviated to “neutrosophic set” later. 

Definition 2.5. Let A be a neutrosophic set in a B-algebra A and a, 7 G [0,1] with 0<q;-|-/3-|-7<3 and an 
{a, j3, 7 )-level set of A denoted by jg defined as 

A(«.A 7 ) = g A|r^(x) < a, Ia{x) > /3, Fa{x) < 7 }. 


For any family {ai\i G A}, we define 

\/{ai\i G A} 


and 

G A} 


max{ai|f G A} 
sup{ai|i G A} 


if A is hnite, 
otherwise 


min{ai|f G A} 
inf{aj|i G A} 


if A is hnite, 
otherwise. 
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3. Neutrosophic subalgebras in B-algebras 

Definition 3.1. A neutrosophic set A in a B-algebra X is called a neutrosophic subalgebra of X if it satisfies: 

(NSS) TA{x*y) < max{TAix),TAiy)},lA{x*y) > min{IAix), IA{y)}, and FA{x*y) < max{FA(x), for 

any x,y € X. 


Proposition 3.2. Every neutrosophic subalgebra of a B-algebra X satisfies the following conditions: 


(3.1) T4(0) < Ta(x), Ia(0) > Ia(x), and Fa{0) < Fa{x) for any x G X. 


Proof. Straightforward. 

Example 3.3. Let X := {0,1, 2, 3} be a B-algebra with the following table: 




0 1 

2 

3 


0 

0 1 

2 

3 


1 

1 0 

3 

2 


2 

2 3 

0 

1 


3 

3 2 

1 

0 

Define a neutrosophic set A in AT as follows: 





Ta{x) 

A 

f0.13. 

if 

a; G {0,2} 

1 

[0.84, 

otherwise. 

Ia{x) 

A 

'0.82, 

if 

a; G {0,2} 

1 

0.15, 

otherwise. 

Fa{x) 

A 

f0.13. 

if 

X G {0,2} 

1 

[0.84, 

otherwise. 


It is easy to check that A is a neutrosophic subalgebra of X. 


□ 


Theorem 3.4. Let A be a neutrosophic set in a B-algebra X and let a,/3,7 G [0,1] with 0<a-|-/3-|-7<3. 
Then A is a neutrosophic subalgebra of X if and only if all of {a, /3, y)-level set A^°'An) subalgebras of X when 
A(“>^’T') ^ 0. 


Proof. Assume that A is a neutrosophic subalgebra of X. Let a,P,y G [0,1] be such that Q < a (3 y <?> and 
^(a,/ 3 , 7 ) ^ 0 _ x,y € A(“’^’'>'^. Then Ta{x) < a,TA{y) < a,lA{x) > j3,lAiy) > /? and Fa{x) < y,FA{y) < 7 - 
Using (NSS), we have Ta{x * y) < maxjT^(x), TA(y)} < a, Ia{x * y) > mm{lA{x),lA{y)} > P, and Fa{x * y) < 
max{E 4 (a;), FA{y)} < 7 - Hence x * y G A^°'An)_ Therefore is ^ subalgebra of X. 

Conversely, all of (a,/3, 7 )-level set are subalgebras of X when 0. Assume that there exist 

at,bt,ai,bi G X and af,bf G X such that TAiat * bt) > max{TA{at),TA{bt)}, lA{ai * 6 *) < min{/^(ai),/^(foi)} 
and FA{af * bf) > max{B 4 (a/),F a(&/)}. Then r^(at * bt) > Oi > max{TA(at),r^( 6 t)},^A(a» * b^) < /?i < 
min{/. 4 (ai),/^( 6 i)} and FA{af *bf) > 71 > max{FA{af),FA{bf)} for some 01,71 G [0,1) and /?i G (0,1]. Hence 
at,bt,ai,bi G and a/,&/ G A^°‘^Aini)^ Bat * &t,ai * hi ^ ^(“iAi. 71 )^ and af *bf ^ ^ 

which is a contradiction. Hence Ta{x *y) < m.ax{TA{x),TA{y)}, Ia{x * y) > min{Jyi(a;),/^(y)}, and Fa{x *y) < 
max{TA{x),TA{y)}, for any x,y G X. Therefore A is a neutrosophic subalgebra of X. □ 
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Since [0,1] is a completely distributive lattice with respect to the usual ordering, we have the following theorem. 

Theorem 3.5. If {Ai\i G N} is a family of neutrosopic subalgebras of a B-algebra X, then {{Ai\i G N}, C) forms 
a complete distributive lattice. 

Theorem 3.6. Let A be a neutrosophic subalgebra of a B-algebra X. If there exists a sequence {a„} in X 
such that lim„^oo TA(a„) = 0, lim„_>oo = 1, and lim„^oo -FA(an) = 0, then Ta{0) = 0,/a(0) = 1, and 
Fa{0) = 0. 

Proof. By Proposition 3.2, we have Ta{0) < Ta{x), lAiO) > Ia{x), and Pa(0) < Fa{x) for all x G X. Hence we 
have Ta{0) < TA{an),lA{b) > lA{an), and Fa{0) < PA(an) for every positive integer n. Therefore 0 < Ta(0) < 
lim„^oo 7A(a„) =0,1 = lim„^oo< /a( 0) < 1, and 0 < Fa{0) < lim„_>oo = 0. Thus we have 

Ta{0) = 0,/a(0) = 1, and F^(0) =0. □ 

Proposition 3.7. If every neutrosophic subalgebra A of a B-algebra X satisfies the condition 
(3.2) Ta{x *y) < TAiy),lA{x *y)> lA{y),FA{x *y)< FaIjj), for any x,y G X, 
then Ta, I a, 9.nd Fa are constant functions. 

Proof. It follows from (3.2) that Ta{x) = Ta{x*0) < Ta{0),Ia{x) = Ia{x*0) > /yi(0), and Fa{x) = Fa{x*0) < 
^( 4 ( 0 ) for any x G X. By Proposition 3.2, we have Ta{x) = Ta{0),Ia{x) = Ia{0), and Fa{x) = Fa{0) for any 
X G X. Hence Ta,Ia, and Fa are constant functions. □ 


Definition 3.8. A neutrosophic set A in a H-algebra X is said to be neutrosophic normal of X if it satishes: 
(NSN) TA{{x*a)*{y*b)) < u].ax{TA{x*y),TA{a*b)},lA{{x*a)*{y*b)) > min{J^(a;*j/),/^(a*6)}, and Fa{{x* 
a) * {y * b)) < max{PA(a: * y), FA{a * 6)}, for any x, y,a,b G X. 

A neutrosophic set A in a H-algebra X is called a neutrosophic normal subalgebra of X if it satishes (NSS) and 
(NSN). 


Example 3.9. Let X := {0,1, 2, 3} be a H-algebra ([8]) with the following table: 




0 1 

2 

3 


0 

0 2 

1 

3 


1 

1 0 

3 

2 


2 

2 3 

0 

1 


3 

3 1 

2 

0 

Dehne a neutrosophic set A in A as follows: 





Ta{x) 

A 

f0.12. 

if 

X G {0,3} 

1 

[0.76, 

otherwise, 

Ia{x) 

A 

' 0 . 73 , 

if 

X G {0,3} 

1 

0.14, 

otherwise. 

Fa{x) 

A 

f0.12. 

if 

X G {0,3} 

1 

[0.76, 

otherwise. 


It is easy to check that A is a neutrosophic normal subalgebra of X. 
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Proposition 3.10. Every neutrosophic normal of a B-algebra X is a neutrosophic subalgebra of X. 

Proof. Let A be neutrosophic normal of X. Put y := 0, b := 0 and a := y in (NSN). Then Ta((x * y) * (0 * 0)) < 
max{TA(x*0),TA(y*0)}, lA((x*y)*(0*0)) > mm{lA(x*0), lA(y*0)}, and Fa(( x*y)*(0*0)) < max{FA(x*0), FA(y* 
0)}. Using (B2) and (Bl), we have TA(x*y) < max{TA(x),TA(y)}, lA(x*y) > nhn{I a(x) , IA(y)}, and FA(x*y) < 
max{U 4 (a;), Ua(2 /)}, for any x,y £ X. Hence A is a neutrosophic subalgebra of X. □ 

The converse of Proposition 3.10 may not be true in general (see Example 3.11). 

Example 3.11. Let X = {0,1,2,3,4, 5} be a i?-algebra ([10]) with the following table: 



0 

1 

2 

3 

4 

5 

0 

0 

2 

1 

3 

4 

5 

1 

1 

0 

2 

4 

5 

3 

2 

2 

1 

0 

5 

3 

4 

3 

3 

4 

5 

0 

2 

1 

4 

4 

5 

3 

1 

0 

2 

5 

5 

3 

4 

2 

1 

0 


Define a neutrosophic set A in AT as follows: 

{ 0.12, ifx = 0 
0.23, ifx = 5 
0.52 otherwise, 

{ 0.58, ifx = 0 
0.13, if a; = 5 
0.11, otherwise, 

{ 0.12, ifx = 0 
0.23, ifx = 5 
0.52 otherwise. 

It is easy to check that A is a neutrosophic subalgebra of X. But it is not neutrosophic normal of X, since 
Ta(1) = Ta({1 * 3) * (4 * 2)) = 0.52 ^ max{TA(l * 4),T^(3 * 2)} = max{TA(5), r.4(5)} = 0.23, and/or 1^(1) = 
/a(( 1*3)*(4*2)) = 0.11 ^ min{J^(l*4),/A(3*2)} = min{/A(5), 1^(5)} = 0.13, and/or Fa(1) = Fa((1*3)*(4*2)) = 
0.52 ^ max{EA(l * 4), Fa(3 * 2)} = max{EA(5), Fa(5)} = 0.23. 

Theorem 3.12. Let A be a neutrosophic set in a B-algebra X and let £ [0,1] with 0 < q: + /3 + 7 < 3. Then 

A is a neutrosophic normal subalgebra of X if and only if all of (a, /3, j)-level set are normal subalgebras 

of X when ^ 0. 

Proof. Similar to Theorem 3.4. □ 

Proposition 3.13. Let A be a neutrosophic normal subalgebra of a B-algebra X. Denote that Xt := {x £ 
X\Ta(x) = Ta(0)},X/ := {x £ X\Ia(x) = /a(0)}, and Xp := {x £ X\Fa(x) = Fa(0)}. Then Xt,Xi, and Xp 
are normal subalgebras of X. 
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Proof. It is sufficient to show that Xt, A/, and Xp are normal. Let a,b,x,y € X be such that x * y,a * b € Xp- 
Then TA{x*y) = TA(0) = TA{a*b). Since A is a neutrosophic normal subalgebra of X, we have TA{{x*a)*{y*b)) < 
max{T^(x*y), T^(a*6)} = T^(0). By Proposition 3.2, we get T^((a;*a)*(7/*6)) = r^(0). Hence {x*a)*(y*b) G Xp. 
Therefore Xp is a normal subalgebra of X. Similarly, Xj,Xp are normal subalgebras of X. This completes the 
proof. □ 

Definition 3.14. Let A and B be neutrosophic sets of a set X. The union of A and B is defined to be a 
neutrosophic set 

AClB := {{x,TAuBix), Iaub{x), Faub{x))\x G X}, 

where Taub{x) = miii{TAix),TB{x)}, Iaub^x) = meL^{lA{x), Isix)}, Faub^x) = min{FA(a;), for all 

X € X. The intersection of A and B is defined to be a neutrosophic set 

AnB := {{x,TAnBix), lAnB{x), FAnBix))\x G X}, 

where TAnBix) = uiax{TA{x),TB{x)}, lAnB^x) = min{lA{x), Ib^x)}, FAnB{x) = max{PA(a;), ^" 3 ( 3 ;)}, for all 
x G A. 

Theorem 3.15. The intersection of two neutrosophic subalgebras of a B-algebra X is a also a neutrosophic 
subalgebra of X. 

Proof. Let A and B be neutrosophic subalgebras of A. For any G A, we have 
TAnBix * y) =max{r^(a; * 2 /),Tb(x * y)} 

< max{max{r^(a;), TA(y)}, max{rB(a;), Tb(?/)}} 

= max{max{rA(a;), Tnix)), max{TA(y), Tb(2/)}} 

= n\a■i^{TAnB{x),TAnB{y)}, 

lAnBix*y) =min{lAix*y)jBix*y)} 

> min{min{/^(a;), /^(y)}, min{/B(a;), /^(y)}} 

= min{min{/^(a;), /^(a:)}, min{/A(y), /^(y)}} 

= min{/^nB(a;), lAnBiv)}, 

and 

FAnBix*y) =max{FAix * y), FBix * y)} 

< max{max{FA {x),Fa (y)}, max{ ix),FB (y)}} 

= max{max{FA(a;), 1^3(3;)}, max{FAiy), Fniy)}} 

= max{FAnB (x ), Fahb (y)} • 

Hence AnB is a neutrosophic subalgebra of A. □ 

Corollary 3.16. If {Ai\i G N} is a family of neutrosophic subalgebras of a B-algebra A, then so is HigNAi. 

The union of any set of neutrosophic subalgebras of a H-algebra A need not be a neutrosophic subalgebra of 

A. 
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Example 3.17. Let X = {0,1,2,3,4, 5} be a B-algebra as in Example 3.11. Define neutrosophic sets A and B 
of X as follows: 

Ta{x) = 

Ia{x) = ■ 

Fa{x) = 

Tb{x) = 

Ib{x) = 


and 


Fb{x) = 


0.11, 

if a; G {0,4} 

0.73 

otherwise, 

0.82, 

if a; G {0,4} 

0.12, 

otherwise, 

0.11, 

if a; G {0,4} 

0.73 

otherwise. 

0.13, 

if a; G {0, 5} 

0.74 

otherwise. 

0.83, 

if X G {0, 5} 

0.13, 

otherwise. 

0.13, 

if X G {0, 5} 

0.74 

otherwise. 


It is easy to check that A and B are neutrosophic subalgebras of X. But ACiB is not a neutrosophic subalgebra 
of X, since 

TAub(4*5) =Taub( 2) =min{TA(2),TB(2)} = 0.73 
^ max{r^uB(4),7AuB(5)} 


= max{min{TA(4),rB(4)},min{TA(5),rB(5)}} = 0.13, 

and/or 

/aub(4* 5) =/aub(2) = max{/.4(2),/B(2)} = 0.13 
^ min{/^uB(4),/AuB(5)} 

= min{max{/A(4),/B(4)},max{/A(5),/B(5)}} = 0.82, 

and/or 

Aaub(4 * 5) =Faub( 2) = min{FA(2),FB(2)} = 0.73 
^ max{FAuB (4), Faub (5)} 

= max{min{FA(4),FB(4)},min{FA(5),FB(5)}} = 0.13. 


Let / : X —>• y be a function of sets. If M = {{y,TM{y),lM{y),FM{y))\y G E} is a neutrosophic set of a set 
Y, then the preimage of M under / is defined to be a neutrosophic set 

r\M) := {{x,r\TM){x),r\lM){x),r\FM){x))\x & X} 

of X, where f-'^{TM){x) = TM{f{x)),f~'^{lM){x) = lM{f{x)) and f-'^{FM){x) = Fuifix)) for all a: G X. 

Theorem 3.18. Let f : X be a homomorphism of B-algebras. If M = {{y,TM{y), lM{y),FM{y))\y g Y} is 
a neutrosophic subalgebra ofY, then the preimage of M under f is a neutrosophic subalgebra of X. 
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Proof. Let / ^(M) be the preimage of M under /. For any x,y G X, we have 

* y)) =TM{f{x * y)) = TmU{x) * f{y)) 

<max{TM(/(x)),rM(/(2/))} = max{/"i(rM)(a:),/"^(T m)(j/)}, 

r^{lM{x * y)) =lM{f{x * y)) = Imifix) * fiy)) 

and 

f~^iFM{x * y)) =FM{f{x * y)) = FM{f{x) * f{y)) 

<max{FM(/(a;)),FM(/(2/))} = max{/"^(FM)(a;),/"^(F m)(j/)}. 

Hence f~^{M) is a neutrosophic subalgebra of X. □ 

Let / : A —>■ F be an onto function of sets. If A is a neutrosophic set of A, then the image of A under / is 
dehned to be a neutrosophic set 

/(A) := {{yJ{TA){y)J{lA){y).f{FA){y))\y g r} 

of r, where f{TA){y) = /\^^f-^y~jTA{x), f{lA){y) = f(PA)(.y) = Acoef-^y) Fa{x). 

Theorem 3.19. For an onto homomorphism f : X ^ Y of B-algebras, let A be a neutrosophic set of X such 
that 

(3.3) (VC C A)(3xo G C){Ta{xo) = A,^cTa{z),Ia{xo) = yI a{z), Fa{xo) = A,ec^A(^)). 

If A is a neutrosophic subalgebra of a B-algebra X, then the image of A under f is a neutrosophic subalgebra of 
Y. 


Proof. Let /(A) be the image of A under /. Let a,b GY. Then / ^(a) A 0 and / ^{b) A 0 in A. By (3.3), there 
exist Xa G f~^(a) and Xb G f~^{b) such that 

PAiXa) — F A{.zf I a{.X a) — \J f A^') F a{x a) — A Fa{z\ 

2G/-1(o) zef-^{a) ze/-i(a) 


Thus 


TA{xb) = A TA{w),lA{xb) = \f Ia{w), FA{xb) = A Pa{w). 

w^f~^{b) w^f~^{b) w^f~^{h) 

f{TA){a*b)= A Ta{x) <TA{xa* Xb) <mayi{TA{xa),TA{xb)} 

xGf~^ {a*-b) 

= max{ A Fa{z), /\ Ta{w)} = max{f{TA){a), f{TA)ib)}, 

f{lA){a*b)= \J Ia{x) > lAiXa* Xb) > mm{lA{xa),lA{xb)} 

xGf~^ {a*b) 

= min{ y Ia{z), \/ Ia{w)} = mm{f{lA){a), f{lA){b)}, 

zG/-A“) wef-^{b) 
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Applications of neutrosophic sets in i?-algebras 


and 

f{FA)ia*b)= /\ Fa{x) < FAixa*Xb) <ma.x{FA{xa),FAixb)} 

x£f~^ {a*-b) 

= max{ /\ Fa{z), /\ Fa(w)} = max{/(FA)(a),/(F a)(&)}. 

Hence f{A) is a neutrosophic subalgebra of Y. □ 
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ABSTRACT 

The principal purpose of this paper is to present some qualitative behavior of the following fourth order difference 
equation: 

_ ^^"-1 _ n 1 

CXji—\ dXji—^ 

where the parameters a, b, c and d are positive real numbers and the initial conditions X- 3 , X- 2 , X-i and xq are 
arbitrary non zero real numbers. 

Keywords: stability, periodicity, global attractor, difference equations. 

Mathematics Subject Classification: 39A10. 


1. INTRODUCTION 

This paper will provide a detailed study in terms of the local, global stability and obtain the form of the solutions 
of the following difference equation 


bXn-l 

^n+1 — OjXn—l , 5 

1 dXfi—S 


n = 0 , 1 ,..., 


( 1 ) 


where the initial conditions x_ 3 , X- 2 , and Xq are arbitrary non zero real numbers and a,b,c,d are positive 
constants.. 

A huge number of researchers has concentrated on studying and investigating nonlinear difference equations 
in recent years. In particular, they have highlighted the boundedness, the global attractivity and the periodic 
behaviour of some certain types of difference equations. For instance: Elsayed et al.^® studied the global attractor, 
local stability, periodic solutions and boundedness of the following recursive equation: 

Q.XfiXn—2 

2^n+l — 7 ] • 

bXn + CXn-Z 

Cinar^ investigated the solution of the difference equation 

_ aa;„_i 
l+bXnXn-l 


Ibrahim^'^ presented some relevant results of the difference equation 


^n+1 


2 

a;„_i(a + bxnXn- 2 )' 
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Elsayed^® analyzed the global stability and examined the periodic solution of the following difference equation: 


, bxn-i 

Xji+l — O.Xn—1 “b , 

CXji—l dXn—k 

Elabbasy et al.® investigated the global stability, periodicity character and gave the solution of special case of 
the difference equation 

bxn 

Xn-\-l — OjXji - . 

cXji cLXfi—\ 

Yang et al.®® examined the global and local stability of the equilibrium points of the following recursive equation: 

aXn-l + bXn-2 

Xn-\-l — I 1 • 

C “h dXfi—\Xji—2 

Simsek et al.®® obtained the solution of the following difference equation 


^n+1 


3 

1 + Xn-l 


Abo-Zeid et al.^ gave a detailed study about the convergence and the periodicity of the solutions of the difference 
equation 

_ AXn-l 
^”+1 _ CXnXn- 2 ) ' 

Tolly et al.®® illustrated some properties of the solution of the following recursive equation: 


_ ayn-i 

yn-\-l 7 I J' 

bynUn-l +Cyn-iyn-2 + d 

Other relevant consequences of rational difference equations can be obtained in refs.®-.^^ 

Now, some relevant results and definitions will be introduced here to be used in our discussion. 

Let I be some interval of real numbers and the function / has continuous partial derivatives on where 
jk+i = j X I X ■ ■ ■ X I {k + 1— times). Then, for initial conditions X-k,X-k+i, G I, it is easy to see that 
the difference equation 

^n+l — f 7 ^n— 17 • ■ ■ 7 ^n—k} 7 ^ — d7l7"'7 (^) 

has a unique solution {x„}'^^_j.. 

A point X € I is called an equilibrium point of Eq.(2) if 

X = f{x,x, ...,x). 

That is, Xn = X ior n > 0, is a solution of Eq.(2), or equivalently, a; is a fixed point of /. 

Definition 1.1. (Stability) 

(i) The equilibrium point x of Eq.(2) is locally stable if for every e > 0, there exists 5 > 0 such that for all 
x-k, x-k+i, ■•■7 X-i,Xo G I with 


\x-k - x\ + \x-k+i - x\ + ... + \xo - xl < (5, 

we have 

\xn — x\<e for all n > —k. 

(ii) The equilibrium point x of Eq.(2) is locally asymptotically stable if x is locally stable solution of Eq.(2) 
and there exists 7 > 0, such that for all X-k,X-k+i, ■■■,X-i,xo G I with 

\x-k - x| + \x-k+i - ^1 + + |a;o - x| < 7 , 
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we have 


lim Xn = X. 
n—*oo 


(iii) The equilibrium point x of Eq.(2) is global attractor if for all X-k,X-k+i,---, X-i,xo € I, we have 


lim Xn = X. 
n—*oo 

(iv) The equilibrium point x of Eq.(2) is globally asymptotically stable if x is locally stable, and x is also a 
global attractor of Eq.(2). 

(v) The equilibrium point x of Eq.(2) is unstable if x is not locally stable. 

The linearized equation of Eq.(2) about the equilibrium x is the linear difference equation 


df{x,x,...,x) 

Vn+l — / , Un-i- 


i=0 


dXn-i 


Now assume that the characteristic equation associated with Eq.(3) is 

p{X) = + Pi a* ^ + ... + Pk-iX + pfc = 0, 

a/(x, x,...,x) 


where pi = 


dXn-i 


Theorem A [12]: rissMme t/iat pi G i? , t = 1, 2,... and fc G {0,1,2,...}. Then 






is a sufficient condition for the asymptotic stability of the difference equation 


(3) 

(4) 


yn+k + PlVn+k-l + •■• + PkVn = 0, Tl = 0, 1, ... 


Next, we introduce a fundamental theorem to prove the global attractor of the fixed points. 

Theorem B [26]: Let g : [a,^], be a continuous function, where fc is a positive integer, and where 

[a, b] is an interval of real numbers. Consider the difference equation 

Xn+1= g{Xn,Xn-l,-;Xn-k), n = 0, 1,... . (5) 

Suppose that g satisfies the following conditions. 

(1) Eor each integer i with 1 < z < fc + 1; the function ^(zi, 22 ,..., Zk+i) is weakly monotonic in Zi for fixed 

( 2 ) If m,M is a solution of the system 

m = g{mi,m2, ..■,mk+i), M = g{Mi, M2,Mk+i), 

then m = M, where for each z = 1, 2,..., A: + 1, we set 

(m, if a is non-decreasing in Zj,! f M, if g is non-decreasing in Zi, 

mi = < . . . y Ml = i . 

[_M, it p IS non-mcreasmg in Zi,) [_m, it p is non-increasing m Zi. 

Then there exists exactly one equilibrium point x of Equation (5), and every solution of Equation (5) converges 
to X. 


245 


AlmatrafI et al 243-253 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


2. LOCAL STABILITY OF THE EQUILIBRIUM POINT 

This section is devoted to give a detailed description about the local stability of the fixed point. 
The equilibrium point of Eq.(l) is given by the following equation: 


_ _ bx 

X = ax -^ 

cx — ax 

from which we have 


X = 

where a ^ 1 and c ^ d. Suppose that / : (0, oo) 

fiu,v) 


b 

(a — 1) (c — d) ’ 

^ —> (0, oo) defined as following: 
bu 

= au -—. 

cu — dv 


Then, 


df(u, v) b{cu — dv) — bcu bdv 

du ^ {cu — dv)"^ ^ {cu — dv)'^ ’ 

df{u,v) —bu{—d) bdu 

dv {cu — dv)^ {cu — dv)"^ 

Next, we calculate equations (7) and (8) at the equilibrium point as follows: 

df{x,x) bdx bd d{a — 1 ) 

du {cx — dx)"^ '^~^{c—d)‘^x {c — d) 

df{x,x) bdx bd d{a — 1) 

dv {cx — dx)"^ (c — (c — d) 

Now, the linearized difference equation of Eq.(l) about the fixed point is given by 

Hn+l +Poyn-l +Pi2/„-3 = 0. 


( 6 ) 

(7) 

( 8 ) 


Theorem 1. Assume that 


|ac — fi| + d |a — 1| < |c — d|. 

Then the fixed point of Eq.(l) is locally asymptotically stable. 

Proof. By using Theorem A we notice that Eq.(l) is asymptotically stable if 

bol + bil < 1- 


Hence, we have 


-1) 

+ 

d{a — 1) 

d) 


{c-d) 


< 1 , 


which can be rearranged as follows: 
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|a(c — fi) + d{a — 1)| + \—d{a — 1)| < |(c — (i)|. 


Therefore, 


\ac — fi| + d |a — 1| < |c — d]. 


This completes the proof. 

3. GLOBAL STABILITY OF THE EQUILIBRIUM POINT 

The global attractivity character of the considered equation will be presented in this section. 

Theorem 2. The equilibrium point of Eq.(l) is a global attractor if a < 1. 

Proof. Suppose that p and q are two real numbers and let / : [p, q]^ —> [p, q] be a function defined by Eq.(6). 
Then, equations (7) and (8) tell us that f{u,v) is increasing in u and decreasing in v. Now, we assume that 
(m, M) is a solution of the following system: 


m = f{m,M), and M = 
Substituting this into Eq.(6) gives 


Then, 


m 

= am — 

bm 

cm — dM ’ 



M 

= aM- 

bM 

cM — dm 



CTO^ — dmM = acw? — admM — bm, 


(9) 


cM^ — dmM = acM^ — admM — bM. 
Subtracting Eq.(9) from Eq.(lO) yields 

c(m^ — M^) = ac{m^ — M^) + b (M — m ). 


Hence, we obtain 


(m — M) [c(l — a){m + M) + 6] = 0. 

Thus, when a < 1, then we have 


m = M. 

We conclude from Theorem B that the equilibrium point is a global attractor of Eq.(l). 


( 10 ) 
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4. PERIODICITY OF THE SOLUTION 

This section will present a theorem which shows that Eq.(l) has no periodic solution. 

Theorem 3. Eq.(l) has no prime period two solutions. 

Proof. We will use contradiction to prove this theorem. Assume that Eq.(l) has a positive prime period two 
solutions given as follows: 


■■■■ 


Then, 


p = ap ■ 


q = aq- 


bp 


cp — dp 

bq 

cq — dq 


Equations (11) and (12) can be written as follows: 

p(a- 1) = 

q{a- 1) = 


c — d’ 
b 

c — d’ 


which implies that p = q and this contradicts the fact that p ^ q. 


( 11 ) 

( 12 ) 


5. SPECIAL CASE OF EQ.(l) 

In this section we will study the solution of the following special case: 


Xn+l = Xn-l -- , n = 0, 1,2, ..., (13) 

^n—1 ^n—3 

where the initial conditions a;_ 3 , X- 2 , X-i and xq are nonzero real numbers with x -3 ^ X-i and x -2 ^ xq- 

Theorem 4. Let be the solution of Eq. (13) satisfying x -3 = r, X -2 = I, X-i = k and xg = h. Then 

for n = 0,1,... 


X4n-3 

= nk — {n — l)r — n{n - 

^4:71—2 

= nh — (n — 1)1 — n{n - 

^4n—l 

= (n + l)k — nr — — 

X4fi 

= (n + l)h — nl — n^ — 


- 1 )- 

- 1 )- 

nk 
k — r 
nh 

h-V 


nk 

k — r' 
nh 

h-V 


Proof. Eor n = 0 the result holds. Now, we assume that n > 0 and our assumption satishes for n — 1. That is 

Xin -7 = {n — l)k — (n — 2)r — {n — l)(n — 2) — — - 

k — r 

Xin-& = (n - l)h - (n - 2)1 - (n - l)(n - 2) - ^ 

h — I 
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X 4„-5 = nk — (n — l)r — (n — 1)^ 


(n — l)k 
k — r 


X 4 n -4 = nh — (n — 1)1 — (n — 1)^ 


(n — l)h 

h-l 


Next, it follows form Eq. (13) that 


^4n—3 


^ ^4n—5 

^4n—5 5 

^4n—5 ^4n—7 

nk — {n— l)r — (n — 1)^ 


(n — l)fc 
k — r 


nk — {n— l)r — {n — 1)^ 
nk — {n— l)r — (n — 1)^ — 

nk — {n— l)r — (n — 1)^ — 


nk - {n- l)r - (n - 1)^ - 
- - {{n - l)k - (n - 2)r - (n - l)(n 

(n — l)fc {nk — nr + r){k — n — r + 1) 
k — r {k — r){k — n — r + 1 ) ’ 

2 nk — k — nr + r 
k — r ’ 


nk — {n — l)r — 


n{nk — rn + r) 


k — r 


nk — {n — l)r — n(n — 1) — 


nk 
k — r 


2 ) 


{n—l)k \ ’ 
k—r 2 


Also, we obtain from Eq. (13) 


^4n—2 


^4n—4 


^4n—4 

^4n—4 ^4n—6 

nh — {n— 1)Z — (n — 1)^ — 


2 {n-l)h 


h-l 

nh — {n— 1)? — (n — 1)^ — 

nh — {n— 1)1 — (n — 1)^ — — (n — l)h + (n — 2)1 + (n — l)(n 

nh-(n- IM -(n- 11^ - ~ - nl + l)ih - I - n + 1) 


h-l 


nh — {n — l)i — (n — 1)^ — 


2 2 nh — h — nl + I 


h-l 


nh — {n — 1)Z — 


n{nh — nl + 1 ) 


h-l 


nh — {n — 1)/ — n(n — 1) — 


nh 

h^l' 


2 ) + 


{n—l)h ’ 
h-l 
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Next, we will prove the third part of the theorem. Eq.(13) gives 

^4n—3 


^4n—1 — ^4n—3 


nk 


^4n—3 ^4n—5 

= nk — (n — l)r — n(n — 1) — - - 

k — r 

_ nk-{n-l)r-n{n-l)-^ _ 

[nk - (n- l)r - n{n - 1) - -^] - [nk - (n - l)r - (n - 1)^ - ’ 


, , _ nk (k — n — r)(nk — nr + r)(k — r) 

= nk-{n-l)r-n{n-l)-- -+ ^- yz - 

k — r (k — r)(nk — nr + r) 

T / IN / -I \ 7 / -1 \ T 2 

= nk — (n — l)r — n[n — Ij — - - \- k — n — r = [n + l)k — nr — n — -— 

k — r k — 

Finally, we prove the last part of the theorem. Eq.(13) leads to 

^4n—2 


nk 
k — r 


^4n — ^4n—2 


^4n—2 ^4n—4 


= nh — (n — 1)/ — n(n — 1) — 


nh 

h-l 


nh — {n — l)l — n(n — 1) — 

[nh — {n— 1)Z — n(n — 1) — — [nh — (n — 1)^ — (n — 1)^ — 

, , _ nh (nh — nl + l)(h — I — n)(h — 1) 

= nh — (n — 1)1 — n{n — 1) — - - + h — I — n = (n + l)h — nl — n"^ — - - - . 

h — I h — I 


Hence, the proof has done. 


6. NUMERICAL SOLUTIONS 

This section shows some numerical examples that confirm the results we obtained in this paper. 

Example 1. Let x -3 = 0.2, x -2 = 5, X-i = 1, xq = 2, a = 0.5, 6 = 1, c = 6 and d = 1. Then, the local 
stability is shown as follows: 


plot of x(n+1}= ax(n-1}-(bx(n-1))/(cx(n-1)-dx(n-3)) 



Figure 1. This hgure shows the local stability of 
Eq.(l). 
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Example 2. Assume that X-a = 0.2, x -2 = 3, x_i = 0.1, xq = 2, a = 0.1, b = 1, c = 2 and d = 9. Then, the 
global stability is illustrated as follows: 


plot of x(n+1}= ax(n-1)-(bx(n-1))/(cx(n-1)-dx(n-3)) 



Figure 2. This figure presents a global stability 
of Eq.(l). 


Example 3. This example presents the solution of Eq.(l) when we suppose that x _3 = 0.2, x _2 = 3, x_i = 
1, xq = 0.5, 0 = 6=1, c = 0.5 and d = 9. See Eigure 3. 


plot of x(n+1}= ax(n-1)-(bx(n-1))/(cx(n-1)-dx(n-3)) 



Figure 3. This figure shows the solutions of 
Eq.(l) when x _3 = 0.2, x _2 = 3, x_i = 
1, Xq = 0.5, 0 = 6=1, c = 0.5 and d = 9. 


Example 4. 


This example illustrates the solution of Eq.(13) when we assume that x _3 = —7, x _2 = 
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5, X-i = 0.5, xq = 8. See Figure 4. 


plot of x(n+1}= ax(n-1)-(bx(n-1))/(cx(n-1)-dx(n-3)) 
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Abstract 

In this paper we consider the behavior of a special case of piecewise lin¬ 
ear systems of difference equations with initial condition in first quadrant. 
We found a necessary condition that the solutions become equilibrium 
point or periodic with prime period 4 without using stability theorems. 
We constructed inductive statement to represent the behavior of the sys¬ 
tem and we apply useful lemmas in the proof of main theorem. 

Key words: Difference equation, Periodic solution, Stability, Equilib¬ 
rium point. Piecewise linear system of difference equation. 
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1 Introduction 

To investigate stability of system of difference equations requires theorems that 
involve Jacobian matrix. So the functions of the system must are differentiable. 
Unfortunately, piecewise linear systems of difference equations are the system 
with absolute value. So we can not apply the stability theorem to the piecewise 
linear systems. In 1978 Lozi [1] hypothesized a simplified version of Henon’s 
transformation by using system of difference equation with absolute value and 
Lozi’s Piecewise Linear Model admits a strange attractor with a specific param¬ 
eter and initial condition. Then, Devaney [2, 3] investigated Gingerbreadman 
map and he was shown Gingerbreadman map, a map with absolute value, being 
chaotic in certain regions. Moreover, Ladas’s open problem was mentioned an 
in article [4] as the system of difference equations: 

Xn+I = \xn\ + ayn + b,y„+i = Xn + c\yn\ +d,n = 0,l,... 

where the initial condition {xo,yo) € and the parameters a,b,c, and d € 
{—1,0,1}. He suggests to investigate boundedness character of solutions, the 
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global stability, and periodic nature of the solutions.There are several authors 
studied this open problem such as Grove et. al [4] found that every solution 
of a specific system is eventually periodic with period 3, Tikjha et. al [5, 6] 
found that the character of system is eventually periodic with some period 
and equilibrium point respectively. As mentioned above, we can not apply 
the stability theorems to this open problem. The common idea of proofs of the 
above systems of piecewise linear articles is to separate initial condition into few 
regions and find some characters of solution to the system of each region and 
then establishing lemmas and finally summarizing the behaviors of each system 
to be a theorem. Our ultimate goals is to know complete global character of 
system: 

^n+l — l^n I Un IJn+l — l^n |T1,U. — 0,1,... (1) 

where the initial condition (a:o,2/o) G and the parameters b is any positive 
number. In this article we will focus to a special case of System(l) when b = 3 
with initial condition are some points in the first quadrant. 


2 Preliminaries 

The following definitions [7] are used in this article. A system of difference 
equations of the first order is a system of the form 

^n+l — f Vrif Vn+l — Unf U' = 0 , 1 ,... (2) 

where / and g are continuous functions which map into R. 

A solution of the System(2) is a sequence {(a:„,y„)}^Q which satisfies the 
system for all n > 0. If we prescribe an initial condition (xo,yo) G R^ then 

xi = f{xo, yo), yi = g{xo, yo) 

X 2 = f{xi,yi),y 2 = g{xi,yi) 


and so the solution {{xn,yn)}^=o of the System(2) exists for all n > 0 and is 
uniquely determined by the initial condition {xo,yo)- 

A solution of the System(2) which is constant for all n > 0 is called an 
equilibrium solution. If 


{xn,yn) = {x,y) for all n > 0 

is an equilibrium solution of the System(2), then (x,y) is called an equilibrium 
point, or simply an equilibrium of the System(2). 

A solution {(xn, y„)}5JLo of a system of difference equations is called even¬ 
tually periodic with prime period p or eventually prime period p solution if 
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there exists an integer N > 0 and p is the smallest positive integer such that 
{{xn,yn)}'^=o is periodic with period p; that is, 

(Xn+p,yn+p) = ixn,yn) for all U > N. (3) 

The p consecutive point of the solution is called a p-cycle of System(2). We 
denote 

/ xo,yo \ 
xi,yi 
X2,y2 

\ X3,y3 J 

as 4-cycle which consists of (xo,yo), (xi,yi), (x 2 ,y 2 ) and ( 0 : 3 , j/ 3 ) in xy plain. 


3 Main Results 


In this section we will investigate behaviors of the following system: 

a;„+i = |a;„| - - 3, j/„+i = a;„ - |j/„|-P l,n = 0,1,... . (4) 

From System(4) and by simple calculations, 



/-5, -A 


( 1, -3\ 

Pi.l = 

3, -5 

5, -1 

and P4,2 = 

1, -1 
-1, 1 


V 3, 5 ) 


^-3> -V 


are two 4-cycles of System(4) and equilibrium point is (—1, —!)• For convenience 
in the later part of the proof, we let S := {{x,y)\x + ^ < y < x + l},an ■= 


92n+3 


-1 


2Ti-|- 2 


22n+3 ? ' 


+ 1 


22 n +2 5 


• — 


92 n +2 


-1 


-|-3 1 <-)27t.+4 

<y <x-\-^ 


22n+3 

two lemmas. 


22n+4 


Sn = 2 ^”+^ - l,Bn+2 ■= {{x,y)\x + 
-}. The proof of main theorem requires the following 


22 n +2 , 


Lemma 1. Let {ixn,yn)}'^=i be 0 , solution of System(L) If there is positive 
integer N such that xn = —yN — 2 < 0 and yw < 0 then {xN+i,yN+i) is 
equilibrium point (-1,-1). 

Proof The proof is obvious. □ 

Lemma 2. Let {(a;„, be a solution of System{L) If there is positive 
integer N such that xm = J/at — 2 > 0 then {(a;„, y„)}^jY +6 ^ 4 . 1 - 

Proof. With condition x^ = t/Ar — 2>0by simple calculation, we have 

(a;iv-i-i,2/Af+i) = (-5,-1) G-P4.1- □ 

The following theorem provides a necessary condition of equilibrium point 
or prime period 4 to System(4) with initial condition in first quadrant. 
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Theorem 1. Let {ixn,yn)}'^=o be a solution of Systeni{‘i) and xo^yo > 0. If 

{xo,yo) G S - Bn +2 ( 5 ) 

for all integer n > —1, then {{xn, J/n)}^o eventually equilihrium point or the 
prime period 4 solution(PA.i or Pa. 2 )- 

Proof. Let (xo,yo) G S — Bn +2 for all integer n > — 1. Then xq + ^ < yo and 
yo < + 1 , so we have cci = a;o — j/o ~ 3 < 0 and = xq — j/o + 1 ^ 0 ) 
X 2 = — 2 x 0 + 2?/o — 1 > 0 and j /2 = —3, X 3 = —2xo + 2yQ — 1 > 0 and 
j/3 = -2xo + 2yo - 3. 

Ifj/o > a^o + l then 2/3 > 0 and so (x4,2/4) = (- 1 , 3 ) and {xe,ye) = (- 5 ,- 1 ) G 
P4.1. Suppose that yo < xo + | then 2/3 < 0 and so (x4,2/4) = (— 1 , —Ixo+di/o — 3 ) 
If 2/4 = — 4 xo + 42/0 — 3 < 0 then we have {x5,yo) G Bi. This contradicts 
Condition( 5 ). Suppose that y^ > 0 , so X5 = 4 xo — di/o + 1 < 0 and 2/5 = 
4 xo — 42/0 + 3 < 0 , xo = —8x0 + 82/0 — 7 and 2/6 = 8x0 — 82/0 + 5 < 0 . 

If xo < 0, that is xo = —yo — 2 < 0, then applying Lemma(l), we have 
(x 7 , 2 / 7 ) = (- 1 ,- 1 ). Suppose that xg > 0, that is xo + | < 2/0 < a;o + |, then 
(xt, 2 / 7 ) = (- 16 X 0 + I 62/0 - 15 ,- 1 ). 

If X 7 < 0, then Xo + I < 2/o < a^o + ^, and so (xg, yg) G B 2 . This contradicts 
Condition(5). Suppose that X 7 > 0. That is xo + ^ < 2 /o < xo + |, so 
xg = — I 6 xo + I 62/0 — 17 and yg = — 16xo + I 62/0 — 15 > 0. 

If xg > 0 that is Xo + ^ < 2/o < xo + |. Applying Lenima(2), (xg,2/9) G L4.1. 
Suppose that xg < 0 that is xo + ^ < 2/o <2^0 + ^- We have xg = 32xo — 322/o + 
29 < 0 and 2/9 = —1, Xio = —32xo + 322/o — 31 and 2/10 = 32xo — ?>2yo + 29 < 0. 

If xio < 0 that is Xo + ^ < 2/0 < a;o + § 5 . We have (xii, 2 /ii) = (-1,-1). 
Suppose that xio > 0 that is xo + H < 2 /o < a^o + ^. We have a closed form of 
inductive statement on n > 1 and let P{n) be the following statement: 

For (xo,2/o) G Rn = {{x,y)\x + a„ < ?/ < x + u„}, then X 4„+6 > 0 and so 
X4„+7 = -22"+4xo + 22"+42 /o - <5„ 

2/4n+7 = — 1. 

If (xo,2/o) G Bn +2 = {{x,y)\x + a„ < 2 / < X + /„+i}, then X4„+7 < 0. 

If (xo,2/o) G Rn - Bn +2 = {(x, 2 /)|x + ln +1 < y < x + u„}, then X4„+7 > 0 
and so 

X4„+g = -22"+4a:o + 2‘^^+^yo - <5„ - 2 
2/4„+8 = -22"+4xo + 22"+42 /o - > 0. 

If (xo,2/o) G 77* = {{x,y)\x + Un+i <y < x + w„}, then X 4„+8 > 0 and so 

X4n+9 — 5 

2/4n+9 — 1. 

If (xo,2/o) G {Rn - Bn+ 2 ) - Rn = {{x,y)\x + ln +1 < y < X + Un+i}, then 
X4„_|_g < 0 and so 

X4„+9 = 22"+5xo - 22"+52/o + 25„ - 1 < 0 
2/4n+9 = — 1 

X4„+io = -22"+5a,o + 22"+52 /o - 2,5„ - 1 
2/4„+10 = 22"+5xo - 22"+52 /o + 25„ - 1 < 0. 
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If {xo,yo) & Rn = {{x,y)\x + ln+i <y < x + an+i}, then Xin+w < 0 and so 

X4n+ll = —1 
y4n+ll = “1- 

If (a;o, 2 /o) G Rn +1 = {{x,y)\x + a„+i <y <x + then X4n+w > 0 . 

We shall first show that P{1) is true. For {xo,yo) & Ri = {{x,y)\x + ^ < y < 
X + ^} and (5i = 63, we have xio = —32xo + 32yo — 31 > 0 and so 
a;4(i)+7 = a;ii = -2‘^^'^'>+'^xo + 2‘^^'^'>+‘^yo - di 
y4(i)+7 = yii = ~i- 

If (xo, 2 /o) G S 3 = {{x,y)\x +% <y <x+ ||}, then xn = -64xo + 64yo - 
63 < 0. 

If {xo,yo) G i?i - S 3 = {{x,y)\x + ^ < y < x + ^}, then a;ii = -64xo + 
64yo — 63 > 0 and so 

a;4(i)+8 = X 12 = -64x0 + 64j/o - 65 = -2'^^^'>+'^xo + 2'^^^'>+'^yo - Si - 2 
|/4(i)+ 8 = J/12 = -64xo + 642/0 - 63 = -2‘^^^'>+'^xo + 2‘^^^'>+'^yo - (5i > 0. 

If (xo, 2 /o) G S 3 = {{x,y)\x + H < 2 / < a; + ^}, then X 12 = -64xo + 642/o - 
65 > 0 and so 


a;4(i)+9 — a;i3 — —5 

2/4(1)+9 = J/13 = —1- 

If {xo,yo) G (Si - S 3 ) - Rl = {{x,y)\x + If < 2 / < a; + |f}, then X 12 = 
—64xo + 642/0 — 65 < 0 and so 

X4(^i)+g = Xi3 = 128X0 - 1282/0 + 125 = 22(i)+5xo - 2'^^^')+^yo + 25i - 1 < 0 
y4(l)+9 = J/13 = -1 

X 4 (i)+io = a;i 4 = -128x0 + I 282/0 - 127 = -2^<-^^+^xo + 2‘^<-^^+^yo -25i-l 
y4(i)+io = 2/14 = 128x0 - 1282/0 + 125 = 22(i)+5xo - 22 (i)+ 5 yo + 2,5i - 1 < 0. 
If (xo,2/o) G Si = {(x, 2 /)|x + If < 2 / < a; + ^}, then X 14 = -128xo + 
1282/0 — 127 < 0 and so 


a^4(i)+ii — a;i 5 — —1 

2/4(1)4-11 = 2/15 = ~1- 


If (a;o, 2 /o) G S 2 = {{x,y)\x +^<y <x+ |f}, then X 4 (i)+io = -128xo + 
1282/0 — 127 > 0. Therefore S(l) is true, as required. 

Suppose P(k) is true for a positive integer k. If (xo, 2 / 0 ) G S^+i = {(x, y)\x + 


92 fc + 5_ -1 

<y <X+ ^ 2 k+t }, then 


22fc+5 


X4fc+10 = -22'=+5xo +22^+51/0- 24-1 > 0 and 2/4fc+10 = 22 '=+ 5 xo- 22 '=+ 52 /o + 


2Sk — 1 < 0 and so 

a^4(fc-i-i)-i-7 = a;4fc-i-ii = —22^+®xo + 22^+®2/o — (44 + 3) 

= -22('=+i)+4xo + 22 ('=+i)+42/o - 4+1 


2/4(fe+l)+7 — 2/4fe+ll — —1- 

r , I 22fc + 5_i 22fc+6_i "I 

If (xo,yo) e Bk^s = |(x,?/)|x + ^2k+5 <y <x-\- 22fc+6 then 

X4fc+ii = -22fc+6a:o + 2^^+^yo - 4+i < 0. 

If (xo,2/o) G (Sfe+i - Sfc+3) = |(x,2/)|x + 22 )c4-7 <y <x+ 22fc+I j. then 
a;4fc+ii = -2'^’"+^xo + 2'^'^+^yo - 4+i > 0, and so 

X4(fc+i)+8 = a;4fc+i2 = -22'=+®xo + 2‘^’^+^yo - 4+i - 2 

= - 22 '=+ 6 xo + 22 '=+ 62 /o - 22'=+6 - 1 
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y4(k+i)+8 = y4k+i2 = + 2‘^’^+^yo - 6k+i 

= _22(fe+l)+4a.(j + 22('=+1)+4j;o - 22(fc+l)+4 + 1 > Q. 

If (a;o,2/o) G R*k+1 = {{x,y)\x + Uk+2 <y < x + Uk+i} 

= |(x,7/)|x + <y <X + then 

X4k+i2 = -22'=+6xo + 2'^'^+^yo - 4+1 - 2 > 0, and so 

X4(k+l)+9 = a^4fc+13 = ~5 
J/4(fc+i)+9 = a:4fc+i3 = — 1- 

If ( 2 ^ 0 ,J/o) G {Rk+i-Bk+^)-Rl^^ = ^{x,y)\x + <y <x + 

then 

a;4fc+i2 = -22'=+6a;o + 22'=+'5?/o - 4+1 - 2 < 0, and so 
X4(fc+i)+9 = 2 (22fc+6a:o) - 2 (22'=+6yo) + 24+1 - I 
= 22'=+7aio - 22fc+7yo + 24+1 - 1 
= 22('=+i)+5xo - 22('=+i)+4o + 22 ('=+i)+5 - 3 < 0 

J/4(fc+i)+9 = a:4fc+i3 = — 1 

2;4(fc+i)+io = —2^^+’^a:o + 2^^^'^yo — 24+i — 1 

= _22(fc+l)+5^Q + 22('=+1)+4 o - 22('=+1)+5 + 1 
J/4(fc+l) + 10 = 3;4fc+14 = 22^+’^a:o — 22^+’^l/0 + 24+1 ~ 1 

= 22('"+i)+5xo - 22('=+i)+5yo + 22('=+^)+5 - 3 < 0. 

, ~ f/ \l 22^ + 6_T <2‘^k + 7_-, 'I 

If (xo,yo) e Rk+i = |(x,y)|x + < y < ^ + 2^^+^ then 

X4fc+14 = -2^’^+^xo + 22fc+7yo - 24+1 - 1 < 0, 

and so 


2^4(fc+l) + ll — a^4fc+15 — —1 
2/4(fc+l) + ll = a;4fc+15 = —I- 


If 4o,2/o) G Rk+2 


{{x,y)\x + ak +2 <y<x + Uk+ 2 } 

C y x I <22k-\-7 _ 1 g2fc+6 I -1 

J^[x,y)\x + ^ 2 fc +7 <y <x+ ^ 2 fc+I 


}. 


then 


X4fc+14 = -22'=+7xo + 22'=+7yo - 24+1 " 1 > 0. 

Hence P{k + 1) is also true. By mathematical induction P{n) is true for any 
positive integer n. Note that 


lim a„ = lim 4 = lim m„ = 1. 

n—^oo n—^oo n—^oo 

If yo = xo + 1, then {xi,yi) = (-4,0) and so {x 2 ,y 2 ) = (1,-3) G P 4.2 and 
the proof is complete. □ 


4 Conclusion 

In this paper we showed that solution of System(4) with initial condition being a 
specific region in first quadrant is eventually equilibrium point or prime period 
4. We described the behavior of solution to the system by using inductive 
statement. If initial conditions are in P* then the solution is eventually prime 
period 4 (P 4 . 1 ). If initial conditions are in Pi then the solution is eventually 
equilibrium point. The limit of P„ tend to a line y = a: + 1 and if we choose 
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initial condition in the line y = x + 1, then solution is eventually prime period 

4 (P 4 . 2 ). 

Acknowledgement 

This work was supported by National Research Council of Thailand and Pibul- 
songkram Rajabhat University. The first author is supported by the Centre of 
Excellence in Mathematics, CHE, Thailand. 


References 

[ 1 ] R. Lozi, Un attracteur etrange du type attracteur de Henon., J. Phys., 39, 
9-10, 1978. 

[2] M.E. Barnsley, R.L. Devaney, B.B. Mandelbrot, H.O. Peitgen, D. Saupe 
and R.E.Voss, The Science of Fractal Images, Springer-Verlag, New York, 
1991. 

[3] R.L. Devaney, A piecewise linear model of the the zones of instability of 
an area-preserving map, Phys. D., lOD, 387-393, 1984. 

[4] E.A. Grove, E. Lapierre and W. Tikjha, On the global behavior of Xn+i = 
\xn\ - J/n - 1 and yn+i = Xn + \yn\- Cubo., 14, 125 - 166, 2012. 

[5] W. Tikjha, E.G. Lapierre and Y. Lenbury, On the global character of 
the system of piecewise linear difference equations Xn+i = \xn\ — y-a — 
1 and yn+i = a;„ — |j/„|, Adv. Difference Equ., 2010, (2010). doi: 
10.1155/2010/573281 

[6] W. Tikjha, E. Lapierre and T. Sitthiwirattham, The stable equilibrium 
of a system of piecewise linear difference equations, Adv. Difference Equ., 
2017, (2017). doi: 10.1186/sl3662-017-1117-2 

[7] E.A.Grove, G. Ladas, Periodicities in Nonlinear Difference Equations, 
Ghapman Hall/CRC Press, New York, 2005. 


7 


260 


Tikjha-Piasu 254-260 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


BI-UNIVALENT FUNCTIONS ASSOCIATED WITH WRIGHT 
HYPERGEOMETRIC FUNCTIONS 

E. ANALOUEI ADEGANP, N. E. CHO^’*, A. MOTAMEDNEZHAD^ AND M. JAEARI® 

Abstract. In this work, using of the Faber polynomial expansions we hnd 
upper bounds for |on| (n > 3) coefficients of functions in subclasses A, (p) 

and A, 0), which were dehned with Wright hypergeometric functions 

and quasi-subordinate conditions in the open unit disk. Our results general¬ 
ize and improve some of the previously known results. 


1. Introduction and Preliminaries 


Let A be the class of functions of the form 

OO 

( 1 . 1 ) f{z) = z + ^anz"' 

n=2 

which are analytic in the open unit disk iJ = {z : z € C and \z\ < 1}. Denote 
by S the class of all functions in A which are univalent in U. 

Many derivative and integral operators can be written in terms of convolution 
of certain analytic functions. This formalism facilitates further mathematical 
explorations and helps deep understanding of the geometric properties of such 
operators. For functions f,h £ A, where f{z) is given by (1.1) and h{z) = 

OO 

z + X) CnZ^, Hadamard product (or convolution) of f{z) and h{z) is denoted 

n=2 

by f * h and is defined by 

OO 

{f * h){z) = z + '^ anCnZ^ = {h * f){z). 

n=2 


Now, we recall and state some concepts of the special functions and operators 
as follows: 

For complex parameters ai,..., ag / 0, —1,... ; j = 1, 2,..., £) and Pi,, Pm 

(^ / 0, —1,.. .; j = 1, 2,..., m), Fox’s R-functions ( for details, see [19]) which 
mean the Wright’s generalized hypergeometric functions with Aj,Bj > 0, 
give (rather general and typical examples of R-functions, not reducible to G- 
functions): 


/ (ai, Ai),..., («£, Af) 

V {Pl,Bi),...,{Pm,Bm) 



'I’m {oiji 


OO 


= E 

n=0 


F(q;i + nAi)... F(af + nA^) z^ 
F(/3i + nBi)... T{Pm + nBm) n\ ’ 


2010 Mathematics Subject Classification: Primary 30C45, 30C50; Secondary 30C80 
Key words and phrases: Coefficient estimates, Faber polynomial expansion, Wright hyper¬ 
geometric functions. Subordinate 
Corresponding author 

1 


261 


ADEGANI et al 261-271 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


2 E. ANALOUEI ADEGANI, N. E. CHO, A. MOTAMEDNEZHAD AND M. JAFARI 


m ^ 

where 1 + Bn — X] > 0 (£, m G N = {1, 2,...}) and for suitably bounded 

n=l n=l 

values of \z\. 

Now the linear operator is introduced comprising of the generalized hyperge¬ 
ometric function from Srivastava [19] (see [7]) and Wright [24]. Let m G N 
and suppose that the parameters ai,Ai, ..., and / 3 i, i?i,..., ( 3 m, Bm are 

also positive real numbers. Then, corresponding to a function 

, Aj)i^£', (/3j , Bj)i^m', zj 

defined by 


{ctj, il^j, Bj) l,m? 


{oij, Aj)i^£] {I3j, Bj)i 

,m] •) 


where fl 


/ t \"V \ 

( n r(aj) 1 I n r(/3j) ), we consider a linear operator 


[(®i) (/^i)^ 

defined by the following Hadamard product 

W \{pij , ((3j , fiz) ■= z i^m [(<Tj ) Aj)i^£', {(3j, Bj)i^m‘, zj * f{z). 

We observe that, for f(z) of the form (1.1), we have 


OO 

^ if^j ^ f {z( '.= Z ^ ^ ^nO^nZ , 

n=2 


where 

_ + Ai{n - 1)).. .T{ai + Ai{n - 1)) 

“ (n - 1)! r(/?i + Si(n - 1))... T{(3m + Bm{n - 1))' 

If, for convenience, we write 

Wi/(z) = W [(ai, Til),..., («£, Ae); (A, ili),..., {(3m, Bm)] f{z). 

The Koebe one-quarter theorem [6] ensures that the image of U under every 
univalent function f £ S contains a disk of radius 1 /4. Therefore, every function 
f £ S has an inverse which is defined by 

(z)) = z {z£ U) and (w)) = w ^Itc] < tq (/); tq (/) ^ ^ , 

where 

(1.2) 


g{w) = f ^(lc) = w — a2W^ + (2a2 — a-i)w^ — (ha^ — 60203 -|- 04)11;^ + ■ ■ ■ 

OO 

=:w + '^ hnw"-. 

n=2 

A function f £ S is said to be bi-univalent in U if both / and f~^ are univalent 
in U. Let S denote the class of bi-univalent functions in U given by (1.1). 

Determination of the bounds for the coefficients o^ is an important problem 
in geometric function theory as they give information about the geometric prop¬ 
erties of these functions. For a brief history and interesting examples in the class 
S, see [13]. Recently, many researchers introduced and investigated subclasses 
of bi-univalent functions and obtained bounds for the initial coefficients, see. 
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3 


for example, [4, 15, 20-22, 25, 27]. But the coefficient problem for each of the 
Taylor-Maclaurin coefficients \an\ (n G N\{1,2,3}, is still an open problem. 

A function f{z) is said to be quasi-subordinate to 4>{z) in the open unit 
disk U if there exist analytic functions ip{z) and w{z), with w{0) = 0 such that 
|V'(^)I < 1) l^('2)| < 1 and f{z) = ^{z)4’{w{z)). Denote this quasi-subordination 
by f{z) -<q 4>{z). For 1 /^( 2 ;) = 1, the quasi-subordination reduces to the subordi¬ 
nation (see [17, 18]). 

Throughout this paper, we let (j){z) is analytic function in the unit disk U 
with (/)( 0 ) = 1 such that 

cj){z) = 1 + Ciz + + • • • (Cl > 0) 

and assume that the function ip{z) is analytic in the unit disk U and 1 ' 0 (' 2 )| < 1 
such that 

ip{z) = Dq Diz D 2 Z^ + D^z^ 

Recently, Cho et ah, [5] introduced subclasses ^^”^( 7 , A, (/>) and ^^*”( 7 , A, (/>) 
of S and only obtained estimates on the coefficients ja 2 l and [ 03 ] for functions 
in these subclasses. 


Definition 1.1. [5] A function / G S given by (1.1) is said to be in the class 
( 7 , A, (j)) if the following conditions are satisfied: 


and 


where 7 G C\{0}, 0<A<1, z, tcGU and the function g is given by (2.1). 


^ - 1 ), 


_ wjWl^gjw))' _ 

7 y (1 - X)W!^g{w) + XwiWl^giwyy 


^ - 1 ) 


1 ( ziWUiz))' 

j[{i-x)wU{z) + xz{wU{z)y 


Definition 1.2. [5] A function / G S given by (1.1) is said to be in the class 
^ 2 ^( 7 , A, (j)) if the following conditions are satisfied; 


and 


1 ( z^-\wU{z)y 

7\ 


- 1 ) 


1 / ^{wy,g{w)y 
1\ 


<q {4>{w) - 1), 


where 7 G C\{0}, A > 0, z, lc G U and the function g is given by (2.1). 


Lemma 1.3. [ 6 ] Let u{z) be analytie in the unit disk U with n(0) = 0 and 
\u{z)\ < 1 and suppose that u(z) = Then \pn\ ^ 1 (n G N). 

Lemma 1.4. [9] Let the funetion w in the Sehwarz funetion is given by w{z) = 

00 

WnZ^, where 2 ; G U. Then for every complex number s, 

n=l 

\W 2 -7 Stef] <1-7 {\s\ - l)\wl\. 
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Faber [ 8 ] introduced the Faber polynomials, which play an important role in 
various areas of mathematical sciences, especially in geometric function theory. 
By using the Faber polynomial expansion of functions / G 5 of the form (1.1), 
the coefficients of its inverse map g = f~^ may be expressed, (see for details [ 1 ] 
and [ 2 ]), 


(1.3) 


OO ^ 

9{w) = = ^ + X] “-^n-i(a2,a3, • • • ,an) 


n=2 


where bn = ” 1 ( 02 , 03 ,..., an), and 

T^ — n _ (~^)- I 


(-n)! 


w 




^ (— 2 n + l)!(n — 1 )!*^^ ( 2 (—n + l))!(n — 3)!^^ 

(-«)! n-4„ , (-^)! 


+ 


-On "^04 + 


n—5 


(—2n + 3)!(n — 4)! ^ (2(—n + 2))!(n — 5)! ^ 

2l , (-^)! „n-6 


X [(J 5 + (—Tt + 2)a3] + 

i>7 


(-2n + 5)!(n-6)! 


02 [oe + (- 2 n + 5 ) 0304 ] 


such that Vj with 7 < j < n is a homogeneous polynomial in the variables 
02 , 03 , • • • , On, (see for details [2]). In particular, the first three terms of 
are 

= -02, ^772"^ = 202 - 03, 17^3"^ = -(5o^ - 50203 + 04). 

In general, for any p G Z = {0, ±1, ±2, • • • }, an expansion of Kn is (see for 
details [1, 23] or [2, page 349]) 


iF^=pOn+l + ^^E-^Zl2 + 


pi 


p\ 


(p — 3)13!^^^ ~*~(p —n)!n! 


Dl 


where 

(1.4) 


pm. „ n 1 - V "^'(“ 2 )^' • • • (On)^" 

L>n ( 02 , 03, • • • , a„j - 2 ^ -—-—- 

n=l 


and the sum is taken over all nonnegative integers pi, ...,pn satisfying 

Pi + P2 H-h p„ = m, 

Pi + 2p2 H-h np„ = n. 

We noth that it is clear that D”(a2, 03, • • • , an) = O2. 

Lemma 1.5. [ 2 , Equation (1.6) and (1.7)] Let f{z) = z + a 2 z‘^ + a^z^ + ■ ■ ■ G S, 
and k Gh then we have the following expansion 

Z f {z) f f {z)\’^ _ ^ ^n+fc-l.„ „ „ 


f{z) 




, ... , dn)^ 


n=l 

00 


1 + E 1 + 


n=2 


n — 1 

k 

in+Zc—1 / 


iF^_l(02,03,.. .,an)z 


n—1 


where the first Faber polynomials F^_^ ^( 0 ^ 2 , as,, an) are given by 
F^+\a2) = (1 + A)o2, F|+"(o2, 03) = (^-1)(^ + 2) ^2 ^ ^ 2)03,.... 


264 


ADEGANI et al 261-271 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


BI-UNIVALENT FUNCTIONS 5 

Several researchers have solved coefficient estimates problem for various sub¬ 
classes of bi-univalent functions by using Faber polynomial expansions, see for 
example [10, 11, 20, 26]. In the present paper, by using the Faber polynomial 
expansions we obtain estimates of coefficients |a„| where n > 3, of functions in 
the subclasses A, 4>) and A, 4>) of S with various special cases. 


2. Main results 

First, we can write that the Faber polynomial expansion for / G A, (f>) 

given by (1.1) is in the form of 

( 2 . 1 ) 


4^Lf{z)y 


7 - 1 ] = Fn-li(p2a2,^3a3, - ■ ■ ,iPnan)z^ \ 


7 


7 (1 - A)Wi/(z) + \z{WU{z)y 
where 

Fi{(f>2a2) = (1 ~ ^)V2<i2, F2yp2<i2, ‘P 30 - 3 ) = (A^ — l)((/?2a2)^ + 2(1 — X)ip3,a^. 

In general, 

Fn-l{(p 2 a 2 , ^ 30 . 3 , • • • , ^nan) = (1 - A)(n - Vjipnan 

n-2 

+ ^ K~^ (^(1 -I- X)(fi 2 a 2 , (1 -f 2X)ip3a3, ■■■ , (1 -P lX)ipi+iai+i'^ {I - X){n - I - l)ipn-ian-i. 

1=1 

Then to simplify, we define: 

(2.2) F{z) {(J){z) - 1) and G{w) <q {(J){w) - 1), 
where 

p(^\ ^ 1 ( _ z(IVh/(z))' _1 ) 1 ^ 1 ( _ wjWygiw))' _, ) 

.y I (1-X)W!^f {z)+\z{W^^f (z))' j 1 1 y, I (l-\)W‘^g{w) + \w(Wl^g{w)Y j > 

F(z] — - ( z^~^(W^/(z))' _ N _ y( w^-^{Wl^g{w)Y _ 

^ 1^1 - y, I [wi„f{z)Y-^ ~ 'ji [wLaMV-^ ^ ) ■ 

In addition, by definition of quasi-subordinate there exist analytic functions ip 
and u,u : U —)• U, where u{z) = and v{z) = QnZ^, so that 

(2.3) F{z) ='ijj{z)[(l){u{z)) — 1] and G{w) = Tp{w)[<l){v{w)) — 1], 
where by equation (1.4) we have 

(2.4) 

ip{z)[(j){u{z)) - 1 ] = [Gipiz -P {Gip2 -h G2pj)z‘^ 4 - ][Do + Diz + D2Z^ H-] 

' oo n \ oo 

^^GkD’^{pi,P2,--- ,Pn)z'^] '^DnZ'^ 


n=l k=l 


n=0 


and 


( OO n \ oo 

,qn)w^] 

n=lk=l n=0 


W . 


Now, we obtain the following coefficient estimates for these subclasses. 
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Theorem 2.1. Let the function f G A, (/>) be given by (1.1) and Dq / 0. 

If CLk = 0 for 2 < k < n — 1, then 


h\{Cl + \Dn-l\) 

(1-A)(n-1)^„ 


n > 3. 


Theorem 2.2. Let the function f G .B^™'( 7 , A, (f>) be given by (1.1) and Dq / 0. 
If CLk = 0 for 2 < k < n — 1, then 


, ^ |7|(Ci + |Zl„_i|) 

(A + (n-l))v 2 „’ 


n > 3. 


Theorem 2.3. Let the function f G \,(f)) be given by (1.1) and Ci > 

1 6 * 2 !. Then 

, , ^ I7II0I 

\a2\ < , 

^\jDo\Cf\{X^ - 1 )<pI + 2(1 - A)(^3| + (Cl - |C'2|)(1 - A)Vi 


Theorem 2.4. Let the function f G ('^, \, f) be given by (1.1) and Ci > 

1 6 * 2 !. Then 

I I ^ \lDo\Ci\/2Ci 

\a2\ < / 

\J\iDq\Ci (A — 1)(A + 2)ip\ + 2(A + 2 ) 1^3 + 2(C'i — |C2|)(1 + A )^(/?2 


Remark 2.5. (1) If we take f’(z) = 1 in Theorem 2.1, then we obtain 

estimates of coefficients \an\ (n > 3) for subclass defined by Murugusun- 
daramoorthy in [14, Theorem 2.2]. 

(2) If we take f’(z) = 1 in Theorem 2.3, then we obtain an improvement 
of the estimates obtained for |a 2 | by Murugusundaramoorthy in [14, 
Theorem 2.2]. 

(3) By setting A = 0, 7 = 1 and i = 2, m = I with Ai = A2 = Bi = 

oi = 02 = / 3 i = 1, ill Theorem 2.3, we get ipn = I and then we obtain 

an improvement of the estimates obtained for ja2l by Algahtani in [3, 
Theorem 2.5]. 

(4) By setting A = 7 = 1 and £ = 2, m = 1 with Ai = A 2 = Bi = 

oi = 02 = /5i = 1) ill Theorem 2.4, we get (/?„ = ! and then we obtain 

an improvement of the estimates obtained for ja 2 l by Algahtani in [3, 
Theorem 2.2]. 

(5) By setting A = 0, 7 = 1 and i = 2, m = 1 with oi = 2 and Ai = A 2 = 

= 02 = /?! = 1, {y^if(z) = zf'(z)) in Theorem 2.3, then we obtain 
an improvement of the estimates obtained for ja 2 l by Algahtani in [3, 
Theorem 2.8]. 

( 6 ) By setting V’(^) = 1, A = 0; 7 = 1 and £ = 2 , m = 1 with oi = 2 

and Ai = A 2 = = 02 = /3i = 1, in Theorem 2.3, then we obtain 

an improvement of the estimates obtained for ja 2 l by Algahtani in [3, 
Theorem 2.9]. 

(7) By setting 'f(z) = 1, A = 1, 7 = 1 and i = 2, m = 1 with oi = 
a, 02 = 6 , /3i = c, in Theorem 2.4, then we obtain an improvement of 
the estimates obtained for ja 2 l by Omar et ah, in [16, Theorem 1]. 

( 8 ) By setting if(z) = 1, A = 0, 7 = 1 and 1 = 2, m = 1 with Ai = A 2 = 
i?i = oi = 02 = /Ii = 1, in Theorem 2.3, we get = 1 and then we 
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obtain an improvement of the estimates obtained for \a 2 \ by Ali et al., 
in [4, Corollary 2.1], 

(9) By setting V'(z) = 1, A = 7 = 1 and £ = 2, m = 1 with Ai = A 2 = Bi = 
ai = 02 = /5i = 1) in Theorem 2.4, we get (pn = ^ and then we obtain 
an improvement of the estimates obtained for |a 2 | by Ali et ah, in [4, 
Theorem 2.1]. 

(10) Theorem 2.3 and Theorem 2.4 are improvements of the results obtained 
by Cho et al. [5], respectively. 

3. Proof of Theorems 


Proof of Theorem 2.1. For this work, let 

4wLf(^)r 




and 


G(u;) = -( 
7 V 


j\(i-A)wLm + Az(wu(z)y 
u>(y^LffMy 


- 1 


-1. 


7 V (1 - A)Wi,g(w) + Aw(Wi,g(w)y 

For the function / G 02 ™'( 7 , A, (/>), we have the expansion (2.1) and for the 
inverse map g = considering ( 1 . 2 ), we get that 


(3.1) 


G(w) = - F„_i((p2h, (fisba, ■ ■ ■ ,Pnbn)w^ 


1 


Comparing the coefficients of (2.1) and (2.4), we conclude 

(3.2) 

1 


7 


(1 — A)(n — l)(^„a„ + A; ^ ^(1 -|- A)(p 2 U 2 ) (1 + 2A)ip^a^, ■ ■ ■ , (1 + lA)ipi+iai^i^ 
1=1 


X (1 - A)(n - I - l)(p„-ian-i 


n—1 t 


— Dn-l + EE CkDt{pi,p2,--- ,Pt)Dn-(t+i)- 


t=i fc=i 


Similarly, from (3.1) and (2.5), we have 

(3.3) 


(1 — A)(n — l)(pnbn + Aj ^ ^(1 + A)i^ 2 & 2 , (1 + 2X)(p3b3, ■ ■ ■ , (1 + lA)(pi+ibi + yj 
1=1 

X (1 - A)(n - I - l)ipn-lbn-l 


— Dn-l + EE CfcHf ( 91 ,92, • • ■ i(lt)Dn-{t+l)- 

t=l fc=l 

For Ofc = 0 where 2 < A: < n — 1 and Dq 7 ^ 0, we have P 2 = Ps = • • • = Pn -2 = 0 
and 92 = 93 = • • • = 9 n -2 = 0. So from (3.2) and also from equation (1.3) and 

(3.3) we get, respectively. 


-(1 - A)(n - l)<fnan = CiPn-l + Dn-l 
7 


(3.4) 
and 

(3.5) (1 A)(?T V)(pnbn — (1 T A)(n. X)ipn(^n — C*l 9 n —1 T Dn-l' 

7 7 
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By solving either of the equations (3.4) and (3.5) for and using Lemma 1.3 
we obtain 

I I _ \l\\ClPn-l + Dn-l\ ^ ItI {Cl + \Dn-l\) 

{I - X){n - l)ipn ~ {1 - X){n - l)(pn 

and this completes the proof. IZ 


Proof of Theorem 2.2. Let 


and 








For the function / G A, (/>), by Lemmal.5 we have 


1 / 1 \ 

(3.6) F{z) =- X] ( ^ + ~Y~ ) Psas,(pnan)z'^~^- 

For its inverse map g = f~^, regarding the equality (1.2) we have 

(3.7) G{w) =- X] ( ^ + ) ^n-l(v? 2 & 2 , Psh, ■■■, ‘fnbn)w'^~^. 

Comparing the coefficients of (3.6), and (2.4), we conclude that 

(3.8) 

l/^TZlX ^ 

fl+ . j h:„_l((,£)2a2,(/?3a3,...,V5nan) = Hn-l +EE CkDt{pi,p2,-" ,Pt)Dn. 

Similarly, from (3.7) and (2.5), we have 

(3.9) 

fl+ . j K^_X<P2b2,P3b3, ■ ■ ■ ,‘Pnbn) = Dn-l + EE CkD^{qi,q2,--- ,qt)D^. 

^ ^ t=i fc=i 


Since Ofc = 0 where 2 < k < n — 1, and Hq / 0 from (3.8) and (3.9) we get 
respectively, 

~ (a + {n Fj^ipnChn — C\Pn—l ~\~ Tin—1 

and 

— (a -|- (n l))(/2nRn — CiQ'n —1 ~\~ Tin—!• 

By solving either of the above equations for On and using Lemma 1.3, we con¬ 
clude the desired results and this completes the proof. Z 


(t+i)- 


(t+i)- 
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Proof of Theorem 2.3. For n = 2 and n = 3 in (3.2) and (3.3), respectively, 
we obtain 

(3.10) {1 - \)(p2a2 = iDoCipi, 

(3.11) (A^ - + 2(1 - X)(p3a3 = 'jDo[Cip2 + C2pi] + -fDiCipi, 

(3.12) -{1 - X)ip2a2 = iDoCiqi, 

(3.13) (A^ - 1)^2202 + 2(1 - A)v23(2a2 - 03 ) = jDQ[Ciq2 + C2qj] + jDiCiqi. 
From (3.10) and (3.12), we get 

(3.14) Pi = -qi. 

Adding (3.11) and (3.13) and using (3.14) we obtain 

[2(A^ - 1)pI + 4(1 - A)(/23] al = -fDoCi [p2 + ^pj + q2 + ^qj] ■ 

By using Lemma 1.4 we have 

|2(A^ — 1)(/22 + 4(1 — A)(/23||a2p < It.CJoIC'i [|P 2 + + |<?2 + I] 

< |7Zlo|Ci[2 + 2 (i^^^^)|p 2 |] 

(|C 2 |-Ci)(l-A)Vi|ai| 
hDol^Cf 


= hDo\Ci 

After simplification we have 
hDo\Cf 2{X^ -l)ipl + 4{l-X)p3 
which implies that 


2 + 2 


|a2p< 


+ 2(^1 - |C2|)(1 - A)Vi ) |a2|' < 2hDo\^C!, 


hDo\Cf\{X^ - l)ipl + 2(1 - A)¥>3| + {Cl - |C2|)(1 - A)2^i 
and this completes the proof. 


□ 


Proof of Theorem 2.4. For n = 2 and n = 3 in (3.8) and (3.9), respectively, 
we obtain 

(1 + A)+2a2 = -/DqCiPi, 

— -^^^-^+202 + (A + 2)99303 = jDo[CiP 2 + C 2 pi] + -fDiCipi, 

-(1 + A)992a2 = -/DoCiqi, 

-^+2 + 2 (A + 2)993^ 02 — (A + 2)99303 = 'jDQ[Ciq2 + C2q^\ + "fDiCiqi. 

With similar method to Theorem 2.3 we get the desired results and this com¬ 
pletes the proof. □ 
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Abstract 

Here we present the conformable fractional quantitative approxima¬ 
tion of positive sublinear operators to the unit operator. These are given 
a precise Choquet integral interpretation. Initially we start with the study 
of the conformable fractional rate of the convergence of the well-known 
Bernstein-Kantorovich-Choquet and Bernstein-Durrweyer-Choquet poly¬ 
nomial Choquet-integral operators. Then we study in the fractional sense 
the very general comonotonic positive sublinear operators based on the 
representation theorem of Schmeidler (1986) [11]. We continue with the 
conformable fractional approximation by the very general direct Choquet- 
integral form positive sublinear operators. The case of convexity is also 
studied throughly and the estimates become much simpler. All approxi¬ 
mations are given via inequalities involving the modulus of continuity of 
the approximated function’s higher order conformable fractional deriva¬ 
tive. 

2010 AMS Mathematics Subject Classification: 26A33, 41A17, 41A25, 
41A35, 41A36. 

Keywords and Phrases: Jackson type inequality, Choquet integral, Con¬ 
formable Fractional derivative, comonotonicity of functions and operators, Bernstein- 
Kantorovich-Choquet and Bernstein-Durrmeyer-Choquet operators, convexity. 

1 Introduction 

G. Choquet (1953) ([4]), introduced the capacities and his integral. Initially 
these were applied to statistical mechanics and potential theory, and they gave 
rise to the study of non-additive measure theory. Slowly but steady these ideas 
of Choquet started to attract economists especially after the very important 
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work of Shapley (1953) ([13]) in the study of cooperative games. Capacities and 
Choquet integrals became main stream to Decision theorists since 1989 when 
D. Schmeidler ([12]) was the first to use them in an axiomatic model of choice 
with non-additive beliefs. The expected utility results are strengthned by the 
use of Choquet capacities instead of probability measures. 

In now days Choquet integral has wide applications, among others, to deci¬ 
sion making under risk and uncertainty, in finance, in economics, in portofolio 
problems and in insurance. 

Our motivation also comes from the foundations of Bayesian decision theory 
and subjective probability. 

Because of the paramount importance of Choquet integral, we decided to 
research the related positive sublinear operators approximation, part of it is 
exhibited in this work in the conformable fractional sense. 


2 Background - I 

Next we present briefly about the Choquet integral, see also [8]. 

We make 

Definition 1 Consider D ^ 0 and let C be a a-algebra of subsets in D. 

(i) (see, e.g., [If], p. 63) The set function fi : C ^ [0,-Poo] is called a 

monotone set function (or capacity) if /r(0) = 0 and for all 

A,B €C, with Ac B. Also, fj, is called submodular if 

pL {Ac B) -\- pL {A C B) < pL (y1) -P pL {B), for all A,B € C. 

p, is called bounded if p (D) < -Poo and normalized if p (fl) = 1. 

(ii) (see, e.g., [If], p. 233, or [f]) If p is a monotone set function on C and 

if f : ^ is C-measurable (that is, for any Borel subset B C ^ it follows 

f~^ (B) G C), then for any A G C, the Choguet integral is defined by 

(C) fdp= p {Fp if) nA)d[3+ [p {Fp if) nA)-p (A)] dp, 

J A J 0 J —oo 

where we used the notation Ffj (/) = {w G D : / (oj) > /3}. Notice that if f > 0 
on A, then in the above formula we get f_^ = 0. 

The integrals on the right-hand side are the usual Riemann integral. 

The function f will be called Choquet integrable on A if (C) fdp G M. 

Next we list some well known properties of the Choquet integral. 

Remark 2 If p : C ^ [0, -Poo] is a monotone set function, then the following 
properties hold: 
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(i) For all a > 0 we have (C) afdfj, = a • (C) fdfj, (if f > 0 then see, 
e.g., [ 14 ], Theorem 11.2, (5), p. 228 and if f is arbitrary sign, then see, e.g., 
[5], p. 64 , Proposition 5.1, (ii)). 

(a) For all c € and f of arbitrary sign, we have (see, e.g., [I 4 ], pp. 

232-233, or [5], p. 65) (C) (/ -\-c)dp= (C) fdii -\-c- p,{A). 

If pL is submodular too, then for all f, g of arbitrary sign and lower bounded, 
we have (see, e.g., [5], p. 75, Theorem 6.3) 

{C) [ {f + g)dp<{C) [ fdp. + {C) [ gdp. 

Ja Ja Ja 

(Hi) If f < g on A then {C) J^fdii < (C) jj^gdpL (see, e.g., [I 4 ], p. 228, 
Theorem 11.2, (3) if f, g > 0 and p. 232 if f,g are of arbitrary sign). 

(iv) Let f > 0. If A C B then (C) fdfi < {C) /g fdp. In addition, if p, is 

finitely subadditive, then 

(C) [ fdfx<{C) [ fdp+iC) [ fdp.. 

Jaub Ja Jb 

(v) It is immediate that (C) ■ d/a (t) = /a (A). 

(vi) The formula p (A) = 7 (M (Yl)), where 7 : [0,1] ^ [0,1] is an increasing 
and concave function, with 7 (0) = 0, 7 (1) = 1 and M is a probability measure 
(or only finitely additive) on a a-algebra on LI (that is, M ( 0 ) = 0, M (fi) = 1 
and M is countably additive), gives simple examples of normalized, monotone 
and submodular set functions (see, e.g., [5], pp. 16-17, Example 2.1). Such 
of set functions p are also called distorsions of countably normalized, additive 
measures (or distorted measures). For a simple example, we can take 7 (<) = 

ift, lit) = Vi. 

If the above 7 function is increasing, concave and satisfies only 7 (0) = 
0, then for any bounded Borel measure m, p (A) = 7 (m (A)) gives a simple 
example of bounded, monotone and submodular set function. 

(vii) If p is a countably additive bounded measure, then the Choquet integral 
(C) J^fdp reduces to the usual Lebesgue type integral (see, e.g., [5], p. 62, or 

[ 14 ], p. 226 ). 

(via) If f > 0 , then (C) fdp > 0. 

(ix) Let p = VM, where M is the Lebesgue measure on [0,+ 00 ), then p is 
a monotone and submodular set function, furthermore p is strictly positive, see 
[7]. 

(x) If LI = N G N, we call p strictly positive if p (A) > 0, for any open 
subset A C 

We need some possibility theory: 

Definition 3 ([6]) For the LI 0, the power set V (Ll) denotes the family of 
all subsets of Ll. 
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(i) A function X : ^ [0,1] with the property sup{A(s) : s G H} = 1, zs 

called possibility distribution on il. 

(ii) P : V (H) ^ [0,1] is called possibility measure, if it satisfies P (0) = 0, 

F(r2) = 1, and P = sup{P(Ai) : i € 1} for all Ai C fi, and any I, 

an at most countable family of indices. Note that if A, B C fl, A C B, then the 
last property implies P (^) < P [B] and that P (AU B) < P (Yl) + P (B). 

Any possibility distribution X on Jl, induces the possibility measure P\ : 
V (H) ^ [0,1] , P\ (A) = sup{A (s) : s G A}, A C Q. Also, if f : ^ M+, 

then the possibilistic integral of f on A C with respect to P\ is defined by 
(Pos) fdP\ = sup{/ (t) X{t) :t € A} (see [6], chapter 1). 

Note that any possiblity measure p, is normalized, monotone and submod- 
ular. From p{Ayj B) = T[iiecx.{p (A), p (B)} we get monotonicity, and from 
p{Ar] B) < min{^ (A), p (P)} we derive the submodularity. 


3 Background - II 

We make 

Definition 4 ([2]) Let f : [a, b] C [0, oo) ^ M and a G (0,1]. We say that f is 
an a-fractional continuous function, iff'ie>035>Q: for any x,y € [a,b] 
such that — j/“| < S we get that \f {x) — f {y)\ < s. 

We mention 

Theorem 5 ([2]) Over [a,b] C [0, oo), a G [0,1], an a-fractional continuous 
function is a uniformly continuous function and vice versa, a uniformly contin¬ 
uous function is an a-fractional continuous function. 

We need 

Definition 6 ([2]) Let [a,6] C [0,oo), a G [0,1]. We define the a-fractional 
modulus of continuity: 

w?(/,(5):= sup \f{x)-fiy)\, S > 0. (1) 


Properties ([2]): 

1 ) ujf (/, 0 )= 0 . 

2) (/, J) ^ 0 as 5 I 0, iff / is in the set of all a-fractional continuous 
functions, denoted as f € Ca ([a, b] , M) (= C ([a, 6], M)). 

3) is > 0 and non-decreasing on IR+. 
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4) is subadditive: 

w? (/, h + t2) < if, ti) + ujf (/, t2) ■ (2) 

5) is continuous on IR+. 

6) Clearly it holds 

(/? + ••• + tn) < (/, ti) + ... + UJi {f ,tn) , (3) 

for t = ti = ... = tn, we obtain 

(/,nt) = (/,t). (4) 

7) Let A > 0, A ^ N, we get 

w? (/,At) < (A +l)w? (/,t). (5) 

We notice that ujf (/, S) is finite when / is uniformly continuous on [a, b] C 
[0,oo). 

We need 

Definition 7 ([9], [10]) Let f : [0, oo) ^ M. The conformable a-fractional 
derivative for a € (0,1] is given by 


Daf {t) := lim 

£—^0 


f{t + et^-‘^)-fit) 
€ 


Daf (0) = lim Daf (t). 

If f is differentiable, then 


( 6 ) 


Daf{t)=e-‘^f' (t), 


(7) 


where f is the usual derivative. 

We define D^f = (Daf), 72°/ = /. 

If / : [0, oo) ^ M is a-differentiable at to > 0, a G (0,1], then / is continuous 
at to, see [10]. 

We need 


Definition 8 ([2]) Here C+{[a,b]) := {/ : [a, 6] C [0, oo) ^ M+, continuous 
functions}. Let Lpf : C+ ([a, 6]) ^ C+ ([a, b]), operators, V G N, such that 

Ln {af) = aLfq (/), Va > 0, V/ G C+ ([a, 6]), (8) 

(li) if f, 9^ C+ ([a, b])-. f < g, then 

LN{f)<LN{g), VIVgN, (9) 

(Hi) 

Ln if + g) ^ Lj 4 (/) + Ljv {g), y f,g € C+ ([a,6]). (10) 

We call {LjviTveN positive sublinear operators. 
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We need 

Theorem 9 ([2]) Let a G (0,1], [a,b] C [0, oo). Suppose / is a-conformable 
fractional differentiable on [a, &]. Daf is continuous on [a, 6]. Let an x G [a,b] 
such that Daf [x) = 0, and Ln from C+ ([a, 6]) into itself, positive sublinear op¬ 
erators. Assume that Ln (1) = 1 and Ln ^|- — (x ), Lat (x) > 

0, V TV G N. 

Then 

(Daf, (Ln ((• - (x)) 

\Ln if) ix) -f{x)\< ^^ ■ 

a 

(T^(|--xr+')(x))^+i(TAr((--xf“+'))(x))™ , ViVGN. 

( 11 ) 

We make 

Remark 10 ([2]) By [2], we get that 

Ln (I- - xr+') (x) < (Lm ((• - x)2(“+')) (x)) " . (12) 

As N ^ + 00 , by (11) and (12), and Lpf ^(- — (x) ^ 0, we obtain that 

Ln if) (a:) ^ f{x). 

We need 

Theorem 11 ([2]) Let a G (0,1], n G N. Suppose f is n times conformable 
a-fractional differentiable on [a, 6] C [0,oo), and D^f is continuous on [a, T)]. 

For a fixed x G (a, 6] we have D^f {x) = 0, k = Let positive sublin¬ 

ear operators {TArjArgN fxom C+ ([a, 6]) into itself, such that L^ (1) = 1? and 
Ln (]• - xl”^“+^^j (x), Ln (]• - (x) > 0, V TV G N. Then 

< (D^f, (Ln (]• - (x)) 

\Ln if) ix) - f (x)l < ^ 

_(13) 

[Ln (]• - xl"(“+^)) (x)) [Ln (]• - (x)) , 

V G N. 

We make 
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Remark 12 ([2]) By [2], we get that 

Ln (I- - (x) < (l^ (I- - (x)) ^ . (14) 

As N ^ + 00 , by (IS), ( 14 ), and ^|- — ( 2 ;) ^ 0, we derive that 

Ln (/) {x) ^ fix). 

We also need 

Definition 13 Let f G C {[a, b]). We define the usual first modulus of continu¬ 
ity of f as: 

ujiif,S):= sup \fix)-fiy)\, <5 > 0. (15) 

x,y^[a,b]: 

\x-y\<S 


We need 


Theorem 14 ([3]) Let a G (0,1] and n G N. Suppose f G C+{[a,b]) is n 
times conformable a-fractional differentiable on [a,b] C [0, 00 ), and x G ia,b), 
and D^f is continuous on [a,b]. Let 0 < h < min (x — a, 5 — x) and assume 
\L>af\ is convex over [a, b]. Furthermore assume that D^f (x) = 0, k = 1,n. 
Let from C+ ([a, 5]) into itself, positive sublinear operators such that: 

Ln il) = l,y N G N. Then 


\LNif) ix)- fix)\ < 


\ (n+l)!a”+i/i 



y N gn. 
(16) 


We have 


Theorem 15 ([3]) All as in Theorem 14- Additionally assume that 
Ln (I- - (x)>0, V N G N. Then 


\Ln if) ix) - fix)\< 


a;i iD^f,h)b^-^ \ 

(n + l)!a"+i/i ) 


y N gn. 


(17) 


An application of Theorem 15 follows: 

Theorem 16 ([3j)Let {LN}]^^f^ from C+([a, 6]) into itself, positive sublinear 
operators: Ln (1) = 1, V A^ G N. Also x G (a, b) and Ln ^|- — (x) > 

0, V A^ G N. Here a G (0,1] and n G N. Suppose f G C+i[a,b]) is n 
times conformable a-fractional differentiable on [a, b] C [0, 00 ), and Dfff is 
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continuous on [a,b]. Assume here that 0 < ^ < 

min {x — a,b — x), y iVeN : N > N* € N, and assume \D'^f\ is convex over 
[a, b]. Furthermore assume that D^f {x) =0, fc = 1,n. Then 

fe/, Un (I- - (x)) 

(/)(.)-/(.)!< -^ + (18) 

ViVeN:A^>7V*eN. 

If Ln (^x) 0, then Lpf (/) (x) -i- f {x), as N ^ +oo. 

An application of Theorem 14 follows: 

Theorem 17 ([3]) Let {AjvlTveN C't ([O)^]) into itself, positive sublinear 
operators: Ln (!) = 1, V N e N. Also Ln (|- - (x) > 0, V N e N. 

Here a € (0,1], n G N and x € {a,b); [a, 6] C [0, oo). Suppose f € (7+ ([a, 6]) is 
n times conformable a-fractional differentiable on [a,b], and D^f is continuous 
on [a, b]. Let 0 < Ln ^|- — {x) < min {x — a,b — x), V N > N*; N, 

N* G N, and assume \Dlff\ is convex over [a, 6]. Furthermore assume that 
D^f (x) =0, k = 1, ..., n. Then 

\Ln if) ix) - f ix)\ < - ^ (n+l)!a»+i - 

y N>N*, where N,N* G N. 

If Ln ^|- — (x) 0, then Ln (/) (a:) ^ / (x), as N ^ +oo. 


4 Background - III 

We mention 


Definition 18 ([7]) Let I = [0,1], Bj the a-algebra of all Borel measurable sub¬ 
sets of I, (r7v,s)jvgN x£i collection of the family Tn^x = {t^N k x}k=o^ 

of monotone, submodular and strictly positive set functions fJ,N,k,x nn Bj. 

Let f : [0,1] ^ M+ be a Bj-measurable function which is bounded, and call 

PN,k (x) = x^ (1 - x)^~^, for any x G [0, Ij. 

The Bernstein-Kantorovich-Choquet operators are defined by the formula 


N 


KnXn,. if) i^) = '^PN,k ix) 


(k + l) 

(C) / / it) dllN,k,x it) 

(N + 1) 


fc =0 


LN,k,i 


(N+l) 


(fc+1) 

(N+l) 


V X G [0,1]. (20) 


If LN,k,x = L: for all N,x,k, we will denote KN,rM,r. if) '■= Kn,^i. if) ■ 
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Theorem 19 ([7]) Suppose that lJ‘N,k,x = P- ■= VM, for all N,k and x, where 
M is the Lebesgue measure on [0,1]. Then 


\Kn,, if) ix) -fix)\ < 2co^ , (21) 

V G N, X G [0,1], / G C+ ([0,1]), above uji is over [0,1]. 

Remark 20 By [7] we have that 

jG^,^(|--x|)(x)< ViVGN. (22) 

Let m > 1, notice that | - — xj™ ^ < 1, therefore 

\--xr = \--x\\--xr-^<\--x\, 

hence 

Kn,^ (|- - xp) (x) < (|- - a;|) ix ), 

that is 

Kn,p. (|- - ix) < ^ ^ ^ [0>1] > ^ ^ N, m > 1. (23) 

Notice that (1) = 1, V G N. 

Clearly ATjv./x operators are positive sublinear operators from C+ ([0,1]) into 
itself. 

We mention 

Definition 21 ([8]) Here we consider measures of possibility. Denoting pj^^k ix) = 
^ ^ x^ (1 — x)^ ^, let us defined 


l^N,k it) 


_ PN,k jt) 

fcfcA^-w (AT - A:)^”'' 



t'^il-t)^~’' 
/cfeA^-JV (at _ ’ 


k = 0,...,N. 


(24) 

By convention we assume that 0° = 1, so that the cases k = 0, and k = N make 
sense. By considering the root ^ of p'j^ (x), it is clear that 


max{p7v,fc it) : t G [0,1]} = k'^N ^ iN — k)^ ^ 



which implies that each XN,k is a possibility distribution on [0,1]. 
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Denoting by P\j^ j, the possibility measure indueed by \M,k and Tn,x ■=^n '■= 
{P>^N,k}k=o (that wTn is independent of x), we define the nonlinear Bernstein- 
Durrmeyer-Choquet polynomial operators with respect to the set functions inT^ 
given by the formula 


N 

DN,rr, (/) (x) := '^PN,k (x) 

k^O 


{C)J^f{t)tHl-tf~’'dPx^^, it) 
{C)J^Pil-tf-^dP^,^, (t) 


VxG [0,1], iVGN, /gC+([0,1]). 


(25) 


Remark 22 Above Px^ ^ is bounded, monotone, submodular and strictly posi¬ 
tive, TV G N, fc = 0,1, Notice that (1) = 1, V G N. 

Clearly operators are positive sublinear operators mapping C+ ([0, Ij) 

into itself. 


We mention 


Theorem 23 ([8]) For every f G C+ ([0, Ij), x G [0,1] and TV G N — {1}, we 
have 

(/) (X) - / (x)i < 2.. (^/, ^j, ,25) 

where wi is on [0,1]. 

Remark 24 By [8] we have that 

. X (1 + V2) Jx (1 - x) + ^/2Jx 1 

xD^,r„(|--x|)(a:)< ^ ^ + fif, VTVgN-{1}. 

(27) 

Let m > 1, notice that \ - — xf^ <1, therefore 

[• — x|™ = [• — x| [• — xj™ ^ — a;|, 

(I- - xD (x) < Dn.Fj., (|- - a;|) (a:), 

(l + v^) x/x{l — x) + V^x/x 1 


hence 

that is 


Dn,tA\- -xnix)< 

V TV G N — {1}, V X G [0,1], m > 1. 
We make 


k/N 


TV’ 


(28) 


10 
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Remark 25 When x e [0,1], then the max (a: (1 — x)) = \, at x = \. There¬ 
fore it holds 


Jx(l-x) 1 1 1 


V X G [0,1], V iV e N. 
Similarly, it holds 


(1 + 72) 7x (1 - x) + 727x 1 / 1 + 372 1 

7/V ^ N- 27/V "^iV’ 

VxG [0,1], ViVGN-{l}. 

Corollary 26 (to Theorem 19) It holds 


WKn,^. (/)-/l7<2a;i (/,^ + 1 


2^/N N 


ViVGN, /gC+([0,1]). 

Corollary 27 (to Theorem 23) It holds 

\\Dn,t. (/)-/IL<2wi f/, 


1 + 372 1 

27^ N 


(29) 


(30) 


(31) 


(32) 


ViVGN-{l}, /gC+([0,1]). 


5 Main Results 


Here first we apply some of the main theorems mentioned in section 3 to the 
Bernstein-Kantorovich-Choquet operators where n := 7)7, with M the 

Lebesgue measure on [0, Ij. More precisely here it is 


N 

if) (x) = '^PN,k (a;) 


(C)/ 


(fc+i) 

(N+l) 
(N + 1) 


f {t) dp {t) 



k (fc+1)]) ’ 

(JV+1) ’ (Af+l)J y 


(33) 


VxG [0,1], ViVG N, /GC+ ([0,1]). 

It follows applications to Bernstein-Durremeyer-Choquet operators 
see (25). 

In particular we need (a variation of Theorem 11): 


Theorem 28 ([2]) Let a G (0,1] and n G N : na > 1. That is < a < 1. 
Suppose f is n times conformable a-fractional differentiable on [a, 6] C [0, oo), 
and DOf is continuous on [a, &]. For a fixed x G [a,b] we have D^f (x) = 0, 
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k = Let positive sublinear operators {LjvjArgN 5]) into 

itself, such that Ln (1) = 1, V G N, and <5 > 0. Then 


ILnU) (x)- fix)\ < 


1 


< iDU,S) 




LnH'-xI )(a^)+ + 


(n+l)a 


) (x) 


(34) 


V G N. 


We present 


Theorem 29 Let a G (0,1] and n G N : na > 1. Suppose f is n times 
conformable a-fractional differentiable on [0,1], and D^f is continuous on [0,1]. 
For a fixed x G [0,1] we have D^f (x) = 0, k = 1,n. Then 


D^f, 


\Kn,^l (/) (a:) - f{x)\< 


x(l-x) . 1 

N N 

Q;”n! 


a; (1 - a^) j_ j 


1 


N 


N (n + 1) 


x{l — x) 1 

N N 


< 


( 2 ^ + a) 


a"n! 


1 1 


1 1 \ "+ 


( 2 //V ' Nj ' (n + 1) \2y/N ' N 


(35) 


V A^ G N. 


Notice that lim (/) (x) = f (x). 

AT—^00 ’ 

Proof. By (34) we have 


iKjv,, if) {x)-f{x)\< ^^ 

Q;”n! 


Kn,^ (I- - xr) (a:) + 

< iDU,S) 


1 


i'"nl 


(n + 1) (5 

X (1 — x) 1 \ 1 


(x) 


( 23 ) 

< 


N 


N {n + l)d 


X (1 — x) 1 
N N 


(36) 


(choose 5 \= [J + ;^ ) >0, then = J and 5'^ = 


x(l —a 


N ' N 


) 


D'if, 


x{l—x) . 1 

N N 


v"n! 
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l x{l-x) 1 \ 1 

N N (n + l) 


lx{l — x) 1 
N N 


( 29 ) 

< 




1 i\ 1 / I 1 

2y/N n) ^ {n + l) \2v^ n) 


proving the claim. ■ 
We continue with 


Theorem 30 All as in Theorem 29. Then 


\{Dn,t„ (/)) {x) - f{x)\ < 


1 (-D”/ ( _l_ 


(l + V2) ^/x{l — x) + 1 

Vn n 


1 (l + \/ 2 ) a/x (1 — x) + -/2x 1 1 


(n+l) 


+ *)■") 


l + 3v^ l\ 1 1 + 3^2 1 

2^/N ^Nj^in + l) 2y/N 


ViVGN-{l}. 


Notice that lim Hjv.Tn (/) {'^) = / (^) • 

AT—^+oo 

Proof. By (34) we have 

|-Djv,r« (/) (x) - f{x)\ < 


PS/, <5) 


i?^,r„(|--xr)(x) + ^^^^i?^,r. 


(|.-x|("+^)“) (x)] ? 


P PS/,'^) ( (1 + P) Vx(l-x)+p^ ^ 

Q;”n! I N 

1 \/x (1 — x) + -px 1 \ 

(n + l)(5l pV “^ivi 
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(choose (5 := > q, then 

„„+l _ + x(l-x) + ^^ 1 J xra _ (l + V2)^x(l-x) + V^ I 

° “ ./M + AT > ^ ~ V VN N 


■/N 

(DU, 


f (l+V2)^x(l-x)+V^ I "+^ 
[ Vn ^ N 


a"n! 

(l + \/2) (1 — x) + yUx 1 


Vn 


N 


1 

(n + 1) 


(l + VVj Vx{l — x) + V‘^x ^ 1 

Vn n 

a"n! 


( 30 ) 

< 


/1 + 3V2 0 

1 1 

1 

'1+372 ^ r 

ji + 1 

2 VN ^ N j 

l^(n + l) 

2 VN ^ N 



VA^GN — {1}, proving the claim. 
Next we apply Theorem 14. 
We give 


(40) 


Theorem 31 Let a G (0,1] and n G N such that (n + 1) a > 1, that is Dpi ^ 
a < 1. Suppose f G C+ ([0,1]) is n times eonformable a-fraetional differentiable 
on [0,1], and x G (0,1), and D'ff is continuous on [0,1]. Let N* G N such that 
2 vW ~*~lW — 1 ~ 2 ;) and assume \D2.f\ is convex over [0,1]. Furthermore 

assume that D^f (x) = 0, fc = 1, ...,n. Then 


\{KN,ti (/)) (a:) -/(x)| < 


^1 [Pgf, 2PN + n) 
(n+l)!a"+i 


(41) 


V > IV*, iV G N. 

It holds lim ATat,^ (/) (x) = f {x). 

A^—^+oo ’ 


Proof. By (16) we get 

|K„.„ (/) {X) - I (x-)| < (l^ - xp'>‘) (X) 

{DU,h) ( l x{l-x) ( 2 ^ 9 ) 

(n + l)!a"+i/i N Nj - 


( 23 ) 

< 


14 
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iDU,h) /II 
(n+1 )!q;”+i/i V 2 y]V N 


(42) 


(setting h := ^ + ^ > 0) 


UJl 


{dU, 


+ - 
2VN ^ N 


(n+l)!a”+i 

proving the claim. ■ 

We continue with 

Theorem 32 Let x € (0,1) and N* € N — {1} : 1 ~ 2 ;). 

The rest as in Theorem 31. Then 


ijJi 


|(£'Ar,r« (/)) (a:) - /(a:)| < 


y N>N*, N G N - {!}. 

It holds lim I?Ar,r„ (/) i^) = f i^) ■ 

N^+oo 

Proof. We use Theorem 14: 

By (16) we get 


/ ( 1 + 372 ) 

2Vn ^nJ 
(n + l)!a"+i 


(43) 


l^w,r« (/) (x)- f{x)\ < 


{Dlf,h) 

(n + l)!a”+ih 


D 


N,T^ 


— X 


(n+1). 


‘) (a^) 


( 28 ) 

< 


021 {Dlf,h) / (1 + V2) ^x{l-x) + V^ ^ \ (3^) 

(n +l)!a”+i/i y ^/N ^Nj ~ 

021 {Dlf,h) f (1 + 3 V 2 ) 

(n+l)!a"+i/i i 2ViV ^ J 


(setting h := + jf > 0) 


„ (nnf (1+3V2) i\ 
0^1 1 2VN + JV j 

(n + l)!a"+i 


proving the claim. 
We need 


(44) 


Definition 33 Let LI be a set, and let f,g : LI ^ be bounded funetions. We 
say that f and g are eomonotonic, if for every uj,ui' G LI, 


if ( 02 ) - / ( 02 ')) (5 ( 02 ) - g (w')) > 0. 


(45) 
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We also need the famous Schmeidler’s Representation Theorem (Schmeidler 
1986) 

Theorem 34 ([11]) Denote with Coo {A) the vector space of A-measurable bounded 
real valued functions on 11, where A C 2^ is a a-algebra. Given a real functional 
r : Coo (A) ffi, assume that for f,g € Coo (A): 

(i) r (c/) = cT (/), V c> 0, 

(a) f < 9, implies T (/) < T (g), 
and 

(Hi) r (/ + (/)= r (/) + r [g), for any eomonotonie f, g. 

Then 7 (T) := T (1a), V A G defines a finite monotone set function on 
A, and T is the Choquet integral with respect to 7 , i.e. 

T{f) = {C) ( f{t)d^{C), yf&CooiA). (46) 

Jn 

Above 1a denotes the characteristic function on A. 

Next we give nice interpretations of Theorems 9, 11, 16, 17 involving Choquet 
integrals and based on Theorem 34. 

We make 

Remark 35 Consider here [a, 6 ] C B = B{[a,b]) is the Borel a-algebra 
on [a,b]j ctnd Coo (B) is the vector space of B-measurable bounded real valued 
functions on [a,b]- Let (TAr)^gj^ be a sequence of positive sublinear operators 
from Coo (B) into C+ ([a, b]), and x G [a, b]. That is here Lpf fulfills the positive 
homogenuity, monotonicity and subadditivity properties, see (8)-(10). 

Assume (1) = 1, V G N. Clearly here Coo (B) C C+{[a,b]), where 
[a, 6 ] C [0,oo). In particular we treat TAr|c+([a, 6 ]), just denoted for simplicity by 
Tat, VIVgN. 

It is clear that Ln (•) (x) : Coo (B) ^ R is a functional, V iV G N. It has the 
properties: 

(^) 

Ln (c/) (x) = cLn if)ix), V c> 0, V / G Coo (B) , (47) 

(li) 

f < 9, implies Ln (/) (x) < Ln (g) {x ), where f, 9 € Coo {B) , (48) 

and 

(Hi) 

Ln if + g){x) < Ln {f){x)-\-L n i9)ix), yf,g&C^{B). (49) 

For comonotonic f,g€ Coo (B), we further assume that 

Ln if + 9 ) ix) = Ln if) ix) + Ln (g) ix). (50) 

In that case Ln is called comonotonic. 
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By Theorem 34 we get that: 

7 ^,, (A) := (U) (x), VyIgS,V7VgN, (51) 

defines a finite monotone set function on B, and 

LN{f){x) = {C) f (52) 

J a 

y fGC ^ (s),v7vgn. 

In particular (52) is valid for any / G C+ ([a, 5]). Furthermore Tjvx is nor¬ 
malized, that is 7 ^ ([a, 6]) = 1, V iV € N. 

We give 


Theorem 36 Let a € (0,1], [a, 5] C [0, oo). Suppose f is M+ valued and is 
a-conformable fractional differentiable on [a,b], with D^f being continuous on 
[a, b]. Let x G [a, b] such that Daf (x) = 0, and be a sequence of posi¬ 

tive sublinear comonotonic operators from Coo (B) into C+ ([a, 6 ]). We assume 
thatLN ( 1 ) = 1 , and (C) \t - x\°‘^^ (t) > 0 , (C) (t - (t) 

>0,y N eN. Then 

cc? (Oo^f, UC) Si {t - d7iv.. W) 

\Ln if) (x) -f{x)\< 


C rb \ 1 / 

(C) J |t-x|“+^d7jv,,,(t)j ^yN,x(.t)j 

(53) 

V G N. 

j4s (C) (t — 0 :)^^“'''^^ djj^ ^ (t) ^ 0, N ^ oo, we get that lim Ljv (/) {x) = 

’ N —^+oo 

fix)- 


Proof. By Theorems 9, 34. ■ 


Theorem 37 Let a G (0,1], n G N. Suppose f is M+ valued and is n times 
eonformable a-fractional differentiable on [a, 6] C [0,oo), and Dfff is eontinuous 
on [a, 5]. For a fixed x G [a, 6] we have D^f [x) = 0, k = l,...,n. Let positive 
sublinear comonotonic operators {TivlAreN from Coo (B) into C+{[a,b]), such 
that (C) JI \t - dj^^^ (t), (C) fl \t - (t) > 0, V iV G 

N. Then 


l^Nif) (x)- f{x)\ < 


D': 


lL{iC)ll\t 


_^|(n+l)(«+l)^ 7 ^^^ 


(n + l)(c. + l) 


v^r?,! 


(54) 
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J fi7Ar,a; (i) j + 

-I / fb \ i-n.+ lKc + l) 

M N 

As (C) \t — dlN,x (t) 0? when N oo, we get that 

lim Ln (/) (x) = f{x). 

N—^-\-oo 

Proof. By Theorems 11, 34. ■ 

We continue with 


Theorem 38 Let {iArjArgN from Coo (B) into C+ ([a,^]) positive sublinear 
comonotonic operators, such that Ln (1) = 1, V iV G N. Additionally assume 
that (C) jt — d^N,x (i) > 0, V N € N; x € (a,b). Here a G 

(0,1], and n G N. Suppose f G (7+ ([a, 6]) is n times conformable a-fractional 
differentiable on [a,b] C [0, oo), and D^f is continuous on [a,b]. Assume here 

0 < (^{C) \t — d'yN,x — xah\{x — a,b — x), V G N : 

N > N* G N, and assume |T*2/| is convex over [a,b]. Furthermore assume that 
D^f (x) =0, fc = 1,..., n. Then 


\Ln if) (x)- f{x)\ < 






{n + l)!a 




(55) 


\/ N>N*-, N,N* G N. 

If (C) fa \t - djN,x it) ^ 0, then Ln if) (x) ^ / (x) as N 

oo. 


Proof. By Theorems 16, 34. ■ 

Theorem 39 Let {TArjArgN from Coo i^) into C+ ([a, 6 ]) positive sublinear 
comonotonic operators, such that Ln (1) = 1, V iV G N. Additionally assume 
that (C) f \t — xf~^^'^°‘djN^x it) > 0, V G N; X G (a, 6 ). Here a G (0,1], 
and n G N. Suppose f G C+ ([a, &]) is n times conformable a-fractional differ¬ 
entiable on [a,b] C [0,oo), and D^f is continuous on [a,b]. Assume here 0 < 
((C) f \t - xl^”+^^“ d-fN,x it)) < mm{x - a,b - x), W N G N : N > N* G N, 
and assume 1T*q/1 is convex over [a, 5]. Furthermore assume that D^f [x) = 0, 
fc = 1,..., n. Then 

(Olf, {C) f \t - xl("+')“ djN,x it)) 

\Ln if) ix) - f (x)l < - ^(56) 
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y N > N*, where N, N* G N. 

If (C) Ja f ~ d'lN,x (t) 0, then Ln (/) (x) ^ f {x) as N ^ oo. 

Proof. By Theorems 17, 34. ■ 

We make 


Remark 40 Consider again [a, &] C M+, B = B{[a,b]) the Borel a-algebra on 
[a, b]. For each N € N and each x G [a, b] consider the monotone set functions 
B M+. We assume that all normalized, that is ([®) ^]) = 

and submodular. Here we consider the operators Tjv : C+ ([a, &]) ^ C+ ([a, 6]) 
given by the formula 

Tr,{f){x) = {C) f f{t)dpi^^At), (57) 

J a 


y N en,y X e[a,b]. 

Infact here /Xjv x chosen so that Tpf {C+ ([a, 5])) C C+ ([a, 6]). 
We notice here that hold: 

r*; 

Tn (a/) (x) = qTn (/) (x), V a > 0, 


(li) 


f < g, implies Tn (/) (x) < Tn {g) (x), 


and 

(Hi) 


Tn if + g) (x) < Tn (/) (x) + Tn {g) (x), 


(58) 

(59) 


(60) 


y IV€N,yx€ [a, b],yf,g€C+ ([a, b]). 

Clearly Tn are positive sublinear operators, compare to (8)-(10). We also 
have that Tn (1) = 1, V iV G N. 


We give 


Theorem 41 Let a G (0,1], [a, 6] C [0, oo). Suppose f is a-conformable frac¬ 
tional differentiable on [a,b]. D^f is continuous on [a, 6]. Let an x & [a, 6] such 
that Da f {x) = 0. Assume (C) \t — x\°‘~^^ d^N,x (i)> (C”) {t — diiN,x (0 > 

0, V TV G N. Then 


\TN{f) {x)- f{x)\ < 


f(Daf,(iC)J^Jt 


^ 2 (a+l) 


dHN,x (t)) 


2(a + l) 


a 


{C)j'\t-xr+^d^,N.xit)] ^ +l(iC)j\t-xf'^+^Up.N,xit) 


2(c. + l} 


(61) 
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y N €N. 

As N -I- oo, and (C) (t — (t) -i- 0, we obtain Tn (/) (x) —> 

fix). 

Proof. By Theorem 9. ■ 

Theorem 42 Let a € (0,1], n G N. Suppose f is n times conformable a- 
fractional differentiable on [a,b] C [0, oo) and takes values on M+. is con¬ 
tinuous on [a, 6 ]. For a fixed x G [a, &] we have D^f [x) = Q, k = As¬ 
sume that {C) jl^\t-x\'^‘-°‘^^'’diJ,]^^^{t), > 0, 

V G N. Then 


\TNif) (x)- f{x)\ < 


(o^f, ((C) JH \t - it)) 


(r. + l)(o + l) 


i'"nl 


(n + 1 ) 


(C) J \i-dnN^^{t)\ + 




(„ + !)(„ + !) 


it) 


(62) 


V G N. 

4s A^ ^ oo, and (C) \t — (t) -i- 0, we get (/) (x) 

fix). 


Proof. By Theorem 11. ■ 
We continue with 


Theorem 43 Assume (C) |t — (t) > 0, V A^ G N; a; G 

(a, &). Here a G (0,1], and n G N. Suppose f G C+([a, 6 ]) is n times 
conformable a-fractional differentiable on [a, 6 ] C [0, oo), and D'ff is contin¬ 
uous on [a, &]. Assume here that 0 < ^(C) \t — diXpf^^ (t)^ ^ < 

min (a: — a,b — x), y N € N : N > N* G N, and assume \D'^f\ is convex over 
[a, 6 ]. Furthermore assume that D^f {x) = 0, fc = 1,..., n. Then 


D' 


\TNif) ix)-fix)\< 


lL{ic)fjt 




(n + l)!a”+i 


(63) 

VAfGN:Af>Af*GN. 

ViC) fa |i- dn^^{t) 0, thenTj^ (/) (a:) ^ f {x) as N -> oo. 


Proof. By Theorem 16. ■ 
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Theorem 44 Assume (C) \t — (t) > 0, V TV G N. Here a € 

(0,1], n G N and x G (a,b); [a,b] C [0,oo). Suppose f G C+ ([a, &]) is n times 
conformable a-fractional differentiable on [a, b], and D^f is continuous on [a, b]. 
Let 0 < (C) \t - (t) < min {x - a,b - x), W N > N*; N, N* G 

N, and assume \D2.f\ is convex over \a,b]. Furthermore assume that D^f {x) = 

O, fc = 1, n. Then 


\TN{f) {x)- f{x)\ < 


[nif, (C) Si\t - x|(O) 
(n + l)!a"+i 


(64) 


y N > N*, where N, N* G N. 

V (C) fl \t - (0 ^ 0, then Tn (/) (x) ^ f (x) as N ^ oo. 


Proof. By Theorem 17. ■ 
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The Minkowski Inequality and the Brunn-Minkowski Inequality 
for Dual Orlicz Mixed Affine Quermassintegrals 

Tongyi Ma 

(College of Mathematics and Statistics, Hexi University, 

Zhangye, Gansu 734000, P.R.China) 


Abstract 

In this paper, the Orlicz version of the classical dual Cauchy-Kubota formula is given and the 
concept of dual affine quermassintegrals is extended to dual Orlicz mixed affine quermassintegrals 
in the framework of Orlicz Brunn-Minkowski theory. Some inequalities for dual Orlicz mixed affine 
quermassintegrals are obtained, such as dual Orlicz-Minkowski inequality and dual Orlicz-Brunn- 
Minkowski inequality. 

Keywords: Orlicz Brunn-Minkowski theory, integral geometry, dual affine quermassintegral. 


1 Introduction 

We work in Euclidean space K", and use voli(-) to denote the f-dimensional volume. The unit 
sphere in K" is written by 5'"“^. In the projection of convex body K, quermassintegrals are important 
geometric invariants and have different definitions in many areas of mathematics. In the theory of mixed 
volumes quermassintegrals are usually called simple mixed volumes. The reader should refer to [24] and 
[26] for details. Lutwak [21] introduced the dual quermassintegrals, Wn-i, of a star body K. Suppose 
Wo = voln{K) and Wn = oJn- If 0 < f < n, then 

= vob(KnqdMq?), (1.1) 

JG{n,i) 

where the Grassmann manifold G{n,i) is endowed with the probability Haar measure fXi, vob(Ar fT is 
the i-dimensional volume of slice of K by an i-dimensional subspace ^ C M" and oji = 7r*/^/r(l -|- i/2) 
denotes the z-dimensional volume of the unit ball in M*. 

The quermassintegrals are connected with the projections of convex bodies, while the dual quermass¬ 
integrals are closely related to the cross sections of star bodies, which is proved in [11] that they are the 
only rotation invariant continuous star valuations with the corresponding homogeneity. Zhang [28] showed 
that the dual quermassintegrals have the same kind of kinematic formulas as the quermassintegrals. 

Affine quermassintegrals [16] is an important geometric invariants in the projection of convex body. 
Lutwak [15] introduced the dual affine quermassintegrals, $„_j(Ar), of a star body K containing the 
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origin in its interior. Suppose ^o{K) = volniK) and = oJn- li 0 < i < n, then 




\JG{n,i) 


vol,(i^ne)"dM^(0 


( 1 . 2 ) 


Grinberg [6] showed that both the affine quermassintegrals and the dual affine quermassintegrals are 
invariant under volume-preserving affine transformations. However, the dual affine quermassintegrals of 
star bodies received more considerable attention, see [6, 2, 16, 26, 27]. The aim of this paper is to study 
them further. 

Some opened articles [9, 13, 17, 18, 23, 25], Gardner’ work [3] and the classical Brunn-Minkowski 
theory of convex bodies (see, e.g., [4, 26]) were generalized to the Orlicz space, which is called the Orlicz 
Brunn-Minkowski theory and further extend the Lp-Brunn-Minkowski theory (see, e.g., [19, 20, 12]). We 
considers a non-zero convex function (j) : [0, oo) —>■ [0, oo) in this paper. It is strictly increasing with 
^(0) = 0. Suppose that C is the class of convex and strictly increasing functions (j) '■ [0;Oo) —>■ [0,oo), 
where lim (j){t) = -Poo, and (j){0) = 0. Note that 5” denotes the set of star bodies in K” containing the 
origin in their interiors. 

The dual Orlicz mixed volume, L), oi K,L G 5” is defined by 


V-4k,l) 


-0).(1) vo\n{K+_^e oL)- voln(7^) 
n e->o+ e 


(1.3) 


where <('(,(1) is the right derivative of a real-valued function (/> at 1 and K+-^eo L denotes the Orlicz 
radial harmonic combination of K and L. It follows from (1.3) that the dual Orlicz mixed volume V-^ 
has the following integral representation: 


V.4K,L) = - f J^)pj,{urdS{u), (1.4) 

njgn-i \plJ 

In [5, 10, 22, 31, 20], the dual mixed volume is extended to the dual Lp-mixed volume. If 4){t) = 
,1 < p < oo, then 

V.p{K,L) = -[ pl{u)dSiu). (1.5) 

Recently, Zhao [30] introduced the notion of dual Orlicz mixed quermassintegrals for 0 < i < n and 
established its integral representation, li K,L G 5" and (j) G C, then 


W-p,i{K, L) 


-4>'rW W,{K+_^eoL)-W,{K) 

n — i £->- 0 + £ 


and 


( 1 . 6 ) 


W.,p4K,L) = 


1 


n Jgn-l 


PL 


|p/i:(M)” ^dS{u), i = 0, l,---,n. (1.7) 

In this paper, we first established the Orlicz version of the classical dual Gauchy-Kubota formula (1.1) 

L) = ^ [ V%{K n L n (1-8) 

JG{n,i) 


where O O ^) is the dual Orlicz mixed volume of the (t)-dimensional star bodies K and 

L n ^ in the subspace ^ G G{n, i). 

For i = 1,2, • • • , n, we further consider the following formula. 




UJ, 


^[E(RW(xnC,TnO”)] 

UJi 


Ijn 


UJn 


fo«(xn^,LnO"d/x,(e) 


f G{n,i) 


(1.9) 
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and L) is known as the dual Orlicz mixed affine quermassintegrals. 

Let (pit) = with p >1. Then 


^p,n—i i^y L) 



G(n,z) 


1 


( 1 . 10 ) 


where v!ip LD^) denotes the dual Lp-mixed volume of Kfl^ and Lfl^ in the subspace ^ G G(n, t). 

Taking L = K in (1.9), ^^^n-iiK, K)/p{l) = $„_i(iG) is just the classical dual affine quermassinte¬ 
grals of K. 

On the basis of the above concepts, one aim of this paper is to establish the following dual Orlicz- 
Minkowski inequality for dual Orlicz mixed affine quermassintegrals. 


Theorem 1.1. Suppose K,L G 5”, n > 3 and p gC. Then for 2 <i <n, 

~ i 

^^,u-^iK,L) > y ( 1 . 11 ) 

If K and L are convex bodies containing the origin in their interiors, then eguality holds in the inequality 
(1.11) if and only if K and L are dilations. 

As an application of Theorem 1.1, we prove a uniqueness theorem of convex bodies. 

The other aim of this paper is to prove Orlicz radial sum versions of the dual Brunn-Minkowski 
inequality for dual Orlicz mixed affine quermassintegrals. 


Theorem 1.2. Suppose K,L G Sf and p G C. Then for 2 <i <n, 


VV ^n-^iK) 


^n-iiK+-(l,L) 

^u-^iL) 


<m- 


( 1 . 12 ) 


If K and L are convex bodies containing the origin in their interiors, then equality holds in the inequality 
(1.12) if and only if K and L are dilations. 

In order to prove Theorems 1.1 and 1.2, we use the integral-geometric technique, motivated by Fursten- 
berg and Tzkoni [1], Grinberg [7], Ma [22], Gardner and Hug, et al. [5] and Zhu et al. [31]. 


2 Preliminaries 

Let /C" denote the set of convex bodies (compact, convex subsets with non-empty interiors) in Eu¬ 
clidean space M". We write /C" for the set of convex bodies containing the origin in their interiors. The 
support function of K G /C", hx = h{K,-) : ]R”\{o} —>■ [0,oo), is defined by h{K,x) = max{(x,y) : y G 
K}, where x G ]R”\{o}. 

For K G /C", its polar body, K* G /C”, is defined by K* = {x G K" : {x,y) < l,for any y G K}. It is 
easily known that (K*)* = K for K G /C”, and for c > 0 we have (cK)* = c~^K*. 

If AT is a compact set in R", then the radial function pK of K is defined by pk{x) = max{A > 0 : 

\x G K} for x G ]R”\{o}. If pk is continuous then we call K a star body (about the origin). 

Two star bodies K and L are dilates (of one another) if pk{u)/pl{u) is independent of u G 

It is easy to see that for K,L G Sf, K C L if and only if pK < Pl and for c > 0 and x G ]R”\{o}, 

p{cK, x) = cp{K, x). More generally, for T G GL(n) the radial function of the image TK = {Ty : y G K} 
of K is given by (see [26]) 

p{TK, x) = p{K, T-^x), for x G M”\{o}, (2.1) 

where GL(n) denotes the linear transformation group on R", and T~^ is the inverse of T. 
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For K,L € a,l3 >0 
K and L is defined by (see 

p{a o K+_^f3 o L, u)~^ 


(not 

[ 22 ]) 


= inf 


both zero) and 4> G C, the 


Orlicz radial combination a o K+-^f3 o L of 


Note that for all u 


G S 


acj) 


” p(aoiG+_0/3oL,M) is defined by 
f p{ao L,u)\ f p{ao o L,u) 

[ -MO- ) -MO- 


</>(!). 


If (f>{t) = tP with 1 < p < oo, then aoK+_^l3oL is the Lp-radial harmonic combination a<>K+_pl3<>L, 
and correspondingly V-^{K,L) is the dual Lp-mixed volume V-p{K,L). See [20] for more details. 

Lemma 2.1. Let K,L G and a, /3 > 0. If (j) gC, then for T G GL(n), 

T{ao o L) = ao TK+-^f3 oTL. 

Proof. From (2.2) and (2.1), we have for u G 5'"“^, 

M «rAO_,MTi, 0-' = mt {a > 0 ; S «»} 

= p(a o K+_^j5 o L, T~^u)~^ 

= p(T(aoX+_0/3oL),u)“\ 


Thus 


T{ao K+_^P o L) = ao TK+_^P oTL. 


□ 


Lemma 2.2. Let K,L G 5”, </> G C. Then for each ^ G G{n, i), t = 1, • • • , n — 1 and £ > 0, 

iK+_^e oL)n^ = iK(l C)+-0e o{L(lO- 

Proof. Fixed f G G(n,t), and let = 5'”“^ fl f. For any u G and Q G 5”, we get pq{u) = 
PQn^iu). Applying the definition of K+_^e o L to u G it follows that 

J p((I^+-0 £oL) ng,M) \ p{{K+_^eoL)f^^,u) \ ^ 

PA'nc(M) ) V PLnd'u) ) 


On the other hand, from {K fl ^)+_ 0 £O {L fl f) defined in we have 


/ p((j^ng)+-^£o(Lng),u) \ I _^/ d((j^ng)+-^£o(Lng),u) \ ^ 

V PKndu) J PLnd^) J 


Thus, {K+-^e o L) n ^ and {K fl ^)+_ 0 e o (L fT ^) is a same star body in □ 

Lemma 2.3. (see [22]) Suppose K,L G and f gC. Then 

Goa-.l)>™i„(am((^)'^). (2.3) 

with equality if and only if K and L are dilates of each other. 
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Taking with p > 1. The above dual Orlicz-Minkowski inequality is Lutwak’s Lp-dual 

Minkowski inequality (see [20]): 

V-p{K,L) > vol„(it:)^vol„(L)“~ , (2.4) 

with equality holds if and only if K and L are dilations. 

Lemma 2.4. (see [ 8 ]) Suppose that p is a probability measure on a space X and f : X ^ I is a 
p-integrable function, where I is a possibly infinite interval. Jensen’s inequality states that if (j> : I —>■ R 
is a convex function, then 

4'if{x))dp{x) f{x)dp{x)^ . (2.5) 

If (j) is strictly convex, the equality holds in every inequality if and only if f(x) is constant for p-almost 
all X € X. 


3 The generalized dual Cauchy-Kubota formula 


In this section, we prove the probabilistic essence of dual Orlicz mixed quermassintegrals. We first 
see the dual Cauchy-Kubota formula. For K G S^, 

Wn-i{K) = —[ vo\i{K r\f)dp,{f), i = (3.1) 

JG(n,i) 

Theorem3.1. Suppose K,L G and 4> G C. Then for each i = 1, - ■ ■ ,n — 1, 

= [ v^^l{Kn^,LnOdp^iO- 

JG{n,i) 

Proof. By (1.6), (3.1) and Lemma 2.2, we have 




From (1.3), we have 


-</>;(!) Wn-^{K+_^eoL)-Wr^-,{K) 

i £-> 0 + e 

-(prji) ujn f vob((K:+_0£oL) ng) - vob(K:nO ^^ 

i JGin.i) £—>■0+ £ 

-(/>r(i) , ‘‘(y / vob((K:ng+-0£oLng)) - vob(K:riC) ^^ 

i JG{n,i) £—>■0+ £ 


UJ„ 


lT_^,„_i [K, L) = ^ j V%{KC^f,LC^ Odp^ if) ■ 

JG{n,i) 


_ □ 

Up to a constant, the quantity lU_ 0 y(Kr, L) is the expectation of the random variable 

U«(i^n-,Ln-) :G(n,z)^ ( 0 ,oo), 

which is defined on the probability space {G{n,i),B, pi) (where B is the Borel sigma-algebra on G{n,i)). 
Taking (fff) = P with p > 0 in Theorem 3.1, we have the formula 

W.p,n-^{K,L) = ^ f V^^liKnf,LnOdp^iO■ 

JG(n,i) 


5 


298 


Tongyi Ma 294-304 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


For K € Sg, we extend the dual Cauchy-Kubota formula to 1 < q < i < n, 


W,{K) = 


Jn-q JG(n,n-q) 


Wtq'^\Kf^i)d^in-q{0, 


where denotes the (i-( 7 )th dual harmonic quermassintegral in the subspace 

It follows from (3.2) and (1.6) that we have the following theorem. 


(3.2) 


Theorem 3.2. Suppose K,L G and </> G $i or (j) G ^ 2 - Then for 1 < g < i < n, 


W_^4K,L) 




^n— 


n—q J G{n,n—q) 


where fl L fT ^) denotes the dual Orlicz harmonic mixed quermassintegral of the (n-q)- 

dimensional star bodies K Df and LDf in the subspace 


4 Inequalities of dual Orlicz mixed affine quermassintegrals 

In this section, we first show that the quantities L), • • • , L) are SL(n)-invariant. Here, 

n •, L n •)”) is the expectation of V^^{K fl •, L fl •)". 

Theorem 4.1. Suppose K,L G and (f gC. Then for T G SL(n), there holds 


^^4TK, TL) = L), i = 1, 2, • • • , n. 

Proof. Suppose f G G{n, n — i). For S'"-*-! = S"-! n f, if 

T G SL(n) = {T G GL(n) : detT = 1}, 

then for u G and Q G 5”, we get Ptq{u) = PTQn{('w)- For x G ]R”\{o}, let (x) = a;/||x||. From 

(1.4) and (2.1), we obtain 


v4r"\TKn^,TLnO = 


J_ f ^fPTK^\ (^)dS„_,_,(«) 

n-iJsn-in^ ypTLnd^)/ ^ 

1 /■ . ^ PTKiu)\ n-i( \aQ I \ 

Ptk {u)<lSn-i-l{u) 


n-iJs^-in^ \Ptl{u) 

— / </> pl-\{T-4))dSr,.,.d{T-4)) 

-Ws— \Pl{{T ^u)) J 


n — 

n-iJs<r-ini \PLnddJ ^ 

where Sn-i-i denotes n — i — 1-dimensional spherical Lebesgue measure. Thus, from (1.9), it follows 
that 


^^dTK,TL) = 


OJn 


V%-^\TKf^i,TLf^i) dM„-i(0 


^n—i \^JG{n,n—i) 

OJn ( f 


^n—i \^JG{n,n—i) ^ 

^4'AK,L)- 


. .X 1 ri 

v}_y\KndLnd dM„-i(0 


□ 
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To prove Theorem 1.1 and Theorem 1.2, the next three lemmas are needed. 

Lemma4.2. (see [14]) Suppose K G /C” and ^ G G{n,i), then K* = {K\^)*. 

Lemma4.3. (see [12]) Suppose Ki,K 2 G /C" and 2 < k < n — 1. If Ki\^ and Ki\^ are dilations for 
each f G G{n, k), then Ki and K 2 are dilations. 


Lemma 4.4. Suppose Ki, K 2 G /C" and 2 < k < n — If Ki fl ^ and KiC\f are dilations for each 
f, G G{n,k), then Ki and K 2 are dilations. 

Proof. If both Ki (1 ^ and K 2 (1 ^ are dilations for each ^ G G{n, k), then Ki (1 f = a{K 2 H ^) for 
o > 0. If follows from Lemma 4.2 that (^f*|C)* = 0(^2 10* = 10*- Thus, From 

Lemma 4.3, we know KI = ^K^. Therefore, Ki = CK 2 for some c > 0. □ 

The normalized dual affine quermassintegrals measure of K are defined by 


d<I>*(iL,-) 


UJn 




[vok{K n ■)]"‘ dpL^, 


(4.1) 


where djii is the normalized Haar measure on G(n,t). Obviously, $*(iL, •) is a probability measure on 
G(n, i). 

Proof of Theorem 1.1. Note that <I> 0 _o = y- 4 >iK, L),^o{K) = vol„(iL), and ^o{L) = vol„(L). It 
follows directly from Lemma 2.3 that the case when i = n. 

Now, we consider the case when 2 < i < n — 1. By (1.9), (2.3), (4.1), (2.5) and Holder’s inequality, it 
follows that 


> 


z(-^5 T) 

UJn 

UJn 


> G{n,i) 


(H«(iLne,Tne))”dAi.(0 


G{n,i) 

vob(Ln^) 


> 


G(n.i) \^Vvob(i^n^) 

r / vob(jLn$) 

JGin.i) Vvob(LnC) 

Y ... f 




> 


^u-^{KY 
^n-^{L) j 


Vvob(Ln^) 

d^{K,0 

(vob(iLnO)"*'^^ (voli(LnO)”("^) d/Xj(C) 


If K and L are dilations, then the equality holds in (l.Il) is obvious. Conversely, let K,L G KPf. 
Together the equality conditions of the dual Brunn-Minkowski inequality (2.3), Jensen’s inequality (2.5) 
with Holder’s inequality, we know equality holds in inequality (1-11) if and only if iG n ^ and L fT ^ are 
dilations for each f G G{n,n — i). Therefore, Lemma 4.4 can reduce that K and L are dilations. □ 
Let (j){f) = P with p > 1. An immediate consequence of Theorem I.l is: 
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Corolloary 4.5. Suppose K,L G 5”. Then for p> 1 and 2 < i <n, 

(4.2) 

If K,L G /C", then equality holds in the inequality (4.2) if and only if K and L are dilations. 

A direct consequence of the dual Orlicz-Minkowski inequality is the following uniqueness. 

Corolloary 4.6. Suppose (p G C with (j){l) = 1, and it C /C" (n > 3) such that K,L G ii. If for 
2 <i <n, there holds 

K) = $0.„_*(M, L), for all M G ii, (4.3) 


or 


then K = L. 


M) 


4>0,„_^(£,M) 


for all M G ii, 


(4.4) 


Proof. Suppose (4.3) holds. If we take K for M, then by (1.9), (1.2), and (j){l) = 1, we have 
^n-i{K) = ((.(l)$„_i(K) = $^,„_i(K, K) = ^4,,n-^iK, L). 


Thus 


1 = </.(!) > cf 


I / $„-.(j^) 

y \ ^n-i{L) 


with equality if and only if K and L are dilates of each other. Since </> is strictly increasing on (0, oo), we 
have $„_i(Ar) < $„_i(£), with equality if and only if K and L are dilates of each other. 

If let L for M we similarly get $„_i(Ar) > $„_i(£). Therefore, ^n-i{K) = d>„_i(£), this obtains 
vob(Ar n ^) = voli(£ n f), and from the equality conditions of the dual Orlicz-Minkowski inequality we 
obtain that K and L are dilates of each other. Since K Df and L fl ^ have the same volume, this implies 
K = L. 

Further, suppose that (4.4) holds. Similarly, we get 


1 = A(i) = ^ 


Therefore, 


1 = </.(!) < </. 




with equality if and only if K and L are dilates of each other. Since </> is strictly increasing on (0, oo), we 
have $„_i(L) > $„_i(Ar), with equality if and only if K and L are dilates of each other. 

Taking L for M, obviously ^n-i{L) < 4>„_i(A'). Therefore, $„_i(L) = ^n-i{K) can obtain that K 
and L are dilates of each other. Since K Df and £ fT ^ have the same volume, this gets K = L. □ 

Proof of Theorem 1.2. For the convenience, define = K+-^L. From Lemma 2.2, we have for 
f G G{n, n — i), H ^ = (Ar+_0£) fl ^ = (A" fl f)+-^{L fT f). Note that AT^ fl ^ G 5” implies that for 
u G 5”-*-!, 


f PK,i,nd'^)\ ,fPK,i,ndu)\ 

\pKndy^) J^'^KpLndu) J 


= <^( 1 ). 


(4.5) 
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Suppose By (1.2), (4.5), (1.4), (2.3), (4.1) and (2.5) we obtain 

m 


= 


= A, 


' G{n,i 


' G{n,i 


{(j){l)voli{K^ n C))" d^*(0 


(k^ n e, if n ?) + y« (x^ n C, i n o) " (0 


> vokiK^nO^ 

I J G{n,i) 


vokjK^n^) 
vo\i{K n^) 


> 


' G{n,i) 


' G{n,i) 


( vob(if 0 nO^ \ ( vob(if 0 n^) 


V voii(if 

vob(if 0 n^) 
vob(if n^) 

\ 

/ vob(if,^ n ^) 


V voii(LnO 

vob(if 0 n^) 
vob(LnC) 


> 


/G(n,i) \Vvob(ifnC) 

' voii(if 0 n^) 
vob(if n^) 


d$*(if ^,0 


vokjK^n^) 

vob(Ln$) 


d4>*(if0,O 
d$*(if0,5) 

voii(if 0 n^) 


dM *(0 


\G{n,i) 


d4>*(if^,0 +0 


G(n,i) VOb(LnC) 

^ f fvokiK^n^) 


\p{n,i 


\ voii(Ln^) 


d$:(if^,o 


d$nif 0 ,o • 


From Holder inequality and (1.2), we get 

/ 




voii(if0 ng) 

vob(if n^) 


UJri 


j JG(r) 


d4>:(if0,O 


(vob(if 0 nC))”( ^ (voli(K n ^))"( ”')d/rj(0 


> 




[ (voii(if nO)”d^,(^) 

V G(n,z) 

/ $„_,(if,^) \ ■ 

V ^n-^{K) I 


(vob(if0 nC))"d/rj(0 


Similarly, 


/ 


voii(if0 ng) 

vob(Ln^) 


d<I>*(if^,?) ></> 


\G(n, 2 ) 

Together (4.6), (4.7) with (4.8), this yields 

^n—i (iff/*) 
$„-i(if) 


4*n—z(if(/)) 

5n-.(T) , 


4^n—i (iff/*) 

$„-*(T) , 


<</>(!)■ 


(4.6) 


(4.7) 


(4.8) 
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Finally, we give the equality conditions. Suppose that K and L are dilations, with equality in (1.12) 
is obvious. 

Conversely, Let K,L G IC^. From the equality conditions of the dual Orlicz-Minkowski inequality of 
star bodies, Jensen’s inequality (2.5) and Holder’s inequality, we obtain that equality holds in inequality 
(1.12) if and only if iF fT ^ and L fl ^ are dilations for each ^ G G{n, n — i). Therefore, Lemma 4.4 can get 
that K and L are dilations. □ 

If (j){t) = with p> I, then we get: 

Corolloary 4.7. Let K,L G 5". If p > 1 and 2 <i <n, then 

$„_,(iF+_pL)-f > $„_,(if)-? + $„_,(L)-?. (4.9) 

If K,L G /C", then equality holds in the inequality (4.9) if and only if K and L are dilations. 

An immediate consequence of the inequality (4.9) is: 

Corolloary 4.8. Let K,L G 5". If p > 1 and 2 < i < n, then 

2$„_,(iF+_pL)? < ($„_,(iF)$„_,(L)) - ($„_i(X)? + $„-i(L)?) . (4.10) 

If K,L G /C", with equality in (4.10) if and only if K = L. 

Proof. By (4.9) and the arithmetic-geometric-harmonic mean inequality, we have 

2 ^n-iiK+-pL) ' < - 1 - - - 1 - 

77- p- + 77-p- 

p 

< ^ ($„_,(a:)? -P $„_,(L)?) . 

We see easily that equality holds in the inequality (4.10) if and only \i K = L. □ 

The next result is a relationship between ^^^i{K,L) and W-^^i{K,L). 

Theorem 4.9. Suppose K,L G and i = 1,2, - ■ ■ ,n — 1. Then 

^4,AK,L)>W.4,,i{K,L), (4.11) 

with equality if and only if (K fl L fl ^) is constant for all f G G{n, n — i). 

Proof. Notice that LfT-) is positive on G{n,n — i) and that Pn-i is a probability measure 

on G{n,n — i). Hence, it follows from Jensen’s inequality (2.5) that 

([ v^l-^\Knf,Ln0^dp„-i{Oy > [ v^y\Kn^,LnOdpn-i{0, 

\JG{n,n—i) J JG{n,n—i) 

with equality if and only if {K n f,, L n f) is constant for all ^ G G(n, n — i). This inequality and 

the definitions of ^^^i{K,L) and L) can easily yield the desired inequality. □ 
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Existence and convergence for fixed points of a 
strict pseudo-contraction in CAT(O) spaces 
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Abstract 

The purposes of this paper are to introduce and study some existence and convergence theorems for 
fixed points of a strict pseudo-contraction in the framework of complete CAT(O) spaces. By using 
available properties in the spaces together with some appropriate conditions of the mapping and 
under certain assumptions, we can create some suitable sets to be used to construct an iterative 
projection algorithm to guarantee the existence fixed points for a strict pseudo-contraction. The 
method allows us to obtain a strong convergence iteration for finding some fixed points of a strict 
pseudo-contraction in the framework of complete CAT(O) spaces. 

Keywords: Strict pseudo-contraction; Iterative projection technique; CAT(O) space 


1. Introduction 

Let {X,d) be a metric space, and x,y G X with I = d{x,y). A geodesic path from a; to y is 
an isometry 7 : [0,1] ^ A such that 7 ( 0 ) = x and ^{1) = y. The image of a geodesic path is 
called a geodesic segment. When it is unique this geodesic segment is denoted by [x,y\. The space 
{X, d) is said to be a geodesic space if every two points of X are joined by a geodesic, and X 
is to be uniquely geodesic if there is exactly one geodesic joining x and y for each x,y G X. A 
geodesic triangle A{xi,X 2 ,X 3 ) in a geodesic space X consists of three points a;i,a; 2 ,a ;3 of X and 
three geodesic segments joining each pair of vertices. A comparison triangle of a geodesic triangle 
A(xi,a; 2 ,Xa) is the triangle A{xi,X 2 ,X 3 ) = A{xi,X 2 ,X 3 ) in the Euclidean space such that 
d{xi,Xj) = dE 2 {xi,Xj) for all i,j = 1,2,3. 

A geodesic space is said to be a CAT(O) space if all geodesic triangles of appropriate size satisfy 
the following comparison axiom. 

CAT(O) : Let A be a geodesic triangle in X and let A be a comparison triangle for A. Then A is 
said to satisfy the CAT(O) inequality if for all x,y G A and all comparison points x,y G A, 

d{x,y)< dE, 2 {x,y). 

If x,yi,y 2 are points in a CAT(O) space and if j/q is the midpoint of the segment [yi,y 2 ], then the 
CAT(O) inequality implies that 

d'^{x,yo) < ^d^{x,yi) + ^d^{x,y2)-^d^{yi,y2)- (IT) 


‘Corresponding author. Tel.:-|-66 55963250; fax:-|-66 55963201. 

Email addresses: kasamsukuSnu.ac.th (Kasamsuk Ungchittrakool), naputurongOgmail.com 
(Narongrit Puturong) 
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This is the (CN) - inequality of Bruhat and Tits [5 . In fact ([3 p.l63), a geodesic space is a CAT(O) 
space if and only if it satisfies the (CN) - inequality. 

The study of CAT(O) spaces, Kirk (15, 16J first studied the fixed point theory in CAT(O) spaces. 
Since then, many authors have developed the fixed point theory for single-valued and set-valued 
mappings in the setting of CAT(O) spaces. Dhompongsa et al. 7 proved that a nonexpansive map¬ 
ping from a nonempty bounded closed convex subset of a CAT(O) space to the family of nonempty 
compact subsets of the CAT(O) space has a fixed point under suitable conditions. In 2008, Berg 
and Nikolaev [2 introduced the concept of quasilinearization. In 2010, Kakavandi and Amini 13J 
introduced the concept of dual space for CAT(O) spaces. In 2012, Dehghan and Rooin (6 presented 
a characterization of metric projection in CAT(O) spaces. In 2014, Lu et al. (19 establish gener¬ 
alized CAT(O) versions of the Fan-Browder fixed point theorem. In the same year, Ungchittrakool 
[22 has discovered some significant inequalities for a strict pseudo-contraction in the framework of 
Hilbert spaces that has resulted in creating the important sets and the iterative shrinking projection 
technique to ensure the existence for fixed points of a strict pseudo-contraction in the terminology 
of Browder and Petryshyn 4 . 

Inspired and motivated by the significance of the problems mentioned above, we will pay atten¬ 
tion to investigate and establish the existence theorem for fixed points of the mapping called strict 
pseudo-contraction mappings and some related mappings in complete CAT(O) spaces by employing 
suitable structure of certain sets based on the shrinking projection technique. 

2. Preliminaries 

Recall that a metric space (A, d) is said to be a geodesic space if every two points of X are 
joining by a geodesic and X is said to be uniquely geodesic if there is exactly one geodesic joining 
X and y for each x,y G X. We write (1 — t)x Q ty for the unique point z in the geodesic segment 
joining from x to y such that 

d(z, x) = td(x,y) and d{z,y) = {1 — t)d{x,y). 

We also denote by [x, y] the geodesic segment joining from x to y, that is [a;, y] = {(1 — t)x (Bty : t G 
[0,1]}. A subset C of a CAT(O) space is convex if [x,y] C C for all x,y G C. In 1976, Lim in 18J 
introduced the concept of A-convergence, and Kirk and Panyanak [17 has obtained some results 
in CAT(O) spaces which is every similar for weak convergence in Banach space setting. Next , we 
present the concept of A-convergence and collect some basic properties. 

Let {a;„} be a bounded sequence in a CAT(O) space X. For x G X, we set 
r(x, {Tji}) = limsupd(a;, Xn)- 

n —>-cxD 

The asymptotic radius r{{xn}) of {x„} is given by 
r{{xn}) = inf{r(x, {a;„}) : x G A}, 

the asymptotic radius rc({a;n}) of {xn} with respect to C C A is given by 
rciixn}) = inf{r(a;, {xn}) : x G C}, 
the asymptotic center A{{xn}) of {xn} is the set 
A{{xn}) = {x G X ■. r{x,{xn]) = ^({a:^})} 
and the asymptotic center Ac{{Xn}) of {a:„} with respect to C C A is the set 
Ac{.{xn}) = {x gC : r{x,{xn}) = rc({a;„})}. 

It is known from Proposition 7 of 8 that in a CAT(O) space, A({a;ji}) consists of exactly one 
point. 

A subset of a CAT(O) space equipped with the induced metric, is a CAT(O) space if and only if 
it is convex ([3_, p.l67). 
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Definition 2.1 ([17J, Definition 3.1). A sequence {Tk} in a CAT(O) space X is said to be A- 
converge to a; € A if a; is the unique asymptotic center of {un} for every subsequence {un} of {xn}- 
In this case, we write A — lim Xn = x and x is called the A-limit of {a:^}. 

n —*oo 

Lemma 2.2 ()17_, Opial’s property). Let X be a eomplete CAT(O) spaee and a sequence {Xn} in 
X such that {xn} A-converge to x and given y & X with y ^ x. Then we have 
limsup (i(a;„, a;) < limsupd(a;„, y). 

n—^oo n —*oo 

It is known from )17 that, the uniqueness of asymtotic center implies that CAT(O) space X 
satisfies Opial’s property. 

Let A be a complete CAT(O) space. Bijan Ahmadi Kakavandi 12J introduced the properties of 
A-convergence, i.e., every closed convex subset of A is A-closed in the sense that it contains all 
A-limit point of every A-convergent sequence. 

Lemma 2.3 ([20 , Lemma 3.5). Every hounded closed convex set in a complete CAT(O) space always 
has a A-convergent subsequence. 

Lemma 2.4 ([9_, Proposition 2.1). If C is a closed convex subset of a complete CAT(O) space and 
if {xn} is a hounded sequence in C, then the asymptotic center of {xn} is in C. 

Recall that a subset AT of a metric space A is said to be A- compact if every sequence in K has 
a A- convergent subsequence. 

Lemma 2.5 ( 17J, Proposition 3.6). Every bounded closed convex set in a complete CAT(O) space 
is A- compact. 


Let C be a closed convex subset of a CAT(O) space A and {xn} be a bounded sequence in C. 
We use the following notation 

{Xn} w <i>(i(;) = infa;gcwhere <i>(a:) = limsup(i(a;„,a;). 

n —*-oo 

Also, we have {xn} w Ac{{xn\) = {w}. 

Lemma 2.6 ([20_, Proposition 3.12). Let {xn} be a bounded sequence in a CAT(O) space X and 
let C be a closed convex subset of X which contain {xn}. Then A — lim Xn = x implies that 

n—*-oo 

{Xn} X. 


Berg and Nikolaev [2 have introduced the concept of quasilinearization as follows. Let us 
formally denote a pair (a, 6) G A x A by ah and call it a vector. Then quasilinearization is the map 
(•,•) : (A X A) X (A X A) ^ K 
defined by 


(ah, cd'^ = -{d^ia, d) d^{b, c) — d^(a, c) — d)} for all a, b,c,d G X. (2.1) 

It is easily seen that (^ah, cctj = l^cd, ah'j, (^ab, cdtj = — (ha, cctj and cctj -\- (xh, cctj = l^ah, cd'^ 
for all a, b, c,d,x G X. 

We say that A satisfies the Cauchy - Schwarz inequality if (^ab, cd'^ < d{a, b)d{c, d) 
for all a, b,c,d G X. 

It is known ([2 , Corollary 3) that a geodesically connected metric space is CAT(O) space if and 
only if it satisfies the Cauchy- Schwarz inequality. 


Definition 2.7 ([3 , Proposition 2.4). Let (A, d) be a metric space and CCA. The distance 
function d{x, C) : A —> C is defined by d{x, C) = inf d{x, c) for any x G X. 
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Lemma 2.8 ([3_, Proposition 2.4). Let C be a elosed eonvex subset of a eomplete CAT(O) space X 

and X G X. Then there exists a unique point p G C such that d{x,C) = d{x,p) = inf d{x,y). 

yeC 

Definition 2.9 ([3 , Proposition 2.4). Let C be a closed convex subset of a complete CAT(O) space 
X and Pc '■ X ^ C is defined by Pqx = p such that p satisfies Lemma 2.8 Pq is said to be the 
metric projection from X onto C. 

Dehghan and Rooin )6J presented monotone and a characterization of metric projection in 
CAT(O) spaces as follows: 

A self-mapping T of C where C is a subset of CAT(O) space {X,d) is said to be monotone if 
(xy,TxTy^ > 0 for all x,y G C. Aslo, it is nonexpansive if d{Tx,Ty) < d{x,y) for all x,y G C. 

Lemma 2.10 ([6 , Lemma2.1). Let X be a CAT(0) space, x,y G X, X G [0,1] and z = Aa:©(l —A)j/. 
Then {zy, zw) < A {xy, zw) for all w G X. 

Lemma 2.11 ( 6 , Theorem 2.2). Let C be a nonempty convex subset of a CAT(O) space X, x G X 
and u G C. Then u = Pqx if and only if (xu, uy) > 0 for all y G C . 

Lemma 2.12 ([6 , Proposition 2.4). Let C be a nonempty closed convex subset of a complete 
CAT(O) space X. Then Pq : X C is monotone and nonexpansive. 

Lemma 2.13 ([23 , Lemma 2.10). Let X be a CAT(O) space. For any u,v G X and t G [0,1], let 
Ut = tu(B {i. — t)v. Then, for all x,y G X, 

(1) {ufx, ufy) < t {ux, ufy) -P (1 - t) {vx, ufy); 

(2) {utx, uy) < t {ux, uy) -P (1 — t) {vx, uy) and {ufx, vy) < t {ux, vy) -P (1 — t) {vx, vy). 

Lemma 2.14 ([3 , Proposition 2.2). Let X be a CAT(O) space, p,q,r, s G X and A G [0,1]. Then 
d[Xp © (1 — X)q, Ar © (1 — A)s] < Xd{p, r) + (1 — X)d{q, s). 

Lemma 2.15 ([10 , Lemma 2.5). Let X be a CAT(O) space, x,y,z G X and A G [0,1]- Then 
d^{Xx © (1 — X)y, z) < Xdf{x, z) + (1 — \)df{y, z) — A(1 — \)df{x, y). 

Definition 2.16 ([1 , Definition 3.2.2). Let X be a complete CAT(O) space and let / be a function 
of X into (— oo, oo]. Then / is said to be weakly lower semicontinuous on X if and only if for any 
xq G X, {Xn} xq implies that f(xo) < liminf /(a;„). 

n —*-oo 

Lemma 2.17 ([IJ, Corollary 3.2.4). Let C be a nonempty closed convex subset of a complete 
CAT(O) space X. The distance function d{x,C) as well as its square df{x,C) are weakly lower 
semicontinuous. 

We first introduce the definition of fc-strict pseudo-contraction in CAT(O) spaces. 

Definition 2.18. Let {X,d) be a CAT(O) space and C be a nonempty subset of X. The mapping 
T : C ^ C is said to be a fc-strict pseudo-contraction in the terminology of Browder and Petryshyn 
[4 if for all x,y G C there exists k G (— oo, 1) such that 

d^{Tx, Ty) < d^{x, y) + k{df{x, Tx) - 2 {xTx, yTy'j + df{y, Ty)}. 

Lemma 2.19. Let C be a nonempty closed convex subset of a CAT(O) space X,and T : C ^ C 
be a k-strict pseudo-contraction, then T satisfies the Lipschitz condition with Lipschitz constant 
L = max{^^, 1} for all x,y G C. That is 

d{Tx, Ty) < max{ l}d{x, y) for all x,y G C. 
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Proof. Let C be a nonempty closed convex subset of a CAT(O) space X. For T : C —> C be a 
A:-strict pseudo-contraction, we have 

(f{Tx, Ty) < (f{x, y) + k{(f{x, Tx) - 2 (xTx, yTy'^ + (f{y, Ty)} 

= y) + k{(f{x, Tx) - (f{x, Ty) - d^{y, Tx) + (f{x, y) + (f{Tx, Ty) + (f{y, Ty)} 

(2.2) 

By simple calculation from (2.2) we have that 

(1 - k)(f{Tx, Ty) < (1 -P k)(f{x, y) + k{(f{x, Tx) - cP{x, Ty) - (f{y, Tx) + d?{y, Ty)} 

= {I + k)cP{x,y) + 2k (ry^TyTx'j . (2-3) 

Since X satisfies the Cauchy-Schwarz inequality, it follows from (2.3), we get that 

(1 — k)cF(Tx, Ty) — 2kd{x, y)d{Tx, Ty) — (1 -P k)df{x, y) < 0. (2-4) 

Next, we will divide the proof into two cases. 

Case 1. fc < 0. 

Notice that fc<0<tP-2fc<0<tP-l-PA:< 1 — /c<tP- < 1 maxlj^, 1} = 1. Since fc < 0, from 
(2.4), we have 

(1 — k)d'^{Tx, Ty) + 2kd{x, y)d{Tx, Ty) — (1 -P k)d^{x, y) 

< (1 — k)df{Tx, Ty) — 2kd{x, y)d{Tx, Ty) — (1 -P k)d?'{x, y) < 0. 

Thus (1 — k)d^{Tx, Ty) + 2kd{x, y)d(Tx, Ty) — (1 -P k)d^{x, y) < 0. 

Solving this quadratic inequality, we obtain 
d{Tx,Ty) < d{x,y) or d{Tx,Ty) < {}^}d{x,y) for all x,y G C. It implies that 
d{Tx,Ty) < d{x,y) = max{4^, l}d(a;,y) for all x,y gC. 

Case 2. 0 < fc < 1. 

We have 1 — fc > 0 and then fc>0<tP>2fc>0<tP>l-Pfc>l — fc<tP> > 1 ^ max{ , 1} = • 

Similarly case 1, we have (1 — k)df{Tx, Ty) — 2kd{x, y)d{Tx, Ty) — (1 -P k)df{x, y) < 0. 

It implies that d{Tx,Ty) < {yir|}d(a:, i/) = max{4)^, l}d{x,y) for all x,y G C. 

Therefore, the desired result. □ 

In this paper, we denote that Fix(T) is the set of fixed point of T such that Fix(T) = {x G C : 
Tx = x}. 

Lemma 2.20 ([II , Theorem 2.3). Let C be a elosed eonvex subset of a CAT(O) spaee X and 
T : C ^ C be a k - strict pseudo-contraction mapping. If Fix(T) yP 0, then Fix(T) is closed and 
convex so that the projection PpixiT) is well defined. 

Lemma 2.21 (_I9J, Lemma 2.2). Let (E, d) be a complete metric space. Then E is a geodesic space 
if and only if for every x,y G E, there exists z G E such that d{x,z) = d{z,y) = ^d{x,y). 

Lemma 2.22 ( 3 , p.I63). A geodesic space is a CAT(O) space if and only if it satisfies the (CN) 
inequality. 

Let {E,d) be a CAT(O) space and D C E. Niculescu and Roventa 2IJ introduced the notion of 
a convex hull of D as follows : 

OO 

co{D) = [J Dn where Dq = D and for n > 1, the set Dn consists of all points in E which lie 

71 — 0 

on geodesics which start and end in Dn-i. 
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co{D) denote the closure of the convex hull. It is easy to see that in a CAT(O) space, the closure 
of the convex hull will be convex and hence it is the smallest closed convex set containing D ([1 , 
p.31). 

Definition 2.23 ([19 , Definition 2.2). Let D be a nonempty subset of a CAT(O) space {E,d). A 
set-valued mapping G : D ^ 2^ is called to be a KKM mapping if co{F) C [J G{x) for every 

x^F 

F G (D) where (D) denotes the class of all nonempty finite subsets of D. 

Lemma 2.24 ([14 , Lemma 1.8). Suppose X is a complete CAT(O) space and K is a nonempty 
subset of X. Let G : K ^ 2^ be a mapping such that for each x G K, G{x) be A-closed. Suppose 
that 

m 

(1) each Xi,...,Xra G K, Co{{xi, ...,Xm}) c [J G{Xi), 

i—1 

(2) there exists xq G K such that G(xo) is A- compact. 

Then G{x) yf 0. 

xGK 

Lemma 2.25. Let {F,d) be a complete CAT(O) space, K be a nonempty A-compact subset of F, 
and F,G : F ^ 2^ be two set-valued mappings such that 

(1) for every y G F, F{y) C G{y) and G{y) is convex; 

(2) for every x G F, F~"^{x) is open in F; 

(3) for every y G K, F{y) 0; 

(4) there exists a point xq G F such that co{F\G~^( xq)) C K. 

Then, there exists y G F such that y G G{y). 

Proof. Suppose the contrary. Then, for every y G F,y ^ G{y). Now let us define two set-valued 
mappings G, F : F ^ 2^ hy 

G{x) = co{F\G~^{x)) and F{x) = co{F\F~^{x)) for all x G F. 

By using (1) and F{y) C G{y) for every y G F, we have 

F~^{x) = {y G F : xG F{y)} C {y G E : x G G{y)} = G~^{x). 

Then, E\G~^{x) C E\F~^{x) for every x G E. It implies that co{E\G~^{x)) C co{E\F~^{x)). 
By using (2), we have co{E\F~^{x)) is closed in E. Since co{E\G~^{x)) is the smallest closed 
set containing co{E\G~^{x)). Then co{E\G~^{x)) C co{E\F~^{x)). Therefore G{x) C F{x) for 
every x G E. 

We next show that G is a KKM mapping. That is, for every A G {E) , co(A) C G{x). Other- 

xeA 

wise, there exist A G (E) and a point y G co(A) such that y ^ U '^(») = U {co{E\G ^(t))). For 

xGA xGA 

oo 

{E\G-^x)) C E, we have co(A\G-Ha:)) = |J (A\G-i(a;))„ where (A\G-Ha:))o = E\G-\x) 

n—0 

and for n > 1 , {E\G~^{x))n consists of all points in E which lie on geodesics which start and end 
in {E\G~^{x))n-i- 

OO 

Let us consider, y ^ \jG{x) = UMMG-^(x))) = U cl£;{[J (if\G ^(a;))„}. Since 

xGA x£A xGA n—0 

oo 

[J cl_E(£'\G“^(a;)) C (J cl^l [J (if\G“^(a;))„}. It implies that 

x^A xGA n—0 

y^\J c\e{E\G-\x)) = E\f] intEG-^x). 

xeA xGA 
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It follows that y G G ^(t). Therefore A C G(y). Since G(y) is convex by (1), and co(yI) is the 

xeA 

smallest convex set containing A. We get that y G co(A) C G(y), which is a contradiction. Hence 
G is a KKM mapping. By the definition of G, G(x) is A-closed in E for every x G E. By using 
(4), there exists a point Xq G E such that G(a;o) = co{E\G~^{xo)) C K, it implies that G{xo) is 
A-compact. Then, by Lemma 2.24, we get that 0 yf G{x) C G{xo) C K. Therefore, we have 

x^E 

0^Kn{p\G{x))CKn{f]F{x)). 

x£E xGE 


Taking yo G AT n ( P| F{x)), we have yo G K and x ^ T'(yo) for every x G E. Hence, we have 

x^E 

A(yo) = 0 which contradicts (3). Therefore, there exists y G E such that y G G(y). This completes 
our proof. □ 

Remark 2.26. If F = G, then (4) of Lemma 2.25 can be replaced by the following equivalent 
condition: 

(4)* there exists a point xq G E such that co{E\F~^( xq)) C K. 

3. Main Results 

In this section, motivated by Ungchittrakool [22 . We discuss the existence and convergence 
for fixed point of a strict pseudo-contraction in the terminology of Browder and Petryshyn in the 
framework of complete CAT(O) spaces. 

Lemma 3.1. Let G be a bounded closed convex subset of a complete CAT(O) space {X,d). Then 
{G,d) is a complete CAT(O) space. 

Proof. Let G be a bounded closed convex subset of complete CAT(O) space {X,d). Notice that, a 
subset of a CAT(O) space equipped with the induced metric, is a CAT(O) space if and only if it is 
convex. This implies that (G, d) is a CAT(O) space. Since G is closed subset of complete metric 
space {X,d), then (G, d) is complete metric space. Therefore, we have (G, d) is a complete CAT(O) 
space. □ 

Lemma 3.2. Let C be a bounded closed convex subset of a complete CAT(O) space X. Let T be 
a k- strict pseudo-contraction in the terminology of Browder and Petryshyn. Then, there exists an 
element xq G G such that (xx 'b, xTxq^ > 0 for all x G C. 

Proof Let G be a bounded closed convex subset of a complete CAT(O) space {X,d). We claim 
that there exists an element xq G G such that (^xxq, xTxq^ > 0 for all x G G. For any y G G, we 

assume that the set {x G G : (dry, xTy'j < 0} is nonempty. We also define two set-valued mappings 

F, G : G ^ 2*^ by F(y) = G(y) = {a; G G : (xy, xTy'j < 0}. 

We first show that G(y) is convex and F~^{x) is an open set. 

Stepl. To show that G(y) is convex. 

Let Xi,X 2 G G(y) and Ut = txi 0(1 — t)x 2 such that t G [0,1]. So, we have Xi, X 2 G G, that Ut G C. 
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Let us consider (^uty,UtTy^, by Lemma 2.13, we get that 
(u^,UtTy'j 

< t UtTy'^ + {l-t) (x^, UtTy'^ = t (utTy, + {1 - t) (utTy, 

< t{t (xiTy, + (1 - t) (x^Ty, + (1 - t){t (xiTy, + (!-<) (^X 2 Ty, 

= f {xiTy, + t(l - t) (x^Ty, + (1 - ix 2 Ty, + t(l - t) (xiTy, 

= (xiTy,^'^ +t(l - t){{x2Xi,x^) + (xiTy.x^'^} 

+ (1 - tf ix2Ty, + t(l - t){{xiX2, + ix2Ty, 

= f (xiTy, + t(l - t) (xiTy, + (1 - ix 2 Ty, + t(l - t) ix 2 Ty, 

+ t(l - t){{x2xi,XiX2) + {X2xi,3^)} + t(l - t) {xiX2,^) 

= t (xiTy, + (1 - t) (x 2 Ty, - t(l - t) {xiX 2 , X 1 X 2 ) 

- t{l - t) {XiX2, X^) + t(l - t) {xiX2, Siy) 

< t (xiTy, + (1 - t) ix 2 Ty, 

< 0 . 


Therefore Ut G G(y), that is G{y) is convex. 

Step 2. To show that F~^(x) is an open set. 

For F~^{x) = {y & C (xPy,xTy'^ < 0}, we show that C\F~^{x) = {y £ C : (Fy,xTy'^ > 0} is a 

closed set. Let {yn} Q C\F~^{x) such that ?/„ ^ j/o- Then (xyt,xTyr^ > 0. We will show that 

2/0 G C\F~^{x). By Lemma 2.19, T is a Lipschitzian map. Inparticular, T is continuous. It follows 
that 

0 < (xyl,xTyr}j = (xy^,xTyn^ + (yoyn,xTyn^ = (xTfy,xTyo^ + (xify,TyoTyn^ + (yoyn,xTyn^ 

< (xy^, xTyo^ + d{x, yo)d{Tyo, Ty„) + d{yo, yn)d{x, Ty„) 

< (xy^,xTyoj + max{l}d(x, yo)c?(2/o, 2/n) + d( 2 /o, 2 /n)d(x, Ty„), 


for all n G N. Taking the limit in both sides, we get that (¥yo,xTyo^ > 0. 

That is yo G C\F~^{x). Hence C\F~^{x) is a closed set in C, therefore F~^{x) is an open set. 

We next show that there exists an element xq G C such that (^xxq, xTxg'j > 0 for all x G C. 
By assumption, we have F{y) ^ 0 for every ?/ G (7, and by Lemma 2.5, we have C is A- compact. 
Notice that there exists a point z G C such that C\F~^{z) C C. Also, co{C\F~^{z)) is the 
smallest convex set containing C\F~^{z). Then, we get that there exists a point z G C such that 
co{C\F~^{z)) C C where C is a nonempty A-compact subset of C. Also, by Lemma 3.1, we have 
(C, d) is a complete CAT(O) space. By Lemma 2.25 and Remark 2.26, we have xq G C such that 
xo G G(xo). This implies that 0 = ^xqXq,xqTxo^ < 0. This is a contradiction. We obtain that 

{x G G : (xxojXTxo'j < 0} = 0. Therefore (xxo,xTxo^ > 0 for all x G G. □ 

Lemma 3.3. Let C be a bounded closed convex subset of a complete CAT(O) space X. Let T be 
a k- strict pseudo-contraction in the terminology of Browder and Petryshyn. Then, there exists an 
element Xq G C such that ( xxq, XqTxq ) > 0 for all x G C. 
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Proof. Let (7 be a bounded closed convex subset of complete CAT(O) space (X, d). By Lemma 3.1, 
we have {C,d) is a complete CAT(O) space. By Lemma 3.2, we have 

xq € C such that (^xxq, xTxo'j > 0 for all x € C. (3.1) 

Also, for any u,z G C and 0 < t < 1 and since C is convex, we have y* = (1 — t)u (Btz G C. Then, 
for a;o G C we have 


yt = (1 - t)xo ®tz G C. (3.2) 

By using (3.1) and (3.2), we have 0 < (^{{l — t)xo (B tz}xo,ytTxo'j. By Lemma 2.10, we have 

0 < (^{{l — t)xo (B tz}xo,ytTxo^ < t (Bd^,ytTxo^. Since t > 0, it follows that 0 < (^zxo,ytTxo^. 
By Lemma 2.19, T is a Lipschitzian map. Inparticular, T is continuous. Also yt xq as t 0. It 
follows that 

0 < (Bd^,ytTxo'j = {zd^,ytXo) + (^zx^,XoTxo'j < d{z,xo)d{yt,xo) + (^'^,xoTxo'j , 

for 0 < t < 1. Taking the limit in both sides, we get that XqTxo^ > 0 as t —> 0. 

Therefore, (^xxq, xoTxo'j > 0 for all x G C. □ 

Lemma 3.4. Let {X,d) be a complete CAT(O) space and T be a k-strict pseudo-contraction in the 
terminology of Browder and Petryshyn with domain D{T) and range R{T). Then for all x,y G D{T) 
the following inequalities hold and are equivalent : 

(1) d^{x,Tx) + df{y,Ty) < j^(xy,xTx'^ - ^ (xy^yTy'^ - 2 (Pxy.yTy'^; 

(2) d^{x,Tx) + df{y,Ty) < j^(xy,xTx'^ - ^ (xy,yTy'^ + 2 (xTx.yTy'^; 

(3) d'^{x,Tx) + df{y,Ty) < jf^(xTy,xTx'^ - (Pxy.yTy'^ - 2(^) (^xTx,yTy'^; 

(4) d‘^{x,Tx) -G d'^{y,Ty) 

< (xTy, xfx'j - + ^^{d'^{x, Tx) - 2 yT^^ + ^^(y, Ty)}. 


Proof. We first show that (2) holds. 

d^ix, Tx) + d^{y,Ty) = d^{x, Tx) - 2 (xTx, yTy'^ + d^(y, Ty) + 2 (^xTx, yTy'^ 

= d^{x, Tx) — d^{x, Ty) — S{Tx, y) + d^{x, y) + dd{Tx, Ty) 

+ d^{y, Ty) + 2 (xTx, yTy'^ 

< d^{x, Tx) — d‘^{x, Ty) — df{Tx, y) + d^{x, y) + df{x, y) 

+ kd^{x, Tx) — 2k (^xTx, yTy'^ + kdf{y, Ty) + c?^(y, Ty) + 2 l^xTx, yTy^ . 
By simple calculation from the inequality above we get that 

(1 - k){d'^{x, Tx) + d‘^{y, Ty)} < d‘^{x, Tx) + d‘^{y, Ty) + d^(y, x) + d^(x, y) - d^(y, Tx) 

- d'^ix, Ty) + 2(1 - k) (xfx, yf^'^ . 

Dividing throughout with (1 — k) we have that 

d'^{x, Tx) + d^{y, Ty) < Tx) + d^(y, Ty) + d^(y, x) + d^ix, y) 

- d^{y, Tx) - d^{x, Ty)} + 2 (^xTx, yTy'j 
= ^ {xTx, yTy^ . (3.3) 
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Then, (2) is true. Next, we observe that 

+ ‘^(xTx,yTy'^ = , yT y'j + 2 , yTy'j + 2 (^yT x, yTy'j 

= { 2 - 

Substituting (3.4) in (3.3), we get that (1) holds; that is 

tf{x, Tx) + (f{y, Ty) < (xy, xTx'j - ^ (xy, yTy'j - 2 (Txy, yTy^, 
and hence (1) and (2) are equivalent. 

We next show that (3) is true. Let us consider 

+ (¥yy,a^'^} = l^^^yTy) ■ 

(3.5) 


2 

1 - k 



2 

1 - k 


{(rxy.yTy'^ + (xTx,yTy'^} 


2 

1 - k 


(Txy,yTy'j 


2 

1 - k 


(xTx,yTy 

(3.6) 


Combining (3.5) and (3.6), we have 

^ (^’ (^’ ■ 

We get that 

Y^ ^ + 2 Wy) 

= (^’ “ r:^ (^’ (^’ ^ (^’ 

= (y^^xT^^ - Y^ (r^.yf^'^ - 2(]-^) (^^^,yfy) ■ 

This shows that (3) is true. We get that (2) and (3) are equivalent. Next, we will show that (3) 
and (4) are equivalent. We will show that (3) implies (4). Since > 0, for (3) is true, we get 
that 

{—^){d^ix, Tx) + (f{y, Ty)} < (xTy, xfx'j - (t^, yfy'j - (1 + fc) (xfx, yfy'j 

[1 - {^^^^)]{d^ix,Tx) + (f{y,Ty)} < (xfy,xfx'j - (T^,y¥y'j - (1 + fc) (xfx,yfy'^ 

(f{x, Tx) + (f{y,Ty) < (xTy, xTx'^ - (Txy, yTy'^ - (1 + fc) (xTx, yTy'^ 

+ i^^^){d^ix,Tx) + d^{y,Ty)} 

= (x¥y,xfx'j - (f^,y¥y'^ 

+ Tx) + (f{y, Ty) - 2 (xTx, yTy'j}. 

Then, we get that (4) holds. By using a similar method, we get that (4) implis (3). That is, we get 
that (3) and (4) are equivalent. This completes our proof. □ 


314 


Puturong-Ungchittrakool 305-320 































J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Lemma 3.5. Let (X^d) be a eomplete CAT(O) spaee and T he a k-striet pseudo-eontraetion in the 
terminology of Browder and Petryshyn with domain D(T) and range R(T). If, there exists u S D{T) 
sueh that {^xu, uTu) > 0 and (txu, uTu\ > 0 for some x G D{T), the following inequalities hold : 


d^{x,Tx) < < 


(xu,xTx^ , 

/aiw, xTx'j 
jXp \xTu, xTx'^ 


yxTu,xTx) , 


i^xTu, xTxj 


f G [0,1); 

I or if (^xTx,uTu^ < 0; 
if (^xTx,uTu'j > 0 and k G [0,1); 

if lxTx,uTvS > 0 and k G [—1,0); 


if k G (—oo, —1], 


Proof. If fc G [0,1), then k<1^0<l — k and note that 0 < 2k, so we have 

> 0 — 0- By Lemma 3.4(1), (xu,uTv}j > 0 and (txu,uTu'^ > 0, we get that 


d^{x, Tx) < df{x, Tx) + d^{u, Tu) < ^ xTx'^ — - - - (xiu, uTu'j — 2 (^Txu, uTu'j 

< - -(xu,xTx'^. (3.7) 


If [xTx,uTu) < 0, then by Lemma 3.4(2) and (^xu,uTu) > 0, we get that 


df{x, Tx) < d"‘{x, Tx) + d^{u,Tu) < 
2 




, j 2 t,. rT,_\ ^ ^ ^ ^ (^xu,xTx'^ ~ 1 ^ fc (Tu,uTuJ + 2 {xTx,uTu'j 


< 




Before we prove the next case, let us consider the following 

<;4-0<1 + A:<2. 


k G [-1,1) -1 < fc < 1 


<t^l>-fc>-l<t^2>l-fc>0<t^ Yfb - h 


Therefore, we have 2(1^) > 1 + fc > 0 and then 


1 I /o 

—2(--) < 0 whenever k € [—1,1). 

1 — k 


(3.8) 


If {xTx,uTuj > 0 and k G [0,1), then it follows from (3.8), Lemma 3.4(3) and (Txu,uTuJ > 0, 
we get that 

d^{x, Tx) < d^{x, Tx) + d^{u, Tu) < - - - /xTu, xTx\ — - -- (txu, uTu\ — 2( ~*~ , ) IxTx, uTu 

L — Ki \ / L — K \ ' r — fC \ 


From (3.7), we can conclude in this case that d?‘{x,Tx) < 


(Tu, xTx'^ 
IxTu, xTx\ . 


If ( xTx, uTu) > 


0 and k G [—1,0), then by (3.8), Lemma 3.4(3) and (Txu,uTu) > 0, we get that d^{x,Tx) < 
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\ xTu,xTxj . Finally, if k £ (—oo,—1], then by using lemma 3.4^4) and (Txu,uTuJ > 0, we 
get that 

(P{x, Tx) < cP{x, Tx) + cP{u,Tu) < (xTu, xTx\ — (txu, uTvS H-^— cP{xTx, uTu) 


< (xTu, xTx 


This completes our proof. 


□ 


Every iteration process generated by the shrinking projection method for a fc-strict pseudo¬ 
contraction T in the terminology of Browder and Petryshn is well defined even if T is fixed point 
free. 

Lemma 3.6. Let {X,d) be a eomplete CAT(O) spaee and C he nonempty elosed and eonvex subset 
of X. Let T : C ^ C be a k-strict pseudo-eontraetion in the terminology of Browder and Petryshyn, 
that is for all x,y £ X there exists an element k £ (—oo, 1) sueh that 
d^{Tx,Ty) < d?{x,y) + k[d'^{x,Tx) -2(xTx,yTy^ + ^^^{y.Ty)]. 

Let xq £ X, Cl = C and {xn} be a sequence in C generated by 


' Xn = PcS^o), 

Cji+i — ^ ■ d (xji, Pxn) ^ max { i_[^ 51 } (^x^z^ XjfPxj^ ^, 


(3.9) 


for all n £ N. Then, Cn is nonempty closed convex subsets of X and consequently, {xn} is well 
defined for every n € N. 

Proof. Clearly, Ci is nonempty. Suppose that Cm is nonempty for some m £ N. We wish to show 
that Cm-ii is nonempty. Since Cm C Cm-i C ... C Ci, we have that Ci, C2, ■■■, Cm are nonempty. 
Next, we will show that Ci, C2, ■■■, Cm are closed and convex. It is sufficient to show that Cm is 
closed and convex. It is not hard to show that for any {zk} Q Cm such that Zk —*■ zq, we have 
zq £ Cm- We get that Cm is closed. 

We next show that Cm is convex. Notice that a subset of a CAT(O) space, equipped with the 
induced metric, is a CAT(O) space if and only if it is convex. Thus, we will show that (Cm,d) 
is a complete CAT(O) space. Let each x,y £ Cm, we have x,y £ C. By Lemma 3.1, we have 
(C,d) is a complete CAT(O) space and thus, it is a geodesic space, hence x,y are joined by a 
geodesic. Since x,y are arbitrary, thus we have x,y £ Cm are joined by a geodesic. Hence Cm 
is a geodesic space. Since Cm is closed subset of complete metric space {C,d), then {Cm,d) is a 
complete metric space. It follows from Lemma 2.21 that, for every y,z £ Cm, there exists p £ Cm 
such that d{y,p) = d{p,z) = ^d{y,z). Now, we claim that Cm satisfies the (CN) inequality. In 
fact, let x,y,z £ Cm and p £ Cm with d{y,p) = d{p,z) = |d(?/, 2 ). Let a and /3 be two numbers 
satisfy a P > 1. Then -\- PY > \ with equality if and only if a = P= h. 


,d{y,p). 


- d{p, z ), 


By this fact and by the triangle inequality, we get that Y + ( ,/ ’ , )^ > x. That is, 

d(y,z) d{y,z) 2 

^d^(y, z) < df{y,p) -£ d^{p, z). It follows from the above inequality that, setting x = p, we get that 
df{x,y) d^{x,z) > 2d^{x,p) \df{y,z), this implies that Cm satisfies the (CN) inequality. By 

Lemma 2.22, we know that {Cm,d) is a CAT(O) space. By above, we have {Cm,d) is a complete 
metric space. Then {Cm,d) is a complete CAT(O) space. This implies that Cm is convex subset of X. 
Thus, we have Cm is closed and convex. Finally, put r = max{(i(a;o, Xi),d(xo, Txp : i = 1,2, ..., m} 
and Br = {z £ X : d{xo,z) < r}. Obviously C n is a nonempty bounded closed convex subset 
of X. It follows from Lemma 3.3 that there exists an element u £ C H B^ such that (y^, uTv^ > 0 
for all y £ C Bj.. In particular, we have 


(^XiU,uTu) > 0 and 


TxiU, uTu ) > 0 


(3.10) 
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for every i = 1 , 2 ,m. 

Case I. max 1} = 

Notice that max {j^, 1} = ^ 1 < — A:<2<^—[—1,1), it follows from 

(3.10) and Lemma 3.5 that 

f if fc e [ 0 , 1 ); 




or if (xiTxijUTu) < 0 ; 


(P{xi,Txi) < < 


{xiU,XiTxj 


(xiTu,XiTxi 


, if ixiTxi, uTu) > 0 and k G [0,1); 


\ XiTUj XjTXi j J 


if l^XiTxi^uTu) > 0 and k G [— 1 , 0 ) 


for every * = 1, 2, This shows that u V Tu G Cm+i- 

Case n. max {j^, 1} = 1- 

Notice that max 1} = < 1 ^ 2 < 1 — k ^ k < —1 ^ k £ (—oo, —1], it follows from (3.9) 

and Lemma 3.5 that (i^(a:i, Tcci) <a:iTa;A , if fc G (—oo, —1] for every i = 1, 2,..., m. This 


shows that Tu £ Cm+i- By Case I and Case 11, we can conclude that uVTu £ Cm+i- Hence Cm+i 
is nonempty. By induction on n, therefore the desired result. □ 

Theorem 3.7. Let all the assumptions be the same as in Lemma 3.6. Then, the following are 
equivalent : 

OO 

( 1 ) n Cn is nonempty; 

n—1 

(2) {xn} is hounded; 

(3) Fix{T) is nonempty. 

OO 

Proof. [(1) (2)] Let rt G Cn. By Lemma 2.12, it follows from the nonexpansiveness of 

n—1 

that d{xn,u) = d{Pc„Xo, Pc„u) < d{xo,u). This shows that Xn is bounded. 

[(2) (3)] Suppose that Xn is bounded, we first claim that 0 < d^{xn+i, Xn) < d^(T„+i,xo) — 

d'^{Xn,Xo). Since Xn = Pcn^o, by Lemma 2.11, we have {xqX^, XnXn+i) > 0 for all Xn+i G 
Cn. So, we have {x^Xn^X^Xn+l) - {xoXn,XoXn) = {xoXn,XnXn+i} > 0 and hence d'^{xo,Xn) = 
{xQXn, xoXn) < {xQXn, XQXn+i). By Lemma 2.14, 2.15 and using (2.1), we have 


.1 


1 


d (Xy,, Xn-^-l} C: 2d {Xn , Xn-^-l} — 4d (^Xq 0 ^Xyj, ^ Xq 0 ^ ^n+1) 

^ d {Xn, Xq) 0 d (^Xn+1 , Xq) 0 d (xq, Xq) 0 d {Xn, X^^yi) d (xq, Xn+1^ d (Xq, Xn^ 

— d (Xyi, Xq) 0 d (^Xn-^-1 , Xq) 0 2 (Xy,yiXo, XQXn} 

— d (Xyj, Xq) 0 d (^Xn+1 , Tq ) 2 (xQX^^y i, XQXn) 

< d^(x„,xo) 0 d^(x„+i,xo) - 2d^(xo,x„). (3.11) 

This shows that {d(x„, xq)} is nondecreasing and with is the bounded of {x„}, we have lim d(x„, xq) 

n —yoo 

exists. From (3.11), we get that d^(x„+i,x„) ^ 0 as n —> oo. Thus x„x„+i = 0. Since x„+i G 


C„+i, we have d^(x„,rx„) < max{y^, 1} <^x„x„+i, x„Tx„y < maxly^, l}d(x„, x„+i)d(x„, Tx^). 
Thus d{xn,Txn) —> 0 as n ^ oo. Since {x„} is bounded and by Lemma 2.3, we have 


A — lim Xr, 

j—>oo 


= w. Since d(x„^. ,Tx„^.) —> 0 as j > oo, then we get that 

<i)(x) = lim sup d{xnj,x) = lim sup d{Txnj,x) for all x G C. 

j—*00 j—*oo 


(3.12) 
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By taking x = Tw in (3.12), we have 
<i>(Tw)^ = limsup (f{Txn ,Tw) 

j^oo 

< limsup{(i^(a:„^-, w) + k[(f{Xnj,Txnj) - 2 /xnjTx„.,wTw'\ + cf{w,Tw)]} 

j—*oo ' ' 

= limsup cf{xnj,w) + fclimsup[d^(a;„^.,ra;„J + 2 (^Txn^Xnj,wTw\ + d'^{w,Tw)] 

j—>00 j—>00 ' ' 

< lim sup (f'{xn- ,w) + k lim sup d^{xn -, Txn ^) 

j —>-oo j —>-oo 

+ 2klimsup[d{Txnj, Xnj)d{w,Tw)] + k lim sup d'^{'w,Tw) 

j—^OO j —>-<50 

= ^{w)^ + k d^{w,Tw). (3.13) 

Since —oo < fc < 1, we can choose a real number A G [0,1] be such that max{0, A:} < A < 1. By 
Lemma 2.15, we have 

d^ (ccn^-, Am 0(1 — X)Tw) < Xd^ {xn ^, m) 0 (1 — X)d^ (x„j, Tw) — A(1 — X)d^ (w, Tw) 

Taking the superior limit on both sides of the above inequality, we get that 

$(Am 0(1- X)Tw)^ < A$(m)^ 0 (1 - A)$(Tm)^ - A(1 - X)d^ (m, Tw) 

Since A — lim Xn = w. By using (3.13) and Lemma 2.2, we have 

i^oo ■’ 

<P(w)^ < <P(Xw 0(1- X)Tw)^ < X<P(w)^ 0 (1 - X)<P(Tw)^ - A(1 - X)d^ (w, Tw) 

< A$(m)^ 0 (1 - A) ($(m)^ 0 kd^ (m, Tm)) - A(1 - X)d? (m, Tw) 

= A$(m)^ 0(1- A)d>(m)^ 0(1- X)kd? (m, Tw) - A(1 - X)d^ {w, Tw) 

= $(m)^ 0 (1 - A)(fc - X)d^ {w, Tw). 

This implies that (1 —A)(A —fc)c?^ (m, Tm) < 0. Since max{0. A:} < A < 1, we have (1 —A)(A —A:) > 0. 
This implies that Tw = w, that is m G Fix{T) ^ 0. 


[(3) => (1)] Suppose that Fix{T) ^ 0. We claim that Fix{T) C Cn for all n £ N. If m G Fix{T), 
then we have (^ab, wTw'^ = 0 for all a,b £ X. Taking u = m in the proof of Lemma 3.6, it is not 
hard to observe that all inequalities are satisfied. This implies that w £ Cn for all n G iV. Therefore 

OO 

FixiT) C f| ^ 0. □ 

n—1 

oo 

Theorem 3.8. Let all the assumptions be the same as in Theorem 3.7 Then, if Cn 0 (0^ {;c„} 

n—1 

is bounded <0> Fix{T) 0),then the sequence {a;„} generated by (3.9) converges strongly to some 
points of C and its strong limit point is a member of Fix(T), that is lim a;„ = Ppixm^o G Fix(T). 

oo 

Proof. If Cn yf 0, then Theorem 3.7 ensures that {xn} is bounded sequence in C. By Lemma 

n—1 

2.3, we have {xn } C {a;„} such that A — lim Xn = u. By the proof of Theorem 3.7 (2) (3)1, we 

have u £ Fix{T). By Lemma 2.20, we have PpixiT) is well defined. Also, PFix{T)Xo G Fix{T) C Cn, 
we observe that 


d{Xn,Xo) = d{Pc„Xo,Xo) < d{PFixiT)Xo,Xo) 


(3.14) 
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for all n G N. Since {(i(x„,a;o)} is nondecreasing, we get that lim d{x„,xo) exists. Since A — 

n—*oo 

lim Xn = u, by using Lemma 2.6, we have {x„.} ^ u. By Definition 2.16 and Lemma 2.17, we 

j^oo ’ ^ 

get that d{u, {xq}) < liminf^^oo d(xnj, {a^o})- By Lemma 2.8, there exists an xq G {xq} such that 

d{u, xo) = d(u, {xo}) < lim inf (i(x„ , xq) (3.15) 

j^oo 

By using (3.14) and (3.15), we get that 

<^(u,a;o) < liminf (i(x„.,xo) = lim fi(x„,X q) < (i(PFza:(T)a^o,a;o). (3.16) 

j—*oo n—>oo 

Taking into account u G Fix{T), from (3.16), we have d{u,XQ) < d{Ppij;^T)Xo,XQ) < (i(tt,X q). This 
implies that d(u,xo) = d{Ppix{T)Xo,xo). By Lemma 2.8, we obtain that u = PFix{T)Xo- Therefore 
{xn} PFix{T}Xo and d{xn,xo) d{PFix{T)Xo,xo). Consequently, from (3.11), we get that 
d^{xn, PFix(T)Xo) < d^{PFix(T)Xo, Xq) — (i^(x„,Xo) ^0 as 71 ^ oo. This completes our proof. □ 

Remark 3.9. The results in this section extend and improve the corresponding Theorem 3.4 and 
3.5 in [22 in the case of an iterative projection technique in a Hilbert space. 

4. Conclusion 

In the present paper, we study some existence and convergence theorems for fixed points of a 
strict pseudo-contraction by using an iterative projection technique with some suitable conditions. 
We obtain the sufficient conditions for the existence and convergence theorem for the fixed points 
of strict pseudo-contraction mappings in complete CAT(O) spaces. 
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Abstract. Recently, we considered the Choquet integrals with respected to a fuzzy mea¬ 
sure and the Choquet-expected utility(CEU)which was represented by preference function¬ 
als. We note that the CEU provides a useful tool to calculate the subjective capacity of 
trade values between Korea and some countries in Wood-Jang [4,10]. 

In this paper, by using the Choquet-expected utility in Wood-Jang [4] and the degree of 
similarity in Biswas [1], we define the CEU-degree of the similarity related with the CEU 
of trade values between Korea and some countries. In particular, we investigate some 
applications of the CEU-degree of similarity related with the CEU of trade values. 


1. Introduction 


By using fuzzy sets and Choquet integrals in [1,2,4,5,6,10], many researchers have studied 
the concept of Choquet intgeral expected utility and its related areas(see[3,4,8.9.11,12]). Re¬ 
cently, Wood-Jang [6,7] studied some applications of the Choquet integral as imprecise market 
premium functionals with respect to an imprecise set function which was an interval-valued 
measure of risk and the Choquet integral with respect to a fuzzy measure of a utility function. 
In 1995, Biswas [1] investigated a student’s evaluation on the space of fuzzy sets which include 
data information for the students respective classes. 

In this paper, by using the degree of similarity in Biswas [1], we define the CEU-degree 
of the similarity which is related to the CEU for the trade values that exist between Korea 
and some of its important trading partners (such as Korea-USA, Korea-New Zealand, Korea- 
India, and Korea-Turkey). In particular, we investigate the evaluation of the CEU-degree of 
similarity which is related with the CEU of trade values CEU{u{a)) of a utility u from an act 
a on S for specified HS product codes for animal product exports between Korea and selected 
trading partners for years 2010-2013. We note that we include the dates used in our previous 
studies [4,10]. 

In particular, we investigate the following applications: 


1991 Mathematics Subject Classification. 28E10, 28E20, 03E72, 26E50 11B68. 

Key words and phrases. Choquet integral, Choquet expected utility, fuzzy neasure, the degree of similarity. 
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(1) we calculate CEU-degree of contribution from an economic value perspective, for animal 
exports with HS product code i = 1, 2,3,4, 5 between Korea and selected trading partners for 
years 2010-2013 and 

(2) we compare these values with the USA and other trading partners in terms of CEU- 
degrees (13), (14), and (15) of the similarity which is related to the relationships and char¬ 
acterizations involved in the value of international trade between Korea and each of the four 
countries analyzed in this study(see[14]). 


2. Preliminaries and definitions 


Let S' be a finite set of states of nature and F{S) be the set of all fuzzy sets A = 
{(s,TO^(s)) I s € S, iTiA —> [0,1] is a function}. Recall that rriA is called a membership 
function of A. 


Definition 2.1. ([4-7,9,10,11,13]) 

(1) A real-valued function /i on S the subsets of is called a fuzzy measure if it satisfies 

(i) /j(0) = 0, /x(S) = 1, 

(ii) Ac B ^ S m(^)- (1) 

(2) The Choquet integrals with respect to a fuzzy measure ^ of A G F{S) is defined by 

(C) J fAdti = J fi{{s e S\fA{s) > a})da, (2) 


Definition 2.2. ([4-7,9,10,11,13]) (1) Let A G F{S). The Choquet integrals with respect to 
a fuzzy measure /r of a fuzzy set A = (S, /^) is defined by 
where the integral on the right-hand side is an ordinary one. 

(2) Let S = {si, S2, • • • , Snj be a finite set. The discrete Choquet integral with respect to 
a fuzzy measure fj, is defined by 


(C) 




2 = 1 






where = {s G S\mA{s) > mA(s*)} for z = 1,2, • • • ,n. By convention, let = 0. 


(3) 


By using the Choquet integral, we consider the Choquet expected utihty(CEU) of a utility 
u from an act a as follows. 


Definition 2.3. ([4]) Let u : X —)■ [0,1] be a utility and a be an act from S to X. The 
Choquet expected utility(CEU) with respect to a fuzzy measure /i of utility u from act a is 
defined by 

CEU{u{a)) = (C) J u(a(s))dfi(s). (4) 


322 


LEE-CHAE JANG-J.WOOD 321-328 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


ON THE CEU-DEGREE OF SIMILARITY IN INTERNATIONAL TRADE ... 3 

We note that if mA{s) = u{a{s)) and A = {S, niA), then A e F{S), that is, is a fuzzy set. 
From Definition 2.1(3) and Definition 2.2 with a finite set S, we get CEU{u{a)) as follows: 

n 

CEU{u{a)) = ^u{a{s^'^)) 

i^l 

where E^"^^ = {s € S'|M(a(s)) > M(a(s(*^)} for alH = 1, 2, • • • , n. 




(5) 


3. CEU-FUZZY MARKS AND CEU-DEGREE OF SIMILARITY 


In this section, we consider the CEU of a utility on a set of trade values (in USD) that 
represent the trading relationship that Korea shares with selected trading partners(i.e. Korea- 
USA, Korea-New Zealand, Korea-India, and Korea-Turkey). We also examine these respective 
trading relationships by incorporating a clearly defined set of Harmonized System (HS) prod¬ 
uct code product categories (i.e. HS Codes i = 1,2,3,4, 5) for each individual year that is 
under review (i.e. 2010,2011,2012,2013). We note that the product code definitions have 
been provided by the UN Comtrade’s online database and the relevant categories are defined 
as follows (see [14]): 

1. Live animals; animal products. 

2. Meat and edible meat offal. 

3. Fish and crustaceans, mollusks and other aquatic invertebrates. 

4. Dairy produce; birds’ eggs; natural honey; edible products of animal origin, not elsewhere 
specified or included. 

5. Products of animal origin, not elsewhere specified or included. 

Firstly, we denote that HSPC=HS Product Code, s=Year, a(s)=Trade Value, u(a(s))=the 
utility of a{s), CEU{u,a)=the Choquet Expected Utility of u from a. By using the trade 
values in tables A1 A4, we can calculate the Choquet integral of an utility on the set of 
trade values (in USD) that represent Korea’s trading relationship with a particular country 
for years 2010,2012,2012,2013. Let si = 2010, S2 = 2011, S3 = 2012, S4 = 2013. If we dehne 
a fuzzy measure /x on S' as follows (see [4]): 

/^(Uf^)) = ^i({s(4)}) = 0.1, Ai(u(3)) = ^i({s(3), sW}) = 0.3, 

and if a(s) is the trade value of s and u(a) = ^ 1001414 OT ’ then we obtain the following 
CEU{u{a)) as follows: 

4 

CEU{u{a)) = ^w(a(sW))(M(EW)-(Ax(U(*+i))) 

i^l 

= 0.4M(a(s^^^))-I-0.3M(a(s^^^))-I-0.2M(a(s^^^))-I-0.lM(a(s^^^)). (7) 

By using (5), we calculate the four tables Ai ~ A 4 as follows(see [4]): By using four tables, 
we get the four V-fuzzy sets X : {1,2, 3,4, 5} —)■ [0,1] by A" = = 1,2, 3,4, 5} 

(i.e., USA-fuzzy set U, NZ-fuzzy set N, IN-fuzzy set I, TR-fuzzy set T) defined by 

[7 = 1(1,0.05664), (2,0.04483), (3,0.93879), (4,0.20821), (5,0.04858)} (8) 

V = 1(1,0.00533), (2,0.00000), (3,0.78873), (4,0.15976), (5,0.01557)} (9) 
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/ = {(1,0.00154), (2,0.00000), (3,0.04570), (4,0.00000), (5,0.00000)} 
r = 1(1,0.00264), (2,0.00887), (3,0.00368), (4,0.00470), (5,0.00000)} 


( 10 ) 

( 11 ) 


Definition 3.1. ([!]) The degree of similarity between X-fuzzy set and T-fuzzy set is defined 

by 


where 


S{X,Y) 


X-Y 

maxjX ■ X,Y -Y} 


X =< mx(l),mx(2),mx(3),mx(4),mx(5) >, 
Y =< my (1), 774^(2), TOy (3), my (4), my (5) > 


( 12 ) 


(13) 


are vectors and 
X • Y 


= mjf(1) • my(l) + mjf(2) • my(2) + mjc(3) • my(3) + mjc(4) • my(4) + mjc(5) • my(5). 

(14) 


By using Definition 3.1, we define the degree of similarity between X-fuzzy set and T-fuzzy 
set is called the CEU-degree of similarity as follows. 

Definition 3.2. If X and Y are elements of {U, N, I,T}, then the degree of similarity between 
X-fuzzy set and T-fuzzy set is called the CEU-degree of similarity. 


From Definition 3.1 and Definition 3.2, we get the CEU-degree of similarity between X- 
fuzzy set and F-fuzzy set where X and Y are elements of {U,N,I,T}. 

Example 3.1. (1) From Definition 3.1 and Definition 3.2, we get the CEU-degree of similarity 
between {7-fuzzy set and A^-fuzzy set as follows: 


S{U,N) = 


U-N 


0.7747737841 


maxlU • {7, iV • TV} max{0.932255903,0.6478891043} 


= 0.83174152. 


(15) 


(2) From (8) and (10), we get the CEU-degree of similarity between U-fuzzy set and /-fuzzy 
set as follows: 


SiU,I) = 


U-I 


0.0429899286 


maxjU -Uj-i} max{0.932255903,0.0020908616} 


= 0.0461138712. 


(16) 


(3) From (8) and (11), we get the CEU-degree of similarity between [/-fuzzy set and T-fuzzy 
set as follows: 


S{U,T) = 


U-T 


0.004979328 


maxjU ■U,f-f} max{0.932255903,0.0001219413} 


= 0.0053411601. (17) 


By using four information with those of the CEU-degrees of similarity (13), (14), and (15), 
we understand the exact difference of similarity between the USA and each of the other three 
trading partners. By using the CEU-degrees of similarity between USA and another country, 
we are able to provide a useful plan to find a more effective method of improving the value of 
international trade between Korea and each of the four countries analyzed in this study. We 
provide information that may well be of interest to international business practitioners that 
want a clearer understanding of the relationship and characterizations related to the value of 
international trade between Korea and each of the four countries measured. 
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Table Al: The CEU for animal product exports between Korea and the USA for years 

2010-2013 


HSPC 

S 

a(s)(USD) 

u{a{s)) 

CEU(i^usA){u{a)) 

I 

Si 

286892 = a(s(i)) 

0.05352 

0.05664 

S2 

330299 = 

0.05743 

S3 

358496 = a(sl^l) 

0.05983 

S4 

364918 = a(sU)) 

0.06037 

2 

Si 

997539 = a(s(41) 

0.09981 

0.04483 

S2 

376805 = a\s^'^^) 

0.06034 

S3 

30005 = a(slb) 

0.01731 

S4 

272884 = a(slU) 

0.05220 

3 

Si 

74866073 = a(slb) 

0.86464 

0.93879 

S2 

95654573 = a{s^‘U) 

0.97734 

S3 

100141401 = a(s(‘^l) 

1.00000 

S4 

99871717 = a(sl^l) 

0.99865 

4 

Si 

3722326 = a(slb) 

0.19280 

0.20821 

S2 

4323214 = a(sUl) 

0.20778 

S3 

5016833 = a(sU)) 

0.22382 

S4 

4910771 = a(sUl) 

0.22145 

5 

Si 

235669 = a(s(2)) 

0.04851 

0.04858 

S2 

359747 = a(sl^l) 

0.05994 

S3 

101795 = a(sdl) 

0.05994 

S4 

863858 = a(s^P) 

0.09088 


Remark 3.1. As demonstrated in (13) (I)) and (15) this study compares the similarities 
that exist between Korea and its respective trading partners. As such, our study details the 
following information: 

Korea — USA : Korea — NZ : Korea — India : Korea — Turkey = 1 : 0.832 : 0.046 : 0.005 

(18) 

(2) Given a situation whereby Korea spends 10 million USD as a means of developing a 
strong trading relationship between itself and its US trading partner, we are able to also as¬ 
certain the level of support that is needed to develop effective trading ties with other countries, 
for example: 

NewZealand : 8, 320, OOOUSD 

India : 460, OOOUSD (19) 

Turkey50, OOOUSD. 
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Table A2: The CEU for animal product exports between Korea and New Zealand for years 

2010-2013 


HSPC 

s 

a(s)(USD) 

u{a{s)) 

CEU(i^Nz) {u{a)) 

1 

Si 

6650 = a(sW) 

0.00815 

0.00533 

S2 

U97 = a{s^'^>) 

0.00670 

S3 

1589 = a(slb) 

0.00398 

S4 

2779 = 

0.00527 

2 

Si 

II 

o 

0.00000 

0.00000 

S2 

II 

o 

0.00000 

S3 

II 

O 

0.00000 

S4 

II 

o 

0.00000 

3 

Si 

70759196 = 

0.84059 

0.78873 

S2 

91263506 = a(sW) 

0.95464 

S3 

70763937 = 

0.84062 

S4 

46632301 = a(slb) 

0.68240 

4 

Si 

165773 = a(sl3)) 

0.04069 

0.15976 

S2 

113751 = a(slb) 

0.03370 

S3 

148756 = a(sCl) 

0.03854 

S4 

277350 = a(sCl) 

0.05263 

5 

Si 

II 

o 

0.00000 

0.01557 

S2 

0 = 

0.00000 

S3 

218022 = a(sl^l) 

0.04666 

S4 

393025 = 

0.00265 


Table A3: the CEU for Animal product expert between Korea and India for years 2010-2013 


HSPC 

s 

a(s)(USD) 

u{a{s)) 

C EU {u{a)) 

1 

Si 

1050 = a(sl3)) 

0.00324 

0.00264 

S2 

1300 = a(sW) 

0.00360 

S3 

450 = a(slP) 

0.00212 

S4 

700 = a(sCl) 

0.00264 

2 

Si 

35432 = 

0.01881 

0.00887 

S2 

50639 = a(sCl) 

0.02249 

S3 

2656 = a(sC)) 

0.00515 

S4 

8230 = 

0.00907 

3 

Si 

8695 = a(sW) 

0.009318 

0.00368 

S2 

5247 = a(sl^l) 

0.00724 

S3 

II 

o 

0.00000 

S4 

1865 = 

0.00432 

4 

Si 

II 

o 

0.00000 

0.00470 

S2 

21614 = 

0.01469 

S3 

30938 = 0(5^-^^) 

0.01758 

S4 

II 

o 

0.00000 

5 

Si 

II 

o 

0.00000 

0.00000 

S2 

II 

O 

0.00000 

S3 

II 

o 

0.00000 

S4 

0 = 0 ( 5 ^“^^) 

0.00000 
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ON THE CEU-DEGREE OF SIMILARITY IN INTERNATIONAL TRADE ... 7 

Table A4: The CEU for animal product exports between Korea and Turkey for years 

2010-2013 


HSPC 

s 

a(s)(USD) 

u{a{s)) 

CEU{u{a)) 

1 

Si 

0 = a(s^^^) 

0.00000 

0.00154 

S2 

6900 = 0(5^-*^) 

0.00830 

S3 

150 = a(sUl) 

0.00122 

S4 

300 = a(sl^l) 

0.00173 

2 

Si 

0 = a(s^^^) 

0.00000 

0.00000 

S2 

0 = a(s^^'’) 

0.00000 

S3 

0 = a(sl^l) 

0.00000 

S4 

0 = a(sUl) 

0.00000 

3 

Si 

0 = a(s^^^) 

0.00000 

0.04570 

S2 

672952 = a(sl^l) 

0.08198 

S3 

2532837 = a(sU)) 

0.15904 

S4 

199874 = a(sCl) 

0.04468 

4 

Si 

0 = a(s^^^) 

0.00000 

0.00000 

S2 

0 = a(sCl) 

0.00000 

S3 

0 = a(sl^l) 

0.00000 

S4 

0 = a(sUl) 

0.00000 

5 

Si 

0 = a(s^^^) 

0.00000 

0.00000 

S2 

0 = a(sCl) 

0.00000 

S3 

0 = a(sl^l) 

0.00000 

S4 

0 = a(s^"‘'’) 

0.00000 


4. Conclusions 

The Choquet expected utility(see Definition 2.3) is a useful tool which can be used to 
calculate the evaluation of the contribution of animal exports between Korea and selected 
trading partners. By using the Choquet expected utility, we obtained Tables A1 ~ AA in 
[10]. From these Tables A1 ~ AA, we gave four X- fuzzy sets (8),(9),(10),(11) which are 
representations of the evaluation of contribution to animal exports for HP product codes 
7 = 1,2,3,4, 5 between Korea and selected trading partners for years 2010-2013. 

By using these AT-fuzzy sets, we obtained three CEU-degrees (13), (14), and (15) of simi¬ 
larity. From three CEU-degrees (13), (14), and (15) of similarity, we can clearly understand 
the difference of similarity that exists between the USA and each of three countries measured 
in the study. By using CEU-degrees of similarity between the USA and a respective trading 
partner, we are able to provide a more effective method of improving the value of interna¬ 
tional trade between Korea and its trading partners. We also provide valuable information 
that can be used to compare the USA and another countries as was the case with the three 
CEU-degrees (13), (14), and (15) of similarity that is related with the relationship and char¬ 
acterizations of the international trade values that exist between Korea and its respective 
trading partner. 
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The general solution of a mixed cubic-quartic functional equation and 
the Ulam stability of matrix fuzzy normed spaces 
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Abstract In this paper, we consider the following new type cubic-quartic (CQ) functional equation 

/(Ax -P j/) -P /(Ax -y) = ^T^[/(x + y) + /(x - y)] + ^ ^ - y) + f{y - x)] 

+ (A4 + Am a2 _ A)/(x) + (A" - Am a2 + A)/(-x) + (1 - \^)[f{y) + f{-y)], 

where A > 2 is a fixed integer. We investigate the general solution of the functional equation, and 
then, using the fixed point method, we prove some stability results for this functional equation in 
matrix fuzzy normed spaces. 

Keywords Ulam stability; Cubic-quartic mapping; Cubic-quartic functional equation; Matrix fuzzy 
normed spaces. 

Mathematics Subject Classification(2010) 39B82; 39B52; 46H25. 

1 Introduction 

Throughout this paper, N stands for the set of all positive integers, K and C stand for the sets of reals and 
complex numbers, respectively. Nq := N U {0}, K+ := [0,oo), and N^o denotes the set of all positive integers 
greater than or equal to a given mo G N. 

The study of stability problems for functional equations is related to a question of Ulam [14] concerning the 
stability of group homomorphisms. Subsequently, the partial result of Ulam’s problem was proved by Hyers [8], 
The solution of Hyers was generalized by Rassias [13] for approximate linear mappings by allowing the Cauchy 
difference ||/(x + y) — /(x) — f{y)\\ to be controlled by e (||x||^ -P |ly||^)- In 1994, a further generalization was 
obtained by Gavru(a [10], who replaced e(||x||P -P |[?/|[^) by a general control function (p{x,y). This new idea is 
known as the Hyers-Ulam-Rassias stability of functional equations. 

Park [7] considered the following cubic-quartic functional equation 

/(2x -P j/) -P /(2x -y)= 3/(x + y) + 3/(x -y) + /(-x -y) + f{y - x) -P 18/(x) -P 6/(-x) - 3/(y) - 3/(-y), (1.1) 

and investigated the orthogonally stability of (1.1). Very recently, Song [5] proved Ulam stability of this equation 
(1.1) in matrix intuitionistic fuzzy normed spaces. For more interesting discussions and generalizations of the 
original problem of Ulam have been investigated, see for instance [1,2,9,11,12,15] and the references therein. 

* Corresponding author. 

E-mail addresses: dingyaliding@126.com (Y. Ding), xutianzhou@bit.edu.cn (T.Z. Xu), jrassias@primedu.uoa.gr (J.M. Rassias). 
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In the present paper, we introduce a new mixed type cubic and quartic functional equation: 

f{Xx + y) + f{Xx - y) = ^ [f{x + y) + f{x - y)] + ^ ^ ^ - v) + fiv - x)] 2 ) 

+ (A"' + — A^ — A)/(x) + (A'^ — A^ — A^ + X)f{—x) + (1 — X^){f{y) + f{—y)], 

where A > 2 is a fixed integer. One can see that the functional equation (1.1) is a special case of (1.2) when we 
take the integer A = 2. Every solution of the functional equation (1.2) is said to be a cubic-quartic mapping. 

The aim of this paper is to discuss the general solution and then establish the Ulam stability of (1.2). More 
precisely, we discuss the Ulam stability of (1.2) in matrix fuzzy normed spaces by applying the fixed point method. 


2 Preliminaries 


In this section, we recall some basic facts concerning fuzzy normed spaces, matrix fuzzy normed spaces and 
some useful results. 

Definition 2.1 ( [4]) Let X be a real vector space. A function : X x M —>■ [0,1] is said to be a fuzzy norm 
on X if for all x,y G X and all s, t G K: 

(1) N{x,t) = 0 for t < 0; (2) a: = 0 if and only if N{x,t) = 1 for all t > 0; (3) N{cx,t) = N{x, |^) if c 0; (4) 
N{x + y,s + t) > min{A^(x, s), N{y, t)}; (5) N{x, •) is a non-decreasing function on M and limi_>oo N{x, t) = 1; 
(6) N{x, ■) is continuous on K for a: 0. 

In this case (X, A^) is called a fuzzy normed vector space. 

Definition 2.2 ( [4]) Let {X, N) be a fuzzy normed space. A sequence Xn in X is said to be convergent if there 
exists X € X such that lim„_>oo N{xn — x,t) = l(t > 0). A sequence Xn in X is called Cauchy if for each e > 0 and 
t > 0, there exists no G N such that N{xm — Xn,t) > 1 — e (m,n > no). If each Cauchy sequence is convergent, 
then the fuzzy norm is said to be complete and the fuzzy normed space is called a fuzzy Banach space. 


We will use the following notations: Mm„(Af) is the set of all to x n matrices in X] When m = n, the 
matrix Mm,n{X) will be written as Mn{X); Cj G Mi_„(]R) denote the row vector whose jth component is 1 and 
the other components are zero; Eij G M„(]R) is that (z, j)-component is 1 and the other components are zero; 
Eij 0 X € Mn(X) is that (z, j)-component is x and the other components are zero. 


Let (X, ll-ll) be a normed space. Note that (AT, {H-H^}) is a matrix normed space if and only if (M„(X), IHI^) 
is a normed space for each positive integer n and ||Aa;i3||j, < ||A|| ||i3|| ||a:||„ holds for A G Mfe^„(K),x = [xij] G 
Mn{X) and B G M„_fc(]R), and that {X, {IHl^}) is a matrix Banach space if and only if X is a Banach space and 
(AT, {ll'll^}) is a matrix normed space. 


For X G Mn{X),y G Mk{X),x® y := 


, we introduce the concept of matrix fuzzy normed spaces. 

7 


Let AT, Y be vector space. For a given mapping h : X ^ Y and a given positive integer n, define /z„ : 
Mn{X) Mn(Y) by h„([xy]) := [h{xij)] for all [xij] G Mn{X). 


Definition 2.3 ( [6,15]) Let {X,N) be a fuzzy normed space. 

(1) (AT, {A^„}) is called a matrix fuzzy normed space if for each positive integer n, {Mn{X),Nn) is a fuzzy 

normed space and Nk{AxB,t) > Nn(,x, pjppj||) for alH > 0, A G Mfe_„(]R),x = [xij] G Mn{X) and B G M„,fc(]R) 
with ||A|| • ||i3|| 0. 

(2) (AT, {A^„}) is called a matrix fuzzy Banach space if (AT, N) is a fuzzy Banach space and (AT, {A^„}) is a 
matrix fuzzy normed space. 
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Lemma 2.1 ( [6]) Let (X, {7V„}) he a matrix fuzzy normed space. Then 

(1) Nn{Eki ®x,t) = N{x, t) for all t > 0,x € X, 

(2) For all [xij\ G M„(X) and t = J2i,j=i 

N{xki,t) > Nn{[xij],t) > min {N{x^j,tij) : i,j = l,2,...,n}, 

N{xki,t) > Nn{[xij],t) > min\N{xij, 4j) : i, j = 1, 2,..., n 

(3) lim„_>oo Xn = X if and only z/lim„_>oo Xijn = x^j for Xn = [xijn],x = [xij] G Mk{X). 

Theorem 2.1 ( [3]) Let {E,d) be a complete generalized metric space and J : E ^ E be a strictly contractive 
mapping, that is 

d(Jx, Jy) < Ld{x, y),\/x, y € E 

for some 0 < L < 1. Then, for each given element x € E, either d{J^x, = +oo, Vn > 0 ord{J'^x, J'^'^^x) < 

oo, Vn > no, for some natural number no- Moreover, if the second alternative holds, then 

(1) The sequence is convergent to a fixed point y* of J; 

(2) y* is the unique fixed point of J in the set E' = {y G E\d{J^°x,y) < +oo} and d{y,y*) < jj^d{y, Jy) 
for all y G E'. 


3 General solution of the functional equation (1.2) 

In this section, we investigate the general solution of the mixed cubic-quartic functional equation (1.2). 
Throughout this section, let X be a vector space over Q, T be a vector space, and A G N 2 . Some basic facts on 
n-additive symmetric mappings can be found in [12]. 

Lemma 3.1 If an odd mapping f : X ^ Y satisfies (1.2), then f is of the form f(x) = A^{x) for all x G X, 
where A^(x) is the diagonal of the 3-additive symmetric map A 3 : X^ —>■ Y. 

Proof. Using the oddness of /, we have /(O) = 0 and f{—x) = —f{x) for all x G X. (1.2) with y = 0 yields 

fiXx) = \^f{x). (3.1) 

Applying (3.1) to (1.2), we obtain 

f{Xx + y) + f{Xx -y) = X[f{x + y) + f{x - y)] + 2A(A^ - l)/(a;), (3.2) 

From (3.2), by Theorems 3.4 and 3.5 in [12], / is a generalized polynomial function of degree at most 3: 

f{x) = A^{x) + A'^(x) + A^{x) + A°{x), (3.3) 

where A*^(a;) = A^ is an arbitrary element of Y, and A* is the diagonal of the i-additive symmetric map Ai : 

A* —>• y for i = 1,2,3. By /(O) = 0 and f{—x) = — fix) for all x G X, we get A°(a;) = A° = 0 and A^ix) = 0 
for all X G X. By /(Ax) = X^fix) and A*(rx) = r*A*(x) whenever x G X and r G Q, we obtain A^(x) = 0 for all 
x G X. Therefore, fix) = A^(x) for all x G X. □ 

Lemma 3.2 If an even mapping f : X ^ Y satisfies (1.2), then f is of the form fix) = A^(x) for all x G X, 
where A^(x) is the diagonal of the 4-additive symmetric map A 4 : X^ —>■ Y. 
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Proof. In view of the evenness of /, we have f{—x) = f{x) for all x G X. Let y = 0 in (1.2), we obtain 

fiXx) = X^f{x). (3.4) 

The rest of the proof is similar to the proof of Lemma 3.1. 

□ 


Theorem 3.1 A mapping f : X satisfies (1.2) for all x,y G X if and only if f is the form 

f{x) = A'^ix) + A^{x), (3.5) 

where A'‘ is the diagonal of the i-additive symmetric map Ai X^ for z = 3,4. 


Proof. Assume that / satisfies the functional equation (1.2), we decompose / into the odd part and the even 
part by putting 


fo{x) 




f{x) + f{-x) 
2 


(3.6) 


then, f{x) = fo{x) + fe{x) for all x G X. It is easy to show that the mapping fo and fe satisfy (1.2). Therefore 
our assertion follows immediately from Lemmas 3.1 and 3.2. Conversely, assume that f(x) = A'^{x) + A^{x) for 
all X G X, where Afix) is the diagonal of the z-additive symmetric map Ai : X^ ^ Y for z = 3,4. Using 


A‘^{x + y) + A'^{x — y) = 2A^{x) + 2 A'^{y) + 12A^’^(a;, y), 
A^{x + y) + A^{x — y) = 2A^{x) + 6A^’^(x, y), 

A\rx) = YA\x),i G {3,4},r G Q, 

A^’\rx, sy) = Ys^ A^’^x, y), i G {1, 2}, r,s G Q, 


by a simple computation, one can see that / satisfies (1.2), which complete the proof of Theorem 3.1. □ 


4 Stability of the functional equation (1.2) 

Throughout this section, let {X, {A^n}) be a matrix fuzzy normed space, (Y, {Nn}) be a matrix fuzzy Banach 
space, A G N 2 and n G N. Using the fixed point method, we prove the Ulam stability of the CQ-functional 
equation (1.2) in matrix fuzzy normed spaces. 

Now before taking up the main subject, for a given mapping f : X ^ Y, we define the difference operator 
Df:X^^ Y, and U/„ : M„(X2) ^ M„(r). 

iDf ){a,b) ■.=f{Xa + b) + f{\a-b) - ^ ^ ^ [f{a + b) + f{a - b)] - ^ ^ ^ [f{-a - b) + f{b - a)] 

_ (a4 + a3 - a" - A)/(a) - (A^ - A3 - A2 + A)/(-a) - (1 - X^)[f{b) + /(-6)], 

A2 _|_ A 

fn){[Xij], [yij]) ■ = fn{X[Xij] + [pij]) + fn{X[Xij] — [yij]) ^ [/n([3^ij] + [Vij]) + fn{[Xij] ~ [j/ij])] 

- ^-Y^[/n(-[a;y] - [yij]) + fni[y^ 3 ] - [Xij])] - (A^ + A^ - A^ - X)fni[Xij]) 

- (A^ - A^ - A^ + A)/„(-K]) - (1 - A^)[/„([j/.,]) + fn{-[yij])] 
for all a,bG X,x = [x^j],y = [yij] G Mn{X). 


Theorem 4.1 Let ipi : X"^ -G [0, oo) be a funetion such that for some real number a with 0 < a < 1, 


. a b. a / 

ipiij, j) < jgipiiaA), a,bGX. 


(4.1) 
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Suppose that f : X ^ Y is an even function with /(O) = 0 and such that 

t 




Then there exists a unique quartic mapping Q : X ^ Y such that 


t> 0,x = [x^j],y = [yij] G M„(X). 


(4.2) 


Nn {fn{[x^j]) - Qn{[Xij]),t) > 


-a)t 


2 X‘^{1 - a)t + an^ Z)”i=i Ti{xij,0) 
Proof. When n = 1, (4.2) is equivalent to 


, t > 0,X = [Xij] G Mn{X). 


N{Df{a,b),t) > 


t 


t + (/?i(a, 6) ’ 


Putting & = 0 in (4.3), we obtain that 

N{2f{Xa)-2X^f{a),t)> 

Hence 


t 


a, t, 


N{fia)-X^/{-),-)> 


t + (fi{a, 0 )’ 
t 


t > 0,a,b G X. 


t>0 ,aGX. 


X ’2 t + 


Using (4.1) we get 


iV(/(a)-AV( t)U)> 


t 


t> 0,aG X. 


t>0,aGX. 


' X ’ t + i^<Pi{a,0) ’ 

Consider the set i?i = {g : AT —>• F, g(0) = 0}, and introduce the generalized metric di: 

t 


(4.3) 

(4.4) 

(4.5) 

(4.6) 


di{g, h) := inf < e G K+ : N{g{a) — h{a), et) > 


t>0 ,aGX 


t + (pi{a, 0)' 

where, as usual, inf 0 = +oo. It is easy to prove that (i?i,c?i) is a complete generalized metric space. 

Now, let us consider the linear mapping Ji : Ei ^ Ei such that 

Jidia) = X'^g(^, gGEi,aGX. 

It is easy to see that Ji is a strictly contractive self-mapping of Ei with the Lipschitz constant L = a. Indeed, 
given g,h G Ei, let e G (0,oo) be an arbitrary constant with di{g,h) = e. From the definition of di, it follows 
that 

t 


Hence 


N{g{a) - h{a),et)> —— ~ , , t>0,aGX. 

t + ipi[a,Q) 


N{Jig{a) - Jih{a), act) = NiX'^gij) - A‘‘h(^), aet) = N{g{j) - h{j), ^) 


^ f 

^4 I 


t 


^ ^t-P(/?i(f,0) ^ t-P(/?i(a,0)’ 

So, di{g,h) = e implies that d{Jig, Jih) < ae. This means that di{Jig, Jih) < adi{g,h) for all g,h G Ei, thus 
Ji is a strictly contractive self-mapping, and the Lipschitz constant L = a. 

It follows from (4.6) that 

t 


N{f{a) - Jif{a),t) > 


t+ 2f4</5i(a,0)’ 


t>0,aGX, 


thus we have that di{f, Jif) < ^ < -Poo. 
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According to Theorem 2.1, we deduce the existence of a fixed point of Ji, that is, the existence of a mapping 
Q : X ^ Y such that Q{a) = JiQ{a) = i-e-, Qij) = for each a G X. Moreover, we have 

Q) —t 0(/ —>■ +oo), which implies 

lim N{j[f{a) — Q{a),t) = l, t > 0, a G A. (4.7) 

Z^+oo 


Also, di{f,Q) < Y^di{Jif, f) implies the inequality di{f,Q) < 2 A^(i-a) ’ which means that 

2A‘‘(1 - a)t 


N{fia)-Q{a),t)> 


2A4(1 — a)t + a(pi{a, 0) 


, t>0 ,aeX. 


Replacing a and 6 by ^ and ^ in (4.3), respectively, we have 


a b 


'A'’ A' 


^ A-7A/(-,-),t =A iA/(-,-),— > 


a 6 , t 


t 


It follows from (4.1) that 


thus 




, a b . / , N 

< j^y^i[a,b), a,bGX, 




, t > 0,a,b G X. 


(4.8) 


(4.9) 


Letting I —>• +oo in (4.10), we obtain 


iV( A4‘iA/(^,^),t) ^1, t>0,a,6GA, 


(4.10) 


(4.11) 


which means 

N{DQ{a,b),t) = l, t>0,a,bGX. (4.12) 


Thus, DQ{a, b) = 0 for all a,b G X. By the definition of Q, it is clear that Q(—a) = Q(a) for all a G X. Then 
by Lemma 3.1, the mapping Q is quartic. 

Assume that there exists another quartic function F : X —>■ Y which satishes (4.8). Then it is clear that 
F(f) = ^F(a), and while a = 0, we have F(a) = 0, thus JiF(a) = A^F(f) = F(a) for all a G X, i.e., F is a 
fixed point of Ji. By (4.8) we get 




2A4(1 - a)t 

2A4(1 — a)t + a(pi{a, 0) ’ 


t > 0, a G A. 


Hence, di{f,F) < 2 \i(i-a) ■ F G Ei = {g G Ei,di{f,g) < oo}. By Theorem 2.1, Q is the unique fixed point 
in El, which means that Q = F. 

By Lemma 2.1 and (4.8), we have 


A^(yn([^ij]) Qni[^ijWi') ^ min 


> min 


- 2A4(1 


Ni.fi.Xij) - Qixij), ^) : i,j = 1,2, ...,n| 

2A'^(1 - a)t ^ ■•-19 

2X^(1 — a)t + I{xij,0) i i 

2A^(1 - a)t _ 

- a)t + arfl V’lixijjO) 


for all X = [xij\ G M„(A),t > 0. This completes the proof. 


□ 


Theorem 4.2 Let ip 2 '■ -G [0, oo) he a function such that for some real number a with 0 < a < A, 


. a b. OL , ,s 

^ 2 ij,j)<j^^ 2 ia,b), a,bGX. 


(4.13) 
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Suppose that f : X ^ Y is an odd function such that 

^n{Dfni[Xij],[yij]),t) > 7 7 ) 

Then there exists a unique cubic mapping C : X ^ Y such that 


t>0,x= [x,j],y= [yij] G M„(X). 


(4.14) 


Cn{[Xij]),t) > ,,,3/, \V- 1 2 ( flA ’ t > 0, X — [Xij] G Mn{X) . 

Proof. The proof is similar to the proof of Theorem 4.1. 


□ 


Theorem 4.3 Let (p : X"^ —>■ [0, oo) he a function such that for some real number a with 0 < a < 1, 


.a b. Oi , . 

p{j,j)<^p(a,b), a,bGX. 


(4.15) 


Suppose that f : X ^ Y is a function such that /(O) = 0, and for all x = [xij],y = [yij] G Mn{X), satisfying 

t 


N„{Df„i[x^j], [y^j]),t) > 


t>0. 


t + T,lj=iTixij,yij) 

Then there exist a unique cubic mapping C : X ^ Y and a unique quartic mapping Q : X ^ Y such that 

A^(l — a)t 


(4.16) 




A4(l - a)t + an^ ii{xij,tS) ’ 


where il){a, b) := p{a, h) + p{—a, —h) for all a,b G X. 


Proof. Let fe{a) = l{f{a) + /(-a)), it is easy to see that /e(0) = 0, fe{-a) = fe{a). 

N{Dfe{a, b), t) = N{^Df{a, b) + ^Df{-a, -b),t) = N{Df{a, b) + Df{-a, -b), 2t) 

> mm{N{Df{a,b),t),N{Df{-a,-b),t)} > * 

t + p{a,b) 


Let fo{a) = |(/(a) - /(-a)), we can get N{Dfo{a,b),t) > From (4.15), it follows that < 

ji'tl}{a,b). It is easy to check that all conditions of Theorems 4.1 and 4.2 hold, by the proofs of Theorems 4.1 
and 4.2, we know that there exist a quartic mapping Q : X ^ Y and a cubic mapping C : X ^ Y such that 


and 


Therefore 


N {fe{a) - Q{a),t) > 


2A‘‘(1 - a)t 

2A^(1 — a)t + afj{a, 0) ’ 


t> 0,aG X, 


N iUa) - C{a),t) > 


2X^{X-a)t 

2A^(A — a)t + a'ip{a, 0) ’ 


t> 0,aG X. 


N{f{a)-C{a)-Qia),t)=Nife{a) 


> min{iV(/e(a) - g(a), ^-),N{fo{a) - C{a), ^)} 
A‘*(l — Q;)t X^{X — a)t 


“ A^(l — a)t + a'ip{a, 0) ’ X^{X — aft + aip^a, 0) 

t>Q,aG X. 


} 


(4.17) 


A‘*(l — a)t 


A"^(l — aft + aif{a, 0)' 
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Using a proof method similar to Theorem 3.10 in [11], we can prove the uniqneness of C and Q. By Lemma 
2.1 and (4.17), we have 

^ ifni, [^zj] ) Qn{ ] Cn ([^zj] ) j t) ^ min ^ ) Q{^ij ) ^(^zt ) 5 9 — 1,2,...,77. 


> min 


> 


A^(l — a)t 

A4(l — a)t + an‘^'ip{xij,0) 
A^(l — a)t 
A4(l - a)t + an? 'tp{xij,0) 


■ dj = 1,2,...,77 


for all X = [xij\ G Mn{X),t > 0. This completes the proof. 


□ 
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A High-Accuracy Collocation Method for Solving 
Mixed Boundary Value Problems on Nonsmooth 

Boundaries* 

Xin Luo ^ Chuan-Long Wang^ 


Abstract 

By potential theory, the mixed Dirichlet-Neumann boundary value problem 
for the Laplacian is converted into the boundary integral equations (BIEs) with 
logarithmic singularity. Then the resulting system of the integral equations is 
solved by the Sidi-Israeli quadrature method (SIQM) with a Sigmoidal trans¬ 
formation. The convergence of numerical solutions by SIQM is proved based on 
Anselone’s collective compact theory. Furthermore, a convergence estimate of 
the solution error is presented, which possesses high accuracy order O (/i-Lax)) 
where /imax is the mesh size. Finally, The efficiency of the method is illustrated 
by examples. 

Keyword: Boundary value problem, collective compact theory, singularity, 
integral equations 


1 Introduction 


Consider the following mixed Dirichlet-Neumann boundary value problem for the 
Laplacian 


{ An = 0, in Q, 
mIfo, =/o * = 1,2, 

^1 - '-19 

J 1 , 2 , 


( 1 . 1 ) 


where Q is a simply connected region with the piecewise-smooth boundary L = L £) U 
Fat, and F^ and Fat = uy^FTVj. Here, fi and Qj are given on F^^ and 


*This work is supported by Project (NO. KYTZ201505) Supported by the Scientific Research 
Foundation of CUIT 

^College of Applied Mathematics, Chengdu University of Information Technology, Chengdu 
610225, P.R. China, corresponding author: luoxin919@163.com 

^Department of Mathematics, Taiyuan Normal University, Taiyuan 030012, P.R. China 
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TN- respectively, and du/dn denotes the derivative of u with respect to the outward 
normal vector n. 

By the potential theory [17], the solution of Eq. (1.1) can be represented as a 
single-layer potential of the form 

u{P) = -- / In |P - Q\z{Q)dSQ, Pen, (1.2) 

^ Jr 

where is an unknown function called the ’’the single layer” density. From the jump 
condition for the normal derivative of the single layer potential at the boundary, we 
then have the following boundary integral equations (BIEs) 



where zd. := z^- '■= ^|rjv. are sought on , and Etv , respectively. Once 

J ^ ' 3 ^3 

ZOj and zjq. are solved from the Eq. (1.3), the solution u{P) can be computed by 


u{P) 



In |P - - - 

71 



\n\P-Q\zN^{Q)dSQ, 


Pen. 

(1.4) 


Even for the boundary data /* and gi are smooth, the solutions z^j and zpf. may not 
be smooth. We denote by Pj, i = 0,1 of the two interface points of the boundary E 
and by fJi with d < j3i < 27r, i = 0,1 the interior angle of E at Pj. In fact, from [1, 2] 
it follows that around P* we have 


u{P) = + smoother terms. Pen, (1.5) 


where (r, 0) are the polar coordinates centered at P*. Then , using (1.2) to dehne a 
potential not only in hi but also in R‘^\n, the single is the difference between the 
normal derivatives of m on E from inside and outside E. Therefore, near Pj, i = 0,1, 
we get 

z { P ) = P(47r-2ft)}-i ^ smoother terms. Pen. (1.6) 

Hence, zdj and znj have this behavior near the corners Pi. To smooth these irreg¬ 
ularities, in the next section we will introduce a smoothing parameterization ip-flt). 
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which improves the behavior of the unknown function 2 ; by incorporating the Jaco¬ 
bian of the transformation. In fact, the new unknown fnnction will be 
whose smoothness degree at the corner depends npon a smoothing parameter: the 
larger its valne, the smoother the transformed density. There exist nnmerical meth¬ 
ods for approximately solving mixed valne problems on polygonal domains by means 
of bonndary integral eqnations (see [18, 19]). They are based on the collocation 
method, and in general no error estimates are available [20]. After that, the proof 
of asymptotic error estimates for the finite element Galerkin approximation of the 
boundary integral equations for a mixed Dirichlet-Neumann bonndary valne problem 
for the Laplacian in a plane polygonal domain is given in [21], This was a general¬ 
ization of [22], where the case of a domain with a smooth bonndary was treated. In 
[6], the trigonometric collocation method which uses a mesh grading transformation 
and a cosine approximating space is proposed for solving the mixed bonndary valne 
problems on domains with curved polygonal bonndaries, the complete stability and 
solvability analysis of the transformed integral eqnations is given by use of a Mellin 
transform techniqne, in which each arc of the polygon has associated with it a peri¬ 
odic Sobolev space. Inspired by the techniqne developed in [6], A collocation method 
using Chebyshev polynomial expansions as approximants and the zeros of Chebyshev 
polynomials as collocation nodes is applied to solved (1.3) [2], From [5], we know that 
the Sidi transformation [3] is the important one of ’’integral” sigmoidal transforma¬ 
tions, which can yield fast convergence of the collocation solntion by smoothing the 
singnlarities of the exact solntion. Hence, we apply Sidi-Israeli qnadratnre method [4] 
and trapezoidal rule with Sidi transformation [3, 16] to calculate the integrals with 
weakly singnlar kernels and continnous kernels in (1.3) respectively. 

This paper is organized as follows: in Section 2, the convergence analysis is carried 
out based on the theory of collectively compact operators [7, 8, 9, 10] for closed 
curved polygons, in Section 3, a convergence estimate of the solution error is given. 
Numerical examples are provided to verify the theoretical results in Section 4, and 
conclusions are made in Section 5. 


2 Collocation method for the boundary integral 
equations 

2.1 Discretization for integral operators 

In [4], high-accnracy nnmerical qnadratnre methods based on the appropriate Euler- 
Maclanrin expansions of trapezoidal rule approximations are proposed for the singnlar 
and weakly singnlar Fredholm integral eqnations. These integral eqnations are used 
in the solntion of planar elliptic bonndary valne problems snch as those that arise 
in free surface flows, elasticity, potential theory, conformal mapping, etc. Let the 
fnnctions G{x,t) = log \x — t\g{x) + g{x) are periodic with period T = b — a , and that 
they are 2m times differentiable on R\{t + kT}’^^_^. Then the Sidi-Israeli qnadratnre 
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formula [4] for integrals with kernel G{x, t) can be described by 

f n hi 

Qn[G{x,t)] = h< '^G{xj,t)+g{t)+log{—)g{t)[, h={b-a)/n, xj = a+jh, (2.1) 


i=i 

X j 


and 


/ G{x,t)dx — Qn[G{x,t)] = 2 '^^+ O as h —0, 

Ja ( h)- 

where is a Riemann function. 

Dehne the following boundary integral operators on and Ftv 


UijZj{x) = -/ \n\x -y\zj{y)dsy, a; G F^,,, = 


TT 


MijZj{x) = -- 


Tat, 


(91n |a; — y\ 
drir 


Zj{y)dsy, X e Ftv,, i, j = 1, • •' 


VijZj{x) = -/ In lx - y\zj{y)dsy, x e Td,, i = !,■■■ ,P, j = 1, •'' 


TT 


WijZj{x) = -- 


(91n |x — y\ 


TT 


Ifd. 


Zj{y)dsy, X E Ftv,, i = !,■■■ ,q, J = 1, • • • ,P- 


Assume that or Fat^. can be described by the parameter mapping: Xj(t) = 
{Xji{t), Xj2{t)) : [0,1] ^ FAi^.(or TNj) with |x'(t)| = [|a;'i(t)p+ |a;'- 2 (t)|> 0. In 
order to degrade the singularities at corners, we apply the Sidi transformation [3, 16] 
to the parameter mapping, which is dehned by 


r*(sin7rr)^dr 

: [ 0 , 1 ] ^[ 0 , 1 ], 7 > 1 - 


Jq (sm 7 rr)'>'dr 

Dehne the following ” smoothing parameterization” 

= Xiii/j^it)) eTd, tE [- 1 , 1 ], 

= Xi{T/j^{t)) e Ftv^ tE [-1,1], 

Thus, we can rewrite equations (1.3) as a p x g matrix integral equation system 

P rl Q rT 


( 2 . 2 ) 


a{t) = 


(2.3) 


^ [ u{t,s)zf\s)ds + ^ [ v{t, 
i=i -^0 a=i -^0 


s)xf^(s)ds = t E [0,1], i = 1,2,--- ,p. 


P 'i pi 

+ + is)ds = gi{t), i = 1,2,-■■ 

.•1 Jo 1 Jo 


1 rl 


T=l •'0 


a=i -"o 


(2.4) 
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where 


u{t,s) = --ln|af^(t) - 


„(i). 


TT 


v{t,s) = --ln|af^(t) - 


„(2)/ 


TT 


, 1 “i? (<)K?’(<)-a“(s)l-a*? (OlalhO-“jh*)] 

- k'?w-ai;>wp+K<?w-4’wr 


(2.5) 

( 2 . 6 ) 

(2.7) 


m(i,s) = i 




( 2 . 8 ) 




27T 


(a(J) (t))2 + (ag) (t))2 


as t = s. 


and 




= ZN^{Xj{'lp^{s)))\x'j{'lp^{s))\'lp'^{s), 
fi{t) = f{af\t)), gi{t) = g{af\t)), af\t) = (ojf (t), ag^(t)), /c = 1,2. 

Lemma 2.1. Although zd^{s) and Z]\f-{s) have singularities at endpoints s = 0 
and s = 1, and z'^^\s) have no singularities by Sidi transformation at s = 0 

and s = 1 . 

Proof. Let dj = min{ 7 r/( 2 / 5 j), 7 r/( 47 r — 2(3j)} — 1 in (1.6), then we have —1/2 < 
dj < 0. Suppose that zdn{s) = s'^^ipji^s) near s = 0, where zdn = zd^ or zn^-, and 
the function ipj{s) is differentiable enough on [0,1] with 92 ^( 0 ) 7 ^ 0. Using Taylor’s 
formula, we can obtain 


; 2 z)iv(s) = +0(s'+‘^^+^), as s 


0^ 


(2.9) 


i=0 


From [3], we have 

00 00 

^ 7 (' 5 ) ~ ^/(-s) ^ as s ^ 0 +, eo, 5o > 0 . ( 2 . 10 ) 


i=0 


i=0 


By substituting (2.9) and (2.10) into the expression of zf\s), k = 1,2, we have 


Zj^\s) = CiV 2 j( 0 )s‘''’'’''^^'^-’’'''^(l + 0(s^)) as s —O’*", 


( 2 . 11 ) 


where ci is a constant. Also assume that zdn{s) = {l—sY^ipj{s) near s = 1. Similarly, 
we have 


2 ;j^^(s) = C2V2j(0)(l - + 0((1 - s)^)) as s^l , 


( 2 . 12 ) 
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where C 2 is a constant independent of s. By (2.11), (2.12) and dj > — we can obtain 
(7 + l){dj + 1) — 1 > 0 for 7 > 1. The proof is completed. □ 

Now we can rewrite the Eqs. (2.4) as follows 


U B 
W I + M 







1_ 




(2.13) 


where 


f ifp)i 9 (.9ii 92: ' ' ' :9q): 

^(1) = (7W, z^^\. . . , ^(2) ^ ^^(2)^ ^(2)^ . . . ^ 

u = = mjTiu M 

Let U = A + B, where A = diag(Ylii, YI22, • • • , App) and B = [-BpjfjLi, where 


Aiizf\t) = I a{t,s)zl'^’(s)ds, 


(1), 


with the kernel 


aii{t,s) = -ln|2e sin( 7 r(t — s))|, 

71 


and 


with the kernel 





li I “i isj I 

-^l^l 2e-V2sinM,-,)) l, aS Z=J, 


(2.14) 


In the subsequent analysis we will focus on the singularity of the kernels bij{t, s). 
Obviously, if Td; O = 0, bij(t,s) are continuous in [ 0 , l]^, and if Td. fl T^i^. 7 ^ 
0, bijit, s) have singularities at the points (f,s) = (0,1) and (f, s) = (1,0). For 
convenience of analysis, we only discuss the case in which (t, s) = (1, 0). Dehning the 
following function 


bijit,s) = bijit,s)sirAi'Kt), 7 > 1, 7 ^ 0 . (2.15) 

Lemma 2.2. Let 6 jj(t, s) be dehned by (2.15), then bijit, s) and ^ (/c = 1, 2) 

are smooth on [ 0 , l]^. 

Proof. By the continuity of biiit,s) in (2.14) and the boundness of sin'’'( 7 rf), we 
can immediately complete the proof for the case i = j. Hence, we only consider the 
case in which j — i = 1. Let fl L^). = Pj = (0,0) and 9i G (0,27r) be the 

corresponding interior angle. Then we have 

ln|af^(t) - ali\(s)| = ^ ln[(|af ^(t)| - |aS(s)|)2 + 4|af^(t)||aS(s)|sin2(0i/2)] 

(2.16) 
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which shows the kernel hi-i^i(t,s) has a logarithmic singularity at (t,s) = (1,0). 
Suppose that ao(t) = |Q;j'i\(t)| and ai(s) = |q;j-^^(s)|, we have ao(0) = ai(0) = 0. If 
9i G (0, tt) U (tt, 27r), then 0) = 0. If (t, s) ^ (1, 0), then we can obtain 

1 

6 i_i i(t, s) = —— sin'*'(7rt) ln[aQ(t) + a^(s) — 2ao(t)ai(s) cos6*j_i] (2-17) 

’ 27r 

X 

= sin^(7rt) ln[ao(t) + ai(s)] 

27r 

-sin'*'(7rt) ln[l — 2ao{t)ai{s) cos 6'j_i/(ag(t) + a^(s))] 

27r 

= ZUi{t, s) + ZU 2 {t, s). 


Since 


|2ao(t)ai(s) cos6*j_i/(ag(t) + a^(s))| < |cos6*j_i| < 1, 


the function zu 2 (t,s) and its second derivative are bounded. Noting that 

^f(0)=^f(l) = 0, A; = 0,---,7, 


we have 

aj^^(O) = = 0, i = i — 1 or i, k = 

Let {t, s) e [e/2, e] X [1 — e, 1 — e/2] for all e > 0, we have \wi{t, s)| = 0{e^\ lnE|), so 
■wiit^s) is also bounded. In addition, we have 


d ^ 1 I . 7. ,x2ao(s)|aS-i(^7(^))l^7(^) 

—roi(t,s)| < — |sin^( 7 rt)- 


'dt 


2ti' 


and 


alit) + af(s) 
= 0{e^)0{e^^)/0{e^^) = O(e^) 


(9^ 

\—wi{t,s)\ = 0(e^-^). 


This shows ^ {k = 0,1,2) are also continuous in [0,1]^. At last, if 6'j_i = tt, 

then 

s) = -sin'^(7rt) ln(ao(t) + ai(s)), (2.18) 

71 


we can use the same method mentioned above to prove bi-i^i(t,s) and its second 
derivative are bounded. The proof of Lemma 2.2 is completed. □ 

Let hj = l/rij {rij G N) and tj = Sj = (j — l/2)hj (j = 1, ..., rij) be the mesh sizes 
and nodes respectively. By the trapezoidal or the midpoint rule [11] we construct the 
Nystrom’s approximation operator of the integral operator Bij, defined by 


= h 


i=i 


bij{t,Sj)z\^\sj), tG[0,l], i = 


(2.19) 


7 


343 


LUO-WANG 337-353 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


which has the error bounds [3, 11] 



(Byzf m - (B^zfm = 0 (hf), for To, n To,, = 0, 

t£N, 

( 2 . 20 ) 

and 

(Borf)(«)-(B*'jf)(«) = 0 (ft“), for Fd. n To, 

e {P,}, 

( 2 . 21 ) 

where (see [3]) 



( min {(7 +l)(dj + 1),7 + 1 }, 7 odd, 

[ min {(7 + l)((ij + 1 ), 2(7 + 1 )}, 7 even. 

( 2 . 22 ) 


For the logarithmically singular operators An, by the Sidi-Israeli quadrature formula, 
we can also construct the approximate operator 


| 2 e ^/^sin 7 r(t - 

h 


i=i 

Sj^t 


TT 


In (27re {2ti))z 


^(1) 

j 


{i = 


which has the error bounds [4] 


(2.23) 


( 4 - 2!‘’)(0 - iAfz 




~(i) 


2 C'(-2/i) 




+ 0(hf), t e {i,}, 


where C'{^) is the derivative of the Riemann zeta function. 

By the trapezoidal or the midpoint rule, we can also construct the Nystrom’s 
approximation operators and M^^Ror the continuous operators Rj, Wij and 

Mij, that is, 

Uj 

(^j %) (t) = hj Xij{t, Sj)zj(sj), t e [0,1], (2.24) 

i=i 


which have the error bounds 0{hY) or 0{h‘j). Here, Eij = Vij, Wij or Mij, Xijit^ = 
Vij {t,s), Wij (t, s) or niij (t, s). 


Now we write the discrete equations for (2.13) are 


■ ' 


- ^(i)h - 


1 

_ 1 

Wh 


1 - 


g'" \ 


8 


(2.25) 
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where 


Uh = A^ + B\ = diag(A^J, aS), A^ = [a{U, 

= XX sMXl = KriU ".)] 5 =^ 


^(i)A ^ ..., ..., 


l)Ai 


M)hl 


(l)hp 


(l)hp 


y{2)h ^ / (2)A 


= 

eh _ ( fh\ 




IJ, ..., Zi 
hi 


(2)h 




S2)h, 


ni J’)•••’) 

hr) 


{tl),...,Zg 


{2)hq 




r = (/^ (tl), ...,/r(tnj, ...,/;^(tl), ...,/7(tnp)) 


9^ = (^^ X),--,gi" Xi ),..., gq‘’{tl),...,gq‘’ {tn„ )f 




Let 


then (2.25) is equivalent to 


- JJh 

yh 


- j^h 

0 


- yh - 


I^ + M^ 


0 

jA 

-f 



(2.26) 


o 

1 

r {AX^B^ 

1 


1 


1- 

1 

0 


1 

5- 

) 

^(2)A 


g'" \ 


(2.27) 


2.2 The collectively compact convergence 

For the convenience of the analysis of the existence and convergence of numerical solu¬ 
tions, we hrst introduce the subspaces and some special operators to be used. Dehne 
the subspace Co[0,1] = {n(t) G C[0,1] : n(t)(sin'’'(7rt))“^ G C[0,1]} of the space 
C[0,1] with the norm ||n||* = maxo<t<i |n(t)(sin'^(7rt)))“^|. Let = span{ej(t), 
j = 1, C Co[0,1] be a piecewise linear function subspace with the basis nodes 

{tiYlX where ej{t) are the basis functions satisfying Cjiti) = 5ji. Also dehne a prolon- 

gation operator fl^^ : 3?”^ —> satisfying fl^-’n = ^ Vjej(t),\/v = {vi,...,Vnj) G 

i=i 

and a restricted operator 112'’ • C'oiO, 1] —satisfying n 2 ’n = {v(ti), ...,v{tn )) G 
G CoiO,!]. 

Lemma 2.3. Let F = FU Fjv satisfy Cr ^ 1, and also let 



Tdj = ^Dj or F^)^ n Tdj = 0, 

Ld, n F^,^- G {Pj}, 

where the kernel bij{t,s) of Bij is dehned by (2.15). Then under the transformation 
(2.2), we have 

\\{AXX’:jh,o<M (2.28) 

and 


XiXX'B^B^ ^ XjXB.q, in C[0,1] ^ C[0,1], (2.29) 

where M is a constant and ^ denotes the collectively compact convergence. 

Proof. From [14] and by Lemma 2.2, bij(t, s) and bij{t, s) are continuous on [0,1]^, 
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and then we have (2.28). Using the following result [14], 


hi ( /\hi\-lY<hi 






/, in U2[0,1]^U[0,1], 


P 

where I is the embedding operator and —denotes the pointwisely convergence, and 
by 




Z LJ 


lo,o = ll(n^(40-^n^*A,)((A 




hi\-l 


<c, 


n2‘Ajj||o,2|| (Ajj) 


R 




0,0 

Il2,0 


where C* is a constant. Thus, we complete the proof of Lemma 2.3. □ 


Replacing (A()’ 


hi\-l 


V 

rhj 


UA {i = fUA {i = 


= l,...,p) andiU;;^ {t,j = l,...,g) hy 


and respectively. 


rhj 


Dehne the following operators 


(^A)-l^A, . (Co[0,l])P 




^Xhylyh^ jyh . (C'[0,l])5 




where 

= diag(nA,...,nA), = diag(nA,...,nA), 

= diag(n^s...,nA), = diag(^^^...,^2"^). 

Hence, we can write (2.27) as the following operator equation 


o 

tq 

+ 

■ (A)-ir'^ 

<A 

1 


- ^(i)h ■ 


0 



) 

2i^)h 



(A^)“^ j(i)^ 
fA)h 


Theorem 2.4. (see [12, 15]) Assume T^ = U^=ir Dj satisfy Ur^, ^ 1, and T Oj (j = 
1, ..., p) are smooth curves. Then the operator sequence{(A^)“^i?^} is collectively 
compact convergent to A~^B in U = (C'o[0,1])^- That is, we have 

(^h)-i^A A A-^B. (2.30) 


Consider the integral 


Qig) = / 9{x)dx, 


where hi is the bounded domain. Supposed that the quadrature formulae for Q{g) is 


Qnig) = g{xf^), 

i=i 
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where the weights satisfy to the following condition 

n 

(2.31) 

i=i 

where C* is a constant. 

Theorem 2.5. [ 8 , 13] Assume that the kernel k{x, y) of K is continuous on x hi 
and the Kn is the Nystrom’s approximation operator for K, and the condition (2.31) 
holds. Then we have 


By the Theorem 2.5, we can immediately obtain the following theorem. 
Theorem 2.6. Let T = T^ U T at satisfy Cr 7 ^ 1, T^)^- (j = 1, p) and 
{j = 1 , g)are smooth curves, then we have 

(^^hylyh 2:^ (^2.32) 


3 Errors analysis 


In this section, we give the following theorem, which provides a convergence estimate 
of the solution error. 

Theorem 3.1. Assume T = TU T at satisfy Cr 7 ^ 1, fj = /Itd ^ C®(r d.) and 
9j — fi'lrjv. ^ then when we choose an appropriate number 7 in ( 2 . 22 ) such 

that cv > 3, the following estimate hold 

= = (3.1) 


where hmax = maXi<j<max{p,q} hj. 

Proof. By the trapezoidal rule, the asymptotic expansion holds 


yh yh 


2 il)h - 
2 ( 2 )h 


1 

;,(2) 



n? 2 ^n ^2 


r 1 


- yh 

yh 


\ 1 


^21^^22 + n 2 iTfn 22 


. . 


W’^ 

I^ + M^ 


. . 


nilhl^iSi'^a + II'^2^22^‘2'4’4 


+ 0{e-^) ■ V, 


where Si = diag(h?, • • ■ , h^), S 2 = diag(hf, • ■ ■ , h^), = (^/’n, • • • ,^ip)^, ^2 = 

(^ 21 , ^ 22 , • • • , iJ 2 qf, ^3 = (^ 31 , ^32, • • • , ^ 3 p)^ and ^/>4 = (^41, ^42,''' , ■ Heuce, 

we have 


( 

■ E’l 

0 

+ 


1 

5 - 


1 - 

1 

1 

0 




) 

1 

1 

s 

1 _ 
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Define the auxiliary equation 
0 


+ o{h^) ■ I, 


p+q 


E'l 

0 




+ 




1^ 

■ ■ 


JJ 

$2 



A Vi + ^ V 2 

^3 + ^4 


and its approximate equation 


0 

+ 


{Ay-^v’^ - 


■ <i>^ ■ 

0 E^ 


M’^ 

) 

. *^2 . 


+ n^2n^2(^")“'S2^2 

+ n2in22S2t/’4 
Substituting (3.4) into (3.2), we can obtain 


( 

1 

o 

+ 

■ (>)-ip'^ {Ay-^v'^ 1 

1 

_ 0 E^ _ 

1 

1_ 


X 


( 

1 

1 


1 

y 

M 

to 


1 

_1 

[ 

q(2)A _ ^(2) 


1 

M 

CO 

M 


. J 


= o{hA. 


Since 


is bounded, we have 


( 

■ E’l 

0 

+ 


1 

0 

E^ 

Wh Mh 


—1 

1 

b~. 


r Si 

w 


1 

iOd 

_1 

1 

_1 


1 

M 

CO 

M 


. <^2 . 


that is 


z' ’ z'- qioo — 0{h^y), 


^ ^ II OO - 

where hmax = ^aXl<j<rai^{p,q} hj. □ 


= o{hA 




(3.2) 


(3.3) 


(3.4) 


(3.5) 


(3.6) 


4 Numerical experiments 

In this section, we will test the SIQM proposed in this paper for the numerical solution 
of the mixed problem (1.1) via the boundary integral equations (1.3). 

Let err“(P) = \u{P) — Un{P)\ be the errors by SIQM using n boundary nodes, 
and let EOC = log(errjj/err 2 n)/log2 be the estimated order of convergence. 

Example 1. [2] D is a domain with a re-entrant corner, enclosed by the curve: 

1 Stt 

r ; (—-sin(-^a;), —sin(7ra;)), 0 < a; < 2, 
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and the Dirichlet and Nenmman arcs Tn and T^ are parameterized by the interval 
[0,1] and [1,2], respectively. Setting u{xi,X 2 ) = x\ — x^- Becanse u is the real part 
of an analytic fnnction, u satishes the Laplace eqnation in hi. Let u = fi on Td and 
du/dn = f 2 on T jv- Let each bonndary be divided into 2^ (fc = 3, • • ■ , 8 ) segments. 
The errors and error ratio of the interior points Pi = (0.4, 0), P 2 = (0, 0.6) and 
P 3 = (0.1, 0.5) nsing n (= 2 x 2^, /c = 3, • ■ ■ , 8 ) nodes by transformation V’ 6 (^) are 
listed in Table 1. In addition, the nnmerical solntion u of the interior points along the 
line X 2 = Xi — 0.4 are compnted, where Xi = —0.4 : 0.01 : 0.4. The plots of compnted 
errors are shown in Fignre 1 (b) to Fignre 2. 


Table 1: The Errors of u. 


n 

2 X 2^ 

2 x 2 ^ 

2 X 2^ 

2 X 2^ 

2 x 2 ^ 

2 x 2 ® 

err “(Pi) 

5.007-04 

3.872-03 

2.040-04 

2.581-05 

3.222-06 

4.026-07 

EOC{Pi) 

— 

-2.951 

4.246 

2.982 

3.002 

3.000 

err“(P 2 ) 

2.973-01 

5.533-02 

1.737-03 

1.878-05 

2.008-06 

2.509-07 

E0C{P2) 

— 

2.426 

4.993 

6.531 

3.226 

3.000 

err“(P 3 ) 

2.414-01 

1.931-02 

4.130-04 

1.687-05 

2.035-06 

2.543-07 

EOC{Ps) 

— 

3.644 

5.547 

4.613 

3.052 

3.000 




Fignre 1: Left: The contour F for Example 1; Right: Errors of u by 
2 x 2 ^ boundary nodes. 

Example 2. Consider the following problem where the domain is a qnarter-circle. 
Am = 0 for xi > 0 , X 2 > 0 , and xl + xl < 1 , 
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Figure 2: Left: Errors of u by 2 x 2^ boundary nodes; Right: Errors of 
u by 2 X 2^ boundary nodes. 

subject to the boundary conditions 

Fd^ : u = 1, on x\ + x\ = 1., for Xi >0, X 2 > 0; 

Fi) 2 : u = 0, X2 = 0; 

du 

hivi : ^ = 0, Xi = 0. 

The analytical solution of this problem is n = arctan(). 

Let each boundary be divided into 2^ [k = 3, - ■■ ,8) segments. The errors and 
error ratio of the interior points Pi = (0.1, 0.1), P 2 = (0.8, 0.1) and P 3 = (0.1, 0.7) 
using n (= 3 X 2^, k = 3, ■ ■ ■ ,8) nodes by transformation fjelf) are listed in Table 2. 
In addition, the numerical solution u of the interior points along the curve segment 
L : xi = 0.7cos(|t), X 2 = 0.7sin(|t) are computed, where t = 0.05 : 0.01 : 0.95. The 
plots of computed errors are shown in Figure 3 (b) to Figure 4. From the numerical 
results of Table 1 and Table 2 we can see that EOC ~ 3. 


Table 2: The Errors of u . 


n 

3x2^ 

3x2^ 

3 X 2® 

3 X 2^ 

3 X 2^ 

3 X 2® 

err “(Pi) 

1.167-03 

1.223-04 

1.341-05 

1.675-06 

2.093-07 

2.617-08 

EOC{Pi) 

— 

3.255 

3.188 

3.001 

3.000 

3.000 

err“(P2) 

7.409-03 

9.133-04 

1.691-05 

2.421-06 

3.025-07 

3.781-08 

E0C{P2) 

— 

3.020 

5.755 

2.805 

3.000 

3.000 

err“(P3) 

1.997-02 

1.694-03 

3.282-05 

1.062-06 

1.313-07 

1.641-08 

EOC{Ps) 

— 

3.559 

5.689 

4.950 

3.016 

3.000 
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Figure 3: Left: The contour T for Example 2; Right: Errors of u by 
3x2® boundary nodes. 




Figure 4: Left: Errors of u by 3 x 2^ boundary nodes; Right: Errors of 
u by 3 X 2^ boundary nodes. 


5 Conclusions 

In this paper, the convergence and error of SIQM for the boundary integral equations 
of the mixed Dirichlet-Neumann boundary value problem for the Laplacian are studied 
on nonsmooth boundaries. Especially, in order to provide a good accuracy in the 
solution near the singular points, the Sidi transformation is used for the boundary 
integral equations of problems (1.1). The numerical results show that the presented 
algorithm has a high accuracy of O (h^ax); which coincides with our theoretical 
analysis. 


15 


351 


LUO-WANG 337-353 


















J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


References 

[1] M. Costabel and E.P. Stephan, On the convergence of collocation methods for 
boundary integral eguations on polygons, Math. Comp. 50 (1987), pp. 461-478. 

[2] L.Scuderi, A chehyshev polynomial collocation BIEM for mixed boundary value 
problems on nonsmooth boundaries, J. Integral Equations Appl. 14 (2002), pp. 
179-221. 

[3] A. Sidi, A new variable transformation for numerical integration, Int Ser Numer 
Math. 112 (1993), pp. 359-373. 

[4] A. Sidi and M. Israeli, Quadrature methods for periodic singular and weakly 
singular Fredholm integral equation J. Sci. Comput. 3 (1988), pp. 201-231. 

[5] David Elliott, Sigmoidal Transformations and the Trapezoidal Rule, J. Austral. 
Math. Soc. B 40 (1998) 77-137. 

[6] J. Elschner, Y. Jeon, I.H. Sloan and E.P. Stephan, The collocation method for 
mixed boundary value problem on domains with curved polygonal boundaries, 
Numer. Math. 76 (1997), 335-381. 

[7] P.M. Anselone, Singularity subtraction in numerical solution of integral equa¬ 
tions, J. Austral Math. Soc. 22 (1981), pp. 408-418. 

[8] P.M. Anselone, Collectively Compact Operator Approximation Theory and Ap¬ 
plications to Integral Equations, Prentice-Hall, Englewood Cliffs, NJ. 1971. 

[9] P.M. Anselone and T.W. Palmer, Collectively compact sets of linear operators, 
Pacihc J. Math. 25 (1968), pp. 417-422. 

[10] P.M. Anselone and M.L. Treuden, Regular operator approximation theory, Pacihc 
J. Math. 120 (1985), pp. 257-268. 

[11] P. Davis, Methods of Numerical Integration Second edition. Academic Press, New 
York, 1984. 

[12] J. Huang and T. Lii, The mechanical quadrature methods and their extrapolation 
for solving BIE of Steklov eigenvalue problems, J. Comput. Math., 22 (2004), pp. 
719-726. 

[13] F. Chatelin, Spectral approximation of linear operator, Academic Press, New 
York, 1983. 

[14] J. Huang and Z. Wang, Extrapolation algorithms for solving mixed boundary 
integral equations of the Helmholtz equation by mechanical quadrature methods, 
SIAM J. Sci. Comput. 31 (2009), pp. 4115-4129. 


16 


352 


LUO-WANG 337-353 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


[15] J. Huang, G. Zeng, X.-M. He and Z.-C. 'Ll,Splitting extrapolation algorithm for 
first kind boundary integral eguations with singularities by meehanieal guadrature 
methods, Adv. Comput. Math., 36 (2012), pp. 79-97. 

[16] A. Sidi, Exitension of a elass of periodizing variable transformations for numer- 
ieal integration. Math. Comp. 75 (2005), pp. 327-343. 

[17] K. Atkinson, The Numerieal Solution of Integral Eguations of the Seeond Kind, 
Cambridge University Press, Cambridge, UK, 1997. 

[18] M. A. Jaswon, G. T. Symm, Integral eguation methods in potential theory and 
elastostaties, Acaademic Press. Now York-San Francisco-London 1977. 

[19] N. Papamicheal, G. T. Symm, Numerical teehnigues for two-dimensional Lapla- 
eian problems. Comp. Math. Appl. Mech. Eng. 6 (1975). 175-194. 

[20] S. Prossdorf, G. Schmidt, Notwendige und hinreiehende Bedingungen fiir die 
Konvergenzdes Kollokationsverfahrens bei singuldren Integralgleiehungen, Math. 
Nachr. 89 (1979), 203-215. 

[21] M. Costabel and E. Stephan, Boundary integral eguations for mixed boundary 
value problems in polygonal domains and Galerkin approximations. Math. Models 
and Meth. Mech. 15 (1985), 175-251. 

[22] W. L. Wendland, E. Stephan, G. C. Hsiao, On the integal eguation method for 
the plane mixed boundary value problem of the Laplaeian, Math. Meth. in the 
Appl. Sci. 1 (1979), 265-321. 


17 


353 


LUO-WANG 337-353 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Adaptive Modified Function Projective Synchronization of 
Chaotic Dynamical System with Diherent Order 

M. M. El-Dessoky^’^, Ebraheem Alzahrani^ and N. A. Almohammadi^ 

^Mathematics Department, Faculty of Science, King Abdulaziz University, P. O. 
Box 80203, Jeddah 21589, Saudi Arabia. 

^Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 

35516, Egypt. 

E-mail; dessokym@mans.edu.eg; eoalzahrani@kau.edu.sa; 
nalmohammadi0010@stu.kau.edu.sa 


Abstract: This work present the adaptive modified function projective synchronization of two 
systems with different order, which is a further extension of many existing synchronization schemes, 
such as function projection synchronization, modified projective synchronization and so on. Based 
on Lyapunov direct method of stability, an adaptive control is proposed to realize the modified func¬ 
tion projective synchronization. Finally, numerical results are provided to illustrate the effectiveness 
of the obtained result. 


1 Introduction 

In the last few years, control and synchronization of chaos have generate much interest according 
to its application in secure communications [2]. Synchronization of chaotic systems means that two 
or more systems adjust each other to a common dynamical behavior. Up to now, many different 
kind of synchronization were studied such as: complete and anti synchronization, generalized syn¬ 
chronization, projective synchronization [9]-[39]. Recently, projective synchronization has a lot of 
attention because it obtain faster communication. Modifief projective synchronization is one of the 
important projective synchronization methods. It means that the drive and response systems could 
be synchronized up to constant scaling matrix [28]-[31] .Later, a new projective synchronization 
method called function projective synchronization where the responses of the synchronized dynam¬ 
ical states synchronize up to a scaling function [32]-[37]. More recently, researcher introduces a new 
type of synchronization phenomenon, modified function projective synchronization ,where the drive 
and response systems could be synchronized up to a desired scaling function matrix [38]-[39]. In 
recent years, most of researches for the synchronization assumed that the drive and response are 
identical or different systems with the same order. But in the real systems, especially in biology and 
social systems the synchronization is applied even though the oscillators haven’t the same order. 
Hence, studying the synchronization of two systems with different order plays significant role in 
application. 
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The rest of this paper is as the following: The Liu chaotic and hyperchaotic dynamical systems 
are introduced in Section 2. Section 3 gives the definition of MFPS. In Section 4, an adaptive 
modified projective synchronization of Liu chaotic and hyperchaotic systems is proposed based on 
Lyapunov direct method of stability. Section 5 gives the numerical result and the conclusion is 
obtained in the last Section. 


2 The Liu (chaotic and hyperchaotic) systems 

The Liu hyperchaotic system is defined by: 

{ x = a{y- x), 
y = bx + kxz + ew, 
z = —cz — hx^ + mw, 
w = -dy, 

where x, y, z and w are the state vectors, and a, 6, c, d, e, fc, h and m are constant parameters.lt 
can be generate a chaotic attractor for the parameters a = I0, 6 = 40, c = 2.5, d = 2.5, e = l, k = 
1, h = 4, and m = 1 in Figure I and the chaotic motions of Liu system are illustrated in Figure 2. 




Figure 1: Liu hyperchaotic system at a=10, b=40, c=2.5, d=2.5, e=l, m=l, k=l and h=4 

The Liu chaotic system is given by: 

{ x = a{y- x), 

y = bx — kxz, (2) 

z = —cz + hx^, 

where x, y, and x are the state vectors, and the parameters a, b, c, h and k are positive real constants. 
A chaotic attractor for the parameters a = 10, b = 40, c = 2.5, k = 1 and h = 4 is shown in Figure 
3, and the system states responses in time domain are shown in Figure 4. 


3 The modified function projective synchronization scheme 

We define the drive and the response systems as follows: 

X = x{x), 

y = 4'(y) + U{t,x,y), 
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Figure 2: The behavior of the trajectories of the Liu hyper chaotic system 



Figure 3: Phase portrait of Liu chaotic system at a=10, b=40, c=2.5, k=l and h=4. 
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Figure 4: The behavior of the trajectories of the Liu chaotic system. 


where x, y are the state variables, y, 4' : ii" —>■ i?” are continuous nonlinear functions and U{t, x, y) 
is a control function. 

Let the error state be e = y — A{t)x where A{t) = diag{l3i{t), f32{t),..., Pn{t)} is n-order di¬ 
agonal matrix where Pi = rjnx -f rja, {i = 1,2,... ,n), rj G R. 

Definition 1. (MFPS) 

We say that the drive system and the response system are modified function projective synchro¬ 
nization (MFPS), if there is a scaling function A(t), such that 


4 Modified function projective synchronization between Liu 
chaotic and hyperchaotic systems 

Following the scheme of Zheng in [39], we apply this scheme to achieve the MFPS between Liu 
chaotic and hyperchaotic systems with different order. The Liu hyperchaotic system is defined 
below as a drive (or master) system: 

±1 = a{yi - xi), 
yi = bxi + kxizi + ewi, 

7 2 I 

zi = —czi — axi + mwi^ 

Wi = -dyi, 

where xi, yi, zi and wi are the state vectors. Moreover, the Liu system as the response (or slave) 
system is given by:: 


{ X 2 = a(j/2 - X2) + Ml, 

1/2 = bx2 - kX2Z2 + U2, (4) 

Z2 = —CZ2 + hX2 + M3, 
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where X 2 ^ 2/2 and Z 2 are the state vectors, and Ui, (i = 1,2,3) are the controller to be determined 
later. 


Since the order of the drive system is greater than the response system, we must increase the 
order of the response system by structure a state vector. Based on the method in [39], we structure 
a state variable W 2 = then the response system become: 

{ ±2 = 0(2/2 - X2) + Ml, 
y2 = bx2 - kX2Z2 + U2, 
i2 = -CZ2 + hxl + U3, 

W 2 = 0(2/2 - a;2)a:2 +'U4- 


Let the error state vector be expressed by: 


ei = X 2 - (r/iixi + rii 2 )xi, 

62 = 2/2 - imiyi + V22)yi, 

e3= Z2- imiZl + m2)Zl, 
€4 =W2- imiWl + V42)wi, 


Moreover, the error dynamical system can be described by: 

{ ei = 02/2 — 0X2 — 27/110X12/1 + 2?7iiaxi — 7/2102/1 + 7/120x1 + ui , 

62 = bx2 — kx2Z2 — 27 / 216 x 12/1 — 2ri2ikxiyiZi — 2r]2ieyiWi — 7 / 226 x 1 — r]22kxiZi — 7 / 2267 x 1 + 772 , 
63 = —CZ2 + hxl + 27/31CZ1 + 27/31/7Z1X1 — 27/31777217X1 + 7 / 32 C 21 + 7/32/7X3 — 7/32 7777X1 + U3, 

64 = ay2X2 - 0 X 2 + 2r]4idyiWi + 7 / 422/1 + 774 . 


Now, the aim is to design the control function Ui{t), {i = 1, 2, 3,4) to achieve the MFPS. 


Consider the following Lyapunov function: 

P = -(Ci + 63 + 63 + 64 ), 

which is a positive definite function, then the time derivative of the Lyapunov function is given as 
follows: 

V = eie'i + 6262 + 6363 + 6464. 

Moreover, 

V = ei(o2/2 - 0x2 - 27/110X12/1 + 27/iioxi - 7/1202/1 + 7/120x1 + ui), 

+ 62 ( 6 x 2 - kx2Z2 - 27 / 216 x 12/1 - 2r]2ikxiyiZi - 27 / 2167 / 17 x 1 - 7 / 226 x 1 - 7 / 22 ^X 121 - 7 / 2267 x 1 + 772 ), 

+ 63(-C22 + hxl + 27/3162^ + 27 / 3 i/ 72 iXi - 27 / 3 i 7772 i 7 Xi + 7/32621 + 7/32/lXi - 7/32 7777X1 + U3), 

+ 64(02/23^2 - 0X3 + 2 ? 74 i(i 2 /i 7 Xi + 7 / 422/1 + 774). 
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Thus, we choose the controller as the following: 

'ui = -ay2 + 2r]iiaxiyi - rjuaxl + r]i2ayi, 

U2 = —bx2 + kx2Z2 + 2r]2ibxiyi + 2ri2ikxiyiZi + 2r]2ieyiWi + r]22bxi + r]22kxiZi 

< + r]22ewi - by2 + ri2ibyj + r722&2/i, (9) 

Us = -hxl - Tjsiczl - 2 ri 3 ihzixl + 2 -qsimziWi - 7732/1x1 + r]s 2 mwi, 

= -ay2X2 + axl - 2ri4idyiWi - 77427/1 - dw2 + dri4iwl + dr]42Wi, 

by this choice, the time derivative of Lyapunov function is: 

V = ei{-ax2 + 7 / 110 x 4 + 77120 x 1 ) + e2{-by2 + r]2ibyl + ri22byi) 

+ es{-cz 2 + rjsiczf + 7732021 ) + ei{-dw 2 + rjudwl + 77427 / 7 x 1 ), 

= — (oci + be^ + ccg + 7 / 64 ), 

= —e^Pe, 

where P = diag[a, b, c, d]. 

Obviously, the origin of the error dynamical system is asymptotically stable since V is negative 

definite. Thus, the drive and the response systems are achieving the MFPS. 


5 Numerical results 

In this section, we show a numerical simulation to verify the influence of the synchronization 
controller (9). We assume that the initial states of the drive and the response systems are 

[xi(0), 7/i(0), 21 (0), 7X1 (0)]^ = [2.4, 2.2, 0.8, 0]^ and [x2(0), 7 / 2 ( 0 ), 22 ( 0 ), 7 x 2 ( 0 )]^ = [0.2, 0.1, 3, 6]^. 

These numerical simulation are presented in Figure 5. Firstly, when the scaling functions are given 
by: 

Pi = 3xi +4, P 2 = 1.57/1 +2, Ps = 2zi + 4 and P 4 = wi + 7, 

we get adaptive modified function projective synchronization (MFPS) in Figure 5 (a) . Furthermore, 
Figure 5 (b) shows the generalized function projective synchronization (GFPS) when the scaling 
functions are given by Pi = 3xi, P 2 = I-St/i, Ps = 2zi, and P 4 = 7 x 4 . Also, we get the modified 
projective synchronization (MPS) according to the constants Pi =4, P 2 = 2, Ps = 1, and P 4 = 7 
shown in Figure 5 (c) . The complete synchronization error of the drive and response systems are 
displayed in Figure 5 (d) when the scaling function is simplified to Pi = +1, (i = 1,2,3,4) with 
7/ii = 0, 7/42 = +1, (7 = 1, 2, 3,4). Finally, if we choose the scaling function Pi = —1, (i = 1, 2, 3,4) 
in which rjn = 0, and 7742 = —1, (/ = 1,2,3,4) we gained the anti-phase synchronization between 
the two systems in Figure 5 (e). From these results, they clearly show that the synchronization 
errors e = [ei, 62 , 63 , 64 ]^ are converge to zero as time goes to infinity. 
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(a) (b) 




(c) 


(d) 




(e) 


Figure 5: The errors between Liu (chaotic and hyperchaotic) systems for (a) MFPS (b) GFPS (c) 
MPS (d) Complete synchronization (e) Anti-phase synchronization. 
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6 Conclusion 

In this paper, we have introduced a modified function projective synchronization between two 
chaotic systems with different dimensional. The Liu chaotic system (third order) and Liu hyper- 
chaotic system (fourth order) are chosen to illustrate the proposed technique. The results show 
that we can apply the MFPS between the two systems if we increased the order. By using adaptive 
control method, some conditions are derived for the stability of the error proved according to Lya¬ 
punov direct method of stability. Finally, the graphical presentation of the numerical results with 
error states tending to zero as time becomes large, clearly exhibit that the applied adaptive control 
method is effective and convenient to achieve global synchronization among non identical chaotic 
systems with different order. 
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Dual log-Minkowski inequality for star bodies 

Tongyi Ma 

(School of Mathematics and Statistics, Hexi University, 

Zhangye, Gansu 734000, P.R. China) 


Abstract 

We validate a modified dual log-Minkowski inequality and prove some variants of the dual log- 
Minkowski inequality for star bodies in R" containing the origin in their interior. In addition, we 
point out that the equivalence between the dual log-Minkowski inequality and the dual log-Brunn- 
Minkowski inequality. 

Keywords: Dual cone-volume measure, Lo-Minkowski problem, dual log-Brunn-Minkowski in¬ 
equality, dual log-Minkowski inequality. 


1 Introduction 

The classical Brunn-Minkowski theory of convex bodies was placed in a larger theory by Lutwak’s 
Lp-Minkowski problem [13, 14]. Therefore, many classical results for convex bodies became a part of the 
extended Lp-Brunn-Minkowski-Firey theory, while many other results of the extended theory bring new 
and original insight in convex geometric analysis. 

One such strikingly new behavior is due to the log-Brunn-Minkowski inequality [2]. That is, let K,L 
be convex bodies that contain the origin in their interiors and 0 < A < 1, the log-Minkowski combination 
which is defined by 


{1 — \) ■ K +0 X ■ L = n„gsn-i{a; € K” : x • m < hKiuY (1.1) 

where, x ■ u denotes the standard inner product of x and u in M”, denotes the unit sphere in K" 

and Hk denotes the support function of convex body. Boroczky, Lutwak, Yang and Zhang [2] conjectured 
that for origin-symmetric convex bodies K and L in M" with 0 < A < 1, 

vol„((l - X) ■ K +0 X ■ L) > vo1„(A:)^“^vo1„(L)^, (1.2) 


where vol„(-) denotes the n-dimensional volume of body in R". They call (1.2) as the log-Brunn- 
Minkowski inequality. Note that while the inequality (1.2) is not true for general convex bodies, it 
implies the classical Brunn-Minkowski inequality for origin-symmetric convex bodies. In [2], Boroczky, 
et al. proved the inequality (1.2) when n = 2 and showed that (1.2) is equivalent to the logarithmic 
Minkowski inequality (log-Minkowski inequality) for all n, that is 



dvL{u) > — In 
n 


/ vo\niK) \ 
V voi„(L) y’ 


(1.3) 
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where dvL{u) = ^hL{u)dSL{u) is the cone-volume measure of L, dvL{u) = dvL{u) and Sl is 

surface area measure of L on S"“^. 

In [23], Stancu proved some variants of the log-Minkowski inequality for general convex bodies without 
the symmetry assumption. 

The dual Lp-Brunn-Minkowski theory for star bodies developed by Lutwak [15, 16] and received 
considerable attention, see [1, 4, 6, 10, 11, 17, 20, 21, 22, 25]. Recently, Gardner, et al. [7] established 
dual log-Minkowski inequality as follows. If K and L be star bodies in R" containing the origin in their 
interior, then 



dvK(u) < — In 
n 


f vol„{K) \ 
V vol„(L) J’ 


(1.4) 


with equality if and only if K and L are dilatates, where dvx is the dual cone-volume probability measure 
of K (see definition (2.11)). In the present paper, we prove a modified dual log-Minkowski inequality 
and obtain the double dual log-Minkowski inequality through the Gibbs’ inequality. Secondly, we prove 
an analogue of the dual log-Minkowski inequality. In addition, we point out the equivalence between the 
dual log-Minkowski inequality and the dual log-Brunn-Minkowski inequality. 

Our first result is the following dual log-Minkowski inequality: 


Theorem 1.1. Let K and L be star bodies in K” containing the origin in their interior. Then 



dv-i{K, L; u) > In 


f V.^{K,L) \ 
V vo1„(r:) j 




(1.5) 


with equality if and only if K and L are dilates, where dv-i{K, L; ■) is the dual mixed volume measure 
V-i{K,L) = fg„_idv-i(K,L;u) and dv-i(K, L; u) = dv-i(K,L;u). 

Secondly, we obtain the following double log-Minkowski inequality. 


Theorem 1.2. Let K and L be star bodies in K” containing the origin in their interior. Then 


( In < In 

Js"-i \Pl[u)J 


V-i{K,L) 


< 


In 


Pk{u) 

Pl{u) 


dv-i{K,L-,u), 


( 1 . 6 ) 


voi„(Rr) 

with equality in inequality if and only if K and L are dilates. 

Further, we prove an analogue of the dual log-Minkowski inequality. In what follows, we will denote 

/s"-i 


Pk \ _ 1 S "-1 pl{u)' _ 

Pl j average /s"-i 


EE 

Pl 


= max 


Pk{u) 

Pl{u) 


andl^ 
Pl 


Pk{u) 


= mm . .. 

« e §—1 \Pl{u) j 


Theorem 1.3. Let K and L be star bodies in K” containing the origin in their interior with L C K . 
Then 



duxiu) > 



1 /vo1„(R:)\ 

n '''vvoU(T)y’ 


with equality if and only if K = XL, where 0 < A < 1. 


(1.7) 
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In general, if K,L G 5", then 



+ lii 


/ Pk{u) 
\Pl{u) 


dvKiu) 




1 / vol..(Al \ 

n \YOln[L) J 


( 1 . 8 ) 


with equality if and only if K is homothetic to L. 

Finally, we point out the equivalence between the dual log-Minkowski inequality (1.4) and the dual 
log-Brunn-Minkowski inequality (2.8). We give a different proof with Wang and Liu [24]. 


2 Notation and preliminaries 

The support function hK '■ K” —>■ K, of a compact, convex set K C K" is defined, for x G K", by 

hxix) = max(a; ■ y : y G K), (2-1) 

and uniquely determines the convex set. Let /C" be the set of convex bodies in M" containing the origin 
in their interior. 

If L is a compact star-shaped (about the origin) in K”, its radial function, pL = p{L,-) ■ R"\{o} —>■ 
[0, -Poo), is defined by 


Pk{x) = max{A > 0 : Aa; G L}, x G ]R"\{o}. (2.2) 

If Pi is positive and continuous, then L will be called a star body (about the origin). Let 5” denotes the 
set of star bodies in R” containing the origin in their interior. Two star bodies K and L are said to be 
dilates (of one another) if pk{u)/pl{u) is independent of u G S”“^. Obviously, for a pair K,L G S^, we 
have 


Pk < Pl, if and only if, K C L. (2.3) 

li K,L G Sff and A, p > 0 (not both zero), then, for p > 1, the harmonic Lp-combination, Xo K+ppo 
L G 5” is defined by (see [14]) 

p(A o K+pp o L, -yp = Xp{K, -yp + pp{L, -yp. (2.4) 


For p > 1 and K,L G S^, the dual mixed volume, V-p{K, L), is defined 

--V.JK.L) = lim '■°l..(K+p.»t)-vol„(/0 

P £->-0 £ 


The following integral representation for the dual mixed volume VLp is obtained (see [14]): If p > 1 and 
K,L G Sy then 

v.p{K, L) = - [ p{K,uy+pp{L,uypdsy), 

n J§n-1 

where dS is the spherical Lebesgue measure on S"“^. This integral representation, together the Holder 
inequality with the polar coordinate formula, immediately gives the dual L„-Minkowski inequality: If 
p > 1 and X, L G 5”, then 


v.p{K,Ly > voUKy+PvoiyLyp, 


(2.5) 


with equality if and only if K and L are dilates. 
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Using the dual Lp-Minkowski inequality, we can obtain the following dual Lp-Brunn-Minkowski in¬ 
equality (see [14]). Suppose K,L G S^, A, ^ > 0 and p>l, then 

vol„(AoK+p/xoU)-P/” > XYo\n{K)-P/^ + pvo\^{L)-P/’^, (2.6) 

with equality if and only if K and L are dilates. 

Note that definition (2.4) makes sense for all p > 0. The case p = 0 is the limiting case given by 

p{{l-X)oK+oXoL,-)=p{K,-y-^piL,-)\ 0<A<1, (2.7) 

it is called the radial log-Minkowski-combination. 

Similarly, the inequality (2.6) makes sense for all p > 0. The case p = 0 is the limiting case given by 
an dual log-Brunn-Minkowski inequality. Namely, if 77, L € 5", then for all A G [0,1], 

vol„((l - A)oi7+oAoL) < vol„(i7)^“^vol„(L)^, (2.8) 

with equality if and only if K and L are dilates. 

If 77 G 5”, then 


dnif('u) = —p^(u)dS(u) (2.9) 

n 

is the dual cone-volume measure of 77 and 

dl;_i(77, L;m) = —p^^{u)p2^{u)dS{u) (2-10) 

is the dual mixed volume measure with (n -I- 1) copies of 77 and (—1) copies of L. Note that we usually 
write V-i(K,L) = dv_i(77,L;u). The dual cone-volume measure of a star body 77 in M" with 

vol„(77) is the Borel probability measure vk in S"“^ defined by 

And the normalized dual mixed cone measure of a star bodies 77, L in R" with V-i(K,L) is the Borel 
probability measure n_i(77, L; •) on S”“^ defined by 

dv-i(K, L;u) = ^ -dv_i(77, L; u). (2-12) 

U_i(77, L) 


3 Proofs of dual log-Minkowski type results 


In this section, we will prove the theorems mentioned in Section 1. 

Proof of Theorem 1.1. Consider the function Gk.l(p) ■ [1) oo] —>■ R defined by 


Gk,l(p) 


1 

V-iiK,L) 


( Pk(u) \ 
\Pl{u) ) 


P 

n+p 


dvK{u). 
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Through using L’Hopital’s rule, we obtain 


lim ln(G'if^i(p))"“''^ = lim In 


p—^oo 


p—^oo 


= lim In 

p—^oo 


= In exp 


V-i{K,L) ) 

//sn-i Pk(u)”+Vl(u)”^ In dS'(u)' 

i /g„_iP/f(M)"+VL(M)"^d5'(u) 


n+p 


/§„-iPa:(m)”+Vl 7) ^ln(^fgl) dS'(w) 

/§„-! PK(M)"+VT(M)"^dS'(u) 
n f Pk(u) / pk{u) 

V-i{K,L) Pl{u) ^VPl(m) 


Thus, we have 


exp 


= lim 


n f Pk{u) / pk{u) 

V-i(K,L) Pl{u) ^\pl{u) 


f Pk{u)\^+ 


p—^oo lV-i{K,L) 7s"-i \PLiu) 
and it follows from Holder’s inequality that 

f Pk{u 


dvxiu) 

dvKiu) 

p+n 


dvKiu) 


(3.1) 


< 


/§n-l \PLiu) 

Pk{u) 


dvK{u) 


dvxiu, 


dvK{u) = V-i{K,L). 


/§„-! pl(w) 

Note that /§„-i dvK{u) = voln{K), (2.10) and (2.12), together (3.1) with (3.2), we have 

'V-iiK,Ly 


(3.2) 


In 


(^^^^dv-i{K,L;u) > In 
Pl{u) J 


^o\n{K) 


According to the condition of equality in Holder’s inequality, we easily see that with equality in the 
above inequality if and only if K and L are dilates. 

Using dual Minkowski’s inequality (2.5), we have the second inequality in the theorem, this is, 


In 


'^^^\dv_i{K,L]u) > In 
Pl{u) J 


U_i(i^,L)\ 1 /vol„(K) 


vo1„(a:) 


> - In 
n 


vol„(L) 


(3.3) 


From the condition of equality in dual Minkowski’s inequality, we know that with equality if and only if 
K and L are dilates. Which completes the proof of the theorem. □ 


Remark 3.1. Our first inequality in (1.5) can he written as 


Pk{u) 


In 


7sn-i pl{u) \Pl(u) 

Use dual Minkowski’s inequality in (3.4), we have 


PKiu)\ ^ ^ V-i{K,L) 


PkIu) , /PiT(u)\ ,~ 


pl{u) ^^ypriu) 


dvKiu) > — 


V-i{K,L) 
voi„(Ar) 

1 /vol„(iF)V/", /vol„(iF) 


n \ vol„(T) 


In 


vol„(L) )' 


(3.4) 


(3.5) 
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Proof of Theorem 1.2. We consider Gibbs’ inequality from information theory (see [3], (8.57), p. 
252-253): If p and q are probability density functions on a measure space {X, v), then 

Jplupdiy^ Jplnqdh', (3-6) 

with equality if and only if p = q almost everywhere (a.e.). 

By taking 


pdv = 


Pl{u) ^ 1 

Pk{u) yo\n{K) 


dv-i{K,L;u) and qdv = 


1 


V-i{K,L) 


dv-i{K, L; u) 


(and later reversing the two measures above so that the first is qdiy and the second is pdv), we obtain the 
double inequality as follows. 



du;f(w) < In 


V voi„(itr) ) 


< 


/ pk{u) 
\Pl(u 


dv-i{K, L; u). 


(3.7) 


According to the condition of equality in Gibbs’ inequality (3.6), we obtain that with equality in 
inequality (3.7) if and only if 


PLju) 

Pk{u) 


vo1«(a:) 

V-i{K,L) 



1 I VOlnjK) 

n \ v_i{K,L) 


n 


plii'^) 


almost everywhere (a.e.) on S" ^. Integrating both sides of the last equation over S" ^ with the sphere 
Lebesgue measure d5'('u), we get 

voln(A) _ / voln(Ar) \ 

^o\n{K)~ \v_^{K,L)) 

From the condition of equality in the dual Lp-Minkowski inequality (2.5) {p = 1), we see that with 
equality in inequality (3.7) if and only if K and L are dilates. □ 


Remarks.2. The proof of Theorem 1.2 can he seen that we provide a new proof for the dual Minkowski 
inequality itself. In fact, it is consistent with the idea of splitting mentioned by Gardner, Hug and Weil 
in [8] and [9]. 

A natural idea is to give a proof of the dual log-Minkowski inequality similar to the proof of the 
Theorem 1.1. However, as such, we obtain again the left-hand side inequality of (1.6) due to the following 
lemma: 


Lemma 3.3. Let AT, LG 5", then 


exp r f In dvK{u)^ 

PlW j 

p^oo \vo\n{K) J§„-i \Pl{u) j j 


The proof follows the same idea used in deriving (3.1). 
From Holder’s inequality, we have 


< 


f Pk{u) 
-1 \Pl{u) 
Pk{u 


dvKiu] 


p+n 


Pl{u) 


dvK{u) = V-i(K, L). 


dvK{u) 


l-(p-l-n) 


(3.8) 


(3.9) 
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Lemma 3.3, together with (3.9), implies that 

'pk{u)\,~ 


^-1 \pl{u) 


dvKiu) < In 


V-i{K,L) 

VOln{K) 


It will be convenient to invoke the logarithmic mean L{x,y) of two positive numbers x,y, which is 
given by 


L{x,y) = { 

X, 


for X ^ y 
for X = y. 


(3.10) 


To prove Theorem 1.3, the following Hadamard type inequality for positive log-convex functions will 
be used [12]. 

Lemma 3.4. Let f he a positive, integrable, log-convex function on [a, 6]. Then 


&- 


f{t)dt < L{f{a),f{b)). 


(3.11) 


Suppose f has two derivative. The equality holds in the inequality (3.11) if and only if f{t) = c almost 
everywhere (a.e.) or = c almost everywhere (a.e.), where c is the constant. 

The condition of the equality holds in the inequality (3.11) is that we supplements. Indeed, since / is 
log-convex function on [a, 6], and then f{t) and are monotonically increasing at the same time. So, 
we have 


L(/(a),/(6)) = 


fib) - fia) _ Jqf ix)dx 


ln/(&) - ln/(fo) 


x=jt) f^f(x)dx 

f^dt 

Ja fit) 

lafmt 

ridi ■ 

Thus, the inequality (3.11) is transformed into 


> 


b-< 


fit)dx 


pb pb pb 

/ f'ix)dx / Idx > / fit)dt 

fa J a J a 


rb p/ 


fit) 

fit) 


dt. 


(3.12) 


(3.13) 


Note that fit) and yfy are monotonically increasing at the same time. According to the condition of 
equality in Chebyshev’s inequality, we see with equality in inequality (3.11) if and only if fit) = c or 
^ = c. Namely, fit) = c or fit) = e'^K 


□ 


Proof of Theorem 1.3. Consider the case L CL K and the function 


Fiq) : q ^ 


PKiu)Y (PKiu)\ , , 

cm ) 


Apparently, Fiq) is non-negative. If u i—>■ In (^ Y(uj ) on S" then Fiq) is identically zero. Now, 

we assume that this is not the case, which also implies F)!) > FiO) > 0. If A'(l) = T'(O), the conclusion 
is trivial (as using (3.7), K must be equal to L), and then, we assume A(l) > F(0). 

A simple verification shows that Fiq) is a log-convex function, this is because ^lnF(g) > 0. By 
employing Hadamard type inequality (3.11) for positive log-convex functions [12], we have that 


m-m 

ln(F(l)/A(0)) "Jo 


> 




Priu) 


PlH 


dq. 


(3.14) 
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Using Fubini-Tonelli’s theorem, the following inequality 


is true. Note that 


F{0) > F(l) • exp 


m-m 


m - m 




(3.15) 


/s-i /s„-i - l)duK(u) 


< In 


PL 


(3.16) 


then combining (3.15) and (3.16), we have 

f In 


'' USn.(„) 


> exp 

it follows from (3.3) that 


\PLiu) 

-ln( ^ 
PL 


V-i{K,L) 


In 


f Pk(u) 


YO\n{K) Jgn-i \Pl{u) 


Av-i{K,L]u), 


(3.17) 


(5f), 


f In ( ^f 

Js„-1 \Pl / (PIL] n Vvol„(L) 

V Pi- / max 


Now we discuss the conditions of equality in inequality (1.7), and the discussion is split into two cases. 
Assuming that F{q) is identically zero, then pk{u) = Pl{u) for all u’s with respect to S”“^ if and only 
if 7s: = L. 

Case 1. According to the conditions of equality in Hadamard type inequality (3.11) and inequality 
(3.3), we see with equality in inequality (1.7) if and only if 


f F{q) = c for g > 1, 

\k = XL for A > 0. 

From the definition of function F{q), (3.18) is equivalent to 

r ^ = 1 for any M G S"-i, 
\K = XL for A > 0. 


(3.18) 


(3.19) 


Namely, K = L. 

Case 2. According to the conditions of equality in Hadamard type inequality (3.11) and inequality 
(3.3), we see with equality in inequality (1.7) if and only if 


= c for g > 1, 
K = XL for A > 0. 


(3.20) 


Using mean value theorem for multiple integral [5, 19], there is a uq G S” such that (3.18) is equivalent 
to 

1 a: = AL for A > 0. 


(3.21) 


Since L C K, K = XL with 0 < A < 1. 

As mentioned above, we see with equality in inequality (1.7) if and only if AT = XL with 0 < A < 1. 
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Assume now that K and L are arbitrary star bodies. If L is not included in K, there exists a 
A, 0 < A < 1, such that L := XL C K. By using (1.7) for L and K. Thus, 


In 


- In A > 

PLiu)J 


igl 

(s) 


1 


a verage ^ 

n 

max 


vo1«(a:) 

A”vol„(L) 


or 


In 


PKju) 

Pl{u) 


dvK{u) > 


(ff) 


/ \ 

- in 

( 

n \ 

yP^^J max 

/ 

( —i 

+ lnA - ( 1- 

\plJ 


VOln(Ar) 

vol„(L) 

iverage \ 


(3.22) 


(3.23) 


Taking A = min„g§n-i will suffice, we now obtain the second inequality. 

The claim that the homothety of K and L is the only case of equality follows from the first part. □ 

and(^) 

\P^J max \ppj min 


average 


Remarks.5. Note that, if L C K then (1.8) implies (1.7). Also, 

depend only on the values of the ratio ^ 'g(uj ^ S"“^. 

We conclude this paper by pointing out that the equivalence between inequalities (1.4) and (2.8). We 
give a different proof with Wang and Liu [24]. For any K G Sf, define the real numbers Rk and vk by 


Rk = max pk{u), vk = min pk(u). 

„g§n-l 

Note that the definition of 5” is such that 0 < < Rk < oo, for all K G S'f. 


(3.24) 


Theorem 3.6. For K,L G 5", the dual log-Brunn-Minkowski inequality (2.8) and the dual log- 
Minkowski inequality (1.4) are equivalent. 

Proof. Suppose that K and L are fixed star bodies in 5". For 0 < A < 1, let 

Qx = (1 — A)o AT+qA o L, 

i.e., the radial function of star body Qx is qx ■= PQx = pg^Pr- Since qo and qi are the radial functions 
of star bodies, we have Qo = K and Qi = L. 

Suppose that we have the dual log-Minkowski inequality (1.4) for K and L. Now pq^ = pg^p\ a.e. 
with respect to 5”“^, and thus 


0 = 


1 / A An, PK{uy PL[uy 

- 1 \ / PQAg In-- dS[u) 

nvolgQx) PQxg) 

= (1 - ^)-rTTTT [ PQ>^ («)” In ^^^dS{u) 

nvolgQx) PQxiu) 

+ A , / PQ,«ln^^d^(w) 

nvolniQx) PQx(U) 

= -(1 - A) / In {u)-X f In 

Js"-i Pk[u) J§n-i pl{u) 

/ n AA1 vo1„(Qa) , 1 vo1„(Qa) 

n voln(iv) n voini^) 

_ 1 vol„(A:)^~^voln(T)^ 

n vo1„((5a) 


(3.25) 
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This gives the dual log-Brunn-Minkowski inequality (2.8). 

Suppose now that we have the dual log-Brunn-Minkowski inequality (2.8) for K and L. Namely, 


vol„((l — A) o K+qXo L) < volniK) 


voln(^) 

volniK) 


(3.26) 


Using the polar coordinates formula of volume, the radial log-Minkowski-combination (2.7) and the Borel 
probability measure (2.11), it follows from (3.26) that 


PLiu) 


dvKiu) < 


Therefore 


.PKiu) 

/§«-! {jM)) 1 ^ ( 


/ vol„(L) 

\vo\niK) 


(3.27) 


Voln (L) 
voln (K) 


- 1 


A - A 

Taking the limit on both sides of the last inequality as A —>■ 0, we get 

. — / 1 / r \ \ 


r f -oUL) ) 

Js"-^ [pkH J ^ [vol„(K) J 


- 1 


lim 

A->0 


< lim 
A ->0 


A A->o A 

We are easy to prove the function f(x) = ° is uniformly continuous on (0,oo) for 0 < a < 1, and 
the Bernoulli’s inequality leads to the function f(x) = “ is uniform boundness for a > 1. From the 
definition (3.24), we have 


( \ nA / \ nA 

PkJ ^ J 


A 


A 


Using Lebesgue dominated convergence theorem we know that the order of the integral and the limit can 
be changed. Therefore, we can obtain 


lim 
-1 A ->0 


/ Pl{u) \ 

\PKiu) J 


nA 


- 1 


Since linia^^o ~—~ = Ina, then 


f i„(«M 

§n~l \pKiu) 


-dvKiu) < lim 
A ->0 


dui<:(u) < In 


/ Voln(L) \' 

VvolnliT) J 


VOlnjL) 

volniK) J' 


- 1 


(3.28) 


This is the dual log-Minkowski inequality (1.4), which completes the proof. 
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Subalgebra and ideal-type hyper values in 5CA"/5C'/-algebras 

Young Bae Jun^ and Sun Shin Ahn^ * 

^Department of Mathematics Education, Gyeongsang National University, Jinju 52828, Korea 
"^Department of Mathematics Education, Dongguk University, Seoul 04620, Korea 

Abstract. The notions of subalgebra-type hyper value and ideal-type hyper value are introduced, and related 
properties are investigated. The relation between subalgebra-type hyper value and ideal-type hyper value is 
considered. Conditions for a pair (a, (3) in [0,1] x [0,1] to be subalgebra-type hyper value and ideal-type hyper 
value are discussed. For a hyperfuzzy structure, conditions for its level sets to be 5'-energetic, /-energetic, right 
vanished and right stable are founded. 


1. Introduction 

Jun et al. [3] introduced the notion of energetic (resp. right vanish, right stable) subsets in BCK/BCI-algehias, 
and investigated several related properties. Ghosh et al. [1] introduced the concept of hyperfuzzy sets which is a 
generalization of fuzzy sets and interval-valued fuzzy sets. Jun et al. [4] and Song et al. [6] applied hyper structure 
to BCK/BC 1-algehra.s, and discussed hyperfuzzy subalgebras and hyperfuzzy ideals in BCK/BCI-algehras. 

In this article, we introduce the concepts of subalgebra-type hyper value and ideal-type hyper value, and 
investigate several properties. We discuss the relation between subalgebra-type hyper value and ideal-type hyper 
value. We provide an example to show that any subalgebra-type hyper value is not an ideal-type hyper value. We 
consider conditions for a pair {a, j3) in [0,1] x [0,1] to be subalgebra-type hyper value and ideal-type hyper value. 
Given a hyperfuzzy structure, we hnd conditions for its level sets to be S'-energetic, /-energetic, right vanished 
and right stable. 


2. Preliminaries 

By a BC I-algebra we mean a system X := {X, *, 0) in which the following axioms hold: 

(I) {{x *y) * {x * z)) * {z * y) = 0, 

(II) {x * {x *y)) * y = 0, 

(III) X * x = 0, 

(IV) x*y = y*x = 0 => x = y 

for all x,y,z G X. If a BCI-a\gehra X satisfies 0 * a: = 0 for all a: G A, then we say that A is a BCK-algebra. We 
can define a partial ordering < by 

(Va ;,y G A) {x <y x *y = 0). 

° 2010 Mathematics Subject Classification: 08F35; 03G25; 03B52. 

° Keywords: hyperfuzzy subalgebra; hyperfuzzy ideal; subalgebra-type hyper value; ideal-type hyper value; 
energetic subset; right vanished subset; right stable subset. 
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Y. B. Jun and S. S. Ahn 
In a BCK/BCI-aXgebra. X, the following hold: 

(Vx G X) (x*0 = x), (2.1) 

(Vx, y,z £ X) {{x * y) * z = {x * z) * y). (2.2) 

A non-empty subset S' of a BCK/BCI-algehra X is called a subalgebra of X if x * y G S for all x,y £ S. 

A subset / of a BCK/BCI-a\gehia X is called an ideal of X if 

0 G /, (2.3) 

{^x £ X){yy £ I) (x * y £ I => x £ I). (2.4) 

We refer the reader to the books [2] and [5] for further information regarding BCK/BCI-aigehras. 

By a fuzzy structure over a nonempty set X we mean an ordered pair (X, p) of X and a fuzzy set p on X. 

Let X be a nonempty set. A mapping /i : X —>• P([0,1]) is called a hyperfuzzy set over X (see [1]), where 
■^([0,1]) is the family of all nonempty subsets of [0,1]. An ordered pair (X, p) is called a hyper structure over X. 

Given a hyper structure (X, ft) over a nonempty set X, we consider two fuzzy structures (X, pinf) and (X, /igup) 
over X in which 

hini : X [0,1], X inf{/i(x)}, 

Asup : A -!> [0,1], X sup{/i(x)}. 

Given a nonempty set X, let Bk{X) and Bi{X) denote the collection of all BGX-algebras and all SCI-algebras, 
respectively. Also B(X) Bk{X) U;B/(X). In what follows, let (X, *,0) G ^(X) unless otherwise specihed. 

Definition 2.1 ([4]). For any (X, *,0) G B(X), a fuzzy structure (X, p) over (X, *,0) is called a 

• fuzzy subalgebra of (X, *, 0) with type 1 (briefly, 1-fuzzy subalgebra of (X, *, 0)) if 

(Vx, y £ X) {p{x *y)> min{p(x), p{y)}), (2.5) 

• fuzzy subalgebra of (X, *, 0) with type 2 (briefly, 2-fuzzy subalgebra of (X, *, 0)) if 

(Vx, y £X) {p{x *y)< min{p(x), p{y)}), (2.6) 

• fuzzy subalgebra of (X, *, 0) with type 3 (briefly, 3-fuzzy subalgebra of (X, *, 0)) if 

(Vx, y £X) {p{x *y)> max{p(x), p{y)}), (2.7) 

• fuzzy subalgebra of (X, *, 0) with type 4 (briefly, A-fuzzy subalgebra of (X, *, 0)) if 

(Vx, y £X) (p(x *y)< max{p(x), /i(j/)}). (2.8) 

It is clear that every 3-fuzzy subalgebra is a 1-fuzzy subalgebra and every 2-fuzzy subalgebra is a 4-fuzzy 
subalgebra. 

Definition 2.2 ([4]). For any (X,*,0) G B{X) and i,j G {1,2,3,4}, a hyper structure (X,/i) over (X,*,0) is 
called an {i, j)-hyperfuzzy subalgebra of (X,*,0) if (X,/iinf) is an f-fuzzy subalgebra of (X,*,0) and (X,/isup) is a 
j-fuzzy subalgebra of (X, *,0). 
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Given a hyper structure over X and a, P £ [0,1], we consider the following sets (see [6]): 

U{ij,ini;a) ■.= {x £ X \ fiinfix) > a}, 

Lipinf, a)-.= {x£X \ /iinf (x) < a}, 
b^(/^sup5 ^ X I /Isup(^) ^ 

-^(/isupi/^) ■ £ X I /isup(^) ^ 

Definition 2.3 ([6]). A fuzzy structure {X,n) over (A, *,0) is called a 

• fuzzy ideal of (A, *, 0) with type 1 (briefly, 1-fuzzy ideal of (A, *, 0)) if 


i^x £ A) (/i(0) > fi{x)), (2.9) 

(Va;, y £ X) {fj,{x) > min{^(a; * y), n{y)}), (2.10) 

• fuzzy ideal of (A, *, 0) with type 2 (briefly, 2-fuzzy ideal of (A, *, 0)) if 

(Vx G A) (m(0) < yix )), (2.11) 

(Va;, y £ X) {y{x) < min{^(a; * y), y{y)}), (2.12) 

• fuzzy ideal of (A, *, 0) with type 3 (briefly, 3-fuzzy ideal of (A, *, 0)) if it satisfies (2.9) and 

(Va;, y £ X) {y{x) > max{y(x * y), y{y)}), (2.13) 

• fuzzy ideal of (A, *, 0) with type 4 (briefly, A-fuzzy ideal of (A, *, 0)) if it satisfies (2.11) and 

(Va;, y G A) {y{x) < max{y(x * y), y{y)}) ■ (2.14) 

ft is clear that every 3-fuzzy ideal is a 1-fuzzy ideal and every 2-fuzzy ideal is a 4-fuzzy ideal. 


Definition 2.4 ([6]). For any i, j G {1, 2,3,4}, a hyper structure (A, y) over (A, *, 0) is called an {i, j)-hyperfuzzy 
ideal of (A, *, 0) if (A, pinf) is an z-fuzzy ideal of (A, *, 0) and (A, fisup) is a j-fuzzy ideal of (A, *, 0). 

3. Subalgebra and ideal-type hyper values 
Definition 3.1 ([3]). A nonempty subset A of (A, *, 0) is said to be S-energetic if it satisfies: 

iya,b£ X){a*b£ A ^ {a,&}nA^0). 

Let A be a proper subset of A containing 0. Then there exists a G A \ A, and soa*a = 0GA but {a} and A 
are disjoint. Thus every proper subset A of A containing 0 cannot be S'-energetic. 

Theorem 3.2. Given a hyper structure {X, ft) over (A, *, 0), if it is a {A,l)-hyperfuzzy subalgebra of {X,*,0), then 
its nonempty level subsets U (yinf; O') and T(/Zsup; P) are S-energetic subsets of (A, *, 0) for all (a, P) £ x Ap C 
[0,1] X [0,1]. 
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Proof. Assume that U{jj,inf]a) and L{fisup',/3) are nonempty for every (q;,/3) £ Aa x Ap C [0,1] x [0,1]. If 
X * y G U (/iinf ; O') and a*b £ L{p,sup', P) for all x, y,a,b £ X, then 

a < ftindx *y) < max{/ii„f(a:),/ii„f( 2 /)} 


and 


It follows that 


P > Asup(a *b)> min{/i sup (a)j jisup{b)}. 


finiix) > a OT fiinfiy) > a, that is, x £ a) or y £ U{fiini] a) 


and 


/^sup(a) ^ P or psupip) ^ /?, that is, n £ Li^jlsup^ P) or b £ Z/(^sup, P). 

Hence {x,y} fl U{jj,ini]a) 0 and {a,b} fT L{flsup', P) p'' 0- Therefore C/(/iinf;Q;) and L{jj,sup', P) are S'-energetic 
subsets of (A, *, 0) for all (a, P) £ Aa x Ap Q [0,1] x [0,1]. □ 

Corollary 3.3. Given a hyper structure (X,fL) over (A, *,0), if it is a {2^1)-hyperfuzzy (resp., {2,A)-hyperfuzzy 
and {A, i)-hyperfuzzy ) subalgebra o/(A, *,0), then its nonempty level subsets U{fLini;a) and L{fLsup]P) are S- 
energetic subsets of (A, *, 0) for all (a, P) £ A^ x Ap C [0,1] x [0,1]. 

Proof Straightforward. □ 


Definition 3.4 ([3]). A nonempty subset A of (A, *, 0) is said to be I-energetic if it satisfies: 

(pJx,y £ X) [y £ A {x, y * x} fl A 0). 


Theorem 3.5. Given a hyper structure (A, p) over (A, *, 0), if it is a (4, 1)-hyperfuzzy ideal of (A, *, 0), then its 
nonempty level subsets and L{fisup', P) are I-energetic subsets of (A, *,0) for all {a, P) £ A^ x Ap C 

[0,1] X [0,1]. 


Proof. Let (a, /?) G Aq, x A^ C [0,1] x [0,1] be such that o) and L(/isup; P) are nonempty. Let x,y,a,b £ X 

be such that y £ U(fiin{; a) and b £ L(f.sup', P)- Then 

o < pinpy) < max{/ii„f(y * x),/ii„f(x)} 


and 


Hence 


P > Psupib) > min{/isup(6 * a), psupia)}. 


tiini{y*x) >a or piniix) > a, i.e., y*x£ U{jjini-,a) or x £ U{jj.inf;a) 


and 


Psupib *a) < P or /isup(a) < P, i.e., b*a£ L(/isup; P) or a £ L(/isup; P)- 

It follows that {x, y * x} (1 U{fiinf; a) ^ 0 and {a, 6 * a} fl L{fisup': P) 0- Therefore a) and L{jj,sup', P) are 

/-energetic subsets of (A, *, 0) for all (a, P) £ Aa x Ap C [0,1] x [0,1]. □ 
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Corollary 3.6. Given a hyper structure {X,p) over (X, *,0), if it is a {2,l)-hyperfuzzy (resp., {2,i)-hyperfuzzy 
and {4:,3)-hyperfuzzy ) subalgebra of then its nonempty level subsets U{fLud]oi) and L{fisup', P) are I- 

energetic subsets of (X, *, 0) for all (a, /3) G x C [0,1] x [0,1]. 

Proof. Straightforward. □ 


Definition 3.7. Given a hyper structure {X,jl) over (X, *,0), let (a,/?) G A„ x A^ C [0,1] x [0,1] be such 
that and U{fisup',P) are nonempty. Then (a,/3) is called a subalgebra-type hyper value for {X,fi) if the 

following assertion is valid. 


(Vx,?/ G X) 


*y) <a min{/li„f(x),/ii„f(?/)} < a, 

Psupix *y)> P ^ max{fisnp{x), psupiy)} > P 


(3.1) 


Example 3.8. Let X = {0,1,2,3,4} be a set with the binary operation * which is given in Table 1. 


Table 1. Cayley table for the binary operation 



0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

1 

0 

2 

2 

1 

0 

2 

0 

3 

3 

3 

3 

0 

3 

4 

4 

4 

4 

4 

0 


Then (X, *,0) is a SCX-algebra (see [5]). Let (X,/i) be a hyper structure over (X, *,0) in which jl is given as 
follows: 

[0.5,0.53) ifa; = 0, 

(0.3,0.58] ifx=l, 

fi:X^ :P([0, 1]), a; < [0.3,0.44) U [0.45,0.58) if a; = 2, 

(0.4, 0.5] U [0.60,0.68] if a; = 3, 

[0.2,0.63] if a; = 4. 

It is routine to verify that every pair (a,/3) G [0.2,0.5] x [0.53,0.68) is a subalgebra-type hyper value for {X,fi). 

Theorem 3.9. For a hyper structure {X,fi) over (X, *,0), let {a,P) G Aq, x A^j C [0,1] x [0,1] be such that 
L{P'int', 0 ') and T(/isup;/3) are nonempty. If {X,fi) is a (l,4)-hyperfuzzy subalgebra o/(X, *,0), then {a, P) is a 
subalgebra-type hyper value for {X,fi). 


Proof. Let x,y,a,b G X be such that /iinf(a; * y) < a and fisup{a *b) > p. Since {X,fL) is a (1,4)-hyperfuzzy 
subalgebra of (X, *, 0), we have 

a > fL\nf{x *y)> min{(ii„f(a;),/ii„f(y)} 


and 


P < Asup(a *b) < max{/isup(a),/isup(6)}. 
Hence {a, P) is a subalgebra-type hyper value for {X,fi). 


□ 
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Corollary 3.10. For a hyper structure over (X, *,0), let (a,/?) € Aq, x A/j C [0,1] x [0,1] be such 

that L{fiini;a) and U{fisup',l3) are nonempty. If is a {1,2)-hyperfuzzy (resp., {?>, 2)-hyperfuzzy and (3,4)- 

hyperfuzzy ) subalgebra of (A, *, 0), then (a, /?) is a subalgebra-type hyper value for {X, fi). 


Proof Straightforward. 


□ 


Theorem 3.11. Let{X,jl) be a hyper structure over {X,*,0). If{a,j3) is a subalgebra-type hyper value for {X, p,), 
then L{pin{',cx) and U{psup',P) are S-energetic subsets of{X,*,0). 


Proof. Let x,y,a,b G X be such that x*y G L{pi^f; a) and a*b G ll(psup', P)- Then pini{x*y) < ce and psupia*b) > 
p. Since {a, P) is a subalgebra-type hyper value for {X,p), it follows from (3.1) that min{/ii„f (x),/iinf (y)} < a 
and max{/isup(a) 5 /isup(^)} > P- Hence 


Aiinf(a;) < a or pinf{y) < a 


and 


that is. 


and 


Msup{a) ^ P or ps\ip{b) ^ P, 


X G L{pini', a) OT y G L(/tinf; a) 


a G U{psup', P) OT b G U{psup, P)' 

Thus {x,y} n L{pin{;a) 0 and {a, 6} fl U{psup',P) 0 , and therefore L(/iinf;a) and U{psup',P) are S'-energetic 
subsets of (X, *, 0). □ 


Combining Theorems 3.9 and 3.11, we have the following corollary. 


Corollary 3.12. For a hyper structure {X,p) over (X, *,0), let {a,P) G Aq, x A^ C [0,1] x [0,1] be such that 
L{pini;a) and U{psup', P) are nonempty. If{X,p) is a {1,4)-hyperfuzzy subalgebra of {X,*,0), then L{pini',ot) and 
U{psup',P) are S-energetic subsets o/(X, *,0). 


Definition 3.13. Given a hyper structure (X, p) over (X, *, 0), let {a, P) G Ac x Ap C [0,1] x [0,1] be such that 
L{pini;a) and U{psup',P) are nonempty. Then {a, P) is called an ideal-type hyper value for {X,p) if the following 
assertion is valid. 

f Pint{y)<a min{/ii„f(i/* a;),/ii„f(a;)} < a, 

(Vx ,y G X) \ 

\ Psup{y)>P ^ ^a,x{psnp{y * x), psup{x)} > p 

Example 3.14. In Example 3.8, the pair {a,P) is an ideal-type hyper value for {X,p). 



Example 3.15. Let X = {0,1,2, a, b} be a set with the binary operation * which is given in Table 2. 
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Table 2. Cayley table for the binary operation 



0 

1 

2 

a 

b 

0 

0 

0 

0 

a 

a 

1 

1 

0 

1 

b 

a 

2 

2 

2 

0 

a 

a 

a 

a 

a 

a 

0 

0 

b 

b 

a 

b 

1 

0 


Then (AT, *,0) is a BCJ-algebra (see [5]). Let be a hyper structure over (X, *,0) in which jj, is given as 

follows: 




[0.54,0.72) 

if X = 0, 

(0.58,0.64] 

if X = 1, 

[0.56,0.72) 

if X = 2, 

(0.60,0.68] 

if X = a. 

[0.60,0.64) 

if X = 6. 


If we take {a,/3) G (0.54,0.60] x [0.64,0.72), then (a,/3) is an ideal-type hyper value for 


We consider a relation between subalgebra-type hyper value and ideal-type hyper value. 


Theorem 3.16. Let {X,jl) he a hyper strueture over {X,p,) G Bk{X) such that 

(Vx G X) (/iinf(O) > Piniix), /isup(O) < jXsnp{x)) . (3.3) 

Then every ideal-type hyper value for (X,fL) is a subalgebra-type hyper value for {X,ff). 

Proof. Let {a, j3) be an ideal-type hyper value for (X,fL). Assume that fiuii{x * y) < a and /isup(a * b) > j3 for 
x,y,a,b G X. Using (3.2), (2.2) and (3.3), we have 

a > min{/ii„f ((x * y) * x), pint(x)} 

= min{/ii„f ((x * x) * j/), /ii„f (x)} 

= min{/ii„f (0 * y), fiin{{x)} 

= min{/ii„f(0),/ii„f(x)} = /ii„f(x) 

and 

j3 < max{/isup((a *b)* a),/isup(a)} 

= max{/isup((a * a) * 5),/isup(a)} 

= max{/isup(0 * 6),/isup(a)} 

— maxf p-sup (0),/Xsup (a)} — /rsup(a). 

It follows that 

min{/ii„f(x),/ii„f(?/)} < /ii„f(x) < a and ma.x{fisup{a), Tsup{b)} > /isup(a) > P- 
Therefore {a,P) is a subalgebra-type hyper value for {X,fi). □ 
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The converse of Theorem 3.16 is not true in general as seen in the following example. 

Example 3.17. Let X = {0,1, a, b, c} be a set with the binary operation * which is given in Table 3. 


Table 3. Cayley table for the binary operation 


* 

0 

1 

a 

b 

c 

0 

0 

0 

a 

a 

a 

1 

1 

0 

a 

a 

a 

a 

a 

a 

0 

0 

0 

b 

b 

a 

1 

0 

0 

c 

c 

a 

1 

1 

0 


Then (A, *,0) is a SCJ-algebra (see [5]). Let {X,jj,) be a hyper structure over (A, *,0) in which jj, is given as 
follows: 


fi-.X ^vi[0,l]), x^{ 


[0.51,0.55) 

(0.48,0.63] 

[0.45,0.58) 

(0.41,0.5] U [0.60,0.63] 
[0.35,0.65] 


if a; = 0, 
if a: = 1, 
if a; = a, 
if a: = 6, 
if a; = c. 


If we take {a, (3) £ (0.41,0.45) x (0.63,0.65], then (o,/?) is a subalgebra-type hyper value for (A,/i), but it is not 
an ideal-type hyper value for (A, /2) since 


Min{(b) = 0.41 < a and min{/iinf(6* a),/xinf(a)} = 0.45 ^ a 


and/or 


/isup(c) = 0.65 > /3 and max{/isup(c * a), /isup(a)} = 0.63 ^ /3. 


We provide conditions for a pair (a, j3) to be an ideal-type hyper value. 


Theorem 3.18. Given a hyper structure (A,/t) over (A, *,0), let {a, 13) £ Aa x Ap C [0,1] x [0,1] be such 
that L(/iinf;Q;) and U{p,sup',l3) are nonempty. If{X,p,) is a {\,A)-hyperfuzzy ideal o/(A, *,0), then {ex, (3) is an 
ideal-type hyper value for (A, fi). 


Proof. Let x,y,a,b £ X be such that ftin{(y) < ex and fisup{b) > (3. Since {X,fi) is a (1,4)-hyperfuzzy ideal of 
(A, *, 0), it follows that 

a > hinfiy) > min{/ii„f(?/ * a;),/ii„f(a;)} 


and 


P < fisnpib) < max{/i sup (6* a),/tsup(a)}. 

Therefore {ex,P) is an ideal-type hyper value for {X,fi). 


□ 
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Corollary 3.19. Given a hyper structure over (X, *,0), let {a, (3) € Aq x C [0,1] x [0,1] be such 

that L{fiini;a) and U{fisup',l3) are nonempty. If is a {1,2)-hyperfuzzy (resp., {?>, 2)-hyperfuzzy and (3,4)- 

hyperfuzzy ) ideal of {X,*,0), then {a,f3) is an ideal-type hyper value for {X,fi). 

Proof Straightforward. □ 

Theorem 3.20. Let {X, fi) be a hyper structure over {X, *, 0). If {a, /3) is an ideal-type hyper value for {X, fi), 
then L{pin{', ex) and U{p,sup', P) are I-energetic subsets of {X, *, 0). 

Proof. Let x,y,a,b € X be such that y € L(/li^{;a) and b G U{fisup',P)- Then p-iniiy) < (x and flsup{b) > P- 
Since {a, ft) is an ideal-type hyper value for {X,fi), it follows from (3.2) that min{/iinf(y * x), p,inf{x)} < a and 
max{/isup(6 * a),flsup{a)} > p. Hence 

Pinfiy *x) < a or iliniix) < a 

and 

Psup{b * a) > P or psupia) > P, 

that is, 

y*xe L(/iinf; a) 01 X G L(/iinf; a) 

and 

b*aG U{p,sup;P) or a G 17(/isup;/3). 

Thus {y * x,a;} n L{fi{^f-,a) 0 and {b * a, a} fl U{fisup',P) 0; and therefore L{fL{^f]a) and U{fisup',P) are 

/-energetic subsets of (AT, *, 0). □ 

Combining Theorems 3.18 and 3.20, we have the following corollary. 

Corollary 3.21. Given a hyper structure {X,p) over (//,*,0), let {a,P) G Aq x A^ C [0,1] x [0,1] be such 
that L(/iinf;a) and U{ilsup]P) are nonempty. If{X,fi) is a {l,A)-hyperfuzzy ideal of {X,*,0), then L(/ii„f;a) and 
UiPsup',P) are I-energetic subsets of {X,*,0). 

Definition 3.22 ([3]). A nonempty subset A of {X, *, 0) is said to be right vanished if it satisfies: 

{yx,y G X) {x * y G A x G A) . (3.4) 

A is said to be right stable A A* X := {a * x \ a G A, x G X} C A. 

Lemma 3.23 ([6]). If {X,fi) is a {A,l)-hyperfuzzy ideal of {X,*,0), then 

(plx,y G X) {x ^ y /linf(^) ^ /^inf(y)j Msup(:^) ^ Psup{y)) • (3-b) 

Theorem 3.24. Given a hyper structure {X,jj,) over (AT, *,0) G Bk{X) and {a,P) G [0,1] x [0,1], if {X,jj,) is 
a {A,l)-hyperfuzzy ideal of {X,*,0), then L{pin{;a) and U{ilsup',P) are right stable subsets of {X,*,0) whenever 
they are nonempty. 
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Proof. Let {a, /3) G [0,1] x [0,1] be such that L{fiinf] a) and U{flsup', P) are nonempty. Let x,a,b G X he such that 
a G a) and b G U(f2sup', P)- Then /iinf(a) < a and /isup(fe) > P- Since a * x < a and b * x < b, it follows 

from Lemma 3.23 that pindo, * x) < /iinf(a) < a and psupib * x) > fisupib) > P, that is, a * a; G L(/iinf;Q;) and 
b* X G U{flsup', P)- Hence L(/iinf; a) * X C L{pinf; a) and U{fisup', P) * X C U{jj,sup', P)- Therefore oc) and 

U{psup', P) are right stable subsets of {X, *, 0 ). □ 

Corollary 3.25. Given a hyper structure {X, fi) over {X, *, 0) G BxiX) and {a, P) G [0,1] x [0,1], if (X, fi) is a 
{2,\)-hyperfuzzy (resp., {2^i)~byperfuzzy and {A, i)-hyperfuzzy ) ideal o/(A, *,0), then L(/ii„f;a) and U(fLsup]P) 
are right stable subsets of {X, *, 0) whenever they are nonempty. 

Proof. Straightforward. □ 


Theorem 3.26. Given a hyper structure {X,jj,) over (A, *,0) G Bk{X) and {a,P) G [0,1] x [0,1], if {X,jj,) is a 
{A,l)-hyperfuzzy ideal o/(A, *,0), then (ind L{ilsup'j P) are right vanished subsets o/(A, *,0) whenever 

they are nonempty. 


Proof. Let {a, P) G [0,1] x [0,1] be such that U (pint; cn) and L(psupj P) are nonempty. Assume that x*y G U{pint', ct) 
and a*b G L{psup', P) for any x, y,a,b G X. Using Lemma 3.23 implies that 

a < pint{x *y) < pinf{x), that is, x G U{pinf, a) 


and 


P ^ /lsup(a * ^ Psup{tf), that is, a G P{psup', Pf 

Hence U{pint',a) and L{psup', P) are right vanished subsets of (A, *,0). 


□ 


Corollary 3.27. Given a hyper structure (A, p) over (A, *, 0) G Bk{X) and (a, P) G [0,1] x [0,1], if (A, p) is a 
{2,l)-hyperfuzzy (resp., {2,5)-hyperfuzzy and {4,,3)-hyperfuzzy ) ideal o/(A, *,0), then U{pinf',a) and L{psup', P) 
are right vanished subsets of (A, *, 0) whenever they are nonempty. 


Proof. Straightforward. 


□ 
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Abstract 

In this paper, we establish the approximate controllability for the semilinear im¬ 
pulsive differential equation in relation to the the corresponding linear control system 
based on the regularity for the equation under natural assumptions such as the local 
Lipschitz continuity of nonlinear term. 
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1 Introduction 

In this paper, we are concerned with the approximate controllability for the semilinear 
impulsive control system in Hilbert spaces: 

x'{t) + Ax{t) = f{t,x{t)) + t e {0,T], t = tk, 

k = ,m, ^ 

Ax{tk) = -x{tf) = Ikix{tf)), k = l,2,--- ,m, 
x(0) = Xq. 

Let H be identified with its dual space we may write V C H C V* densely and the corre¬ 
sponding injections be continuous. Here, A is the operator associated with a sesquilinear 
form a(-, ■) defined on V x V satisfying Garding’s inequality: 

{Au,v) = a{u,v), u, V G V 

Email: ^alanida@naver.com, ^’*jmjeong@pknu.ac.kr( Corresponding anthor) 

This work was snpported by a Research Grant of Pnkyong National University(2019Year). 


1 


397 


PARK-JEONG 397-408 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


2 

where y is a Hilbert space such that V C H C V*. Then —A generates an analytic 
semigroup in both H and H*(see [1, Theorem 3.6.1]) and so the equation (1.1) may be 
considered as an equation in H as well as in V*. The nonlinear operator / from [0, T] x V 
to H is assumed to be locally Lipschitz continuous with respect to the second variable. 
Let ?7 be a Banach space of control variables and the controller operator H be a bounded 
linear operator from the Banach space L^(0, T; U) to T^(0, T ; H). The impulsive condition 

Ax(4) = x{t'l) - x{t'^) = 4(x(t^)), A: = 1,2, • • • ,m, 

is a combination of traditional evolution systems. Let x(t; /, u) be a solution of the equa¬ 
tion (1.1) associated with a nonlinear term / and a control u. We will show the ap¬ 
proximate controllability for the equation (1.1), namely that the reachable set Rrif) = 
{x{T] f,u) ; tt G L^(0, T; U)} is a dense subset of H. This kind of equations arise naturally 
in biology, in physics, control engineering problem, etc. 

In the first part of this paper we establish the wellposedness and regularity property 
for the following equation: 

x'{t) + Ax{t) = f{t,x{t)) + k{t), tG(0,r], t = tk, 

/c = 1, 2, • • • , m, , , 

_ _ (1-2) 
Ax{tk) = x{t'l ) - x(4 ) = )), A: = 1, 2, • • • , m, 

x{0) = xo- 

The regularity for the semilinear heat equations has been developed as seen in Barbu [2] 
and [3, 4, 5, 6]. 

In this paper, based on the regularity for (1.2), we intend to establish the approximate 
controllability for (1.1). Approximate controllability for semilinear control systems can be 
founded in [7-15]. Similar considerations of linear and semilinear systems have been dealt 
with in many references, linear problems in the book [15] and Nakagiri [14], semilinear 
cases with the uniform bounded nonlinear term in [16], and with the uniform Lipschtz 
continuous nonlinear term in [3, 17, 18, 19]. However, there are few papers treating the 
systems with local Lipschipz continuity, we can just find a recent article Wang [20]. Among 
these literatures, in [17, 20], they assumed that the semigroup S{t) generated by A is 
compact in order to guarantee the compactness of the solution mapping, and investigated 
the approximate controllability for the equation (1.1). 

In this paper, in order to show that the main result of Naito [17] is extended to the 
nonlinear differential equation, we assume that the embedding D{A) C H is compact 
instead of the compact property of semigroup used in [17, 21]. Then by virtue of the 
result in Aubin [22], we can take advantage of the fact that the solution mapping u G 
L^(0, T;U) x{T ; /, u) is compact. Under natural assumptions such as the local Lipschtiz 
continuity of nonlinear term, we obtain the approximate controllability for the equation 
(1.1) when the corresponding linear system is approximately controllable. 

The paper is organized as follows. In section 2, the results of general linear evolution 
equations besides notations and assumptions are stated. In section 3, we investigate the 
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approximate controllability for the problem (1.1). The approach used here is similar to 
that developed in [1, 3] on the general semilnear evolution equations, which is an important 
role to extend the theory of practical nonlinear partial differential equations. 

2 Regularity for semilinear impulsive systems 

The norm onV, H and V* will be denoted by || • ||, | • | and || • ||*, respectively. We assume 
that V has a stronger topology than H and, for brevity, we may regard that 

ll^^ll* < |Li| < ||Lt||, Vu G V. (2.1) 

Let a(-,-) be a bounded sesquilinear form defined V x V and satisfying Garding’s 
inequality 

Re a{u,u) > 0 Ji\\u\\^ — 0 J 2 \u\‘^ ^ (2.2) 

where cui > 0 and 0 J 2 is a real number. Let A be the operator associated with this 
sesquilinear form; 

{Au,v) = a{u,v), u, V G V. 

Then — yl is a bounded linear operator from V to V* by the Lax-Milgram Theorem. The 
realization of yl in iL which is the restriction of A to 

D{A) = {ueV :AueH} 

is also denoted by A. Then we consider the following sequence 

D{A) C F C if C W C D{A)\ (2.3) 

where each space is dense in the next one which continuous injection. It is also well known 
that yl generates an analytic semigroup S{t) in both H and V*. For the sake of simplicity, 
we assume that 0^2 = 0 and hence the closed half plane {A : Re A > 0} is contained in the 
resolvent set of A. 

If Af is a Banach space, L‘^{0,T; X) is the collection of all strongly measurable square 
integrable functions from (0,T) into X and IT^’^(0, T; Af) is the set of all absolutely con¬ 
tinuous functions on [0,T] such that their derivative belongs to L^(0,T;Af). C'([0,T];Af) 
will denote the set of all continuously functions from [0, T] into X with the supremum 
norm. Let the solution spaces W(T) and VV’i(T) of strong solutions be defined by 

W(T) = L2(0,T;T)(y 1)) nIT^’2(o, T;iL), 

Wi(r) = L2(o,T;F)nIT^’2(o,T;W). 

Here, we note that by using interpolation theory, we have 

W{T) C C([0,T];F), Wi{T) C ^([O, T]; iL). 
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Thus, there exists a constant Mq > 0 such that 

lkllc([o,r];y) < Mo\\x\\w{t)^ lkllc'([o,T];J7) < (2.4) 

The semigroup generated by — 2 I is denoted by S{t) and there exists a constant M such 
that 

|5(t)|<M, ||s(t)||*<M. 

Let / be a nonlinear mapping from V into H. We need to impose the following 
conditions on nonlinear term /. 

Assumption (F). There exists a function L : M_|_ —)• M such that L{ri) < L{r 2 ) for 
ri < r 2 and 

\f{t,x)\ < L{r), \f{t,x) - f{t,y)\ < L{r)\\x - y\\ 

hold for any t £ [0,T], ||x|| < r and ||y|| < r. 

Assumption (I). The functions Ik ■ V ^ H are continuous and there exist positive 
constants L(Ik) and /? G (1/3,1] such that 

|^^4(a:)| < L(4)||x||, |A^4(x) - 4(y)| < L(4)||x - y||, A: = l,2, 

for each x,y G V, and 

||T:(tfc)|| <K, /c = 1,2,- • • ,m. 

From now on, we establish the following results on the local solvability of the following 
equation; 

x'(t) + Ax{t) = f{t,x{t)) + k{t), t£{0,T], t^tk, 

A: = 1, 2, • • • , m, , , 

1 _ _ (2-5) 

Ax{tk) = x(t^) - x{t^ ) = Ik{x{t^ )), /c = 1, 2, • • • , m, 

x(0) = XQ. 

Let us rewrite {Fx){t) = f{t,x{t)) for each x G L^(0,T;F). Then there is a constant, 
denoted again by L(r), such that 

\\I^x\\l2(^o,t-,h) < L{r)Vf, \\Fxi - Fx2\\l2(o,t-,h) < L{r)\\xi - X2 \\l2{o,t-,v) 
hold for xi, X 2 G Br{T) = {x G L‘^{0,T;V) : ||x||x,2(o^'r;V') < Here, we note that by 
using interpolation theory, we have that for any t > 0, 

L^{0, t] V) n 1T^’2(0, t; V*) C ^([0, t];H). 

Thus, for any t > 0, there exists a constant c > 0 such that 

< c||x||x,2(o,t;V)nwi.2(o,t;V*)- (2-6) 
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Let 


0 = to < ti < ■ ■ ■ < tk < ■ ■ ■ < tm = T. 


Then by Assumption (I) and (2.5), it is immediately seen that 




Thus by virtue of Assumption (I) and (2.6), we may consider that there exists a constant 
Co > 0 such that 


^m^{|x(t)| ; X is a solution of (2.5)} < C2\\x\\uh^o,t-.v)- (2-6) 

With the notations (2.2), (2.3), we have 

(V^, ^*)l/2,2 = ^, {D{A),H),/2,2 = V, 

where (V, F*)i/ 2,2 denotes the real interpolation space between V and lL*(Section 1.3.3 of 
[23]). From now on, we establish the following results on the solvability of the equation 
(2.5). 

Theorem 2.1. 1) Let Assumption (F) he satisfied. Assume that xq & H, k £ L^(0, T; V*). 
Then, there exists a time To G (0,T) such that the equation (2.5) admits a solution 

x£WfiTo)cC{[0,To];H). (2.7) 


2) Under Assumption (F) for the nonlinear mapping f, there exists a unique solution x 
of (2.5) sueh that 

X £ Wi{T) = L‘^{0,T-,V) nW^’‘^{0,T-,V*) cC{[0,T];H), T > 0. 
for any xo £ H, k £ L^(0,T; V*). Moreover, there exists a constant Ci such that 

||a;||>Vi(r) < <^ 1(1 + koj + l|fc||L2(o,T;V))) (2-8) 

where Ci is a eonstant depending on T. 

3) Let Assumptions (F) and (I) be satisfied and {xo,k) £ H x L‘^{0,T;V). Then the 
solution X of the equation (2.5) belongs to x £ Wi = L^(0, T; F) n 1F^’^(0, T; V*) and the 
mapping 

H X L‘^{0,T;V*) 3 {xo,k) x £ WfiT) (2.9) 

is eontinuous. 

Corollary 2.1. Suppose that k £ L^{0,T-, H) and x{t) = S{t — s)k{s)ds forO <t<T. 
Then there exists a constant C 2 such that 

lkllL2(0,r;y) ^ C2VT\\k\\ 12(^0,T;H)- (2-10) 
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Proof. From Theorem 2.3 of [24], it follows that there exists a C > 0 such that 

\\^\\l^(0,T;D{A)) < C*! I ^IIl2(o, T;iT)- (2-11) 

Moreover, we have 

rT rt n^2 rT 

\k{s)\^dsdt < M 

lo Jo 

Since 


rT rt rjA2 rT 

I^IIl2(o r-iT) —M \k{s)\‘^dsdt < M— / \k{s)\‘^ds. (2-12) 

^ Jo Jo 2 Jo 


{D{A),H),/2,2 = V, 

there exists a constant Cq > 0 such that 


(2.13) 


Thus, by (2.11), (2.12) and (2.13), if C 2 = CqVCT{M/2)^^^, then the inequality (2.10) 
holds. □ 


3 Approximate Controllability 


Let [/ be a Banach space of control variables. Here H is a linear bounded operator from 
L‘^{0,T;U) to L^{0,T; H), which is called a controller. Consider the following nonlinear 
impulsive control systems. 

x'{t) + Ax{t) = f{t,x{t)) + {Bu){t), t G (0,T], 

< x(0) = xq. (3-1) 

_ Ax(4) = xif^) - x{tf) = 4(x(t^)), A: = 1,2, • • • ,m. 


Let x{T ; /, u) be a state value of the system (3.1) at time T corresponding to the nonlinear 
term / and the control u. Let S{-) be the analytic semigroup generated by —A. Then the 
solution x{t] /, u) can be written as 

x{t;f,u) = S{t)xo+f S{t - s){f{s,x{s,f,u)) + {Bu){s)}ds + ^ S’(t - s)4(x(4)), 

0<tk<t 


and in view of Theorem 2.1 


lk(-;/)'*^)llwi(r) < 1^1(1 + |a:o| + ||-B||||tt||L 2 (o,T;f/))- (3.2) 

We define the reachable sets for the system (3.1) as follows: 

RT{f) = {xiT-,f,u):ueL\0,T-U)}, 

Rt{0) = {x(T; 0, tt) : u G L^(0, T; t/)}. 
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Definition 3.1. The system (3.1) is said to be approximately controllable at time T if for 
every desired final state xi G H and e > 0 there exists a control function u G L^(0, T; U) 
such that the solution x{T] f,u) of (3.1) satisfies \x{T] f,u) — xfi < e, that is, Rrif) = H 
where Rrif) is the closure of Rxif) in H. 


We define a linear bounded operator S from L^(0, T; H) to H by 

Sp = f S{T — t)p{t)dt, 

Jo 


for p{-) G L^{0,T]H). 

Assumption (B) For any e > 0, p G L‘^{0,T; H) there exists a u G L‘^{0,T;U) such that 
f \Sp-SBu\<e 

\ ll-®'“llL2(o,t;iT) < 9l||7»||L2(oy;_H-), 0<t<T 

where g is a constant independent of p. 

Assumption (FI) The nonlinear operator f is a nonlinear mapping of [0, T] x H into H 
satisfying the following. There exists a constant Li = Li{r) > 0 such that 

\f{t,x) - f{t,y)\ < Li\\x - y\\, t G [0,T], 

hold for ||x|| < r and ||y|| < r. 

Assumption (H) We assume the following inequality condition: 

max{q, 1}{1 — M 2 }~^C 2 LiVt < 1. 
where C 2 is the constant in (2.10), 

M2 = C2VTL1 + 

0<tk<T 


Lemma 3.1. Letui andu 2 be in L‘^{0,T;U). Then under Assumption{B) and Assumption{Fl), 
one has that, for 0 <t <T, 

\\x{t : f,ui) - x{t : f,U 2 )\\L 2 {o,T-,v) < {1 “ M 2 }~^C 2 Vi\\Bui - Bu2\\l2(o,t-,h)- (3-3) 
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Proof. Let xi{t) = x{t ; f,ui) and X 2 {t) = x{t : f,U 2 ). Then for 0 < t < T,we have 
Xi{t) - X 2 {t) = [ S{t- s){f{s, a;i(s)) - f{s, X 2 {s))}ds 

Jo 

+ / S{t — s){Bui — Bu 2 }ds 

Jo 

+ S{t-s){Ik{xi{t-^)) - Ikix2{q))}. (3.4) 

0<tk<T 

By Assumption{Fl) and (2.10), we obtain 


- s){f{s,Xi{s)) - f{s,X2{s))}ds\\L2^Q^pv) < C' 2 \/tLi||xi - X2\\L2(0,t-y)- 
Moreover, by Lemma 2.5 of (2.11) and Theorem 3.1, we have 

S{t - s){Bui - Bu2}ds\\L2(^Q^pv) < C 2 VT\\Bui - Bu2\\L2(o,t-,H) 

and 




II Y 5'(t-s){4(xi(t^)) -4(x2(tfc))}||L2(o,t;y) 

0<tk<t 

Y m)\\Mtf)-X 2 {q)\\LH 0 ,fy)- 

0<tk<t 

Thus, from (3.4) it follows that 

\\x{t-,f,ui) - x{t-, f,U 2 )\\L^( 0 ,Ty) 

< C2Vt\\Bui — .B-U 2 I|i,2(o^'r;iy) + C 2 VTLi\\xi — T:2||L2(o,r;y) 

+ (3/3)-i/22(3/3-l)-iCi_^C3t3/5/2 ^ m)\\x,{tf)-X2{t^)\\LHoyyy 

0<tk<t 


□ 


Theorem 3.1. Under Assumptions (B),(F1), and (H) the systemff.l) is approximately 
controllable on [0,r]. 

Proof. The reachable set for the system(4.1) is given by 

RT = {x{T;f,u):ueL\0,T;U)}. 

We will show that D{A) C Rxif), i.e., for given e > 0 and G -D(yl), there exists 
u G L‘^{0,T;U) such that 

\Ct - x{T;f,u)\ < e, (3.5) 
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where 

xiT-,,f,u) = S{T)xo+ [ S{T - s){f{s,x{s,f,u)) + {Bu){s)}ds 

Jo 

+ S{T - s)Ik{x{t^)). (3.6) 

0<4<T 

As G A)(A) there exists a p G L^(0, T; i7)such that 

Sp = iT- 5'(r)xo, 

for instance, take p{s) = {^t — sA^t) — S{s)xo/T. Let ui G L^(0,T; U)he arbitrary fixed. 
Since by Assumption (B) there exists U 2 G L'^{0,T;U) such that 

\S{p- fi-,x{-;f,ui))) - SBu2\ < (3.7) 

it follows that 

|?T - S{T)xo - Sf{; x(-; /, ni)) - SBu 2 \ < (3.8) 

We can also choose W 2 G L^(0,T; U) by Assumption (B) such that 

\S{fi-,x{-]f,U2)) - /(•,x(-;/,ui))) - SBw 2 \ < ^ (3.9) 

\\Bw2\\l2{0,t-,h) < q\\f{-,x{-J,U2)) - /(•,a:(-;/,wi))||i 2 ( 0 ,r;H)- 
Choose a constant ri satisfying 

\\xi-,f,Ul)\\c{[ 0 ,T]-,H) < ri,\\x{-, f,U 2 )\\c{[ 0 ,T]-,H) < n- 
Therefor, in view of Lemma 3.1 and Assumption (B) 

\\Bw 2 \\l 2 { 0 ,T-,H) < (l\\f{s,x{s;f,U2)) - fis,x{s;f,Ui))\\L 2 ( 0 ,T-,H) 

< qLi\\x{t;f, Ui) - x{t;f,U2)\\L2(o,T-y) 

< q{l — M 2 } ^C' 2 Li\/T||Bui — Btt 2 ||i, 2 (o^r;JT)- (3.10) 

Put U 3 = U 2 — W 2 - We determine W 3 such that 

I<5(/(-,x(-;/,U 3)) - /(•,x(-;/,U 2 ))) - SBwsl < ^ 

\\Bw3\\l2^q^T-,H) < q\\f{-,x{-;f,U3)) - f{-,x{-;f,U2))\\L2{0,T-,H)- 
Let r 2 be a constant satisfying r 2 > ri and 

||x(-;/,u + 3)||c([o,t];H) < ’'2- 
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Then, in a similar way to (3.10) we have 

\\Bw3\\l2^q^T;H) < Q\\fis,x{s;f,U3)) - fis,x{s;f,U2))\\L2(0,T-,H) 

< qLi\\x{t;f, us) - x(t; f, U2 )IIl2(o.T;V) 

< q{l — M 2 } ^C 2 Li^/T\\Bu 2 — Bu 3 \\i 2 ^q j’.^ 

^ (?{! “ -^ 2 } ^C2LiVt)‘^\\Bui — Bu2\\l2(o;t-,H)- 
By proceeding with this process and from 
\\B{Un- Un+l)\\L2{0,T-,H) 

= \\BWn\\L2{Q,T-,H) < {<l{^ - ^ 2 } ^C2LiVT)'^ ^ 11 B(n2 - «! ) 11 i2(o_r;iT) • 
Here, nothing that Assumption (H) is equivalent to 

g{l -M2}-iC'2Ti\/r< 1, 

it follows that there exists u* G L‘^{0,T] H) such that 

lim Bun = u* in L^{0,T-,H). 

n^oo 


From(3.8),(3.9) it follow that 

ICr - S{T)xo - Sfi; x(-; /, U 2 )) - SBusl 

= iCr - 5'(r)xo - Sf{-,x{-; /, ui)) - SBu 2 + SBw 2 
- [Sf{-,x{-]f, U 2 )) - 5/(-,x(-;/, ni))]| 

A 

< + 

By choosing Wn G T^(0, T; U) by Assumption (B), such that 

\S{f{-,x{-]f,Un)) - f{-,x{-;f,Un-l))) - SBWn\ < 


2n+l 


putting Un+i = Un — Wn we have 

I^T - S{T)xo - Sf{-,x{-;f,Un)) - SBUn+l\ 

< + • • • + 2 n+i )^’ n = l,2,.... 

Therefor, for e > 0 there exists integer N such that 

\SBun+i - SBun\ < 


I^T - S{T)xo - Sf{-,x{-;f,UN)) - SBun\ 

< I^T - S{T)xo - Sf{-,x{-; f,UN)) - SBun+i\ + \SBun+i - SBun\ 


1 1 
— + • • • + 2Ar+l 




Thus, the system (3.1) is approximately controllable on [0,r] as N tends to infinity. □ 
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Homoclinic solutions for a class of difference equations 
with asymptotically linear nonlinearity 


Ali Mai* Guowei Sun 

Department of Mathematics and information technology, Yuncheng University 

Shanxi, Yuncheng 044000, China 


Abstract 

A class of difference equations with asymptotically linear nonlinearity are consid¬ 
ered in this paper. The existence of homoclinic solutions of the equations are obtained 
by using generalized saddle point theorem. 


Key words: Generalized saddle point theorem; Difference equations; {PS)c sequence; Ho¬ 
moclinic solutions. 


1 Introduction 

In this paper, we consider the following difference equation 

Lxin OJUyi ^ ^ ^5 (Cl) 


where 

LUfi — (lnUn-\-l (In—lUfi—l T bntln 

is a Jacobi operator ( [14]), here {an} and [bn] are real valued T-periodic sequences, and T 
is a positive integer. 

As in the literature, a solution u = {un} of (1-1) is homoclinic solution if 

lim Un = 0. (1.2) 

|n|—)-oo 

This problem appears in the following discrete nonlinear schrodinger equation 

A'Cn T Vn'4^n ^ ^ (^’2) 

* Corresponding author. E-mail address: maialiy@126.com 
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where 


'^n+1 “1“ '^n—1 

is the discrete one-dimension Laplacian. And the potential V = {vn} is real valued T- 
periodic sequences, i.e., Vn+T = for all n G Z. Moreover, we assume that the nonlinearity 
fniu) is gauge invariant, i.e., 

= e*Vn(w), 

We consider special solutions of (1.3) 

t/’n ~ Ttn,e , 

where cv G M is the temporal frequency and {un} is a real valued sequence such that 

lim ijjn = 0. 

|n|^oo 

Such solutions are called solitons. Inserting the soliton Ansatz into (1.3), then 

"1“ OJUyi ^ ^ ^5 (^A) 

and 

lim Un = 0 (1.5) 

|n|—^-oo 

holds. Therefore, in order to looking for solitons of equation (1.3), we just need to get the 
homoclinic solutions of equation (1.4), which is a special case of (1.1) with = — 1 and 
bn — 2 -|- Un¬ 
it is well known that the operator L is a bounded and self-adjoint operator in P. Its 
spectrum (t{L) is a union of a hnite number of closed intervals and the complement M\a{L) 
consists of a hnite number of open intervals called spectral gaps. Two of them are semi- 
inhnite (see [14]). In particular, T = 1, then hnite gaps do not exist. In general, hnite gaps 
do exist. The most interesting case of equation (1.1) is when the frequency u belongs to a 
hnite gap. The solitons of (1.3) with the temporal frequency u belonging to a spectral gap, in 
particular to a hnite gap are important. Such solitons are called gap solitons. Fix any hnite 
spectral gap and denote it by {a,/3). 

Discrete nonlinear schrodinger equation (DNLS) is one of the most important inherently 
discrete models. It appears in a great variety of applications, such as nonlinear optics, solid 
state, condensed matter physics and biology (see [1-3,5,13] and reference therein). It also 
has been successfully applied to the modeling of localized pulse propagation in optical hbers 
and wave guides, to the study of energy relaxation in solids, to the behavior of amorphous 
material, to the modeling of self-trapping of vibrational energy in proteins or studies related 
to the denaturation of the DNA double strand ( [6,7,18]). In the past decade, the periodic 
DNLS equations have been considered in the physics literature ( [15]). For example, results 
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on numerical simulation of gap solitons in a particular periodic DNLS equation are obtained 
in [4], 

With the development of variational techniques, solitons of the periodic DNLS equations 
have become a hot topic. The existence of solitons for the periodic DNLS equations with 
superlinear nonlinearity (see [10,11] and reference therein) and with saturable nonlinearity 
( [16,17]) have been studied, respectively. Discrete soliton is a kind of homoclinic solutions. 
In this paper, we employ generalized saddle point theorem developed by Liu and Shen in [9] 
and obtain homoclinic solutions of equation (1.1). 

The organization of this paper is as follows. In Section 2, we introduce the functional, 
and its critical points are solutions of the problem and remind a critical point theorem, then 
present the main result. The detailed proofs of the main result is given in Section 3. 


2 Preliminaries and main results 


Throughout this paper, we assume that 
iy) u ^ (t(L) and u G {a,/3). 

(/i) fn G C(M,M), fn{u)u > 0 for all m G M. 

(/ 2 ) Assume that /„ is asymptotically linear at inhnity, i.e.. 


lim 

|w|^oo 


fnju) 

U 


0 . 


(/s) fn{u) = o{u) as M 0. 

To study the homoclinic solutions, we consider the real sequence spaces 


F 


U = {Un}nei : V n G Z,M„ G M, ||m||zp 



Between F spaces the following elementary embedding holds, 

F C F, IlMlIiP < ll'ulli'?, I < q < p < oo. 

To state our results, we £x some notation. Let 

A = L — uj and E = F{'L). 

Consider the functional J defined on E by 

J{u) = — {Au,u) ^ ^ Fn{Un), 


3 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


(2.4) 
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where (•,•) is the inner product in E, || • || is the corresponding norm in E. En{u) is the 
primitive function of fn{u), i.e., 

pu 

Fniu) = / fnis)ds. 

Jo 

Standard arguments show that the functional J G C^{E,M.) and equation (1.1) is easily 
recognized as the corresponding Euler-Lagrange equation for J. Thus, critical points of J 
are solutions of equation (1.1). 

It is easy to get the derivative of J, 

{J'{u),v) = {Au,v)j^-'^fn{Un)Vn, WvEE. (2.5) 

nGZ 


By {V), then we have the orthogonal decomposition E = E^ © E~ corresponding to the 
spectral decomposition of A with respect to the positive and negative part of the spectrum, 
and 


{Au,u)e> {IJ - i^)\\u\\%, M e E+, 

{Au^u)e < {oi — uj)\\u\\\^ ueE~. 

For any u,v E E, letting u = + u~ with E E^ and v = v~^ + v~ with E E^, we 

can dehne an equivalent inner product (•, •) and the corresponding norm || ■ || on E by 

{u,v) = {Au~^, v^)e — {Au~, v~)e and ||m|| = {u,u)^, 

respectively. So J can be rewritten as 

J{u) = - h\u-f -J2^n{Un) = - h\u~f - I (u). (2.6) 


Note that if u lies in a hnite spectral gap, then dimE = cxd and the problem (1.1) and 
(1.2) is strongly indehnite. Now our main result can be stated as the following: 

Theorem 2.1. Suppose that conditions (E), (/i) — (/s) are satisfied, then equation (1-1) at 
least has one solution. 


Let i? > 0. Set 

M = {u E E~ : ||m|| < R}. 

Let {cfc} be a total orthonormal sequence in E~, we dehne a norm on E~ by 


\nE- = 


E 

fc =0 


2fc+i 


<u,ek> |. 
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Let P± : E ^ be the orthogonal projection of E onto E^. We denote by r the 
topology on E generated by the norm 


\u\\r = max 




k=l 


2k+l 


< P-U, ek > 


Remark 2.1. Note that if Un ^ u, then P+Un —)■ P+u and P-Un P-U. 

Definition 2.1. Let J G C^{E), we say J is r—upper semicontinuous ii Un ^ u implies 

J{u) > lim J{un)- 

n^oo 

Definition 2.2. Let J G C^{E), we say J' is weakly sequentially continuous, ii Un ^ u 
implies J'{un) J'{un), as n ^ oo. 


The purpose of this paper is to use the generalized saddle point theorem to solve some 
strongly indehnite problems with asymptotically linear nonlinearity. The following lemma is 
the generalized saddle point theorem taken from [9] and will play an important role in the 
proofs of our main results. 

Lemma 2.1. Assume that J G is t— upper semicontinuous and J' is weakly se¬ 

quentially continuous. If 


b := inf J > sup J, d = sup J < oo, 

E+ dM M 


then for some c G [b, d\, there is a sequence {un} C E such that 

J{un) —t c and J'{un) —)■ 0 as n —)■ cx). (2.7) 

Such a sequence is called a Palais-Smale sequence on the level c, or a {PS)c sequence. 


3 Proofs of main results 

Lemma 3.1. Assume that {V) and (/i) — (/s) are satisfied. Then J is r—upper semicon¬ 
tinuous, and J' is weakly sequentially continuous. 

Proof. Let u and c = lim Then there is a subsequence, still denoted by 

k^oo 

such that —)■ c. By Remark 2.1 we have 

and u~, as k ^ oo. (3.1) 

Passing to a subsequence if necessary, we have Un'^ Un for all n G Z, as /c —)■ oo, 
hence, En{un^) —)■ En{un). Since Eniu^^'*) > 0, using the Fatou lemma we have 

I{u) = lim Eniu^Ji'’) < lim Eniu^Jf^) = lim (3.2) 

k^oo 

nGlj nGZ 
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Combining (3.1) and (3.2), we have 


-J{u) = 


\u 


-||2 


\U 


+ l|2 


+ I{u) 


< lim 

k^oo 


2 2 


2 2 
= lim (—J{u^^^)) = —c. 


+1 {u 


{ky 


k^oo 


So J{u) > c and J is r—upper semicontinuous. 

Finally, we show that J' is weakly sequentially continuous. Let ^ u in we have 
that — )■ Un for all n G Z, as A; — )■ oo. and there exists M > 0 such that < M and 

||m|| < M. By (/s), there exists constant Cq such that \fn{u)\ < Cq\u\ for |u| < M. 

For any uGi?hxO<iVGN such that X]|n|> 7 V 

N 


< 


n=-N 

N 

E( 

n=-N 

N 


^ 16C2M2- 

Therefore, we 

+ Yj 

- fn 

(^n)) 

|n|>Ar 

/ 



+ ll«ll) 1 

E 


V 

|n|>Af 


< I Un{u^n^) - fn{Un))Vn\ + 


n=-N 


Note that fn{un^) —)■ fn{un)-, as A; —)■ OO, then there exists ko such that for k > ko, 

N 

I Y -fn{Un))Vn\ < 


n=-N 


So |/'(uW)u-/' {u)v\ < e, for all k > ko. By the dehnition of J', then J' is weakly sequentially 
continuous. □ 

Proof of Theorem 2.1. 

By (/ 2 ) and (/a), for any e > 0, there exists Cg > 0 such that 

\fn{u)\ < C^\u\, |f;(m)| < C^\u\^. 

For u G , we have 


J{u) = -\\ur-YFn 


Ur 






::r-a)iiuii'. 
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So inf E+ J > —oo. 

For u G E~, since F{u) > 0, we have 

J{u) = - y^-Fn(Mn) 



For R large enough, we have 

inf J > sup J, sup J < oo, 

E+ dM M 

where M = {u E E~ : ||m|| < R}. 

By Lemma 2.1, for some c G M, there is a sequence such that 

—)■ c and —)■ 0 as /c —)■ oo. 


Let , then and 

nEZ 

nEZ 


It implies is bounded. 

Next we may extract a subsequence, still denoted by such that ^ u and 

ik) 

Un ^ Un for all n G Z. Moreover, we have 


{J'{u),v) = lim {J' =0, Vw G E, 

k^oo 

so J'{u) = 0 and m is a homoclinic solution of (1.1). □ 
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APPROXIMATION OF ALMOST CAUCHY’S POINTS BY CAUCHY’S 

POINTS 

GWANG HUI KIM AND HWAN-YONG SHIN 


Abstract. In this paper, we investigate Hyers-Ulam stability of Cauchy’s mean value 
points which is a extended and generalized version of I. R. Peter and D. Popa’s theorem [10] 
and then, as applications, we obtain Hyers-Ulam stability results of Lagrange’s mean value 
points which refine the result of P. Gavruta, J. Huang and Y. Li [5]. 


1. Introduction 

The concept of Hyers-Ulam stability was raised by S. M. Ulam [11] in 1940. We are 
given a group G and a metric group G' with metric d{-^ •). Given e > 0, does there exist 
a (5 > 0 such that if / : G —)■ G' satisfies d{f{xy),f{x)f{y)) < 5 for all x,y G G, then a 
homomorphism h : G ^ G' exists with d{f{x), h{x)) < e for all x G G? Ulam’s question was 
partially solved by D. H. Hyers [6] in the case of approximately additive functions and when 
the groups in the question are Banach spaces. Due to the question of Ulam and the answer of 
Hyers, the stability of functional equations is called after their names. For more information 
of Hyers-Ulam stability, we can refer to [1, 2], 

A similar problem of Ulam’s question can be formulated for the mean value points : “As¬ 
sume that a function / satisfies a mean value theorem with a point y. If ^ is a point near to 
y, does there exists a function g near to / satisfying the same mean value theorem with the 
point e?” [10]. 

It seems that the first result to the previous question was given by D. H. Hyers and S. M. 
Ulam [7] in the case of differential expressions. 

Theorem 1.1. {D. H. Hyers, S. M. Ulam, 1954, [7]) Let / : M —> M 6e n-times differentiable 
in a neighborhood N of a point y. Suppose that f^'^\y) = 0 and f^'^\x) changes sign at y. 
Then, for all £ > 0, there exists a S > 0 such that for every function gr : M —)■ M which is 
n-times differentiable in N and satisfies \f{x) — g{x)\ < S for all x G N, there exists a point 
f G N such that = 0 and \ f, — y\ < £• 

2010 Mathematics Subject Classification. 39B52, 39B82, 54C65. 

Key words and phrases, mean value theorem, Cauchy’s mean value points, Lagrange’s mean value points, 
Hyers-Ulam stability. 
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2 G.H. KIM AND H.-Y. SHIN 

In 2003, M. Das, T. Riedel and P. K. Sahoo [3] proved the stability problem for Flett’s 
mean value points by using Theorem 1.1. Subsequently, some authors applied the idean from 
[3] to prove the Hyers-Ulam stability of various mean value points [5, 8 , 9, 10]. Especially, 
P. Gavruta, S.-M. Jung and Y. Li [5] proved the following stability result of Lagrange’s 
mean value points which is a point r/ of a differentiable function / : [a, 6 ] —)• M satisfying 
= /'(»). 

Theorem 1.2. (P. Gavruta, S.-M. .Jurig, Y. Li, 2010, [5]) Let a,b,rj be real numbers satis¬ 
fying a < 7] < b. Assume that / : M —)■ M fs a twice continuously differentiable function and rj 
is the unique Lagrange’s mean value point of f in an open interval (a, b) and moreover that 
fio) / 0- Suppose g : R ^ R is a differentiable function. Then, for a given e > 0, there 
exists a 5 > 0 such that if \f{x) — g{x)\ < 6 for all x G [a, b], then there is a Lagrange’s mean 
value point ^ G (a, b) of g with \£, — r]\ < e. 

Hereafter, Theorem 1.2 was generalized by 1. R. Peter and D. Popa [10] by proving the 
stability of Cauchy’s mean value points which is a point rj of two differentiable functions 
/, : [a, 6 ] —)• M satisfying 

{f{b) - f{a))g'{'n) - {g{b) - g{a))f'{r]) = 0. 

Let I be an open interval which contains the interval (a, b). 

Theorem 1.3. (/. R. Peter, D. Popa, 2013, [10]) Assume that /,</:/—)• M are continuously 
differentiable functions, rj is the unique Cauchy’s mean value point of the pair {f,g) in I and 
f,g are twice continuously differentiable in a neighborhood ofrj, satisfying 

f"{0)i9ib) - 9 {a)) - /(r?)(/( 6 ) - /(a)) ^ 0. 

Then, for every e > 0 there exists 6 > 0 such that, if fi,gi : {a,b) —)• M are continuously 
differentiable functions with the property that \ f{x) — fi{x)\ < S and [(/(x) — 51 (x)] < 6 for 
all X G [a, b] there exists a Cauchy mean value point ^ G (a, b) of {fi,gi) with |?7 — < e. 

In this paper, we prove Hyers-Ulam stability of Cauchy’s mean value points which is a 
extended and generalized version of Theorem 1.3 and then, as applications, we obtain the 
stability results of Lagrange’s mean value points which refine Theorem 1.2. 

2. Hyers-Ulam Stability of Cauchy’s mean value points 

We now present a main theorem, which is a Hyers-Ulam stability of Cauchy’s mean value 
points for real-valued differentiable functions on [a,b]. 
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APPROXIMATION OF CAUCHY’S MEAN VALUE POINTS 3 

Theorem 2.1. Let f,g,fi,gi : [a, 6 ] — )■ M 6 e countinuously differentiable functions and g 
be a Cauchy’s mean value point of the pair {f,g) in the interval {a,b) and N C (a, 6 ) be a 
neighborhood ofg. Suppose the following control function 

(/(&) - f{a))g'{x) - {g{b) - g{a))f'{x) 

changes sign at g. Then, for a given e > 0, there exists a S > 0 such that if \f{x) — /i(x)| < S 
and \g{x) — gi{x)\ < S for all x G N U {a, b}, then there exists a point G N such that is a 
Cauchy’s mean value point of {fi,gi) with \^ — g\ < £■ 

Proof. Let e > 0 be given and N C (a, 6 ) be any neighborhood of g. Consider the auxiliary 
function Gf^g{x) : [a,b] -G M corresponding to {f,g) dehned by 

= (/W - - {g{b) - g{a))f{x) 

for all X G [a, b]. Evidently Gf^g{x) is continuous on [a, b] and differentiable on [a, b]. Further, 
we have 


Gpg{x) = {f{b) - f{a))g'{x) - {g{b) - g{a))f'{x), x G [a, b]. 

Since g is the Cauchy’s mean value point of {f,g), we get G'^^{g) = 0. Thus it follows from 
the assumption that there exists a neighborhood {g — r,g + r) G. N oi g such that G'^^{x) 
changes sign at r/ in [g — r,g + r) G N for some r > 0 with g — r > a. Then it follows from 
Theorem 1.1 that there exists a 5 > 0 such that for any differentiable function H on [a,b] 
with \H{x) — Gf^g{x)\ < S for x in {g — r,g + r), there exists a point ( G {g — r,g + r) satisfying 
iL'(C) = 0 and \C — g\ < £■ 

For a continuous function / ; [a, 6 ] —)• M dehne 

Mf := max{|/(x)| : x G [a,b]} 

and analogously Mg. Define : [a,b] —)■ M be the corresponding auxiliary function 

defined as 


Gh,gAx) = (/i(&) - fi{a))gi(.x) - {gi{b) - gi{a))fi{x) 


for all X G [a, b]. 

For some fixed A > 0, let 

5 := min |- - -, a 1 . 

l4M/ + 4Mg + 4A / 

and let fi,gi : [a,b] —)• M be any differentiable functions satisfying |/(x) — /i(x)| < 6 and 
\g{x)—gi{x)\ < S for all x G NU{a, b}. Then one can easy to see that is differentiable 
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in N. And it follows that 

l/i(^) -/i(a)l < \fi{b) - f{b)\ + \f{b) - f{a)\ + \f{a) - fi{a)\ 

^ 2A “h ‘ZMj. 

By the same reason we obtain that 

\9i{b) - gi{a)\ < 2A + 2Mg. 

These yield that 

\Gf,g{x)-Gf^^g^{x)\ = \{f{b) - f{a))g{x) - {g{b) - g{a))f{x) 

-ifi{b) - fi{a))gi{x) + {gi{b) - gi{a))fi{x)\ 

= - f{a))g{x) - {fi{b) - fi{a))g{x) 

+{fi{b) - fi{a))g{x) - (/i( 6 ) - fi{a))gi{x) 

+igiib) - gi{a))fi{x) - {gi{b) - gi{a))f{x) 

+igiib) - gi{a))f{x) - {g{b) - g{a))f{x)\ 

< i\f{b) - fiib)\ + |/(a) - /i(a)|)| 5 r(x)| 

+ \fiib) - fi{a)\ ■ \g{x) - gi{x)\ 

+ \giib) - gi{a)\ ■ \ fi{x) - f{x)\ 

+{\gi{b) - g{b)\ + Iffi(a) - g{a)\)\f{x)\ 

< {2Mg + \h{b) - h{a)\ + \gi{b) - 51 (a)| + 2Mf)5 

< {AMf + AMg + 4A)(5 

< S 

for all X G {g — r,g + r) C N. Hence, there exists a point ^ G {g — r,g + r) such that 
Gji g^iO = 0 and \C — g\ < £• We note that giiO — 0 implies 

{fi{b) - fi{a))g[{0 - {gi{b) - gi{a))f[{0 = 0 - 

Hence, the point ^ is a Cauchy’s mean value point of {fi,gi) and the proof is complete. □ 

The following corollary is a refined result of Theorem 1.3. 

Corollary 2.2. Let f,g,fi,gi ■ [a, 6 ] —)• M 6 e countinuously differentiable funetions and g 
he a Cauchy’s mean value point of the pair {f,g) in the interval {a,b) and N C (a, 6 ) be a 
neighborhood of g. Suppose either g is unique Cauchy’s mean value point of {f,g) or f, g 
have second derivative at g such that 

(2.1) [f{b)-f{a)]g"{g)ff[g{b)-g{a)]ng). 


420 


KIM-SHIN 417-424 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


APPROXIMATION OF CAUCHY’S MEAN VALUE POINTS 5 

Then, for a given e > 0, there exists a 6 > 0 such that if\f{x) — fi{x)\ < 5 and |(/(x)— 5 'i(x)| < 
S for all X G NU {a, b}, then there exists a point G N such that is a Cauchy’s mean value 
point of ifi,gi) with |? - ??| < e. 

Proof. Let Gj^g : [a, 6] —>■ M be defined as 

Gf,g{x) = (/(6) - f{a)){g{x) - g{a)) - {g{b) - g{a)){f{x) - f{a)) 

for all x G [a, b]. Suppose ?? is a unique Cauchy’s mean value point of (/, g). Then we obtain 
that Gf^g{a) = Gf^g{b) and r] G {a,b) is a unique point such that G'^g{r]) = 0. These yield 
that G’jg{x) changes sign at g. 

If / and g have second derivative and satisfy (2.1), we have G'j,^{g) / 0. Thus associating 
this fact and G'^^{g) = 0, we get G'^^{x) changes sign at g. 

Rewriting the fact Gf^g changes sign at r/, we obtain 

{f{b) - f{a))g'{x) - {g{b) - g{a))f'{x) 

changes sign at g. By applying Theorem 2.1, we get the desired result. □ 

If we take fi,gi ■ [a, 6] —)■ M by /i := h and gi := g in Theorem 2.1 and Corollary 2.2, then 
we get the following two corollaries. 

Corollary 2.3. Let f,g,h: [a, 6] —)■ M 6e differentiable and g be a Cauchy’s mean value point 
of the pair {f,g) in the interval {a,b) and N C (a, 6) be a neighborhood of g. Suppose the 
following control function 

{f{b) - f{a))g'{x) - {g{b) - g{a))f'{x) 

changes sign at g. Then, for a given e > 0, there exists a 5 > 0 such that if \f{x) — h{x)\ < S 
for all x G N U {a, b}, then there exists a point f G N such that is a Cauchy’s mean value 
point of {g, h) with \ f, — g\ < £■ 

Corollary 2.4. Let f,g,h : [a, 6] —)• M 6e countinuously differentiable functions and g be 
a Cauchy’s mean value point of the pair {f,g) in the interval {a,b) and N C (a, 6) be a 
neighborhood of g. Suppose either g is a unique Cauchy’s mean value point of {f,g) or f, g 
have second derivative at g such that 

{f{b) - f{a))g"{g) ^ {g{b) - g{a))f"{g). 

Then, for a given e > 0, there exists aS > 0 such that if\f{x)—h{x)\ < 6 for all x G Adj{a, b}, 
then there exists a point f G N such that is a Cauchy’s mean value point of {g,h) with 
\C-g\< e. 

The following theorem is another type of Hyers-Ulam stability for Cauchy’s mean value 
points. 
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Theorem 2.5. Let a, b, ^ be real numbers satisfying a < f < b. Assume that f, g : [a, b] 
are countinuously differentiable functions such that 


n . f'{x)g''{x) - f{x)g'{x) ^ 

no f{b) - f{a)) 


for all X G [a, b]. If 

g{h)-g{a)\- 

for some e > 0, then there exists a Cauehy’s mean value point rj of {f,g) on {a,b) satisfying 


mm 


x£[a,b] 


f'{x)g"{x)-f"{x)g'{x) 

g'{xY 


Proof. Due to Cauchy’s mean value theorem, there exists a point r] G (a, b) such that 

f(h) fib) - f{a) 


g'n gib)-gia)' 


Hence it follows from (2.2) that 


no fig) 


< s. 


O'iO g'ig) 

If ^ = r/ then the proof is clear. Otherwise, we assume that a < r] < < b. Since / and 

g have second derivative on [a,b], by Lagrange’s mean value theorem, there exists a point 
^0 £ iViO such that 

'nO)gfO)-riO)gfO)\\ Ifig) /'(O 


if-g) 


g'iOf 


g'ig) g'iO 


Since f',f",g',g" are continuous on [a,b], we obtain 


\(-g\ = 


f'M /'(g) 
9'iv) g'd) 


/'(go)g"(go)-/"(go)g'(go) 


< 


'minx(i[a,b\ 


f'(x)g"(x)-f”{x)g'(x) 

g’{xP 


which complete the proof. 

3. Applications to Lagrange’s mean value points 


□ 


In this section, we obtain stability results of Lagrange’s mean value points for the differ¬ 
entiable functions on [a, 6]. 

Corollary 3.1. Let f,g : [a,b] -G M. be countinuously differentiable funetions and p be a 
Lagrange’s mean value point of f in (a, 6) and N C (a, 6) be a neighborhood ofrj. Suppose 
the following control function 

fib) - fia) - ib-a)f{x) 
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changes sign at rj. Then, for a given e > 0, there exists a 5 > 0 such that if |/(x) — g{x)\ < 5 
for all X G N U {a, b} there exists a point G N such that is a Lagrange’s mean value point 
of g with \^ — r]\ < s- 

Proof. Consider the auxiliary function Gf{x) : [a, 6] —)• M corresponding to / defined by 

Gf{x) = {f{h) - f{a))x - f{x){b - a) 

for all x G [a,b]. Then the proof goes through the same way as that of Theorem 2.1. □ 

Example 3.2. Let / : [—27r, 27r] —)■ M be defined by 

{ cosx — 1, if X < 0, 

1 — cos X, if X > 0. 

It is obvious to see that there exist three Lagrange’s mean value points —tt, 0, tt of /. Let Ni 
be a neighborhood of (—l)*7r for each i = 1,2. We can easily check that /(27r) —/(—27r) —(27r — 
(—27r))/'(x) = —47r/'(x) changes sign at ±7r. Therefore, by Corollary 3.1, for each e > 0, 
there exists a 5 > 0 such that for every differentiable function g satisfying |/(x) —g{x)\ < 5 for 
all x G NiU {±27r} then there exists a point G Ni such that is a Lagrange’s mean value 
point of g and — (—l)*7r| < e. However, /(27r) — /(—27r) — (27r — (—27r))/'(x) = —47r/'(x) 
does not change sign at 0, and so we cannot apply Corollary 3.1 for the function / at the 
Lagrange’s mean value point 0. 

Let := (—^, ^) and <5 > 0 be given. And let g : [—271, 27r] —> M be defined by 

g{x) := fix) + 

for all X G [—27r, 27r]. Then 

|/(x) - gix)\ = - 477^^1 < + 477^(277)) < -5 

for all X G A7 U {±27r}. But, for all x G N, the following inequlity holds 

5 ( 271 ) — g'(—27r) , 

L —^ - s'G) > »■ 

Therefore, we can conclude that there is no Lagrange’s mean value point of g in N. 

The following refined result of Theorem 1.2 is obtained as a corollary of Corollary 3.1. 

Corollary 3.3. Let f,g : [a,b] -G M. be countinuously differentiable functions and g be a 
Lagrange’s mean value point of f in (a, 6) and N C (a, 6) be a neighborhood ofrj. Suppose 
either rj is a unique Lagrange’s mean value point of f or f has second derivative at rj with 
fis) / 0- Then, for a given e > 0, there exists a 5 > 0 such that if |/(x) — 5 (x)| < S for all 
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X G N U {a, b}, then there exists a point ^ G N such that ^ is a Lagrange’s mean value point 
of g with \^ — r]\ < s. 


References 

[1] J. Brzdek, W. Fechner, M. Moslehian, J. Sikorska, Recent developments of the conditional stability of the 
homomorphism equation, Banach J. Math. Anal., 9 (2015) no. 3, 278-326. 

[2] K. Cieplihski, Applications of fixed point theorems to the Hyers-Ulam stability of functional equations-a 
survey, Ann. Funct. Anal., 3 (2012), no. 1, 151-164. 

[3] M. Das, T. Riedel, P. K. Sahoo, Hyers-Ulam stability of Flett’s points, Appl. Math. Lett., 16(3) (2013), 
269-271. 

[4] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive mappings, J. 
Math. Anal. Appl., 184 (1994), 431-436. 

[5] P. Gavruta, S.-M. Jung, Y. Li, Hyers-Ulam stability of mean value points, Ann. Funct. Anal., 295 (2010), 
no. 2, 68-74. 

[6] D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci, U.S.A. 27, (1941), 
222-224. 

[7] D. H. Hyers, S. M. Ulam, On the stability of differential expressions. Math. Mag., 28, (1954), 59-64. 

[8] H.-M. Kim, H.-Y. Shin, Approximation of almost Sahoo-Riedel’s points by Sahoo-Riedel’s points, Aequat. 
Mathe., 90, (2016), 809-815. 

[9] W. Lee, S. Xu, F. Ye, Hyers-Ulam stability of Sahoo-Riedel’s point, Appl. Math. Lett., 22, (2009), 1649- 
1652. 

[10] 1. R. Peter and D. Popa, Stability of points in mean value theorems, Publ. Math. Debrecen, 83/3 (2013), 
375-384. 

[11] S. M. Ulam, Problems in Modern Mathematics, Chapter 6 Wiley Interscience, New York, (1964). 

Gwang Hui Kim, Department of Mathematics, Kangnam Universaty,Yongin, Gyeonggi 16979, 
Republic of Korea 

E-mail address: ghkim@kangnam.ac.kr 

Hwan-Yong Shin, Department of Mathematigs, Chungnam National University,99 Daehangno, 
Yuseong-gu, Daejeon 34134, Republic of Korea 
E-mail address: hyshin31@cnu.ac.kr 


424 


KIM-SHIN 417-424 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Weak Galerkin Finite Element Method 
for Convection-Diffusion-Reaction Problems 

F. Z. Gao“’^, A. K. Hashim^’^, S. C. Mohammed^’^ 

“ School of Math., Shandong Univ., Jinan, China 
^Dept. of Math., College of Education for Pure Science 
Univ. of Basrah, Basrah, Iraq 

Abstract 

In this paper, a weak Galerkin (WG) finite element method is proposed for solving 
the convection-diffusion-reaction problems. The main idea of WG finite element methods 
is the use of weak functions and their corresponding discrete weak derivatives in standard 
weak form of the model problem. We show that the continuous time WG finite element 
method preserves the energy conservation law as well the optimal order error estimate in 
norm. Numerical experiment is conducted to confirm the theoretical results. 

Keywords: WG finite element method, convection-diffusion-reaction equation, energy 
conservation law, error estimate. 

1 Introduction 

The convection-diffusion-reaction processes appear in many areas of science and technology. 
For example, fluid dynamics, heat and mass transfer hydrology and so on. In this paper, we 
consider the following convection-diffusion-reaction equation: 

ut — V ■ {X\/u) + b ■ Vu + cu = /, (x, f) € X (0, T], (1.1) 

u{x,0) = 0, X G fl, (1.2) 

u{x,t)\r = g, f€(0,r], (1.3) 

where 0 is a bounded region in R^, with a Lipschitz continuous boundary P = dfl, ut = ^, 
and Vu denote the gradient of function u = u{x,t). Further A > 0 is a diffusion coefficient, b 
is a convection coeffient and /, g are given functions. 

The standard weak form of equations (1.1) — (1-3) seeks u G L^(0, T; iJ^(ll)) such that 
u = g on dQ x (0, T) and 

{ut,v) + {XVu,'Vv) - {bu,'Vv) + {cu,v) = {f,v), (1.4) 

The WG finite element method refers to a general finite element technique for partial 
differential equation where the differential operators (e.g., gradient, divergence, curl, Lapla- 
cian) are approximated by weak forms. The method, first introduced by Wang and Ye [1] for 
solving a second order elliptic problems, is a newly developed finite element method. Since 

^E-mail address: fzgao@sdu.edu.cn 
^E-mail addresses: hkashkool@yahoo.com 

®Corresponding author. E-mail address: cheichan.mohammed@yahoo.com 
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then, some WG finite element methods have been developed to solve other problems, such 
as parabolic equation [2, 3, 4], Stokes equations [5, 6], Helmholtz equation [7], Biharmonic 
equation [8, 9] and Navier-Stokes equations [10, 11], etc. 

In general, WG finite element formulations for partial differential equation can be derived 
naturally by replacing usual derivatives by variational forms. The implementations of all 
these possible extension are based on the computation of these weak operators. 

The rest of this paper is organized as follows. In section 2, we shall introduce some 
preliminaries and notations for Sobolev spaces. We define the weak gradient and discrete 
weak gradient operator and the weak finite element spaces and present semi-discrete WG 
finite element method for problem (1.1) — (1.3) in section 3 and section 4, respectively. In 
section 5, we prove the energy conservation law of the continuous time WG approximation, 
and in section 6 we present optimal order error estimate in norm for the WG finite element 
approximations. Finally, we present a numerical example to verify theory. 

2 Preliminaries and notations 

We use standard definitions for the Sobolev spaces and their associated inner products 

(•) •)m,Q, norms || • ||m,o, and seminorms | • \m,Q for m > 0 [12, 13]. For any integers m > 0 
the seminorm | • \m,n is given by 

\v\m,n = ( 

I I Jn 

\a\=m 

with the usual notation 

a = (ai,a2), [«[ = «! + 02, <9" = 

The Sobolev norm ]| • ||n,o, is given by 

n 

lbl|n,0 = 

j=0 

The space H{div,Q) is defined as the set of vector-valued functions on 0 which, together 
with their divergence, are square integrable; i.e, 

H{div; Q) = {v:v£ V • u G L‘^{n)}. 


The norm in H{div; Q) is defined by 

\\v\\H{div,n) = (Ibf + I|V-u|]2)V2. 

3 A weak Gradient operator and its approximation 

In this section we introduce a weak gradient operator defined on a space of generalized 
functions. Let K be any polygonal domain with interior and boundary dK. A weak 
function on the region K refers to vector-valued function v = {uo,Ufe} such that vq G L‘^{K) 
and Vb G The first component uq can be understood as the value of v in interior 
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of K, and the second component Vh is the value of v on the boundary of dK. Denote by 
W{K) the space of weak function associated with K ; i.e., 


W{K) := {u = {vo,V!,} : uq G L\K),Vb € H^/\dK)}. 


(3.1) 


Definition 3.1. For any v G W{K), the weak gradient of v is defined as a linear functional 
VdV in the dual space of H{div,K) whose action on each q G H{div,K) is given by 


/ VdV ■ qdK = — uqV • qdK + / Vbq ■ nds, 
Ik Jk JdK 


(3.2) 


where n is the outward normal direction to dK. 


Next, we introduce a discrete weak gradient operator by defining in a polynomial 
subspace of H{div, K). To this end , for any non-negative integer r > 0 denote by Pr{K) the 
set of polynomials on K with degree no more than r. Let V{K,r) C [Pr{K)]'^ be a subspace 
of the space of vector-valued polynomials of degree r. A discrete weak gradient operator, 
denoted by Vd,r, is defined so that Vd,rV G V{K,r) is the unique solution of the following 
equation 


f '^d,rV ■ qdK = — f uqV • qdK 


(3.3) 


4 A weak Galerkin finite element scheme 

Let Th be triangular partition of the domain D with mesh size h. Assume that the partition 
T/j is shape regular so that the routine inverse inequality holds true (see[13]). In the general 
spirit of Galerkin procedure, we shall design a WG method for (1.4) by following two basic 
principles: first replacing iL^(D) by a space of discrete weak functions defined on the finite 
element partition Th and the boundary of triangular elements; second replacing the classical 
gradient operator by a discrete weak gradient operator for weak functions on each 

triangle T. 

For each T £ T^. Denote by Pj{T^) the set of polynomials with degree no more than 
j and PfidT) the set of polynomial on dT with degree no more than 1. A discrete weak 
function v = {uo,u;,} on T refers to a weak function v = {vo,Vb} such that vq G Pj{T^) and 
Vb G PfidT) with j > 0 and £ >0. Denote this space by W{T,j,i), i.e., 

W{T,j,i) = {v = {vo,Vb} : VO G Pj{T^),Vb G Pe{dT)}. (4.1) 

The corresponding finite element space would be defined by patching W(T, j, t) over all the 
triangles T G T/j. In other words, the weak finite element space is given by 

ShUJ) = {v = {vo,Vb} : {vo,Vb}\T G W{T,j,e),yT G TJ. (4.2) 

Denote by the subspace of Sh{j,£) with vanishing boundary values on dkl, i.e., 

Slij, £) = {v = {vo,Vb} G ShU, £),Vb\dTndn = 0, VT G TJ. (4.3) 

To investigate the approximation properties of the discrete weak space Sh{j,£), we define 
three projections in this paper. The first two are local projections defined on each triangle T: 
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one is QhU = {Qou^Qiyu], the projection of H^{T) onto Pj{T^) x Pjj^i{dT) and another 
is Rh, the projection of [L^(T)]^ onto V{T,r). The third projection lih is assumed to 
exist and satisfy the following property: for q G H{div,0,) with mildly added regularity, 
HhQ £ H{div,^l) such that HhQ G V{T,r) on each T G T^, and 

(V • g,uo)T = (V • n,,g,uo)r, VuoGPj(T). (4.4) 

It is easy to see the following two useful identities: 

VdAQhu) = Rhi^u), VuGF^T), (4.5) 

and for any q G H{div, II) 

^ (-V • q, vo)t = ^ {Uhq, '^d,rv)T, Vu = {uo, Vb} G 5°(j, £). (4.6) 

T&Th T&Th 

Now for any u,v (z ShiJA): "'^6 introduce the following bilinear form 

a{u, v) = {XVd,rU, Vd,rv) - {buo, Vd,rv) + {cuo, Vo), (4.7) 


where 


(^V d,rV, V d,rV) 


/ ^'^d,rU ■ Vd^rVdQ, 

Jn 


{buo,Vd,rV) 


/ buo ■ Vd,rvdQ, 

Jn 


{cuo,vo) 


/ cuoVodQ. 

Jn 


We pose the continuous time WG finite element method based on (3.3) and (1.4) which is 
to find Uh{t) = {uo{-, t), Ub{-, t)}, belonging to Sh{j,£)) for f > 0, satisfying Ub = QbQ on dVt, 
and the following equation 


{{Uh)t, Vo) + a{uh, v) = (/, Vo), 


Vu = {vo,Vb} G Sl{j,J), 


(4.8) 


where 

a{Uh,v) = {XVd,rU,Vd,rV) - {hUh,Vd,rV) + {cuh,vo). 


where, Qbg is an approximation of the boundary value in the polynomial space P(,{dT n dO). 
For simplicity, Qbg shall be taken as the standard L?' projection for each boundary segment. 


5 Energy conservation property of WG 

In this section, we investigate the energy conservation property of the semi-discrete WG 
finite element approximation Uh- The solution u of the problem (1.1) — (1.3) has the following 
energy preserving property on each K [2]. 

/ / Ufdxdt + / / q ■ ndsdt = / fdxdt, (5-1) 

Jt-At Jk Jt-At JdK Jt-At Jk 

where q = — AVu -|- bu is the flow rate of heat energy. 
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We claim that the semi-discrete WG for (1.1) — (1.3) preserves the energy conservation 
property in (5.1). Choosing in (4.8) the test function v = {vo,Vb = 0} so that vq = 1 on K 
and uo = 0 elsewhere. We then obtain by integration over the time period [t — At, t -|- At] 


where 


rt+At 


rt+At 


utdxdt -|- 


h-At JK 


h-At 


a{uh, v)dt 



(5.2) 


a{uh,v) = / XV d,rUh ■d,rVdx — / buQ ■ Vd,rVdx + / CUodx. 

Jk ’ ’ Jk ’ Jk 

Using the definition of operators Rh and Vd,r in (4.4), we obtain 


and 


IK 


>AJd,rUh ■ Vd,rVdx = / Rh{XVd,rUh) ' Vd,rVdx 


IK 


- / V • Rh{XV d,rUh)dx 
JK 


IdK 


Rh{XVd,rUh) ■ nds, 


Ik 


buQ ■ V d,rvdx = / Rhibuo) ■ V d,rvdx 


IK 

- I V ■ Rh{buo)dx 
Jk 


IdK 


Rh{buo) ■ nds. 


Now substituting (5.3) and (5.4) into (5.2) yields 
/ / Utdxdt 


ft+At 


(5.3) 


(5.4) 


Jt-At Jk 
which provides a numerical flux. 


+ / Rh{-XVd,rUh + buo)-nds = I fdxdt, 

Jt-At JdK Jt-At Jk 


g/i • n = Rh{-XVd,rUh + buo) ■ n. 

The numerical flux ■ n can be verified to be continuous across the edge of each element K 
through a selection of the test function v = {uo,Uf,} so that uq = 0 and Vb are arbitrary. 

6 Error analysis 

In this section, we derive optimal order error estimate for the semi-discrete scheme (4.8) in 
norm. Let us begin with proving the elliptic property of WG finite element method for 
equation (1.1). 


5 


429 


F. Z. Gao et al 425-436 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Lemma 6.1. Let he the weak finite element space defined in (4.2) and a{uh,v) be the 

bilinear form given in (4.8). There exists positive constant a satisfying 

a{vh,vh) > a{\\S/d,rVhf + ||^'o|P), 


for all Vh G Sh{j,tj. 

Proof. Taking u = v in equation (4.8) we have 

a{vh, Vh) = (AVrf,^t>, Vd,rV) - {bvo, Vd,rv) + {cvo,vo). (6.1) 

Let A = 11611 LOO (Q) and B = ||c||Loo(f 7 ) be the L°°-norm of the coefficients b and c, respectively 
and using Cauchy- Schwarz inequality we have. 

\{bvo,V d,rV)\ < ||6||L°o>(0)l|Vd,r^^||||L’o||, 

< T||Vrf,,u||||uo|| (6.2) 

and 

|(cuo,uo)| < ||c||Loo(n)||^^o|P 

< B\\vof. (6.3) 

Substituting (6.2) and (6.3) into (6.1) we obtain 

a{vh,Vh) > |A|||Vrf,^i;||^ + A||Vd,ru||||i;o|| - .Blluoll^, 

by using Young-inequality, we have 

1 (=42 

a{vh,vh) > (|A| + -)||V,,.uf+ (—-i?)||uof 

> ai\\V d,rvf + a2\\vof 

> a(||V,,.u|p + ||uof), 

where a = minjai, 02 }) which completes the proof. □ 

Lemma 6.2. {[2]) 

For u G with k > 0, we have 

||n;,(AVu)-AiiL(Vu)|| < C'h"||u||i+,. (6.4) 


Lemma 6.3. {[If]) 

For u G with k > 0, we have 

\\u-Ilhu\\ < Ch'^\\u\\i+f,. (6.5) 
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6.1 Continuous time WG finite element method 

Our aim is to prove the following estimate in norm for the semi-discrete approximation. 

Theorem 6.1. Let u G with k > 0 and Uh be the solutions of (1.1) — (1-3) and (4.8) 

respectively. Denote by e = Uh — QhU the difference between WG approximation and the 
projection of the exact solution u = u{x,t). Then there exists a constant C such that 

||e||^-|- f a||e|p(is < \\e{-,ff)\\^ + f (6.6) 

Jo Jo 

Proof. Let v = {vo,vi,} G be the testing function. By testing (1.1) — (1-3) against vq, 

together with (4.6) we arrive at 

if, Vo) = {ut, Vo) + ^ (-V • {XVu),vo)t + X] ^o) + {cu, Vq) 

Ten Ten 

= {ut,vo) + (nh{X\/u),Vd,rv) - (nh{bu),Vd,rv) + {cu,vo). (6.7) 

Adding and subtracting the term 


a{QhU,v) = {XVd,r{Qhu),Vd,rV) - {b{Qo),Vd,rv) + {c{Qou),vo), 
on the right hand side of the equation (6.7) and using {QhUt,vo) = {ut,vo) we obtain 

(/, ^^o) = {QhUt,Vo) + {Uh{XVu) - XVd,r{QhU),Vd,rV) 

- fflh{bu) - b{Qou), Vd,rv) + {cu - c{Qou),vo) 

+ {^'X7d,r{QhU), Vd,rV) - {b{Qo), ^d,r) 

+ {c{Qou),vo), 

by using Rh{Vu) = Vd,riQhu) for u G and (4.8) we obtain 

{{uh)t,vo) + a{uh,v) = {QhUt,vo) + {UhiXVu) - XRh{Vu),Vd,rv) 

- {Uffbu) - b{Qou), Vd,rv) + {cu - c{Qou),vo) 

+ a{QhU,v), 

which can be rewritten as 

{{uh - Qh)t, Vq) + a{uh - QhU, v) = {nh{XVu) - XRh{Vu), Vd,rv) 

-{Ilh{bu) - b{Qou), Vd,rv) + {cu - c{Qou),vo). (6.8) 

Equation (6.8) shall be called the error equation for the WG finite element method (4.8). 
Substituting v in (6.8) by e = {uh — Qhu} = {cq, Cb} = {no — Qou, Ub — Qbu}, we have 

{et,e) + a{e,e) = {Ilh{XVu) - XRh{Vu),Vd,re) - {Ilh{bu) - b{Qou),Vd,re) 

+ {cu - c{Qou),e). 

Hence 

liWef + + a\\ef = J]](6.9) 
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where 

= (n;,(AVn)-Ai?;,(V«),Vrf,,e) 

= {Iih{bu) - d,re) 

/(3) = {cu — c{QQu),e). 

To estimate by Cauchy-Schwarz inequality and Young inequality, we have 

< ^\\Iih{\yu)-\Rh{Vu)\\^ + ^\\Vd,ref 


by lemma (6.2), we have 


|/«| < Ch^-\\u\\l^^ + ^\\Vd,re\?. 


( 6 . 10 ) 


To estimate , by Cauchy-Schwarz inequality and Young inequality, we have 


< ^l|n,(6u)-6nof+ ^||V,,,e|p, 


by lemma (6.3), we have 


|/(2)| < ch^-\\u\\l^^ + ^\\VdA?. 


( 6 . 11 ) 


To estimate again by Cauchy-Schwarz inequality. Young inequality and lemma(6.3), we 
have 


1 


< —\\cu - c{Qou)f +-\\ef 

< Ch^^u\\l^, + ^\\e\\\ 

Substituting (6.10), (6.11), and (6.12), into (6.9) we get 

+ /5||Vrf^j.e|p -|- a||e|p < Ch^'^\\u\\\j^^ + /?||Vci,re|P + ^||e|p. 

It follows that 


( 6 . 12 ) 


dt 


+ a||e||2 < Ch^-Wuf, 


l + K* 


Thus, integrating with respect to t, we obtain 

rt 


||e|p-|- f a||e|p(is < \\e{-,0)\f + f 

Jo Jo 

which completes the proof. 
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6.2 Optimal order of error estimation in 

To get an optimal order of error estimate in the idea, similar to Wheeler’s projection as 
in [14, 15], is used where an elliptic projection onto the discrete weak space is 

defined as the following: Find EhU € Sh{j,(-) such that EhU is the projection of the trace 
of u on the boundary dfl and 


{XVd,rEhU,Vd,rW) + {b ■Vd,rEhU,w) = (-V • (AVu), tc) 

+ {-bu,Vw) yw£Sl{j,£). 

In view of the weak formulation of the convection-diffusion-reaction problem. 

—V • (AVrt) -|- b ■ Vu = E, in id, 
u = g, on 


(6.13) 


(6.14) 

(6.15) 


this defined may be expressed by using that Ef^u is the WG finite element approximation of 
the solution of the corresponding convection-diffusion problem with exact solution u. 

Lemma 6.4. isee[l]) 

Assume that problem (6.14) — (6.15) has the Ff^+®(n) regularity {s € (0, Ij). Let u G i4^+'^(fl) 
he the exact solution o/ (6.14) —(6.15), and E^u he a WG approximation ofu defined in (6.13). 
Let QhU = {Qqu, Qbu} be the Lfi projection of u in the corresponding finite element space. 
Then there exists a constant C such that 

\\Qou-Ehu\\ < C{h^+^\\E-QoE\\+h^+^\\u\Ui) 

and 


d,ri.Qh'^ — Ch jliillK-l-l- 

Theorem 6.2. Under the assumption of Theorem (6.1) and the assumption that the cor¬ 
responding convection-diffusion problem has the regularity {s G (0,1]), there exists a 

constant C such that 


\\uh{t) - Qhu{t)\\ < \\uh{0) - Qhu{0)\\ + Ch'^^%\\ip\\i^+i + llrt^ll^^+ids) 


+ 


Ch^+\l\\\ft - QoftW + \\utt - QoUu\\)ds) 


+ Ch^+\\\f{0) - Qofm\ + llni(O) - Qo^i(O)ll) 


(6.16) 


Proof. The error in the problem (1.1) — (1-3) is written as a sum of two terms, 

Uh{t)-Qhu{t) = 0{t)-\-p{t), (6.17) 

where 

9 = Uh- EhU, p = EhU - QhU. 

The error bound for p easily by lemma (6.4) as the following [2] 

llpll < C{h^+\\\f-Qof\\ + \\ut-QoUt\\) 

-\- h'^~^%\\fi\\^+i -\- [ lliitllK-Hids)). (6.18) 

Jo 
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Now, to estimate 9, we note that by our definitions 

{9t,w) + a{9,w) = {{uh)t,w) + a{uh,w) - {EhUt,w) - a{EhUh,w) 

= {f,w)-{EhUt,w)-a{EhUh,w) 

= (/, to) + (V • (AVu), to) + (6 • Vu, to) - (cu, to) - {EhUt, to) 

= {ut,w) - {EhUt,w) 

= {QhUt,w) - {EhUt,w) 

= -{pt,w), 

which is 

(^i, to) + 0 ( 6 *, to) = -{pt,w), Vto G 5°(j,£),t > 0, (6.19) 

where we have used the fact that the operator E^ commutes with time differentiation. Since 
we may choose to = 0 in (6.19) and obtain 

{0t,9) + a{9,9) = -{pt,0), t>0, (6.20) 

by using lemma ( 6 . 1 ) we have 

aie,e) > a(||Vd,, 0 |p + || 0 of) > 0 . 

Therefore 

~Pf = II«II;|||0|I < II..IIIIOII. 

and integrating with respect to t, we obtain 

|| 0 (t)|| < 110 ( 0 ) 11 + r Up, lids. ( 6 . 21 ) 

Jo 

using lemma (6.3), we have 

| 0 (o)|| = ||tt;,(o)-ii;,tt(o)|| 

< ||nft( 0 ) - Qhu{0)\\ + \\Ehu{0) - Qhu{0)\\ 

< ||«a(0) - Qhum\ + Cih^^WlfiO) - Qo/(0)|| 

+ ||ttt(0)-Qo«t(0)||) + /t"+ 1 |V'IU+i), (6.22) 

and since 

||p,|| = \\EhUt - QhUtW 

< C{h^+\\\ft-Qoft\\ + \\uu-QoUu\\) 

+ /t"+*||tt,|U+i). (6.23) 

Substituting (6.18) and (6.21) into (6.17), we have an optimal order of error estimate in 
which completes the proof. □ 
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7 Numerical result 

In this section, we present some numerical results to illustrate the theoretical analysis in the 
previous section. We consider the following convection-diffusion-reaction problem. 

ut — V ■ (DVu) + b ■ Vu + cu = /, in Q X J, (7.1) 

with homogeneous Dirichlet boundary condition and initial condition. The data for problem 
(7.1) taken as follows: let D = 100, 11 be a unit square, i.e., H = [0,1] x [0,1], time interval 
be J = (0,T) = (0,1), the absorption coefficient is c = 1 and the velocity vector has been 
taken as b = (cos(|), sin(^)), we can get the initial and boundary conditions and source 
term f{x,t) according to the corresponding analysis solution of example. First, we partition 
the square domain H = (0,1) x (0,1) in to x sub-square uniformly. Then we divide 
each square element into two triangles by the diagonal line with a negative slopeso that we 
complete the construction of the triangular mesh let h = 1/A^(A^ = 4,8,16,32,64) be mesh 
size for triangular meshes. 

In the example, the analytical solution is chosen as 

u = sin{'Kx)sin{'Ky)exp{—t). 

Numerical error results and convergence rate are listed in Table 7.1 and convergence rate 
in Figure 1. 


Table 7.1:numerical result 


h 

L^-error 

L^-order 

1/4 

3.7148e-00 


1/8 

9.4454e-01 

1.97 

1/16 

2.3719e-01 

1.99 

1/32 

5.9383e-02 

2.00 

1/64 

1.4875e-02 

2.00 










- 









/ 

/ 

/ 

□ 











Figure 1: Convergence rate for k = 1 and s = 1. 
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Abstract 

Our purpose in this paper, is to derive the main properties of the generalized 
moment functions defined on some types of white noise spaces. A new version of 
Wick product on some spaces of generalized functions is introduced. Applying the 
direct connection between the theory of construction for hypercomplex systems and 
white noise analysis, we setup a framework to construct a lot of spaces of generalized 
functions connected with different examples of hypercomplex systems. 
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1 Introduction 

In this paper, the main properties of the generalized moment functions defined on some 
types of white noise spaces are derived. A new version of Wick product with respect to non- 
Gaussian measures, the associated Hermite transform and the characterization theorem for 
the constructed spaces of generalized functions are introduced. Let Q denotes a locally 
compact basis on the space M”. The linear space of bounded continuous complex-valued 
functions Ci,{Q) is complete normed space with respect to the norm 

ll/lloo = sup|/(x)|, 

x£Q 

where / define on Q. We will denote by C^{Q) the space of infinitely differential bounded 
functions on Q, and by S{Q) the linear subspace of C^{Q) formed by the set of functions 
on Q such that x°‘D^f{x) is bounded on Q, where a,P E 'L\. The space of continuous 
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linear functional on S(Q) is called tempered distribution space and is denoted by S'(Q). 
There exist many works aims to investigate white noise spaces. Some of these works devoted 
to deal with the construction of spaces of test, generalized functions and operators acting 
in these spaces using the Wiener-Ito-Segal isomorphism and various riggings of the Fock 
space [2,9]. Distribution play a crucial role in the study of PDFs and quantum held theory 
[5,11], where quantum held are dehned as operator valued distributions. The contemporary 
theory of generalized functions of inhnitely many variables originates from the works of 
Berezanskyi and Samoilenko [3] and Hida [9]. In [3], the spaces of test and generalized 
functions were constructed as inhnite tensor products of one-dimensional spaces. In [9], 
the classical approach to the construction of the theory of generalized functions was, in 
fact, used, but all functions under consideration were functions of a point of the inhnite- 
dimensional space on which the Gaussian measure was dehned; this measure played the 
same role as the Lebesgue measure in the classical theory of generalized functions. This 
paper is organized as follows: In section 2, we give the main properties of the generalized 
moment functions dehned on the space of rabidly decreasing functions on Q. In section 3, a 
new way for constructing spaces of generalized functions is given. In section 4, we derive the 
main relations between the construction of hypercomplex system and the Theory of white 
noise analysis. 

2 The moment problem on S(Q) 

The elements of S(Q) are called rabidly decreasing functions and for each a,(3 E Z”, 
S{Q) is equipped with the family of seminorms 

ll/IU ,/3 = sup|x“T)^/(x)| 

xGQ 

In this section, we devoted to give a full description of the integral 

(p{x) = [ X{x)dn{X), p G M+{Q), 

JQ 

where A : Q —)■ C belongs to the linear space of bounded continuous complex-valued func¬ 
tions Cb{Q) and the measure p belongs to the space of positive Radon measures X4+{Q). 
Let s = {sa)aez’i {sq > 0) be an n-sequence of real numbers. We set 

= s„, a e Z”. 

The n-sequence s = {sa)a£Z^ is called quasi-positive dehnite if Cs is quasi-positive dehnite 
(i.e., £.(//) > 0 for all / G 5((5)). The n-sequence s is called a generalized moment 
sequence if there exists a Radon measure ^ on Q such that G Li(//) and Sa = Jq x°‘dfj.{x) 
for all a G Z”. When such measure exists, then it is called a representing measure of the 
sequence s. Let T = fi,fm be a hnite family in S{Q), and 

Qr = {q ^ i = 

2 


438 


El Bab-Ghany 437-446 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Clearly, we have rrij = supx£Qfj{x) < oo, setting 

fj{x) = mj^fj{x), X eQ if ruj > 0, 

and 

fj = fv ^3 = 

j = We define T = {0,1, fi,fm}, and we will denote by Ajr the set of all 

products of the form /i.../j(l — 5 fi)...(l — Qi) for functions fi,..., fi, gi..., gi E T and integers 
b j > 1- 

Theorem 2.1. Let n(jF) denote the convex set of all linear mappings L : S[(ff) -E M 
such that £(1) = 1 and £(/) > 0 for all / G Ajp. Then we have 

0 < £(/) < 1 


for all £ G n(jF) and / G Aj:. 

Proof. Let fi...fk E Ajr, where either /j G JF or 1 — fj E T for all j = l,...,k. We 
have 

fl---fn = (1 “ /i) + /i(l ~ /2) + ••• + — fk) 

This implies £(1 — /) > 0, whence £(/) < 1. 

Remark. Let r_|_((5) be the positive cone generated by From the previous proof 

we notice that if / G Ajf, then 1 — / G r+((5). Moreover, we notice that if /, G Ajr , then 
(1 — f)g E r_|_((5). In particular, if C : S{Q) —)■ M is positive on Ajr, then £((1 — f)g) > 0 
for all f,g E Ajf. Finally, we notice that £(1) = 0 implies £ = 0. 

Lemma 2.2. Let £ be an extreme point of the convex set n(jF). Then £ is multiplicative 
on S{Q). 

Proof. Suppose / G Ajf be fixed. Sufficiently, we need to prove that 

C{fg) = C{f)C{g) for all g E Ajr 

Let d = £(/). We have the following possibilities: 

1. If 0 < d < 1, we consider the linear functionals Ci{h) = d~^C{fh) and C 2 {h) = 
(1 — d)“^£((l — f)h), h E S{Q). Clearly, £i ,£2 G n(jF). since £ = d£i + (1 — d)C 2 and 
£ is an extreme point of n(jF), this implies £ = £i, whence C{fg) = C{f)C{g). 

2. If d = 0, then the functional £o(h) = C{fh) is positive on Ajp and £o(l) = 0, applying 
the above remark implies Cq = 0, whence C{fg) = 0 = C{f)C{g). 

3. If d = 1, we use the above discussion to the functional £ 1 ( 5 ^) = £((1 — f)g)i and 
obtain C{fg) = C{g) = £(/)£( 5 f). 
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Theorem 2.3. For every linear functional L G n(jF) there exists a uniquely probabil¬ 
ity measure // on Q such that 

^(/) = [ 

JQ 

for all / G S{Q). 

Proof. Let Cq G n(jF) be an extreme point. Then Cq is multiplicative on S(Q), by 
the above lemma. Thus, for the sequence 7 = ( 71 ,..., 7 „) G M” dehned by = 7j, we 

have jCo(f) = fil) for all / G ^(Q). But we have 0 < Co{f) <1, / G by Theorem 

2 . 1 , we obtain that 


|^o(/)| = 1/(7)! < II/IIq = supteQ\f{t)\, f G S{Q). 

If / G n(jF) is of the form £ = where Cj > 0, = 1, Aj an extreme 

point of n(jF), then 

|£(/)l < E9lG(/)l < Ec,ll/ll9 = ll/lle. / e S(Q). 

j&i jei 


Let 7 = ( 7 Q:)aez:;:( 7 o > 0 be a generalized moment sequence. Then the linear form £ = 7 q 
is an element of n(jF), and by using the result obtained from the above Theorem we have: 

Corollary 2.4. Let Q is compact and .£ = /o = fi, ■■■, fm be a hnite family which 
generates the space ^(Q). An n-sequence of real numbers s = (sa)aez" (so > 0) is a gener¬ 
alized moment sequence if and only if the linear form Cg is nonnegative on the set Ayr. 


3 The spaces of generalized functions 

This section is devoted to give the main relations between the construction of hypercom¬ 
plex system and the Theory of white noise analysis. We will consider the following rigging 
of a Hilbert space Ho with positive and negative spaces and iL_: 

H_D Ho^ H+. (3.1) 

Let Ifj" : be the canonical isometry transferring the negative space onto the 

positive space iL+. A biorthogonal basis (pn, ?n)^o space Hq can be understood as 

sequences (pn)^o -^+ ~ Iq Pn)^o where the hrst sequence is an orthogonal 

basis in the positive space and the second is an orthogonal basis in the negative space 
H_. Hence, these systems of sequences p„ and Qn are biorthogonal: 

i^PniQn)HQ dn^mhm hn ||Pn||/f_|_ fl,TTl G (3.2) 
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for all if G i/+, 

OO OO 

^ ^ fnPn, fn = {f, qn)HoK^, ^ \fn?hn = \\f\\]l^ < OO, 

n=0 n=0 

for all 

OO OO 

^ ~ ^ ^ ^nQny Pn)_ffo^n 5 ^ ^ \^n\ hn = ||^|| ^ CXD, 


n=0 


n=0 


(3,3) 


(3.4) 




(3.5) 


n=Q 


Let (p„)^Q be an arbitrary total sequence of vectors pn of a Hilbert space Hq. It is easy 
to prove that such sequence {hn)^=Q of positive numbers hn exists for which the set of test 
functions 


H^ = \f = '^fnPn I <Pn e C : 


^ ^ 19^n I hn <C CX) / , 


(3,6) 


n=0 


n=0 


with the corresponding scalar product is the positive space with respect to Hq. Note that, 
it is necessary to assume in addition the fulhlment of the following necessary and suffi¬ 
cient condition on (pn)^o- arbitrary sequence vectors E iL+ with hnite 

sequences of coordinates fn'^ which is fundamental in and converges to 0 in Hq must 
converge to 0 in This condition will always be fulhlled in our case. Similarly, for the 
negative space iL_, by replacing by qn, we have the set of generalized functions as follows 


^- = U = gn I e C : ||^||L = < 


CX) 


(3.7) 


n=0 


n=0 


As pointed out from [1-3], there exists a quasinuclear rigging such that, the zero space 
Hq is a hypercomplex system L 2 {Q, dm{p)){p E Q) and we assume that 




+ 


-^1 ) 




H\. 


such that 

i e H_,f E iL+. 

So, we have a biunitary map {1^,1^}. This mapping transfers the rigging of the space Hq 
to a rigging of the hypercomplex space L 2 {Q, dm{p)): 


H_ D 


Hq 


3 H^ 


L2iQ,dm{p)) DHf, 


(3.8) 
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Hence, we consider the space Hf is a positive space of the form 

f oo oo 

= {‘f = ^^nXn \ ■■ =^\(pn\^ {n\fK^ < OO 


n=0 


n=0 


(3.9) 


where = Xn,hn = {n\)‘^K"',n G {K > 1 is a hxed sufficiently large number), and 
consists of continuous functions on Q. Similarly, for the space Hf, we have 


H^, = \C = J2CnXn I : llell^x^ = {ulf < OO , 


n=0 


n=0 


(3.10) 


The system {Xn,Qn)'n=oj where = I^Xn ^ is a biorthogonal basis of the space 
L 2 {Q, dm{p)). It is essential to introduce the rigging of the hypercomplex space L 2 {Q, dm{p)) 
by means of projective and inductive limits of Hilbert spaces which are constructed by rules 
of type (3.6), (3.8) and (3.9). For every g G N, we dehne the Hilbert space of type (3.6): 


= 1^ = '^ VnXn ^ Hq ! 


nq 


<00 


n=0 


n=0 


Then, we have the rigging: 

(^x)' 3 3 L2{Q,dm{p)) D D 

= prlim (^^)' = indlim = (J H^g, 

qSN qSN 

{ OO OO ^ 

« = E ■ n^llb. = E< oo [, 

n=0 n=0 ) 

with the action 

OO 

n=0 

To illustrate the above result, we give the following example 


(3.11) 

(3.12) 


(3.13) 


Example 3.1. In the classical case when Hq := L 2 (M,dx) with respect to the Lebesgue 
measure dx and ordinary convolution. Then, the generalized character %(a;. A) = (A G C) 
and Xn{x) = x” (x G M, n G Z+). Therefore, the space (3.11) consists of entire functions 
pix) and Pn{x) are the Taylor coefficients of (p{x). Formula (3.2) gives their representation 
as the Fourier coefficients using the scalar product {C,p)hoj {C ^ V ^ H^)- 

Remark. Obviously, such a generalization gives the possibility of constructing a lot of 
spaces of generalized functions connected with different examples of hypercomplex systems. 
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4 The generalized Wick product 

In this section, we devoted to introduce a new version of Wick product with respect to 
non-Gaussian measures, the associated Hermite transform and the characterization theorem 
for the constructed spaces of generalized functions. Wick is the hrst one introduced the prod¬ 
uct between two functions in white noise space, so this product carry his name [13]. He was 
used as a tool to renormalize certain inf inite quantities in quantum held theory. Later on, 
the Wick product was considered, in a stochastic ordinary and partial differential equations 
(see, e.g., [6,8,10]). Under the assumption that HxH^-g < C'"' for some (7 > 0, we dehne a new 
Wick product, called x-Wick product on the space Then, we give the dehnition of the 
y-Hermite transform and apply it to establish a characterization theorem for the space 

Definition 4.1. Let ^ = J2n=oVnq^ e with ^rn,Vn e C. The 

y-Wick product of ry, denoted by ^ 77 , is dehned by the formula 

00 

^^xV= ( 4 - 1 ) 

m,n=0 

It is important to show that the spaces H^q, are closed under x-Wick product. 


Lemma 4.2. If 77 G H^q and ^ we have 

(i) ^0x7 e H^q, 

(ii) H^. 

00 00 

Proof. If ^ ^ CmQmJ V = InQn ^ then for some G N we have 

m=0 n=0 


5]; < CX) and 5]; < 00 . 


m=0 


n=0 


We note that 


00/00 




m,n=0 


;=0 \Tn+n=Z 


1=0 


where (niVn- With q = qi + p we have 

m-\-n=l 




;=o 


1=0 




m+n=l 




00/00 


;=0 \m-\-n=l 


/ \m-\-n=l / 

00 \ / 00 


< 


1=0 

< 00 , 


-pi 


—gin 


vm=0 


I n=0 


(4.2) 


(4.3) 


(4.4) 
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which proves (i). The proof of {ii) is similar. ■ 

The following important algebraic properties of the x-Wick product follow directly from 
Definition 4.1. 


Lemma 4.3. For each G we get 

(0 (Commutative law), 

^ Ox C) = (C Ox V) Ox C (Associative law), 

^ o^ (ry + C) = ^ ^ C (Distributive law). 

Remark. According to Lemmas 4.2. and 4.3., we can conclude that the spaces and 
form topological algebras with respect to the y-Wick product. 


From the above arguement, the x-Wick product satisfies all the ordinary algebraic rules 
for multiplication. But, there are some problems when limit operations are involved. To 
treat these situations it is convenient to apply a transformation, called the x-Hermite trans¬ 
form, which converts X"Wick products into ordinary (complex) products and convergence 
in into bounded, pointwise convergence in a certain neighborhood of 0 in C. 


Definition 4.4. Let ^ = Yl^=Qin<ln ^ with G C. Then, the x-Hermite trans¬ 
form of denoted by 'Hx^> defined by 


= E G C (when convergent). (4.5) 

n=0 


In the following, we define for 0 < M, q < oo the neighborhoods of zero in C which 
denoted it by Og,M(0): 


O(J,m(0) 


It is easy to see that 


e C : ^ 


n=0 


(4.6) 


q <p, N < M ^ Oq,Ar(0) c Oq,M(0). 


(4.7) 


Note that, if ^ 
estimate 




^=o^nQn ^ G Oq,M(0) for some 0 < M,q < oo, we have the 


Ei«" 

n=0 


FI = 


< 




n=0 

1 

CXD \ 2 


\n=0 


< Mlj2\Cn\^K 


yn=0 

1 

2 


—qn 


\n=0 


< OO. 


(4.8) 
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The conclusion above can be stated as follows: 

Proposition 4.5. If G then converges for all z G Oq(M) for all q,M < oo. 

Proposition 4.6. If ry G H^q, then 

Ox v){z) = U^i{z).U^r]{z). (4.9) 

for all 2 ; such that ^x^ exist. 

Proof. The proof is an immediate consequence of De fini tions 4.1. and 4.4. 

Let ^ ^ H^q, with G M. Then, the number ^0 = ^ is called 

the generalized expectation of ^ and is denoted by ]E(^). Suppose that V 3 z ^ f{z) G C 
is an analytic function, where P is a neighborhood of ]E((^). Assume that the Taylor series 
of / around IE((^) has coefficients in M. Then, the y-Wick version of / is dehned by 

H^q3i^ r-iO = n-\f O UxiO) e H^q. (4.10) 

Example 4.7. If the function / : C —)■ C is entire, then is dehned for all ^ G H^q. For 
example, the x-Wick exponential is dehned by 

OO 

i=o 


5 Concluding Remarks 

The space of continuous linear functional on S{Q) are called tempered distributions, 
and is denoted by S'{Q). Let L G S'{Q) and a G The weak derivative D°‘L (or the 
derivative of the sense of distributions) is given by 

(D“L)(/) = (-1)Hl(D“/) (5.1) 

for / G (Q). This corresponds to W^Llg} = L{D°‘g}. Note that distribution always has a 
weak derivative. A function / is completely monotonic if for each a G Z”, (— l)l“lT)"/(a:) > 
0 on M"; see [4,7,12] for many properties of completely monotonic functions. Bernstien’s 
theorem asserts that / is completely monotonic if and only if f{x) = where 

/r is a positive measure supported on a subset of M". If assume that Q = M”. So, 
X = (xi,...,Xn) G M”. Let x" be denote the product Z" denote the set of n- 

tuples («!,...,«„) where each a* is a non-negative integer, |q;| = and D°‘ denote 

the partial diherential operator Then, we obtain the special case S{Q) = 5(M”) 

is the space of rabidly decreasing function on M” (so-called Schwartz space) and its dual 
s'(Q) = 5'(M”) is the space of tempered distribution on M". 
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QUADRATIC TYPE FUNCTIONAL INCLUSIONS ON 
SQUARE-SYMMETRIC GROUPOIDS AND HYERS-ULAM STABILITY 

GWANG HUI KIM AND HWAN-YONG SHIN 


Abstract. We consider that a set-valued map F : X ^ VoiY) satisfying the functional 
inclusion F{x * y)()F{x * y~^) C a(^{F{x)()F{y)){or a(^{F{x)()F{y)) C a()(F{x * y)()F{x * 
2 /“^))) admits a unique selection f : X ^ Y satisfying the functional equation f{x*y)of{x* 
y~^) = fXo{f{x)of{y)) in appropriate conditions, where (X,*), (Y,o) are square-symmetric 
groupoids and 0 is the extension of o to the collection 'Po(Y) of all nonempty subsets of Y. 


1. Introduction 

Let (A,*), (Y, o) be groupoids with binary operations. If the binary oepration * satisfies 
the following inequality 

{x * y) * {x * y) = {x * x) * {y * y), x,y £ X 

then the operation * is called square-symmetric. Note that the square symmetric * implies 
that f7*(x) ;= x*x is an endomorphism. A binary operation * such that a* is an automorphism 
of {X, *) is called divisible and the corresponding groupoid is said to be a divisible groupoid. 
The triple (Y, o, d) is called a metric groupoid if (Y, o) is a groupoid, (Y, d) is a metric space 
and o is a continuous operation with respect to the topology of {Y,d). For a nonempty set 
Y we denote by Vo(Y) the collection of all nonempty subsets of Y. The diameter of a set 
A G 'Po(Y) is defined by 

(5(A) ;= sup{d{x,y)\x,y £ A}. 

The Lipschitz modulus of a function / : A —)■ Y is the smallest real extended number L with 
the property 

d{f{x),f{y))<Ld{x,y), x,y£Y. 

The Lipschitz modulus of a function / is denoted by Lipf. A selection of a set-valued mapping 
F : A —'Po is a single-valued map f : X ^ Y with the property f{x) £ F{x) for all x G A. 

2010 Mathematics Subject Classification. 39B72, 54C60. 

Key words and phrases. Hyers-Ulam stability; square-symmetric groupoid; functional inclusion. 
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2 G.H. KIM AND H.-Y. SHIN 

In a linear normed space {Y, || • ||) we define the following families of sets 

c{Y) := {A : A £ Vo{Y),A is convex set} 

ccliY) := {A : A G Vq{Y),A is closed and convex set} 

cc{Y) := {A : A £ Vo(Y), A is compact and convex set}. 

The theory of stability of functional equations had been formulated by Ulam [14]. In 1941, 
Hyers [3] had answered affirmatively the question of Ulam for Banach spaces and it represents 
the starting point of the Hyers-Ulam stability of functional equations. Let us recall the Hyers’ 
result. 

Theorem 1.1. [3] Let X be a linear normed space, Y a Banach space and s > 0. If a 
function f : X ^ Y satisfies the following inequality 

(1-1) \\f{x + y) - fix) - fiy)\\ <e, x,y£X 

then there exists a unique additive function g : X ^ Y such that 

(1.2) \\f{x)-g{x)\\<e, x£X. 

Smajdor [13] and Gajda and Ger [2] observed an interesting connection between the sta¬ 
bility of the Cauchy functional equation and set-valued functions satisfying Fix + y) C 
Fix) + Fiy). li f : X ^ Y satishes (1.1), then the set-valued mapping F : X ^ Vq dehned 
by 

Fix) = fix) + Bio,e), X £ X, 

where H(0, e) is the closed ball in Y centered at 0 and radius e > 0, implies that F(x + y) F 
Fix) + Fiy) for x,y £ X, and the function g from relation (1.2) is an additive selection 
of F. Naturally Gajda and Ger [2] considered under what conditions a set-valued mapping 
with Fix + y) C Fix) + Fiy) admits an additive selection and they obtained the following 
theorem. 

Theorem 1.2. [2] Let iS,+) be a commutative semigroup with zero element, X a Banach 
space over M and F : S ^ ccliX) a set-valued mapping with convex and closed values such 
that Fix + y) F Fix) + Fiy) for x,y £ S and sup^-g^ (5(F(x)) < oo. Then F admits a unique 
additive selection. 

For the last two decades, many mathematicians have developed Theorem 1.2 [6, 9, 10, 11] 
and investigated various properties of functional inclusion and its connectedness of Hyers- 
Ulam stability of functional equations [4, 5, 7, 8, 12]. 
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STABILITY OF SET-VALUED FUNCTIONAL EQUATIONS ON SYMMTRIC GROUPOIDS 3 

The aim of this paper is to study some properties for set-valued mappings satisfying the 
following quadratic type functional inclusions 

ao{F{x)OF{y)) C F{x * y)0F{x * y~^) 

F{x * y)<}F{x * y~^) C ao{F{x)<}F{y)) 

and obtain Hyers-Ulam stability of functional equation. 

2. Main results 

Let No = N U {0}. Throughout this section, suppose that the operation 0 satisfies the 
following condition : for all e > 0 there exists y > 0 such that if (5(T), 5{B) < y, A, B £ Vo{Y), 
then 


6{A0B) < e 

and we assume that X and Y have unique identity idx and idy respectively. 

If the operation o satisfies that 

(xi o yi) o {x2 o y2) = {xi o X2) o (2/1 o 2/2) 

for all xi,X 2 ,yi,y 2 £ Y, then we say o is bisymmetric operation. 

Lemma 2.1. [9] If (T, o) is a groupoid with a bisymmetric operation, then is increasing 
endomorphism of {VofY), 0, F). 

Now, we present the main theorem of this paper. 

Theorem 2.2. Let (^, *) be a square-symmetric divisible groupoid, {Y,o,d) a complete met¬ 
ric bisymmetric divisible groupoid and F : X ^ 'Po(X) with F{idx) = {idy} a set-valued 
mapping such that 

(2.1) cro(F(x)OT(2/)) C F{x * y)()F{x * y~^) 
for all x,y £ X. Assume that 

(2.2) lim 5{F o af^{x))Lip{a‘l^) = t), and 

m^oo 

afoFoaf^{x)£cl{Y) 

for all X £ X and n £ No- Then there exists a unique selection f : X ^Y of F such that 

(2.3) cTo(/(x) o f{y)) = f{x *y)o f{x * y~^) 
for all x,y £ X. 
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Proof. First we prove that there exists a selection of F satisfying (2.3). Consider the set 
valued mapping Fn '■ X ^ ^o(^) corresponding to F defined by 

(2.4) Fo:=F, F^ := o F o . 

for each n G N. Letting x, y by crp^~^{x) in (2.14) respectively, we get 

(2.5) aloFiaf^-\x))CFiaf^ix)) 

for all x G X. By composing to the both sides of (2.5) and using Lemma 2.1, we obtain 

uf+2 o F o (x) FafoFo af^(x) 

for all X G X and n G Nq. This means that {F)i(x)}))Tg is a decreasing sequence of closed 
subsets of the Banach space Y. Let s, t G Fm{x) for some fixed m G N. Denoting (T“^™'(s) = u, 
= u, we have 

d{s, t) = d(cj|”"(u), al'^iv)) < Lip{ol'^) ■ d{u, v) 

< Lip{aln5{Foaf^{x)) 

and this implies that 

(2.6) 6{F^{x)) < Lipialn ■ S{F o af^{x)) 
for all X G X. Taking the limit m —)• oo of (2.6), we find that 

lim 5{Fjn{x)) 

m^oo 

for all X G X. It is follows from the Cantor intersection theorem in the complete metric spaces 
that 

OO 

(2.7) f| Fnix) 

n=0 

is singleton /(x). Since the function f : X ^ Y satisfies /(x) G To(x) = F{x) for all x G X, 
/ is a selection of F. 

Putting x,y for af^{x) and (Jf^{y), respectively in (2.14) and applying cj^”' to the both 
sides of (2.14), we arrive at 

(2.8) ao{Fn{x)()Fn{y)) C Fn{x * y)0Fn{x * y~^) 

for all x,y G X and n G Nq. Since {/(x)} = rt^=QFn{x),x G X, we have iTo(/(t;) o f{y)) G 
a(){Fn{x)()Fn{y)), for all x,y G X, n G Nq. Therefore, in view of (2.8), we get 

(2.9) d((To(/(T;) o f{y)),f{x *y)o f{x * y~^)) < 5{Fn{x *y)o F„(x * y~^)) 

for all x,y G X and n G Nq. Taking the limit n —)■ oo of (2.9), it is reduced to the equation 

(2.10) ao{f{x)o f{y)) = f{x*y)o f{x*y~^), forallx,yGX. 
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STABILITY OF SET-VALUED FUNCTIONAL EQUATIONS ON SYMMTRIC GROUPOIDS 5 

To show the uniqueness of /, assume that g : X a, selection of F such that 

(2.11) <yo{g{x) O g{y)) = g{x *y)o g{x * y~^), for all x,y e X. 

From (2.10) and (2.11), it follows that 

f{x) = cj^”o/ocj7’"(x), 
g{x) = o g o a~'^{x) 

for all X G X, n G N. Hence, for x G X and n G N, we see that 

d{f{x),g{x)) = d{al^ o f o a~^{x),al^ o go a~^{x)) 

= Liq{(yT)d{f oa~'^{x),goa~'^{x)) 

< Liq{al^)6{F oa~^{x)). 

Taking n —)• oo, we arrive at the desired conclusion. □ 

Next, we are going to establish another theorem about the inclusion (2.14). 

Theorem 2.3. Let (X, *) be a square-symmetric divisible groupoid, {Y,o,d) a metric bisym- 
metric divisible groupoid and A a divisible subgroupoid of{Vo{Y), 0 ). Suppose that F : X ^ A 
with F{idx) = {idy} is a set-valued mapping subject to the condition (2.14) and satisfying 

(2.12) lim 6{F o a^(x))Lip{af‘^^) = 0, x G X. 

n^oo 

Then F is single-valued mapping and 

(2.13) ao{F{x)<)F{y)) = F{x *y)<)F{x *y~^), forallx,y£X. 

Proof. Consider the function Gn : X —)■ H corresponding to F defined by 

Go:=F, Gn:=af^oFoa': 

for each n G N. Replacing x,y by (jf{x) in (2.12) respectively, and then composing on both 
sides by we have 

„ p ^ ^ ^-2n-2 ^ p ^ 

for all x,y G X. This means that {Gn(x)}^Q is an increasing sequence of (H, <>)• By the 
similar argument in the proof of Theorem 2.2, we see that 

lim 6{Gn{x)) < lim 5{F o af{x))Lip{af‘^^) = 0, for all x G X. 

n^oo n^co 

It implies that 5{Gn{x)) = 0 for every n G No and Gn{x) is single-valued for all n G Nq. 
Therefore, in view of (2.14), Gq = F satishes (2.13) and the proof is completed. □ 
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Corollary 2.4. Let (^, *) he a square-symmetric divisible groupoid, {Z, || • ||) a Banace space 
over M, p, g G M, p + g / 0, p + g / 1, and F : X ^ c(Z) with F{idx) = {Oz} « set-valued 
mapping such that 

(2.14) p{p + q)F{x) + q{p + q)F{y)) C pF{x *y) + qF{x * y~^) 

for all x,y £ X. Assume that there exists M > 0 such that 

6{F{x)) < M, and 
Foaf^ix)ecl{Y) 

for all x,y G X and n G Z. Then there exists a unique selection f : X ^ Z of F such that 

(2.15) p{p + q)f{x) + q{p + q)f{y)=pf{x*y) + qf{x*y~^), x,y e X. 

Proof. Consider the operation o : Z x Z ^ Z is defined by 

xoy = px qy, x,y e Z, 

where p,q gM are given real numbers. Then the triple {Z,o, || • ||) is a metric groupoid with 
a bisymmetric operation. For all U,V G Vo{Z), the operation 0 is naturally defined by 

UOV =pU + qV 

and we have cr(){U) = {p + q)U and in general, cr^{U) = {p + q)^U, for all n G N. And we get 

Aip(fT^”) = |p + g|^”, nGZ. 

If \p + q\ < 1, we have 

al^ o F o;- (x) = {p + qf^F o af^ix) G cl{Z) 

and 


5(Focj-^) < M|p + g|2^, xGX,nGNo, 


thus, by Theorem 2.2, there exists a unique selection of F satisfying (2.15). 

If \p + q\ > 1, we obtain 

6{F o a^)Lip{a~^^) < xGX,nGno. 

By using Theorem 2.3, F is single-valued mapping satisfying (2.15). We arrive at the desired 
conclusion. □ 
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Corollary 2.5. Let {X, *) be a square-symmetrie divisible groupoid, {Z, || • ||) a Banaeh spaee 
over S., p,q,e > 0,p + q < 1, and z G Z. Assume that f : X ^ Z is a function satisfying 

\\pf{x *y) + qf{x * y~^) - p{p + q)f{x) - q{p + q)f{y) - 2 :|| < e, x,y e X. 

Then there exists a unique function g : X ^ Z satisfying 

(2.16) pg{x*y)-^qg{x*y~^) = p{p-^ q)g{x)-^q{p-^q)g{y) + z, x,y e X 

and 

\\f{x) - g{x)\\ < - - xeX. 


(2.17) 

Proof. 
defined by 


(1 -p - q){p + q)' 

Proof. Consider the auxiliary set-valued mapping Gf : X ^ ccl{Z) corresponding to / 


Gf{x) = f{x) + 


(1 -p-(l){p + <l) 
and Gf{idx) = {0^}- Then we obtain 


p{p +q)Gf{x) + q{p +q)Gf{y) = p{p + q)f{x) + 


{B{0, e) — z), if X G X — {idx} 

p{p + q) 


+q{p + q)f{y) + 


{I - p - q){p + q) 
q{p + q) 


(1 - p-q){p + q) 

C pf{x *y) + qf{x *y~^) + {B{0, e) - z) 
{p + q)'^ 


{B{0,e) - z) 
(.6(0, e) - z) 


+ 


(1 - p - q){p + q) 


(5(0, e) - z) 


= pf{x *y) + 


P 


{l-p-q){p + q) 


+qf{x*y ^) 


(5(0, e) - z) 
(5(0, e) - z) 


(1 -p-q){p + q) 

= pGf{x * y) + qGf{x * y~^) 
for all x,y G X. By the definition of 5{Gf{x)), we have 

^(Gfix)) < T. --T 

^ i^-p-q){p + q) 

for all X G X. Since all conditions of Corollary 2.4 are equipped, Gf has a unique selection 
h : X ^ Z such that 

ph{x *y) qh{x * y~^) = p{p -P q)h{x) + q{p + q)h{y), x,y G X. 

Defining the function g : X ^ Z as 

gix) = hix) + -7- --T 

{l-p-q){p + q) 
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for all X € X, we see that the function g satisfies (2.16) and (2.17). □ 

Next, we will introduce some theorems and corollaries which are obtained by the similar 
proofs of Theorem 2.2, 2.3 and Corollary 2.4, 2.5. 

Theorem 2.6. Let (^, *) be a square-symmetric divisible groupoid, {Y,o,d) a complete met¬ 
ric bisymmetric divisible groupoid and F : X ^ 'Po(X) with F{idx) = {idy} a, set-valued 
mapping such that 

(2.18) F{x * y)<)F{x * y~^) C ao{F{x)<)F{y)) 

for all x,y G X. Assume that 

lim 5{F o af^{x))Lip{af‘^^) = 0, and 
o F o af^ix) e cl{Y) 

for all X ^ X and n G Nq. Then there exists a unique selection f : X ^Y of F such that 

o-o(/(a:) o f{y)) = f{x *y)o f{x * y~^) 


for all x,y ^ X. 

Theorem 2.7. Let (^, *) be a square-symmetric divisible groupoid, {Y,o,d) a metric bisym¬ 
metric divisible groupoid and A a divisible subgroupoid of{Vo{Y), 0 ). Suppose that F : X ^ A 
with F{idx) = {idy} is a set-valued mapping subject to the condition (2.18) and satisfying 

lim 5(F o al^ixYLipta"^) = 0, x e X. 

Then F is single valued and 

cJo(F(x)OT’(y)) = F{x * y)0F{x * y~^), for all x,y e X. 

Corollary 2.8. Let (^, *) be a square-symmetric divisible groupoid, {Z, || • ||) a Banace space 
over M, p, g G M, p + g / 0, p + g / 1, and F : X ^ c(Z) with F{idx) = {Oz} « set-valued 
mapping subject to the condition (2.18). Assume that there exists M > 0 such that 

6{F{x)) < M, and 
Foaf^{x)ecl{Z) 

for all x,y G X and n G Nq. Then there exists a unique selection f : X ^ Z of F such that 
P{P + (l)f{x) + q{p + q)f{y) = pf{x *y) + qf{x * y~^), x,y £ X. 
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Corollary 2.9. Let {X, *) be a square-symmetrie divisible groupoid, {Z, || • ||) a Banaeh spaee 
over S., p,q,e > 0,p + q > 1, and z G Z. Assume that f : X ^ Z is a function satisfying 

\\pf{x *y) + qf{x * y~^) - p{p + q)f{x) - q{p + q)f{y) - zH < e, x,y e X. 

Then there exists a unique function g : X ^ Z satisfying 

pg{x *y)+ qg{x * y~^) = p{p + q)g{x) + q{p + q)g{y) -h z, x,y G X 


and 


\\f{x)-g{x)\\ < 


e 

{p + q- l){p + qy 


xGX. 


Remark. If {X, +, •) is a vector space and * is defined hYX*y = x + y and z 
y~^ = —y in Corollary 2.9, then it is a same result of Czerwik [1]. 


0, p = g = 1, 
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Explicit identities involving r-Bell polynomials 

Cheon Seoung Ryoo 
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Abstract : In this paper, we study differential equations arising from the generating functions of 
the r-Bell polynomials. We give explicit identities for the r-Bell polynomials. 

Key words : Differential equations, Bell polynomials, r-Bell polynomials. 

2000 Mathematics Subject Classification : 05A19, 11B68, 11S40, 11S80, 11B83, 34A30, 65L99. 


1 Introduction 


The moments of the Poisson distribution are well-known to be connected to the combinatorics of 
the Bell and Stirling numbers(see [1, 4, 5]). As is well known, the Bell numbers are given by the 
generating function 


de‘-l) - 


n—O 


( 1 . 1 ) 


The Bell polynomials Bn{X) are given by the generating function 


eA(e*-l) 




n—0 


( 1 . 2 ) 


The Bell polynomials Bn{X) satisfy the relation Bn{X) = UA[^"],n G N, where Z is a Poisson 
random variable with parameter A > 0. 

The r-Bell polynomials Gn{x,r) are defined by the exponential generating function: 


^ 4.71 

^G„(x,r)- = (see [4]), (1.3) 

n\ 

n—O 


where, r may be real or complex numbers. Note that Bn{x) = G„(x,0). The first few examples of 
r-Bell polynomials G„(a;,r) are 


Go(x,r) = 1, 

Gi(a;,r) = r + x, 

G 2 (x, r) = + X + 2rx + 

G 3 (a;, r) = + X -\- 3rx + 3r^x -(- 3a;^ -I- 3ra:^ -I- x^, 

G 4 {x, r) = + X + Arx + 6r^x -I- 4r^a; -I- Ix'^ + 12rx^ 

+ (Sr^x^ + 6x^ + 4rx^ + x'^, 

G^{x, r) = + X 5rx + lOr'^x + lOr^x -I- 5r^a: -I- 15a:^ -I- 35ra;^ 

-L 30r2a;^ -P lOr^x^ -P 25x^ -P 30ra;^ -P lOr^x^ -P IQx'^ -P 5ra;'‘ -P x^. 
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From (1.2) and (1.3), we see that 


^ j.n 

^Gn{x,r)— = 
n! 


n—O 


-l)x^rt 


= 1E 


\k=0 
oo / n 


\m—0 


=2; i: 


n—0 \k—0 

Comparing the coefficients on both sides of (1.4), we obtain 


Gn{x,r) = '^(^Bk{x)r^ (n > 0). 
fc=o ^ 


(1.4) 


Similarly we also have 

” / \ 

Gn{x + y,r) = ^ y^jGk{x,r)Bn-k{y)- 

Recently, many mathematicians have have studied the differential equations arising from the gen¬ 
erating function of special polynomials (see [2, 3, 6, 7, 8, 9]). In this paper, we study differential 
equations arising from the generating function of r-Bell polynomials. We give explicit identities for 
the r-Bell polynomials. 


2 Explicit identities involving r-Bell polynomials 


Differential equations arising from the generating functions of special polynomials are studied by 
many authors in order to give explicit identities for special polynomials (see [7, 8, 13]). In this section, 
we study differential equations arising from the generating functions of r-Bell polynomials. 

Let 

fU 

F = F(t,a;,r) = ^ G„(a:,r)—= x,r€C. (2.1) 

nl 

n—O 

Then, by (2.1), we have 


^( 1 ) 


d 

dt 


F{t,x,r) 


= e’'‘+(®‘-i)^(r-Pxe‘) 
= -I- 


( 2 . 2 ) 


= rF{t, X, r) + xF{t, a;, r -I- 1), 


= rF^^\t, X, r) + a:F^^^(t, x, r + 1) 

= r‘^F{t, X, r) + x(2r + l)F(t, x, r + 1) + x‘^F{t, x, r + 2), 

p{3) _ ^p{2) 

dt 

— r'^F^^\t,x,r) + x(2r + l)F^^^(t,x,r + 1) + x'^F^^\t,x,r + 2) 
= r^F{t, X, r) + X (r^ + (2r + l)(r + 1)) F{t, x, r + 1) 

+ x^(3r + 3)F(t, X, r + 2) + x^F{t, x,r + 3). 
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Continuing this process, we can guess that 

N 

= ^ a,{N, X, r)F{t, x,r + i), {N = 0,1,2,...). 

i^O 

Taking the derivative with respect to t in (2.4), we get 

p{N-\-i) _ —— _ ai{N^ X, x, r + z) 

N 

= ^ ai{N, X, r) {(r + i)F{t, x,r + i) + xF{t,x,r + i + 1)} 

i=0 

N 

= ^ ai{N, x, r)(r + i)F{t, x,r + i) 

i=0 

N 

+ ai(V X, r)F{t, x,r + {i + 1)) 

i=0 

N 

= ^(r + i)ai{N, x, r)F{t, x,r + 1 ) 

i=0 

N+l 

+ X ^ ai_i(V x, r)F{t, x,r + i). 

i=l 

On the other hand, by replacing iV by + 1 in (2.4), we get 

Af+l 

^(^+1) _ ^ ai{N + 1, X, r)F{t, x,r + i). 

i=0 

Comparing the coefficients on both sides of (2.5) and (2.6), we obtain 

ao(iV + l,x,r) = rao{N,x,r), ajv+i(fV+ l,a;,r) = xaNiN,x,r), 


(2.4) 


(2.5) 


( 2 . 6 ) 


(2.7) 


and 

ai{N + 1, X, r) = (r + i)ai-i{N, x, r) + xai-i{N, x, r), {1 < i < N). 
In addition, by (2.4), we get 


F{t,x,r) = F^°\t,x,r) = ao{0,x,r)F{t,x,r). 


By (2.9), we get 

It is not difficult to show that 


ao(0,a;,r) = 1. 


rF{t, X, r) + xF{t, x,r + 1) 

= F^^\t,x,r) 

1 

= ^ ai{l, X, r)F{t, x,r + l) 
i=0 

= ao(l, X, r)F(t, x, r) + ai(l, x, r)F{t, x,r + I). 


( 2 . 8 ) 


(2.9) 

( 2 . 10 ) 


( 2 . 11 ) 
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Thus, by (2.11), we also get 

ao(l,a;,r) = r, ai{l,x,r) = x. 

From (2.7), we note that 

ao(iV + l,x,r) = rao{N,x,r) = ■■ ■ = r^ao{l,x,r) = 

and 

aAr+i(iV + 1, x, r) = xa^iN, x,r) = ■ ■ ■ = x^ai{l, x, r) = x^'^^. 
For i = 1, 2,3 in (2.8), we have 

N 

ai{N + l,x,r) = X ^(t" + l)^ao(A^ — fc, x, r), 

k=0 

Af-l 


and 


a 2 {N + l,x,r) = X ^ (r + 2)^ai(iV — k, x, r), 
fc=0 

N-2 

a 3 {N + l,x,r) = X (r + 3)^a2(iV — k, x, r). 


k=0 


Continuing this process, we can deduce that, for 1 < i < iV, 

AT-i+l 

ai(N + 1, x,r) = X (r + i)^ai_i(7V —/c, x, r). 


fc=0 


,x. 

Oo< 

i,j<N+l is 

given by 

/I 

r 

J.2 

r3 

. . . \ 

0 

X 




0 

0 

X2 



0 

0 

0 

x3 


Vo 

0 

0 

0 

x^+'^J 


Now, we give explicit expressions for ai(N + l,x,r). By (2.15), (2.16), and (2.17), we get 

N N 

ai{N + l,x,r) = X ^ (r + l)'"iao(lV - fci,x,r) = ^ (^ + 1)^V^“'"C 

fci— 0 fci— 0 

N-1 

a 2 {N + l,x,r) = X ^ (r + 2)^‘^ai{N - k 2 ,x,r) 
k2—0 

N-1 N-l-k2 

= x^J2 E ir + lN{r + 2) 

k2—0 ki—0 


k2^N-k2-ki-l 


and 


asN + l,x,r) 

N-2 

= X ^ (r + 3Na2{N - ks, x, r) 

fc3=0 

N-2 N-2-k3 N-2-k3-k2 

= ^^E E E (?' + 3)'="(r + 2)'="(r + l) 

^3=0 ^2=0 fcl=0 


ki^N-k3-k2-ki-2 


( 2 . 12 ) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18) 
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Continuing this process, we have 
ai{N + l,x,r) 


N—i-\-lN—i-\-l — ki N—i-\-l — ki - ^2 / i \ 

= E E ••• E 

ki—0 ki-i—0 ki—0 1 / 


Therefore, by (2.19), we obtain the following theorem. 

Theorem 2.1 For N = 0,1,2,, the differential equation 

N 

^ ai{N, X, r)e''*F{t, x, r) 


has a solution 


F = F(t,a:,r) 


where 


ao{N,x,r) = r^, 
aN{N, X, r) = x^, 

N—iN—i—ki N—i—ki - ^2 / i \ 

a,{N,x,r) = x^J 2 ''' E !!('' +’ 

ki—0 ki — i—0 ki—0 \/—1 / 


From (2.1), we note that 


(1 < i < N). 


^ X k 


From Theorem 1 and (2.20), we can derive the following equation: 

“ y.fc / ^ \ 

'^Gk+N{x,r)— = = I ^a,(A^,a;,r)e** j F{t,x,r) 

k —0 \z —0 / 

= Y,a^{N,x,r) E*V 

i=0 \i=0 / \m=0 

N / oo k / +k\ 

= E“*(^,^’^) EE 

i=0 \fe=0m=0 ^ ^ ■/ 

oo / N k / \ ,k 

= E E E l)^’^~'"a,iN,x,r)Gmix,r) -. 

k =0 \i =0 m =0 ^ ' / ■ 

By comparing the coefficients on both sides of (2.21), we obtain the following theorem. 
Theorem 2.2 For k, N = 0,1,2,..., we have 


N k . s 

Gk+N{x,r) = EE: i'^-^a,{N,x,r)GUx,r), 

,_n 'm—n \^/ 


where where 


ao{N, X, r) =r^, aN{N, x, r) = x^, 

N—i N—i—ki N—i—ki - ^2 / i \ 

a,{N,x,r)=x^J 2 ''' E + 

ki —0 ki — i —0 ki —0 1 / 

(1 < i < IV). 
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Let us take fc = 0 in (2.22). Then, we have the following corollary. 
Corollary 2.3 For = 0,1, 2,..., we have 


N 


Gn{x, r) = ^ ai{N, x, r). 


i=0 


For N = 0,1,2,..., the functional equation ^ ai(iV, a;, r)e**F(t, a;, r) has a solution 

F = F{t,x,r) = g'rt+ie*-i)x^ Here is a plot of the surface for this solution. In Figure l(left), we 



Figure 1: The surface for the solution F{t,x,r) 


choose —3 < a; < 1, —5 < t < 5, and r = —2. In Figure l(right), we choose —3 < a; < 3, —5 < f < 5, 
and r = 2. 
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A CLASS INVOLVING DERIVATIVES OF RATIO OF THE 
ANALYTIC FUNCTIONS 

JI HYANG PARK, VIRENDRA KUMAR, AND NAK EUN CHO 


Abstract. The class of functions defined using linear combination of the derivatives 
of ratio of the normalized analytic function with the identity function is considered in 
this manuscript. Eurther, the sharp bounds on the Hankel determinants and estimates 
on the higher order Schwarzian derivatives for the first three consecutive derivatives 
are investigated. 


1. Introduction 


Let A be the family of functions / in the open unit disk D and satisfying the normal¬ 
ization conditions /(O) = 0 = /'(O) — 1. Let the collection 5 C A contains univalent 
functions in D. An analytic function / is subordinate to another analytic function g if 
there is an analytic function w with |tc( 2 :)| < \z\ and tc( 0 ) = 0 such that f{z) = g{w{z)) 
and we write f ~< g. If S' is univalent, then f -< g if and only if /(O) = s'(O) and 
/(D) ^ 5 '(D)- The classes 5* and K. of starlike and convex functions, respectively, 
are defined by Re {zf\z)/f{z)) > 0 and Re (1 -b zf"{z)/f'{z)) > 0. There are several 
sufficient conditions for functions to be univalent. Among them the simplest one is to 
verify Re/'(z) > 0 in z G D. However, there are several other sufficient conditions for 
univalency were investigated in the recent years. Obradovic 17 proved that if / G A 
satisfy \f"{z)\ <1/2, then / is convex in D. Later, this condition was generalized by 
Frasin [^. For 0 < 7 < 1, Tunseki investigated the conditions on the expressions 
— — j)f{z)/z and zf”{z) — ^f'{z) for the sufficient conditions of starlikeness 

and convexity. Frasin obtained some sufficient conditions on f'"{z) for starlikeness 
and convexity. In particular, he proved that when the function / G A with f"{0) = 0 
satisfies \f'”{z)\ < 1 , then / is starlike in D and if \f'"{z)\ < 1 / 2 , then / is convex in 
D, see 1^ Cororllary 2, Cororllary 3, p. 65]. 

Motivated by this, in 2010, Uyanik et al. 


25 introduced and investigated a new 


subclass of A defined using the linear combination of the derivatives of ratio of the 
normalized analytic function with the identity function. For /3i,/32 G C, A > 0 and 
/ G A he defined V(/di, (32, A) as follows: 


I3iz 


fiz) 


+ I32Z 


2 / fiz) 


< A. 


2010 Mathematics Subject Classification. 30C45, 30C50, 30C80. 
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He obtained sufficient condition for normalized analytic functions to be in the class 
V(/di,/d2, A). He proved that the nth coefficient of functions in this class is bounded by 

V((^- 1)(IAI + {n- 2 )\( 32 \)). 

It is well-known that the function in the class S satisfy |a„| < 2 {n = 2 , 3 , ■■■). 
Moreover, if < 1 , then f E S* and if < 1 , then / G /C. There is 

another important quantity related to coefficients, called the Hankel determinant, which 
enable us to determine the necessary condition on coefficient functional for functions 
belonging to a given class of functions. For given natural numbers n, g, the Hankel 
determinant Hq^nif) of a function f{z) = , ai = 1 is dehned by means of 

the following determinant 


HUf) ■■= 


^n+l 


®n+2 


a. 


n+q-1 


a. 


n+q 


(^n+2{q—l) 

X2 is the well-known Fekete-Szego 


^n+q—1 ^n-\-q 

It is easy to see that the functional if2,i(/) = 03 
functional. However, the second Hankel determinant is given by Ff2,2(/) := ^204 — Og. 
Further, the third Hankel determinant is i(/) := 03(0204 — o|) — 04(04 — O2O3) -|- 
05(03 ~ O2). The Hankel determinant Hg nif) for the class S was investigated by Pom- 


merenke and Hayman 10 . For more details, see |4p pTp3p9pI] and the references 
cited therein. 


The Schwarzian derivative of a locally univalent function /, dehned by 


S(/)(;^) := 


f'iz) 

f{z) 


f'iz) 

f{z) 


The Schwarzian derivative is an important quantity in Univalent Function Theory. 
Further properties were investigated by Nehari 1 ( 

sufficient conditions for / G iS. The higher order Schwarzian derivative 


He obtained the necessary and 

11^ 


dehned by o'3{f) = S(/) and for any integer n > 4, it is given by 


IS 


c^n+i(/) = Mf))' -{n- l)an{f)y. 

Droh and Szynal studied the higher order Schwarzian derivative for convex functions. 
Now cTn(/)( 0 ) =: Sn and S3 = ct3(/)(0) = 6(03 - O2), S4 = <T4(/)(0) = 24 (o 4 - 80203 -h 
202) and S5 = (j5(/)(0) = 24 ( 5 o 5 — 2O02O4 — 9 o| -|- 4803O2 — 2403). The sharp bound 
on |Si| {i = 2 , 3 , 4 ), for f G 1 C, investigated by Droh and Szynal. The generalization of 
their work, recently, carried out in by Cho et al. 

We shall investigate, the estimates on the Hankel determinants and the higher order 
Schwarzian derivatives by associating the functions of the class under consideration 
with the Caratheodory functions. Now we recall those results which shall be needed for 
investigation of our results. Let V denote the class of Caratheodory functions of 
the form 

00 

p{z) = l + ^PnZ'^ ( 2 rGD). (1.1) 

n=l 
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Let B be the class of analytic functions w{z) = ^^=iCnZ'^ {z G D) and satisfying 
the condition |tc(2:)| < 1 for z G D. The function w & B and p E V are related as 
p{z) = (1 + w{z))/{l — w{z)). Consider a functional T(t(;) = |c 3 + Q!CiC 2 + (3c\\ for 
w E B and a, (3 eM.. 


Lemma 1.1. 20 , Lemma 2 , p. 128 ] If w E B, then for any real numbers a and ft the 
following sharp estimate ^(w) < $(q!,/3) holds, where 


1 , 


$(«,/?) = 


I / I 7 

?L(\a\ + 1) f 


if {a, (I) E fli Ufls, 
if (o, (3') E fls U 124 U 125 

if {a, 13) G fie U I 27 . 


Here the sets 12* ’s are defined by 


f2i 

122 

123 

124 

125 

He 

127 


= {(a, /3)eR^ : |a| < 1/2, -I </3 < 1} , 

= |(q!,/3) G : 2 < |q!| < 2, ^(|q!| + 1)^ — (|q;| + 1) ^ /5 < l| , 

= {{a,/3) G M2 ; |a| < 2 , (3>1}, 

= {(a,/3) G m 2 : 2 < |a| < 4, ft > + 8)} , and 

= {{a, ft) G m2 : |q;| > 4, ft > |(|a| — 1)} . 

= |(q!,/3) G m2 ; 1 < |q;| < 2, —|(|u| + 1) ^ /d ^ ^(1*^1 T 2)^ — (|q^I T 2)} ) 
= {(a,,3) e R2 : |a| > 2, -|(|a| + !)</)< glgg} ■ 


Lemma 1.2. [H,15, Libera and Zlotkiewicz] If p E V has the form given by (1.1) with 
Pi >0, then 

2 p 2 = pI + x{A - pj) (1.2) 

and 

4 p 3 =pI + 2 pi{A - pI)x - pi{A - pI)x^ + 2(4 -p 2 )(i _ \x\^)y (1.3) 

for some x and y such that |a:| < 1 and \y\ < 1. 


Lemma 1.3. 


22 


Ravichandran and Verma] Let a, (3, 7 and d satisfy the inegualities 
0 <q;< 1 , 0 <a<l and 

8 a(l — a)[(d/3 — 27)2 + (Q;(a + d) — /3)2] + d(l — a)0 — 2daY < 4aQ!2(l — d) 2 (l — a). 
If p E V has the form given by ( |1.1 ), then 

\fp\ + dpi + 2apip3 - {S/2 )PpIp 2 - p^l < 2. 


Lemma 1.4. 18 , Ohno and Sugawa] For any real numbers a, b and c, let the guantity 
Y (a, b, c) be given by 

Y (a, b, c) = max {\a + bz + cz"^] + 1 — \z\^\ , 

zeD 


where D := {2; G C : |;2| < 1 }. If ac > 0 , then 


if\b\ > 2(1 - |c|), 


v( h ^ 1^1 1^1’ 

+ H + V|6|<2(l-|c|). 
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Further, if ac < 0 , then 


l«l + 4(l-|c|)i 

if — 4 ac(c“^ — 1 ) < and 6 < 2(1 — 

1 1 + |a| + 

ifb"^ < min{ 4 (l + c )^, — 4 ac(c“^ — 1 )}, 

(R{a,b,c), 

otherwise, 


where 


|a| + |6| — |c|, if |c|(|6| + 4 |a|) < \ah\, 

R{a,h,c) = { -|a| + 1^1 + |c|. */l«&l < |c|(|&| - 4 |a|), 

(|c| + otherwise. 


2. Coefficient bounds 

The following theorem gives the sharp upper bound for Fekete-Szego functional and 
Hankel determinant for functions in the class V(/9i,/925 -^)- 

Theorem 2 . 1 . Let 0 < / 3 i < 1 , 0 < /92 < 1 and f E V(/ 9 i,/92, A). Then the following 
sharp inequalities hold: 


( 1 ) las-pail < 2^^max|l; p G C. 

(2) |a2a4 - as^l < - ^ (F+M 


3/5i(/3i+2/32)(/3F+2/3i/32+4/32h ' 

A n ^ \ < (3P2-2)/3d+(3P2-2)/3i/32 . 


^ _ n \ < } 3(/3i+2/32)’ 3,3i+6/32 

|a2a3 a4| ^ < 2/3i(/Ii+/32)+3A(/3i+2/l2) ^ . (3V2-2)/3C+(3P2-2)/3i/32 

I 9C3/3i(/3i+/32)(/3i+ 2/32) ^ ^ 3«i 


3/3i+6/32 


Proof. Since / G V(/ 3 i,/d2, A), it follows that there exists a Schwarz function w{z) = 
CiZ + C2z‘^ + c^z^ + ■ ■ ■ E B such that 




= At(;(2;)). 


( 2 , 1 ) 


In the view of interconnection w{z) = {p{z) — l)/{p{z) + 1 ) G B if and only if p G P 
between the Schwarz function w and the Caratheodory function p{z) = 1 + piz + p2Z^ + 


Ps^^ + ■ ■ ■ eV, from (2.1), we get 


Api 


A(2p2 -pT 


2/?i’ 8(A + /32) ’ 


and 


a4 = 


A(4p3 - 4pip2 +PU 

24(/3i + 2/^2) 


as — 


A(8p4 - Spips - 4 p 2 ^ + 6P1V2 - Pi"*) 
64(131 + 3 ft) 


( 2 . 2 ) 


( 2 , 3 ) 


( 1 ) From ( 2 . 2 ), Using the result [see [^], for any complex number p, 

|P2 - TpI\ < 2max{l; |2p - 1|}, 
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we have 

2 


I Os — fia2 I — 


A 


4(/3i + ^ 2 ) ' 
A 


/3i + 2/xA(/3i + /32) 2 

- 


2{/3i + ^ 2 ) 


max < 1, 


2A(/3i + /32) 

7? 


(2.4) 


The equality holds in case of the function / dehned by (2.1) with choice of the function 
w{z) = z. 


(2) Using (2.2) and (2.3), we have 


A2 


— Us — 


+ 2/3i/32 + 4/32^)pi 


192/3i(/3i + /32)^(/3 i + 2/32) 

—4(/3i^ + 2/3 i/32 + 4/32^)pi^P 2 — 12/3i(/3i + 2/32)p2^ 

+16(/3i +/32 )ViP3] • (2.5) 


Putting equivalent expressions for p 2 and p^ in terms of pi from (1.2) and (1.3) in 

A2 


(2.5), we have 


“ 192ft(/?i + 132m + 2A) 

X (4 - Pi^)a;^ + 8pi(4 - pi^)(/3i + /32)^(1 - ItH//] . (2.6) 

Because p E V, and the class V is invariant under rotation, without loss of any gen¬ 
erality, we can set pi = |pi| =: s G [0,2]. Further, sinc e |x| < 1 and \y\ < 1 for some 
x,y G C, using this facts and the triangle inequality in (2.6) we can write 


|^2^4 — ^3 I ^ T 


3/3i(/3i + 2/32)(4 ~ s^) + 4(/3i + /32)^s^^2 


where 


T : = 


8(/3i + /32)2 

A2(4-s2) 
24/3i(A + 2/32)' 


-L s(l - |x|^) 


(2.7) 


We note that for s = pi = 0, and s = pi = 2 from (2.7), we have [0204 — 03^! < 
A^/4(/3i -|- I 32 Y and |a2a4 — 03^! = 0, respectively. 


Now we assume that s G (0,2). Then, form (2.7), we obtain 

A2 


CI 2 II 4 — ^ 


24/3i(/3i -|- 2/32) 


s(4 — s"^)F(a, &, c). 


( 2 . 8 ) 


where 

with 


F(a, 6, c) := I a -|- 6a; -1- cx^\ -|- 1 — |x|^. 


3/3i(/3i -|- 2 / 32 )(4 — s^) 4(/3i -\- /32)^s^ 


a := 0, 6 := 0 and c := 


8(/3i { 32)^8 

Here it is easily seen that ac = 0. Here we have two cases now: 
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(i) When 0 < /3i < /92(\/3 — 1) and s* < s < 2, we obtain |6| > 2(1 — |c|). Therefore, 
by Lemma 1.4, we have 


1(22^4 — ^3 I — 


XHPi+^2?s{^-S^) 


-F{a, b, c) 


24 / 3 i (/ 3 i + / 32 )^(/ 3 i + 2/32) 

X^(/3i + /32)^s( 4 — s^) f 3/3i(/3i + 2 / 32 ) (4 — s^) + 4(/?i + (32Ys‘^ 


24/5i(/3i + /32)^(/3 i + 2/32) V 

A2 


8(/3i + /?2)^s 


9{s), 


192/3i(/3i + /32)^(/3 i + 2/32)' 
where g : [s*, 2) —)■ M is dehned by 

g{s) := 3/3i(/3i + 2/32)(4 — s^) + 4(/3i + /32)^(4 — s^)s^. 
Cleanly, g has maximum at 


we have 


s = Si : = 


1(2204 ~ O 3 I ^ 


2^-/3!^ — 2/3i/32 + 

\/ /3i^ + 2/3 i/32 + 4/32^ 

_W_ 

192/?i(/?i + /?2)^(/di + 2 /^ 2 ) 
X\^+(32? 


9{si) 


3/^1 (/3i + 2/32) (/?i^ + 2/3 i/32 + 4/32^) 

(ii) When 0 < /3i < /32(\/3 — 1) and 0 < s < s* , /3i > /32(\/3 — 1) > 0 and 0 < s < 2, 
we obtain |6| < 2(1 — |c|). Therefore, by Lemma [T~4 we have 

A2(/3i+/32)M4-s^) 


02(24 ~ (^3 ^ 


24/3i(/3i + /32)^(/3 i + 2/32) 
A2(4 - s2)s 
24/3i(/3i + 2/32) 

A2 

h(s). 


F(a,6,c) 


24/3i(/3i + 2/32) 
where the function h : (0, 2) —>■ M is dehned by 

h{s) := (4 — s^)s. 

Further computation reveals that h has its maximum at s = S2 := 2/\/3, and thus we 
have 


|^2^4 — ^3 I ^ 


A^ 


-h(s2) = 


2y3A 


24/3i(/3i + 2/32) 

Therefore, from (i) and (ii), we conclude that 

+ /32)^ 


27/3i(/3i + 2/32) 


(( 2(^4 — ((3 ^ 


3/3i(/3i + 2/32)(/3i + 2/3 i/32 + 4/32 ) 
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The equality holds in case of the function defined in (2.1) with 

z{uo - 2z^) 
w{z) = — -, 

2 — uqZ 

where Uq = 2 \/—/3i^ — 2f5if32 + (3"^ /\//3i^ + 2 / 3 i /32 + 4 / 32 ^• 

(3) To hnd the estimates on the functional |a 2 a 3 — 04 ], we shall express the coefficients 
(oj) in terms of Schwarz’s coefficients (q). From (2.1), we have 

ciA 


02 = 


/Si 


Os = 


C 2 A 


04 = 


C 3 A 


Using (2.10), we get 

I02O3 — 04I = 


2 (/ 3 i + (^ 2 ) 3 (/Si + 2/32) 

A^CiC2 


5 O 5 — 


C 4 A 


4 (/ 3 i + 3/32) 


+ 


AC3 


A 


3 (/ 3 i + 2/^2) 

where <F(/i, v) := |c 3 + yOCiC 2 + i'Ci^\ with 

__ _ 3 A(/ 3 i + 2 (^ 2 ) 
^ 2/3i(/3i + /32) 


2/^1 (/3i + P2) 3(/3i + 2/^2) 

3 A(/?i + 2/^2) 
2/Si(/3i + ( 52 ) 

$(/r, z/). 


3 (/ 3 i + 2/32) 
A 


C 1 C 2 + C 3 


(2.9) 


, and v := 0 . 


Assume that flj’s are as defined in lemma [T^ with p and v as given above. We now 
complete the proof in the following cases. 


{i) Suppose that 0 < A < /3i(/3i + (32)/3{(3i + 2^2), then we see that —1/2 < /x < 1/2 
and — 1 < zx < 1. So, we conclude that (/i, z/) G fli. 

(ii) Let /3i(/3i + /32)/3(/3i + 2/32) ^ A < — 2)(/3i + /32)/3(/3i + 2/32). Then we 

can easily verify that —2 < p < —1/2 and (4/27)(|/x| + 1)^ — (|/x| + 1) < zx < 1 
holds and we get (/i, z/) G n 2 - 

{iii) Let /3i(3\/3 — 2)(/3i + /32)/3(/3i + 2/32) ^ A < 4/3i(/3i + /32)/3(/3i + 2/32). Now we 
see that — 2 < p < —1/2 and — 2(|/i| + l)/3 < A < (4/27)(|/i| + 1)^ — (|/i| + 1) 
hold for all such positive values of A and so (p, z/) G fie- 
(iv) Let A > 4/3i(/3i + /32)/3(/3i + 2/32). Then we see that the conditions /x < — 2 and 
-(2/3)(|/x| + 1) < z/ < 2|/x|(|/i| + l)/(/x^ + |/x| +4) hold. Therefore, (/x, z/) G fly. 

Now by using Lemma im the cases (x) and (xx), we conclude that if 

0 < A < /3i(3y3 - 2)(/3i + /32)/3(A + 2/32), 


then ^(/i, v) < 1. Further, the (xxx) and (xu) hold, then 

4’(/x, zx) < (2/3i(/3i + / 32 ) + 3A(/3i + 2 / 32 ))/ 3 \/ 3 / 3 i(/ 3 i + / 32 ) 

for A > /3i(3\/3 — 2)(/3i + / 32 )/ 3 (/ 3 i + 2 / 32 ). The result is sharp in case of the function 
/ defined by (2.1) with choice of the Schwarz function w{z) = z^ and w(z) = z(ti + 
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z)/{l + tiz), respectively, where 

\u\-l 


ti = 


3(|/i| -l-u) 


This ends the proof. 


I 


Remark 2.2. In the case, when /3i and 1^2 are real numbers, from the result 25, Corol¬ 
lary 2.1, p.383], we conclude that 

A 




[n - l){\Pi\ + {n - 2 )\P 2 \)' 


Using the above results, we deduce the following estimates on the third Hankel de¬ 
terminant: 

Corollary 2.3. Let 0 < /?i < 1, 0 < /32 < 1 and f G V(/di,/? 2 ; A). Then the following 
holds: 


where 


riA 2 , 

0 < A ^ Ai,' 

D2A, 

Ai < A ^ A2 

7-3, 

A > A2, 


n : = 


24A(/3i -|- /32)^(/3 i -f 2/32)(/3 i -f 3/32) + /3i(/3i^ + 2/3i/32 -I- 4/32^) 

X (5/3i -|- 6 / 32 ) (5/3i -|- 14 / 32 ) 
2(«5'3 + /3^3)-Bi 


6A^(/3i -(- 332 )(/3i + 2 / 32 )(/3i -f- 3 / 32 ) -|- 4A/3i(/3i -|- 3/32)(/3i^ -|- 2/3i/32 -f 4/32^) 


r2 := 


+9/3i(/3i -l- 2 / 32 ) (/3i -|- 2/3 i/32 -I- 4/32 


and 


/3i(/3i -|- 2/32)^(/3 i -|- 3/32)(/3i^ -f 2/3i/32 -I- 4/32^) 
(1296p^ + 3456/r3 + 2304/1^ + 1740p + 1015) 


7-3 := 


5184(12/i + 7) 

Theorem 2.4. Let / G V(/3i,/32; A), then t/ie following sharp inegualities hold: 
(1) // 0 < /3i < 1 and 0 < /32 < 1, then 


3A 


, 0 < A < 


IT 


ic I < J hir-02 

/3U ’ ^ 


2(/3i+/32) ’ 


2(/3i+/32) • 

(2) (a) If either of the set of conditions 0 < A < A* or Ai* < A < A** and 


{9(/3i -f 2/32)A -1- 2/3i(/3i /32)}[{9(/3i -|- 2/32)A -t- 2/3i(/3i -1- /32)}^ — 27/3i^(/3i -1- /32)^] 

< 324(/3i -|- 2/32)A^(/3 i -(- /32)^ 

hoWs, then 

IS 4 I < 


24A 


3(/3i -|- 2 / 32 ) 
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(h) If either of the set of conditions X 2 * < A < 4Ai* and < /3i + /32 or 

A > 4Ai* holds, then 


IS 4 I < 


48A^ 

W 


(3) //0 < /3i < 1, 0 < /32 < 1 and 0 < A < 3/3i(/3i + 2/32)/8(/3i + Sfts), then 


S 5 I < 


720A 

/3i + 3/32 


Proof. Let / G V(,3i, (32', A). Then, to find the estimates on the higher order Schwarzian 
derivatives, we shall express the coefficients (oj) in terms of Schwarz’s coefficients (c*). 
From (2.1), we have 


02 = 


Cl A 


Os = 


C 2 A 


2{(3i + (32) ’ 


04 = 


C 3 A 


05 — 


C 4 A 


3(/3i + 2 ( 32 ) 4(/3i + 3 /^ 2 ) 


Using first part of Theorem 2T, we have 

IS 3 I = 6|o3-02^) 


< 


3A 


(3i + (32 


max < 1 


2(A+/32)A) 


/5T 


7 


The function for the equality holds by (2.1) with the choice w{z) = 2 ;. 
Now we consider the estimate on |S' 4 |. From (2.10), we obtain 

S4 = 24(04 — 302O3 T 2 o3 ^) 


24A 


3(/3i + 2/32) 

24A 

-T(/i,n 


6(/3i + 2/32)A^ 3 9(/3i + 2/32)A 

—Cl - tTTTTR—VTTC1C2 + C3 


/^T 


2(3i{(3i + / 32 ) 


3(,3i + 2(32) 

where T(/ 0 , z/) := C 3 + /iCiC 2 + z^Ci^ with 

9(/3i + 2/32)A 
2/3i(/3i + /32) 


/i := 


and n : = 


6(/3i + 2/32)A^ 

A" 


( 2 . 10 ) 


Assume that fids are as defined in Lemma 1^ with /x and z/ as given above. We now 
complete the proof with the following cases. 


if) Suppose that 0 < A < Ai*. In this case, we see that —1/2 < /i < 1/2 holds. More¬ 
over, — 1 < z^ < 1 holds if and only if 0 < A < A 2 *, where Ai* := /3i(/3i-f-/32)/9(/?i-l- 
2 ( 32 ) and A 2 * := (3i\/(3i/Q{(3i -f 2/32). Thus, for all 0 < A < min{Ai*, A 2 *}, we con¬ 
clude that (/i, z^) G 111 . 


{ii) Next suppose that Ai* < A < 4Ai*, then we see that the condition —2 < p < —1/2 
holds. Further, (4/27)(p -l- 1)^ — (p + 1) < z/ < 1 holds if and only if 0 < A < A 2 * 
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and 


{9(/?i + 2f32)X + 2(3i{j3i + /?2)}[{9(/3i + 2j32)\ + 2/?i(/?i + /32)}^ 

— 27/3i^(/3i + /32)^] < 324(/3i + 2/32)A^(/3i + (^ 2 )'^■ (2-11) 


So, if Ai* < A < A** := min{4Ai*, A 2 *} and (2.11) hold, then (/i, p) G fl 2 - 


(iii) Let A 2 * ^ A < A 3 * 4(/3i + /?2)/9(/?i + 2/32) /3i + /32 > 9/ 4a/6. 

Then, we can easily verify that |/i| < 2 and u > 1. Therefore, (/i, u) G fls- 

{iv) Let 4Ai* < A < 8 A 1 *. Now we see that —4 < /i < —2 and u > + 8)/12 hold 

for all snch positive valnes of A and hence (/i, u) G fie- 

(n) Let A > 8 A 1 *. Then we see that /i < —4 and u > 2(|/i| — 1), so (/i, z/) G fly. 

Now by nsing Lemma O and the cases (i) and (ii), we conclnde that if 0 < A < 
min{Ai*,A 2 *} or Ai* < A < A** and ( 2 . 11 ) hold, then T(/i, z/) < 1 . Fnrther, from the 
cases (Hi) — (v) and Lemma we conclnde that T(/i, z/) < z/, for A 2 * < A < A 3 * 
and /3i + /32 > 9'^/3i(/3i + 2 / 32 )/ 4-\/6 or A > 4Ai*. The resnlt is sharp in case of the 
function / dehned by (2.1) with choice of the Schwarz fnnction w(z) = and w(z) = z, 
respectively. This completes the proof. 

Now we hnd the estimate on IS 5 I. Using 


2.2 


and 2.3 


S,, = 


we get 

24(605 ~ 200204 — 903 + 4802O3 — 2402) 
-720A 
/3i + 3/32 
-720A 
/3i + 3/32 


[ipt + apj + 2dpip3 - i3/2)l3plp2 - Pa)] 
T(7,a,d,/3), 


( 2 . 12 ) 


where 4 /( 7 , o, d, (3) := ^p\ + ap^ + 2apip^ — (3/2)/3pfp2 —Pa with the parameters 7 , o, a 
and 13 are given by 
/3i + 3/32 


7 : = 


+ 3 / 32 / 15 27A lOA 36A2 36A3\ 

V8(/3i + 3/32) + 8(/3i + /32)2 + /3i(A + 2/32) + ^ ^7 ’ 

, /3i + 3/32 / 8A 3 


a := 


a : = 


6 \f3i{f3i + 2 ( 32 ) 
/3i + 3/32 / 5 


+ 


/3i + 3/32 
9A 


2(/3i + 3 / 32 ) 2(/3i + 332 ) 


and 


/3:= 


2(/3i + 3 / 32 ) 


45 


+ 


27A 


+ 


20A 


+ 


72A2 


45 \y4(/3i + 3 / 32 ) 2(/3i +/32)^ /3i(/3i + 2 / 32 ) /3i^(/3i +/32), 

We assnme that 0 < /3i < 1 and 0 < /32 < 1 and 0 < A < 3/3i(/3i + 2/32)/8(/3i + 3 / 33 ). 
Under these conditions, it is a simple matter to verify that 0 < d < 1 and 0 < o < 1. 
Moreover, with these restrictions all conditions of Lemma 1^ are fnlhlled and thns, we 
get |4/(7, o, d,/3)| < 2. Thns, the resnlt follows from (2.12). I 
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EXPLICIT FORMULAE OF CAUCHY POLYNOMIALS WITH A q 
PARAMETER IN TERMS OF r-WHITNEY NUMBERS 

F. A. SHIHA 


Abstract. The Cauchy polynomials with a q parameter were recently defined, 
and several arithmetical properties were studied. In this paper, we establish 
explicit formulae for computing the Cauchy polynomials with a q parameter in 
terms of r-Whitney numbers of the first kind. We also obtain several properties 
and combinatorial identities. 


AMS (2010) Subject Classification: 05A15, 05A19, 11B73, 11B75. 

Key Words. Cauchy numbers and polynomials, r-Whitney numbers, Stirling 
numbers. 


1. Introduction 

The Cauchy polynomials of the first kind c„(z) are defined by 

(1.1) Cn{z) = {x- z)ndx, 

Jo 

and the Cauchy polynomials of the second kind Cn{z) are defined by 

(1.2) Cn{z) = / {-X + z)ndx, 

Jo 

where (y)„ = n"A(y ~ *) the falling factorial with (j/)o = 1. The exponential 
generating function of these polynomials are 


(1.3) 

n—0 

(1.4) 

oo 

'^Cn{z) 

n—0 


n\ (1 + ty ln(l + t) 

t" _ yi + ty 

n\ (1 + t) ln(l + t)' 

(see mm- When z = 0, c„(0) = c„ and c„(0) = c„ are the Cauchy numbers of the 
first and second kind (see [aiiiiniiH]). 

Recently [S] obtained a representation of the integer values of Cauchy polyno¬ 
mials in terms of r-Stirling numbers of the first kind Sr{n,k) [3]. For all integers 
n, r > 0, 


(1.5) 

( 1 . 6 ) 


1 


Cn(r} = ^ Sr{n -f r, fc -b r) 




Cni-r) = + r,k + r) 


k=0 


k + 1 


475 


F. A. SHIHA 475-480 





J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


2 


F. A. SHIHA 


Given variables y and m and a positive integer k, define the generalized rising and 
falling factorials of order k with increment m by 


fc-i 


[j/|w]fe = ]J(2/+ jm), [y|w]o = 1 


fe-i 


{y\'m)k = Y[{y - jm), {y\m)o = l. 

3=0 


Komatsu [B] introduced the Poly-Cauchy polynomials and numbers with a q pa¬ 
rameter, and the Cauchy polynomials and numbers with a q parameter as special 
cases. 

Let 5 be a real number with q ^ 0, Komatsu [6] defined the Cauchy polynomials 
with a q parameter of the first kind c^{z) by 



(1.7) 


JO 

and the Cauchy polynomials with a q parameter of the second kind c^{z) by 



JO 

The exponential generating functions are 



(1.9) 



( 1 . 10 ) 


If z = 0, then c® (0) = c® and c^(0) = are the Cauchy numbers with q parameter 


of the first and second kind, respectively. If g = I, then c)j(z) = c„(z) and c)j(z) 
Cn{z). 


The r-Whitney numbers of the first and second kind were introduced by Mezo 
[10] . For non-negative integers n and k with 0 < fc < n, let w{n,k) = Wq^rin^k) 
denote the r-Whitney numbers of the first kind, which are defined by 


n 



( 1 . 11 ) 


Let IF(n, k) = Wq^r{n, k) denote the r-Whitney numbers of the second kind, which 
are defined by 


n 



( 1 . 12 ) 


Usually r is taken to be a non-negative integer and q a positive integer, but both 
may also be regarded as real numbers m- The exponential generating function of 
w{n, k) is given by [TU] 


(1.13) 
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CAUCHY POLYNOMIALS WITH q PARAMETER IN TERMS OF r-WHITNEY NUMBERS 3 

2. Basic results 


Replace x by in (1.11), then the r-Whitney numbers of the first kind w(n, k) 


are given by 


n—1 


(2.1) {x-r\q)n=W(,x-r - jq) = ^w{n,k)x^, g ^ 0, 

j=o 


k=0 


Using (1.7), we get the following theorem. 


Theorem 1. The Cauchy polynomials with q parameter of the first kind cf{r), 
<7 7 ^ 0 can he written explicitly as 


( 2 . 2 ) 


= ^w{n,k) 


1 


fe =0 


k + 1' 


The first few polynomials are 

cg(r) = 1, 

c«(r) = -r + i, 

c«(r) = + (g - l)r -\q+\, 

c|(r) = -r^ - |(2g - l)r^ + (-2g^ + 3g - l)r + - g + 

c«(r) = r4+(6g-2)r3 + (llg2-9g+2)r2 + (6g3-llg2+6g-l)r-3g3 + ld 52 _|^_^i^ 

Remark 1. If r = 0, then c® (0) = cf are the Cauehy numbers with q parameter of 
the first kind [6] 

fi 


= / {x\q)ndx = ^ 


g”-'=s 


{n,k) 


k=0 


1 

k+1’ 


where s{n, k) are the Stirling numbers of the first kind. 

If q = 1, we have c^(r) = c„(r) and Wi^r(n, k) are reduced to Sr{ri + r,k + r), 
and hence we obtain the explicit formula (1.5). 


From (1.13), we can easily derive the exponential generating function of cf{r) as 
follows: 




oo n 


w{n,k) ^ y 

^ n! ^ ^ ^ ’ 'k + l n\ 

n=0 n—0 k—0 


oo oo 


___ ___ -f-n 1 

=E 

k—O n—k 


n\ k + 1 


/ N /ln(l + qt) 

= (l + gt)-^' ^ 


k=0 


1 1 


/ N /ln(l + qt) 

= {l + qt)-J2‘ ^ ’ 


A;=0 


k\ k 1 

fc+l ^ 


g(l + qt) 1 f ln(l + qt) 
ln(l + qt) ^ 


L-l 


{k + 1)! ln(l + qt) 
1 


g(l + qt) 
ln(l + qt) 


((1 + <?0’ 


-1 . 
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When r = 0, we get the exponential generating function of 


_ -f/£. 

c'^ — = 


n—Q 


n\ ln(l + ( 7 <) 


((1 + - l) 


According to (2.1), 


(2.3) (-a: - r|g)„ = (-a; - r - jq) = ^ w{n, k) (-1) 

j—0 k—0 




q mo¬ 


using (1.7), we get the following theorem. 


Theorem 2. The Cauchy polynomials with q parameter of the second kind cf{r), 
q 0 can be written explicitly as 


(2.4) 


cl{-r) = w{n,k) 


k=0 


1 

k + 1 


The first few polynomials are 
cg(r) = 1 , 
c«(r) = r - 

c«(r) = - (g + l)r + I? + 5 , 

c|(r) = - |( 2 g + l)r^ + ( 2 g^ + 3q + l)r - q'^ - q - 

cl{r) =r'^-{6q+2y + {llqH9q+2y-{6q^ + nq^+6q+l)r+3q^ + fq^ + y+l. 

Remark 2. If r = 0, then c® (0) = cf are the Cauchy numbers with q parameter of 
the second kind [S] 


= / {-x\q)ndx = '^q'^ ^ s{n,k) 




(-1)^ 
A: + l ’ 


Similarly, we can obtain the exponential generating function of cf{r)\ 


(2.5) 

And 

( 2 . 6 ) 


I]c?(r)- = (l + gt)T^ - 


n=0 




ln(l + qt) 


1 1 


k\ k -\-l 


g(l + gf)" 

ln(l + qt) 


(1 - i^ + qt) «') ■ 


E< 

n=0 


‘n! ln(l + gt) 


(1 - i^ + qt) • 


Replace x by in (1.12), then the r-Whitney numbers of the second kind W (n, k) 


are given by 


k-l 


(2.7) a;” = ^lT(n,fc)(a;-r-|g)fe = ^ W(n, fc) J|(a; - r-gg), g 7 ^ 0. 

k—0 k—0 j—0 


Thus, the relation between c^(r), cf{r) and lT(n, k) can be obtained as follows: 

W(n,k){x — r\q)kdx = I x'" dx =—^ 

C n, 

fc=0 


n 1-1 n „i 

( 2 . 8 ) ''^W{n,k) cl{r) = / ^ lT(n, fc)(a; — r|g)fc da; = / a;" dx = 

fc=o fc=o 


n + 1 
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(2.9) 


»1 n 


^^W{n,k) cl{—r) = / W{n, k){—x — r\q)k dx = / {—l)^x^dx = 


k=0 


k=0 


(-1)" 
n + 1 


Cheon et al. [T] gave the following representation of w(n, k) in terms of s(n, k) 
w{n, fc) = ^ (-1)”'"* [r\q]n-i s{i, k). 


i—k 


Hence, 


Corollary 1. The Cauchy polynomials d^{r) can he computed by using s{n,k) as 
follows: 


( 2 . 10 ) 


n n ^ V 1 

4 w = E E r (-!)”■* ^ 

k=n i—k 


k—0 i—k 
n i 


2=0 k—0 

When q = 1, we obtain the identity 


■rh t Y V -j 

= E E " [ri?i„-..(.,e j—. 

,_n t-—n \ ^ / 


( 2 . 11 ) 


2=0 ^ ^ 


The r-Whitney numbers Wq^r{n,k) satisfy the following identity [T]. 

(2-12) Wg^r+si.n, k) = E(-l)”"'^ [r\d\n -3 Wq,s{j, k), 

i—k \J/ 


j=k 

hence, we obtain the following theorem. 
Theorem 3. For n > 0, we have 


(2.13) 

Proof. 


(r + 5) = E(-l)"-^ W [r\q]n-3c]{s). 
1=0 


cl{r + s) = E Wq^r+s{n, k) 


fe=0 
n n 


k -\- 1 


= EE(-i)"-’ 

k—0 j—k 
n j 

= EE(-o"-' 

j—0 k—0 


[r\q]n-jWq^s{j, k) 


[r\q]n-jWq^s{3, k) 


1 

k + \ 
1 

fc + 1 


= E(-l)”-^ (”) H<?]n-,C](S). 
1=0 


□ 
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Remark 3. For s = 0, we get 

(2.14) 4(r) = W [r|g]„_, c]. 

i=o 2 

For q = 1, we get 

(2.15) c„(r + s) = X:(-ir-^ W [r\l]n-jc,{s). 

i=o 
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Abstract 

In this paper, we address the stability analysis of within-host Chikungunya virus (CHIKV) 
infection models with antibodies. We incorporate two modes of infections, attaching a CHIKV to 
a host monocyte, and contacting an infected monocyte with an uninfected monocyte. The global 
stability analysis of the equilibria are established using Lyapunov method. The existence and 
global stability of the steady states are determined by the basic reproduction number T^o- We have 
proven that the CHIKV-free equilibrium Eq is globally asymptotically stable when TZq < 1, and 
the infected equilibrium Ei is globally asymptotically stable when TZq > 1. The theoretical results 
are confirmed by numerical simulations. 


1 Introduction 

During last decades, many researchers have developed and analyzed several mathematical models 
human pathogens (see e.g. [1]-[16]). Chikungunya virus (CHIKV) is an alphavirus causes chikungunya 
fever. CHIKV is a mosquito-transmitted and is transmitted by the Aedes albopictus and Aedes agypti 
mosquito. Most of authors develop the mathematical models to describe the disease transmission 
mosquito and human populations. Recently, Wang and Liu [16] have proved a mathematical model 
for the within-host CHIKV dynamics as; 


s = /3 — Ss — rjsy, 

(1) 

y = vsy - ey, 

(2) 

p = Try — cp — rxp, 

(3) 

X = A -b pxp — mx, 

(4) 


I 
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Here, s,y,p and x are the concentrations of uninfected monocytes, infected monocytes, CHIKV 
pathogen and antibodies, respectively. /3 and 5 represent the birth rate and death rate constants 
of the uninfected monocytes, respectively. The monocytes become infected at rate ysy, where y is the 
infection rate constant. Constants e,c and m represent, respectively, the death rate of the infected 
monocytes, CHIKV and antibodies. Constant vr is the generation rate of the CHIKV from actively 
infected monocytes. Antibodies attack the CHIKV at rate rxp. Once antigen is encountered, the 
antibodies expand at a constant rate A and proliferate at rate pxp. In a very recent work, Elaiw et 
al. [17], [18] have studied the global stability analysis of a class of CHIKV dynamics models. The 
models presented in [16]-[18] assume that the uninfected monocyte becomes infected by contacting 
with CHIKV(CHIKV-to-monocyte transmission). Kristin and Mork [19] reported that the CHIKV 
can also spread by infected-to-monocyte transmission. Viral danamics models with both cellular and 
viral infections have been studied in several works [20]-[24]. However, the dynamics of CHIKV with 
two routes of infection did not studied before. 

Our aim is to propose and analyse a CHIKV dynamics model with two routes of infection. We 
calculate the basic reproduction number TZq, and construct Lyapunov functions to prove the global 
stability of the equilbria. 

2 CHIKV dynamics model 

We investigate the following CHIKV dynamics model with CHIKV-to-monocyte and infected-to- 
monocyte with two routes of infection: 


s = ft - 5s - yisp - rj 2 sy, 

(5) 

y = yisp + y 2 sy - ey, 

(6) 

p = Try — cp — rxp, 

(7) 

X = A -|- pxp — mx. 

(8) 


Here, the uninfected monocytes become infected at rate {yiy + 'r] 2 P)s, where rji and 772 are the CHIKV- 
monocyte and infected-monocyte incidence constants, respectively. 

2.1 Nonnegativity and bonndedness 

Lemma 1 There exist Mi, M 2 , M 3 > 0, such that the following compact set is positively invariant for 
system (5)-(8) 

Ti = {{s,y,P-,x) G M>o : 0 < s,y < Mi,0 <p< M 2,0 <x < M 3 } 


2 
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Proof. We have 

s |s =0 =/5 > 0, y \y= 0 = Visp>0, for all s,p>0, 

p |p=o = vry > 0, for all y > 0, x |x=o= A > 0. 

Thus M>q positively invariant with respect to system (5)-(8). Let us dehne 

Fi{t) = s{t) + y{t), 

F 2 {t) = p{t) + -x{t). 

P 

Then from Eqs. (5)-(8) we get 

Fi{t) = P - Ss{t) - ey{t) 

< P - ai{s{t) + y{t)) 

= (3 - aiFi{t), 

where, ai = min{d,e}. Hence Fi{t) < Mi, if Fi(0) < Mi, where Mi = -F. It follows that 0 < 
s{t), y{t) < Ml if 0 < s(0) + 2 /( 0 ) < Mi. Moreover, we have 

• V 7T)T 

F 2 {t) = TTy{t) - cp{t) + -A- x{t) 

P P 

< ttMi + - a - iT 2 ( p{t) + -x{t) ) 

p \ p J 

= ttMi + -A - a2F2{t), 

P 

where, 1 T 2 = min{c,m}. Hence F 2 {t) < M 2 , if ^ 2 ( 0 ) < M 2 , where M 2 = —. Since p{t) and x{t) 
are all nonnegative, then 0 < p{t) < M 2 and x{t) < M 3 if 0 < p( 0 ) + ^x(O) < M 2 , where M 3 = 


2.2 Equilbria 

We define the basic reproduction number 


(??i7rm + rj 2 cxn + r/2rA)/3 

° e5{cm + r\) 

Lemma 2 (i) ifTZo < 1, then there exists only one equilbrium Eq £Ti 

0 0 

two equilbria Eq G Ti and Ei G Ti , where Ti is the interior 0 / Ti. 

(ii) ifTZo > T, then there exist 

Proof. Any equilbrium satisfying 


13 - 5s - pisp - ri 2 sy = 0, 

(9) 

msp + msy -ey = o. 

(10) 

Try — cp — rxp = 0, 

(11) 

A + pxp — mx = 0. 

(12) 
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By solving Eqs. (9)-(12) we we get two equilbria a CHIKV-free equilbrium Eq = (so,0,0,xo), where 
So = j and xq = ^- Moreover we have 

Cip^ + C 2 p^ + Csp + C 4 = 0 , 

where 

Cl = -cireriip^ - c‘^eri 2 P^, 

C2 = 2crmrepip + 2c^meri2P + TrrepiXp + 2crep2Xp — cirSep^ + n'^Ppip'^ + CTr(3p2p‘^ 

C3 = — cm Trepi — c m ep2 — mvrrer/iA — 2cmrep2X — r ep2X + 2 cmTT 5 ep — 2 mTr Ppip 
— 2cmTTl3r]2P + irrSeXp — 7 rr/ 3 ?? 2 A/ 9 , 

C4 = —cm?n5e + + cm^7rf3p2 — mirrSeX + m'Krj3p2X. 

Let define a function X{p) as: 

X{p) = Cip^ + C 2 P^ + C 3 P + Q = 0. 

Then we obtain 


^( 0 ) = C 4 , 





mr‘^ep 2 X‘^ 

P 


< 0 . 


The constant C 4 can be written as 


C 4 = mTr5e{cm + rX) 


(r/ivrm + p2cm + p2'f’X)j3 
e5{cm + rA) 


- 1 


Then (74 > 0 if the following condition is satisfied 


(piirm + p 2 cm + p2'<'X)j3 
e 6 {cm + rA) 


> 1, 


(13) 


then there exists pi G (0, ^) such that X{pi) = 0. Therefore, if condition (13) is satisfied, then 


Si 


2/1 


ec{m — ppi) + erX ^ ^ 

piTr{m — ppi) + p2c{m — ppi) + p2rX 

Pi{c{m-ppi)+rX) ^ ^ ^ _ X 

/ \ ^ 

7r(m — ppi) m — ppi 


Then an infected equilbrium Ei = (si, yi,pi, xi) exists when TZq > 1. 

O 

Now we show that Eq G Ti and Ei G Ti. Clearly, Eq G Ti. From the equilbrium conditions of Ei 
we have 


/? = (5si + pisipi + p2Siyi ^ (5si + eyi 


/3 ^0 < Si < 


S 


< Mi,0 < yi < 


/? 


< Ml. 


4 


484 


A. M. Elaiw ETAL 481-490 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Moreover, from Eqs. (11) and (12) we have 


cpi = 7ryi H—A- xi => cpi H- xi = vryi H—A < ttMi H—A 

P P P P P 


Pi < 

It follows that, El G r. 


ttMi + ^A 


< M 2 , xi < - 

r 


pTrMi + ^ /0M2 


m 


= M3. 


3 Global properties 

Dehne a function G{z) = z — 1 — In z. 


Theorem 1 IfTZo < 1, then Eq is globally asymptotically stable inTi. 


Proof. Letting TZq < 1 and constructing a Lyapunov function Uo{s,y,p,x) as: 


Uois,y,p,x) = + y + 


-P + 


c + rxo p{c + rxo) 


XqGI — 


(3 


Calculating along system (5)-(8) we obtain 


^ = fl- — )(/3-(Is- pisp - r] 2 sy ) + msp + P 2 sy - ey 


+ 


hi^o 
c + rxo 


So 


Try — cp — rxp + 


rpiso 


Xo 


,1--^ + pxp — rnx 

p{c + rxo) V X 


= 1-+ r] 2 Soy -ey + 


Viso 


■Try + 


rpiso 


c + rxQ p{c + rxo) 


Xo 


1-1 I A — mx 

X 


dt 


^ {s- Spf 
s 

^ (s- sof 
s 


11280 VlSoTI' 

V e e(c + rxo) 
rpispm (x — xo)^ 
p(c + rxo) X 


rpisom {x — xo)^ 
p{c + rxo) X 

+ e(Eo - l)y. 



(14) 


Since TZp < 1, then for all s,y,p,x > 0 we have < 0. Let Wp = {{s,y,p,x) : = 0}. It can 

be easily shown that = 0 at Ep. Appling LaSalle’s invariance principle, we get Ep is globally 
asymptotically stable when TZp <1. ■ 


O 

Theorem 2 If TZp > I, then Ei is globally asymptotically stable inTi. 


Proof. Define 


Ui{s,y,p,x) = sig(—^ +yiG(—^ + ^^^-^pig( 
\sij \yij iryi V 


PiJ P m 


(3 
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Calculating along the trajectories of (5)-(8) we obtain 


^ = ^1 - - 6 s- rjisp - r] 2 sy^ + - ^ ) ( rjisp + r] 2 sy - ey 

, Visipif pi\f \ rrjisipi f xAf 

H-1- ] \ Try — cp — rxp H-1-^ + pxp — mx 

T^yi \ P J \ ) PT^yi V X J \ 

= 1- /T-c)s + piSip + ri 2 Siy - Visp - P 2 syi - ey + eyi H- y - yisipi - 

\ s J \ J y yi pyi 

PiSiPi , pisipi pisipi rpisipi rrjisipi f xi\f 

- cp H- cpi H- rxpi - xip H-1-^ “ ''^x 

TTyi Tryi nyi iryi piryi \ x J \ 

Applying the equilbrium conditions for Ei 

j 3 = nisipi + ri2Siyi +6si, eyi = yisipi + ri2Siyi, cpi = iryi - rxipi, X = mxi-pxipi. 
we get 

dU^ Js — s^)‘^ f s^ \ t 

Visipi + msiyi 


dUi (s-si 

—— = —6 - 

dt 


s 

spyi 


+ (!-- 
s 


s piy 

— 'n2Siyi —h rjisipi + msiyi - pism -h msm 

sipiy Si pyi 

r/isipi ??1S1P1 msiPi Xi rpiSipim {x - Xi)‘^ 

— 2 - rxipi H- rxpi H- rxipi -. 

vryi vryi vryi x piryi x 


(15) 


Eq. (15) can be simplified as: 

12 


dUi _ 'SiJ 

dt 


+ P 2 Siyi 


’ Si s' 


’ Si spyi 

Piy' 

2- 

+ ??isipi 

3- 


S Si 


s sipiy 

pyi_ 


Visip i 

Tryi 


-rxipi 


2_^_xi 
Xl x 


rpisipim (x — xi)^ 
pTryi X 


(s-si)^ P2yi(s-siy 

= -6 - hpisipi 


3 _ ^ _ spyi 


Piy 


siPiy pyi 


ViSiPi (x —xi)^ r? 7 isipim (x — xi)^ 
H- rpi- 


TTyi 


X 


p-rryi 


X 


{s-sif piSipi rX (x-xi)^ 

= -{6 + ??2yi)-h 

s Tryi pxi X 


3 _ Si _ sp^i 


_ PW 

siPiy pyi 


We use the following arithmetic mean-geometric mean inequality rule. If a* > 0, i = 1,2, then 



where equality holding if and only if ai = 02 = ... = Un- It follows that 


(16) 


-(^ + > 1 

3 Vs sipiy pyi) ~ 

Therefore, < 0 for all s,y,p,x>0 and = 0 if and only if s = si, y = yi,p = pi and x = xi. It 
follows that the global stability of Ei is induced from LaSalle’s invariance principle. ■ 
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Table 1: The value of the parameters of model (5)-(8). 


Parameter 

Value 

Parameter 

Value 

/3 

2 

5 

0.1 

m,'n2 

varied 

e 

0.5 

TT 

4 

c 

0.1 

r 

0.5 

A 

1.4 

m 

1 

P 

0.2 


4 Numerical Simulations 

We will use the values of the parameters given in Table 1. Moreover, we similate the system with 
three different initial values as: 

IVl: s(0) = 14.0,2/(0) = 1.0,p(0) = 1.0, and x(0) = 1.0, 

IV2: s(0) = 8.0,2/(0) = 2.0,p(0) = 3.0, and x(0) = 4.0, 

IV3: s(0) = 4.0,2/(0) = 3.5,p(0) = 6.0, and x(0) = 7.0. 

Then we consider two sets of the values of t/i and 7/2 as follows: 

Set (I): We choose r/i = r /2 = 0.001. The value of TZq is computed as TZq = 0.2400 < 1. Figure 1 shows 
that, the concentrations of the uninfected monocytes and B cells return to their values sq = f = 20 
and xo = ^ = 1.4, respectively. On the other hand, the concentrations of infected monocytes and 
CHIKV particles are declining and reaching zero for the initial values IV1-IV3. This shows that, Eq 
is GAS which agrees with the result of Theorem 1. 

Set (II): We take t/i = 7/2 = 0.05. Then, we calculate TZq = 12.0 > 1. We comput the equilbria as 
£■ 0 ( 20 . 0 ,0,0,1.4) and £1 = (4.45, 3.10, 3.87, 6.22). Figure 1 shows that when £0 > 1; the states of the 
system tend to £1 for all the three initial values IV1-IV3. This confirms that the validity of Theorem 
2 . 
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Time 


(a) Uninfected monocytes. 


(b) Infected monocytes. 




(c) Free CHIKV particles. 


(d) Antibodies. 


Figure 1: The simulation of trajectories of system (5)-(8). 
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Weighted norm inequalities of 0-type Calderon-Zygmund operators 
and commutators on A-central Morrey space 
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Abstract: In this paper, the weighted boundedness for 0-type Calderon-Zygmund operators Ty is 
established on the A-central Morrey space. Futhermore, the weighted norm inequalities for commu¬ 
tators of \b, Ty] generated by Ty and BMO functions on the weighted A-central Morrey space is also 
given. 

Keywords: 0-type Calderon-Zygmund operator; weighted A-central Morrey space; commutator 
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1 Introduction and notation 

The theory of Calderon-Zygmund operators has played very important roles in modern harmonic 
analysis with lots of extensive applications in the others fields of mathematics, which has been exten¬ 
sively studied (see [7-10, 16-17], for instance). In 1985, Yabuta introduced certain 0-type Calderon- 
Zygmund operators to facilitate his study of certain classes of pseudodifferential operators (see [36]). 
Following the terminology of Yabuta, we recall the so-called 0-type Calderon-Zygmund operators. Let 
0 be a non-negative and non-decreasing function on M"*" = (0, oo) satisfying 

r 0(t). 


t 


-df < oo. 


( 1 . 1 ) 


A measurable function on M” x M” is said to be a 0-type Calderon-Zygmund kernel if it satisfies 


\K{x,y)\ < C\x-y[ 


( 1 . 2 ) 


and 


\K{x,y) - K{x',y)\ + \K{y,x) - K{y,x')\ < ~ \x - y\>2\x - x'\. (1.3) 

Definition Let Ty be a linear operator from 5(M"') into its dual 5'(M"'), where 5(M"^) 

denotes the Schwartz class. One can say that Ty is a 0-type Calderon-Zygmund operator if it satisfies 
the following conditions: 

(1) Ty can be extended to be a bounded linear operator on L^(M"') ; 

(2) there is a 0-type Calderon-Zygmund kernel K{x,y) such that 

Tef{x):= f K{x,y)f{y)dy, as feCf°{W) and x ^ supp/. (1.4) 


*Corresponding author and Email:taosp@nwnu.edu.cn(by S. Tao); 18709498755@126.com (by Y. Yang) 
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It is easy to see that the classical Calderon-Zygmund operator with standard kernel is a special 
case of 0-type operator To as 6 (t) = with 0 < <5 < 1. Given a locally integrable function b, the 
commutator generated by To and b is defined by 

[b,Te]fix) = b{x)Tof{x)-To{b-f){x)= [ [b{x) - biy)]Kix,y)f{y)dy. (1.5) 

Such type of operators is extensively applied in PDE with non-smooth area. Many authors 
concentrates on the boundedness of this operators on various function spaces, we refer the reader to 
see [19-20, 27, 29-30, 33-35] for its developments and applications. In [27], Quek-Yang established the 
boundedness of Tq on spaces such as weighted Lebesgue spaces and weak Lebesgue spaces, weighted 
Hardy spaces and weak Hardy spaces. Ri-Zhang obtained the bounedness of To on Hardy spaces 
with non-doubling measures and non-homogeneous metric measure spaces in [29-30]. Wang proved 
the boundedness of To and [6, T^] on the generalized weighted Morrey spaces in [33]. Inspired by 
the results mentioned previously, a natural and interesting problem is to consider whether the 0-type 
Calderon-Zygmund operators To and their commutators [b, To] are bounded on A-central Morrey space 
or not. The purpose of this paper is to give an surely answer. 

On the other hand, the well-known Morrey spaces which introduced originally by Morrey [23] in 
relation to the study of partial differential equations, were widely investigated during last decades, 
including the study of classical operators of harmonic analysis in various generalizations of these 
spaces. Morrey-type spaces appeared to be quite useful in the study of the local behavior of the 
solutions of partial differential equations, a priori estimates and other topics. They are also widely 
used in applications to regularity properties of solutions to PDE including the study of Navier-Stokes 
equations (see [32] and references therein). The ideas of Morrey (see [23]) were further developed 
by Campanato in 1964 (see [11]). In 1975, Adam proved the boundedness of Riesz potential on 
the classical Morrey space in [1]. Later, in 1987, the boundedness of singular integrals and Hardy- 
Littlewood maximal functions on Morrey spaces was obtained By Chiarenza and Erasca in [13]. A 
more systematic study of these (and even more general) spaces, we refer the readers to see [2-3, 6, 26, 
28, 31]. 

In [5], Beurling introduced a pair of dual Banach spaces, and B'^' with 1/q + 1/q' = 1. After 
that, Eeichtinger found the foiling way to describe R'? as 

ll/lls. =sup(2-'=-/'?||/xfc||L.)<oo, (1.6) 

k>0 

where xo is the characteristic function of the unit ball dehned by {x G M” : \x\ < 1} and Xk is the 
characteristic function of the annulus, that is {x G < \x\ < 2^} with k G Z+. By duality, 

the beurling algebra can be written as 

CXD 

||/|U. = 532'-V«'||/xLIm<oo. (1,7) 

fc =0 

Later, a new Hardy space HA'^ related to the Beurling algebra A"? was introduced by Chen and 
Lau (see [12]). Denotes R(0,i?) be a cube centered at the origin with the side-length ii > 0. Let 
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f{x)dx be the integral average of / on B. Then using duality, the dual space 
of can be described by CBMO*^ with the following norm, 


ll/llcBMO« 


E 

R>1 


1/g 


|-S(0, i?)| Jb{0,R) 


\f{x) - fBiO,R)\‘^^X 


< oo. 


( 1 . 8 ) 


Later, Lu and Yang (see [21-22]) introduced the homogeneous new Hardy type space HAg and they 
proved that the dual space of HA^ can be written by 


CBMO^ 


E 

R>0 


\B{0, i?)| Jb{0,R) 


\f{x) - fBiO,R)\‘^dx 


\ 


< OO. 


y 


(1.9) 


Obviously, the space of CBMO”^ is the homogeneous central bounded mean oscillation space depending 
on q and it can be regarded as an extention of the classical BMO since the famous John-Nirenberg 
inequality no longer hold in such space. 

Alverez, Lakey and Guzman-Partida introduced the A-central bounded mean oscillation space 
and the A-central Morrey space in 2000 (see [4]), respectively. 

Definition Let A < 1/n and 1 < g < oo. Then we say that a function / G L^^^(M"') belongs 

to the A-central bounded mean oscillation space CBMO^’^(M’^) if 


CBMO 


q,\ — 


E 

R>0 




l/(^) - 


fB(Q,R)V^x\ 


\ 1/9 


< CO. 


( 1 . 10 ) 


Definition Let A G M and 1 < q < CO. Then the A-central Morrey space B^’^{W^) is 

defined of all functions / G by the following norm 

II/IIb- = E (|B(0.^)|.«, (1-11) 

It is very important to study the weighted norm inequalities for some integral operators on clas¬ 
sical spaces, one may see [14, 24-25] et al. for more details. In 2009, Komori-Furuya and Shirai 
(see [18]) defined the weighted Morrey space and showed the boundedness of some classical integral 
operators and their commutators on the weighted Morrey spaces. In this paper, we will prove the 
weighted boundedness of 0-type Calderon-Zygmund operator Tq on the weighted A-central Morrey 
space. Before giving the main results, we introduce the following definitions. 


Definition Let A G M and 1 < q < oo. Then the weighted A-central Morrey space 

q<?A (Jgfinefi )3y 


^UJl,UJ2 


/6BJ 






E 

R>0 


1 


1/g 


wi(H(0,i?))i+M 


lf(x)l‘^u)2(x)dx 


< oo 


( 1 . 12 ) 


where cvi and UJ 2 are non-negative and local integrable functions. Moreover, if cji = a ;2 = w, we denote 


3 


493 


YANG-TAO 491-501 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 

Definition Let A < 1/n and 1 < g < oo. Then we say that a function / G 

belongs to the weighted A-central bounded mean oscillation space CBMO^’^(M”) if 

ll/llcBMo;> = E <-• 

where the definition of is fB,Lo = zj(b) Ib f(x)uj(x)dx. 

Definition We say a non-negative function cu(x) belongs to the Muckenhoupt class Ap 

with 1 < p < oo if there exist a constant C > 1 such that 

(h^/o( m/o“'"’"S' 

where 1/p -|- 1/p' = 1 and [oj\ap denotes the infimum of C. Moreover, we define yIoo = u l<p<oo -^P' 
Obviously, by the classical Holder inequality, there is Ap <Z Aq C. A^o for 1 < p < g < oo. 

Our results can be stated as follows. 

Theorem 1.1 Let T 0 be defined by (1.4) with 6 satisfies (1,1). Suppose that l<p<oo,A<0 
and uj{x) G Ap, then there exists a constant C > 0 independent of /, such that, for any / G B£’^, 

\\Te{f)\\^,A<C\\f\\^pA. 

^iO ^iO 

Theorem 1.2 Let [6 ,Tq] be defined by (1.5) with 6 satisfies ^^\logt\dt < 00 . Suppose that 
1 < p < 00 , 1/p = 1/pi + l/p 2 , b G CBMO^^’’^\ uj{x) G Ap and A = Ai + A 2 with A* < 0(i = 1,2), 
then there exists a constant C > 0 independent of /, such that, for any / G 

II [b, T0]f\\^p,\ < C'||6||^^j^qpi,ai ||/||gP2'^2 • 

Let us give some necessary notations. Throughout the paper C will denote a positive constant 
whose value may change at each appearance. In the following, unless otherwise stated, for any real 
number p > 1, we denote p' by l/p + 1/p' = 1. Moreover, we say that a weight oj satisfies the doubling 
condition if there exists a constant D, such that for any cube Q G M*', we have oj{ 2Q) < Du:{Q). For 
simplicity, we denote cu G A 2 if w satisfies the doubling condition. 

2 Preliminary Lemmas 

Lemmas 2.l[^^] If uj £ Ap for some 1 < p < 00, then cu G A 2 . More precisely, for all a > 1 , we 

have 

uj{aQ) < a"'P[u!]ApOj{Q)- 

Lemmas 2.2^^^^ Let 1 < p < 00 and oj G Ap. Then, the 0-type Calderon-Zygmund operator Tq 
is bounded on L£. 

Lemmas 2.3^^®^ If a; G A 2 , then there exists a constant D > 1 such that for any cube B, 

oj{2B) > Duj{B). 
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Lemmas \i uj £ Ap for some 1 < p < oo, then for any k G Z"*", s < 0 and any cube 

B e 

uj{2^BY < DYu;{By, 

where Di is a positive constant which belongs to the interval (1,2). 

3 Proof of Theorems 

Proof of Theorem 1.1. For a fixed cube B = B{0,R), we may decompose / = /i + /2 with /i = 
fX 2 B- Then we obain 


1 


co{BY+^p 


\T{f2){x)\Pujix)dx=:C{h+l2). 


From Lemma 2.1 and Lemma 2.2, we have 

h = ^ 

< 


uj{By+^p Jb 

u{BY+^P Ib 


\Tifi)ix)\Puj{x)dx 


\f{x)Yuj{x)dx 


As 1 + Ap > 0, by using Lemma 2.1, then there exists a constant C > 0 independent of / such that 

^i<C’ll/ll|.,.- (3.1) 

On the other hand, by using Lemma 2.4, we can also get (3.1) with an similar argument in the case 
of 1 + Ap < 0. 

Next let’s estimate l 2 - Noting that x £ B and y G {2BY, then there exists a constant (7 > 0 such 
that |y| < C\x — y\. Thus, we have 

\Te{f 2 )\<[ \K{x,y)\f{y)\dy <C [ l/\yY\f{y)\dy 

JR" J\y\>2r 

Furthermore, by using Definition 1.6 and the Holder’s inequality, we can get 


'\y\>2r 


i/ls/n/te)!*!/= £ 


< 


E 

i=i 


2^51 


< 




1 


J2ir<\y\<2i+^r 
\f{y)\Puj{y)dy 


l/\ynfiy)\dy 

r V 

uj{y) p dy 


OO ^ 

^ 2 ^ \io{23+^BY+^P J 2 .+ 1 B 


<23+^B 


l/(y)rw(y)dy )"a;(2^+^H) X 


<C\\f\\^K,Y.^u:{2^^^B)) 

i=i 


A 


p-1 


'|2J+iB| 


a;(y)'-^'dy 
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Then, by the fact A < 0 and Lemma 2.4, we get 

Combing with the estimates of Ii and I 2 , we finish the proof of Theorem 1.1. 


(3.2). 


□ 


Proof of Theorem 1.2. For a fixed cube B = B{0,R), we decompose f = fi + f 2 as in the proof of 
Theorem 1.1. Then we have 

uj{By+^P X ’ Wix)\Mx)dx <I [b, Te]h (x)ru;(x)dx 


+ 


To estimate /, we may split as 


/ < 


1 


uj{By+^p Jb 

1 


u:{By+^P Jb 
\ b{x) - bB,uiy\T 0 {fi){x)\Pu;{x)dx 


\[b,Te]f 2 {x)\Pu{x)dx =:/ + //. 


+ 


= -h+l 2 . 


\Te{fi{b - bB,uj)){x)\Puj{x)dx 


First, we give the estimate of R. Noting that p < p 2 , by the Holder’s inequality and Lemma 2.2, 
one has 


h = 


1 


\b{x) - bB,to\Puj{x)pi \Te{fi){x)\Pu;{x)^ pi dx 


uj{By+^P JB 

< --|i+Ap “ bB,yP^(x{x)^ ' \Te{fi){x)\P^uj{x)d3 


< C 


uj{By+^p 

1 


l-XL 

Pi 


1 


uiBy^^P I^(^) - bB,y^Mx )J |A(x)r^L;(x)dx 


_P_ 

PI 


P 

P2 




'oj{2 B)^^^^Y 


u:{B) 


—+A 2 


If — + A 2 > 0, we can use Lemma 2.1 to get - < c. Moreover, we can also use Lemma 2.4 

to get the same estimate for the case of — + Ao < 0. Thus, we have 

o P2 ^ 


h < c\\br^ 


CBMOf 




(3.3). 


For I 2 , by the Holder’s inequality, we can obtain 

|/(x)(6(x) - bB,u;)yu}{x)dx 


I 2 < 

u!{By+^p 

< 

1 


u!{By+^p 

< 

1 


u!{By+^p 


'2B 


{\b{x) — bB,ui\Pco{x)p ^) p dx 


l2B 


|/(x)|^w(x)^ Pl)Pl-rdx 


l-X- 

P1 


|6(x) — 6s_^|^^w(x)dx ) a;(2H)ri 


P_ 

PI 




1 


_P_ 

P2 


\f{x)\^‘^uj{x) uj{ 2 B)p^ 


^(25)1+A2P2 

P „,,„P 


< cii/ii' 


^P2.>2ll I'cBMOj)!’^! L0{By+^P ' 
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If 1 + Ap > 0, we can use Lemma 2.1 to get < C. Moreover, in the case of 1 + Ap < 0, we 

can also get the above estimate by using Lemma 2.4 with a similar argument. 

Combining the estimates of Ii and I 2 , we have 


Now we are going to give the estimate of II. First, we may give the following estimates. 

\[b,Tg]f 2 {xW<C 






< C 

< c 


'r" \x-y\^ 

f \f{x)\ 

'\y\>2r \xo Ul 

f \fix)\ 


+ C 


\y\>2r \xo y\ 

( f \f{x)\ 


-{\b{x) - bB,to\ + \bB,uj - b{y)\)dy 


dy \b{x) - bB,uj\^ 


Thus, we can decompose II as 

11 = ' 


< 


+ 


uj{By+^p Jb 

1 r 


'\y\>2r 1^0 y\ 


\[b,Te]f 2 ix)\Pu}{x)dx 


;dy\b{y) - bB,ydy 


_ f f f \fix)\ 

Uj{By+^P Jb \J\y\>2r ko “ 2/|’ 

1 f ( f \f{x)\ 


Uj{By+^P Jb \J\y\>2r ko “ y\'‘ 
= IIl + Il2. 


-dy \b{x) - bB,ujyuj{x)dx 


-dy\b{y) - bB,ydy Lo{x)dx 


(3.4). 


For III, by the same estimate as in the proof of Theorem 1.1, we can obtain that 


/ l/|2/n/(y)|d2/<C||/||^A,.,, 

4|?;|>2r “2 


i=i 


which implies 

III < 




< 


0^2,92 


io{ 2 ^+^By^P ( 


^ uj{By+>'P V 


\b{x) — bB,ujy^oj{x)dx ijj{x) p 


'B 


P/Pi 


<C\\f\\^ \\h\F n)p/pi+^iP+^-p/pi\^ 

- ''5^2.92 II^IIcBMOCi'^i ^ ^ ^ Uj{By+^P 

= C\\f\\P II6IP A uji2^+^By^P 

"b(;2.92ii iIcbmo^;!'^! ^ uj { By^p 

where in the last inequality we use the fact A 2 < 0 and Lemma 2.4. 


Pi 


IB 


Pi-P 


-dx 


i-p/pi 
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Next, we turn to estimate Ih- Noticing that 1/p = l/px + l/p 2 , by using the Holder’s inequality, 
then we have 


J\v\>2r \yr "WA 


l/(y)l 


J2Jr<\y\<2J+^r 


\b{y) - bB,oj\dy 


oo 


^ ^ I \fiy)\\b{y)-bB,uj\dy 

j=l J23+^B\2jB 


oo ^ 


^ i / \fiy)\\b{y) -bB,co\ujiy)pu}{y)-p ] dy 

j=l Vj2i+iB 


OO ^ 


< > 1 / l/(2/)r"w(2/)dy 

'2J+1B 




2i+iB 


2 _ \ P 


X I / a;(y) p dy 

ho+^B 


By the fact that u}{x) £ Ap, we get 


p_ \ p 


'2i+iB 


a;(2/) p dy = 


u^{y)^-^'dy 


< C 
= C 


2i+iB 
\2^+^B\ \p 


p-1 


u;{ 2 ^+^B)) 
\ 2 ^+^B\ 

a;(2i+iH)i/pi+i/P2 


\ 2 ^+^B\ 


P-1 


Thus, we obtain that 




PI 


|2^'+ip| 


Pi 


< f;a;(2^+ip)^2-i/Pi ( [ \biy) - bB,.rujiy)dy 

^ Vj2i+iB 

< C||/||^A„,, f;a;(2^+ip)^^-VPi ( [ \b{y) - b^,+ip,JP^ujiy)dy 

^ V^2d+lB 

+ C'll/ll5A,„,f;u;(2^+ipA-VPi I I \bB,.-b2.+iBjP^u{y)dy 

A+i B 


=: C{Il 2 i + 1122)- 
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For II 21 , by the definition of the fact A < 0 and Lemma 2.4, we have 

IP IIAIIP 


1 


^(5)l+pA 


'B 


II21 ■ Ci;(x)dx < 




Uj{By+^P 


IB 


^u}{ 2 ^+^B)^Pdx 


i=i 


<c\\fr wbr V cv(2^'+^i?)^p 






"CBMOJ: 

Next, we will give the estimate of 1 / 2 . First, we have the following inequality 

3 

'1/1.,,_ , 

<,U 1 I 


\bB,u — ^ 

k =0 

Then for any 0 < /c < j, we obtain 

\b2i‘+iB,uj - b2>^B,u\ < f}k U\ I l^2fe+iB,a; “ b{y)\u!iy)dy 

OjyZ'^B) J2kB 


< 




\ 1 /pl 


' 2 kB 


1 _ X PI 

{u{y) pi)pi-^dy 


1 - 1 /pi 


<<^ii^ir- a,w(2^b)^i. 

“ " "CBMO^I’ 1 ^ 

Using the Lemma 2.4 and the fact Ai < 0, we get 

3 




fc =0 


where Di is a positive constant and belongs to the interval (1,2) 
Thus, using Lemma 2.4 again, we obtain 

f ^OD 

Il22-^ix)'ix < C\\ff 


1 


uj{By+P^ 


IP 

CBMOf 




co{B)P^ 


j=i 


(j+l)A2P^(i+l)Aip 




(j+l)Ap 


CBMO: 
p 


i=i 


Combining the estimates of I, II, Hi, II 2 , //21 and II 22 , we finishe the proof of Theorem 1.2. □ 


Conflict of interest 

The authors declare that there is no conflict of interests regarding the publication of this paper. 

Authors’ contributions 

All authors contributed equally to the writing of this paper. All authors read and approved the final 
manuscript. 

Acknowledgment s 

This work is supported by National Natural Science Foundation of China (Grant No. 11561062). 


9 


499 


YANG-TAO 491-501 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 

References 

[1] D. R. Adams, A note on Riesz potentials, Duke Math. J., 42(1975), 765-788. 

[2] D. R. Adams, Morrey spaces. Lecture Notes Appl. Numer. Harmon. Anal., Birkaauser, 2015. 

[3] D. R. Adams, J.Xiao, Morrey spaces in harmonic analysis. Ark. Mat., 50(2012),201-230. 

[4] J. Alvarez, J. Lakey, M. Guzman-Partida, spaces of bounded A-central mean oscilation, Morrey 
spaces, and A-central Carleson measures. Collect Math, 51(2000), 1-47. 

[5] A. Beurling, Construction and analysis of some convolution algebras, Ann. Inst. Fourier (Greno¬ 
ble), 14(1964), 1-32. 

[6] Y. Brudnyi, Spaces defined by local approximations, Tr. Mosk. Mat. Obs., 24(1971), 69-132 
(inRus-sian); Engl, transl. Trans. Moscow Math. Soc., (24) 1971, 73-139. 

[7] A. Calderon, A. Zygmund, On the existence of certain singular integrals, Acta Math., 88(1952), 
85-139. 

[8] A. Calderon, A. Zygmund, A note on the interpolation of sublinear operators., Amer. J. Math., 
78(1956), 282-288. 

[9] A. Calderon, A. Zygmund, On singular integrals., Amer. J. Math., 78(1956), 289-309. 

[10] A. Calderon, A. Zygmund, A note on singular integrals, Studia Math., 65(1979), 77-87. 

[11] S. Campanato, Proprietadi una famiglia di spazi funzioni, Ann. Sc. Norm. Super. Pisa., 18(1964), 
137-160. 

[12] Y. Chen, K. Lau, Some new classes of of Hardy spaces, J. Fund. Anal., 84(1989), 255-278. 

[13] F. Chiarenza, M. Frasca, Morrey spaces and Hardy-Littlewood maximal function. Rend Mat 
Appl., 7(1987), 273-279. 

[14] R. Coifman, C. Fefferman, Weighted norm inequalities for maximal and singular integrals, Studia 
Math, 51(1974), 241-250. 

[15] L. Grafakos, Classical and modern Frouier analysis, GAT 249, Springer Science-|-Business Media, 
LLC, 2008. 

[16] S. He, J. Zhou, Vector-valued maximal multilinear Calderon-Zygmund operator with nonsmooth 
kernel on weighted Morrey space, Journal of Pseudo-differential Operators and Applications, 
8(2017), 213-239. 

[17] G. Hu, Weighted vector-valued estimates for a non-standard Calderon-Zygmund operator. Non¬ 
linear Analysis-theory Methods and Applications, 165(2017), 143-162. 

[18] Y. Komori-Furuya, S. Shirai, Weighted Morrey spaces and a singular integral operator. Math 
Nachr, 282(2009), 219-231. 

[19] J. Lan, Weak type endpoint estimates for multilinear 0-type Calderon-Zygmund operators, Acta 
Mathematicae Applicatae Sinica, English Series, 21(2005), 615-622. 

[20] G. Lu, S. Tao, Bilinear 0-Type Calderon-Zygmund Operators on Non-homogeneous Generalized 
Morrey Spaces, to appear in J. of Computational Analysis and Applications, 26(4) (2019), 650-670. 

[21] S. Lu, D. Yang, The Littlewood-Paley function and (^-transform characterization of a new Hardy 
space HK 2 associated with Herz space, Studia Math, 101(1992), 285-298. 

[22] S. Lu, D. Yang, The central BMO space and Littlewood operators, Approx. Theory Appl., 
11(1995), 72-94. 

10 


500 


YANG-TAO 491-501 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


[23] C. B. Morrey, On the solutions of quasi-linear elliptic partial differential equations, Trans. Amer. 
Math. Soc., 43(1938), 126-166. 

[24] B. Muckenhoupt, Weighted norm inequalities for the Hardy maximal function, Trans. Amer. 
Math. Soc. 156(1972), 207-226. 

[25] B. Muckenhoupt, R. Wheeden, Weighted norm inequalities for fractional integral, Trans. Amer. 
Math. Soc., 192(1974), 261-274. 

[26] J. Peetre, On the theory of Lp^x spaces, J. Funct. Anal., 4(1969), 71-87. 

[27] T. Quek, D. Yang, On weighted weak hardy spaces over M”, Acta Mathe. Sinica (English Series), 
16(2000), 141-160. 

[28] H. Rafeiro, N. Samko, Morrey-Campanato spaces: anoverview, in: Karlovich Y, Rodino L, Sil- 
bermann B, Spitkovsky I M(Eds.), Operator Theory, Pseudo-Differential Equations and Methe- 
matical Physics, Advances and Applications, 228(2013), 293-323. 

[29] C. Ri, Z. Zhang, Boundedness of 0-type Calderon-Zygmund operators on Hardy spaces with 
non-doubling measures. Journal of inequalities and Applications, 323(2015), 1-10. 

[30] C. Ri, Z. Zhang, Boundedness of 0-type Calderon-Zygmund operators on non-homogeneous metric 
measure spaces, Front. Math. China, 11(2016), 141-153. 

[31] Y. Sawano, H. Gunawan, V. Guliyev, H.Tanaka, Morrey spaces and related function spaces. 
Journal of Function spaces. Volume 2014, Article ID 867192. 

[32] H. Triebel, Local function spaces, Heat and Navier - Stokes Equations, EMS Tracts Math. 20, 
2013. 

[33] H. Wang, Boundedness of 0-type Calderon-zygmund operators and commutators in the genralized 
weighted Morrey spaces. Journal of Function spaces. Volume 2016, Article ID 1309348, 18 pages. 

[34] R. Xie, L. Shu, On multilinear commutators of 0-type Calderon-zygmund operators. Analysis in 
Theory and Applications, 24(2008), 260-270. 

[35] R. Xie, L. Shu, boundedness of for the maximal multilinear singular integral operator of 0-type 
Calderon-zygmund kernel, J. Sys. Sci. and Math. Scis., 29(2009), 519-526. 

[36] K. Yabuta, Generalizations of Galderon-Zygmund operators, Studia Mathematica, 82(1985), 17- 
31. 

[37] X. Yu, H. Zhang, G. Zhao, Weighted boundedness of some integrals operators on weighted A- 
central Morrey space, Appl. Math. J. Ghinese Univ., 31(2016), 331-342. 


11 


501 


YANG-TAO 491-501 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Stability of latent CHIKV infection model with CHIKV-to-monocyte 
and infected-to-monocyte transmissions 

A. M. Elaiw“, S. E. AlmalkE’^ and A. Hobiny“ 

“Department of Mathematics, Faculty of Science, King Abdulaziz University, 

P.O. Box 80203, Jeddah 21589, Saudi Arabia. 

^Jeddah College of Technology, Technical and Vocational Training Corporation 
Emails: a_m_elaiw@yahoo.com (A. Elaiw), 
samialmalkiO@gmail.com (S. E. Almalki) 


Abstract 

We investigate the global stability of within-host Chikungunya virus (CHIKV) infection model 
with CHIKV-to-monocyte and infected-to-monocyte transmissions. We take into account the an¬ 
tibody immune response. The model incorporates both latently infected monocytes which do not 
generate the CHIKV, and actively infected monocytes. The global stability analysis of the equi¬ 
libria are established using Lyapunov method. The theoretical results are confirmed by numerical 
simulations. The effect of latently infection has been discussed. 


1 Introduction 

Chikungunya virus (CHIKV) is an alphavirus causes chikungunya fever. CHIKV is a mosquito- 
transmitted and is transmitted by the Aedes albopictus and Aedes agypti mosquito. Mathematical 
models have been constructed to describe the CHIKV transmission in mosquito and human popula¬ 
tions [l]-[7]). Modeling and analysis of within-host CHIKV dynamics have first studied in [8]. The 
model presented in [8] has negelected the latently infected monocytes. Therefore, Elaiw et al. [9] have 
modified the model by considering five compartments, uninfected monocytes (s), latently infected 
monocytes (w), actively infected monocytes (y), CHIKV pathogen (p) and antibodies (x). The model 
is given as: 
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(1) 

W = {1 ib + d)w, 

(2) 

rjsp 

y = n +dw ey, 

1 + 9p 

(3) 

p = Try — cp — rxp, 

(4) 

i; = A -1- pxp — mx, 

(5) 


where, (3 and 5 represent the generation and death rate constants of the uninfected monocytes, respec¬ 
tively. The uninfected monocytes become infected at rate ijsp, where r] is the infection rate constant. 
9 is the saturation constant. Constants b, e, c and m represent, respectively, the death rate of the 
latently infected monocytes, actively infected monocytes, CHIKV and antibodies. We assume that 
a fraction (1 — n) of the CHIKV-contacted monocytes becomes latently infected monocytes and the 
remaining n becomes actively infected monocytes, where 0 < n < 1. The latently infected monocytes 
are transmitted to actively infected monocytes at rate bw. Constant vr is the generation rate of the 
CHIKV from actively infected monocytes. Antibodies attack the CHIKV at rate rxp. Once antigen is 
encountered, the antibodies expand at a constant rate A and proliferate at rate pxp. Latently infected 
cells have been considered in viral infection models in several papers (see e.g. [11]-[15]). 

Model (l)-(5) assumes that the uninfected monocyte becomes infected by contacting with 
CHIKV(CHIKV-to-monocyte transmission). Kristin and Mork [16] reported that the CHIKV can 
also spread by infected-to-monocyte transmission. Cellular and viral infections have been considered 
in several viral infection models [17]-[20]. However, the dynamics of CHIKV with CHIKV-to-monocyte 
and infected-to-monocyte transmissions did not studied before. 

The aim of the present paper is to construct and analyze a CHIKV dynamics model with both 
CHIKV-to-monocyte and infected-to-monocyte transmissions. The model incorporates two types of 
infected monocytes, latently infected monocytes which do not generate the CHIKV, and actively 
infected monocytes. We use Lyapunov method to prove the global stability of the proposed model . 
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2 Presentation of the model and mathematical problem 

We propose a CHIKV model as: 


s = (3 — Ss — rjisp — rj 2 sy, 

( 6 ) 

w = {1 - n){r]isp + P 2 sy) - (6 + d)w. 

(7) 

y = n{pisp + P 2 sy) + dw - ey. 

(8) 

p = Try — cp — rxp. 

(9) 

i; = A + pxp — mx, 

( 10 ) 


Here, the uninfected monocytes become infected at rate {rjiy + r] 2 p)s, where tji and r ]2 are constants. 


2.1 Basic properties 

Lemma 1 There exist Mi, M 2 , M 3 > 0, such that the following compact set is positively invariant for 
system (6)-(10) 

r 2 = {(s, w, y,p, x) G M>q '■ t) < s,w,y < M^, 0 < p < M^, 0 < x < M^} 

Proof. We have 

s |s=o= /? > 0 , 

w \w=o= {I - n){riisp + ri 2 sy) >t), for all s,p> 0 , 
y \y=o= n{rjisp) + dw > 0 , for all s,p,w > 0 , 
p |p=o= T^y > 0 , for all y > 0, 

X |x=o— A ^ 0. 

Then, M>q is positively invariant for system (6)-(10). We let 

Hi{t) = s{t) + w{t) +y{t), 

H 2 {t) =p{t) + -x{t), 

P 

then 

Hi{f) = ft — 6s{f) — bw{t) — ey{t) 

<13- fTf'(s(f) + w{t) + y{t)) 

= 13 - aiHi{t), 
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where, erf = mm{5, 6 , e}. Hence Hi{t) < Mf, if Hi{0) < Mf, where Mf = Hence , 0 < 

'r'l 

s{t), w{t),y{t) < M/" if 0 < s(0) + r(;(0) + y(0) < Mf. Moreover, we have 

• T TflT 

H 2 {t) = 7 ry(f) - cp{t) + -A- x{t) 

P P 

< TrMf + - A - (T 2 (p{t) + -x{t)] 

P \ P J 

= ttMi + -A - a2H2{t), 

P 

where, (J 2 is defined before. Hence H 2 {t) < Mf, if i? 2 ( 0 ) < Mf, where Mf = —. Thus, 
0 < p{t) < Mf and x{t) < Mf if 0 < p(0) + ^x(O) < Mf, where Mf = ■ 


2.2 Equilibria 


We define the basic reproduction number as: 

j3{d + bn){r]iTTm + rj 2 cm + p 2 rX) 


^0 = 


e5{cm + rA)(6 + d) 


Lemma 2 if TZq < 1, t/ien t/iere exists only one equilibrium Eq, (ii) if TZq > 1, then there exist 
two equilibria Eq and Ei. 


Proof. The equilibria of system ( 6 )-(10) satisfying 


P — 5 s — pisp — P2sy = 0 

( 11 ) 

n){pisp + p2sy) - (6 + d)w = 0 , 

( 12 ) 

n{riisp + ri2sy) + dw - ey = 0 , 

(13) 

Try — cp — rxp = 0, 

(14) 

A + pxp — mx = 0. 

(15) 


Solving Eqs. (11)-(15) there exists a CHIKV-free equilibrium Eq = (sq, 0, 0, 0, xq), where sq 
xq = From Eqs. (11)-(15) we have 

7r/3 

s ^ - 

7r{5 + prji) + p{c + rx)p 2 ’ 

(1 - n)p/3(Trrii + (c + rx)rj 2 ) 

w = - 

{b + d){'K{5 + ppi) +p(c + rx)r/ 2 ) ’ 

p{c + rx) 

y = -, 

TT 

A 

X ^ -. 

m — pp 

Substituting from Eqs. (16)-(19) into (13) we get 

Dip^ + D2p‘^ + Dsp + 114 = 0 , 

4 


= J and 

(16) 

(17) 

(18) 
(19) 
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where 

Di = -c{b + d)e{'nrji + cr]2)p^, 

D2 = 2bcm7r€r]ip + 2cdrmrer]ip + 2b(?meri2P + 2(?dmeri2P + b-KveriiXp + dirrerfiXp + 2bcrer]2Xp 
+ 2cdrep2Xp — bcirdep — cdTrdep + dir f 3 pip + bmr jdpip + cdTTl3p2P + bcmTl3rj2P , 

D3 = —ftcm^vrer/i — cdm^irepi — bc^m^ep2 — c^dm^ep2 — brmrrepiX — dranrepiX — 2bcmrep2X 

— 2cdmrep2X — br^ep2X? — dr^ep2X^ + 2 bcrmr 5 ep + 2 cdrmT 5 ep — 2dm'K‘^ jdpip — 2bmn7r‘^ ( 3 pip 

— 2cdm7rf3p2P — 2bcmn7rf3p2P + bnrSeXp + dnrSeXp — dnrl3p2Xp — bn7rr/3p2Xp, 

D4 = —bcm Trde — cdm n 5 e + dm tt jdpi + brn niT j 3 pi + cdm Trl3p2 + bcm 717113^2 — bmirrSeX 

— dmirrSeX + dm'Krj3p2X + bmmrrl3p2X. 


Let 


X2{p) = Dip^ + D2P^ + D^p + 1)4 = 0 . 


Then 


X2(0) = D 4 , 


X 2 



(6 + d)mr^ep2X? 

P 


< 0 . 


1)4 can be written as; 

Di = mTT{b6e + d5e){cm + rX) • 

Then 1)4 > 0 if TZq > 1. Then there exists pi G (0, such that X 2 (pi) = O.If TZq > 1, then system 
( 6 )-( 10 ) has infected equilibrium Ei = {si,yi,pi,xi), where 


Si 


yi 


7r/3 

7r{5 + P 1 P 1 ) +Piic + rxi)p2 
pi(c(m - ppi)+ rX) ^ ^ 
7r(m — ppi) ’ 


> 0 , 


(1 - n)pi/3(7r?7i + (c + rxi)r/ 2 ) 

Wi = - 

(6 + d){7r{5 + P 1 P 1 ) +pi{c + rxi)p2) 
X 

xi = - > 0 . 

m — ppi 


3 Global properties 

Define a function G{z) = z — 1 — \nz. 

Theorem 1 If TZq < 1, then Eq is globally asymptotically stable in r 2 . 

Proof. Let 


b) 



+ 


d 

bn + d 


w + 


b + d piso rpiso x\ 
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Calculating ^ along system (6)-(10) we obtain 




(1 - n){r]isp + r]2sy) - {b + d)w 


b + d 
bn + d 

rpiSQ 


n{riisp + ri2sy) + dw - ey 


, mso , 

H- \ Try — cp — rxp 

c + rxo 


Xo 


,1 --^ + pxp — mx 

p[c + rxo) V x 


Xo 


/T ^ + ^ , diso , rpiso 1 / \ 

= 1 -P-' 5 S + V2Soy - 7 — -^ey H-^- iry + — —^-- 1 - ] { X - mx 

s J \ J bn + d c + rxo p(c + rxo) \ x 


dVo _ ^ {s-sof ^ e{b + d) ^ p2Soibn + d) ^ piSoTr{bn + d) rpisom (x - xp)^ 

dt s bn + d \ e{b + d) e{b + d){c + rxo) J p{c + rxo) x 


Js-sof rpisom {x - xqY e{h + d) 

= -0 -^-r-h ^——{dCo - l)y. 


( 20 ) 


s p{c + rxp) X ' bn + d 

Since TZq < 1, then ^ < 0 for all s,w,y,p,x > 0. Let Dp = {{s,w,y,p,x) : ^ = 0}. One can show 
that Dp = {L^o}- LaSalle’s invariance principle implies that Ep is globally asymptotically stable when 
TZp < 1 . ■ 


Theorem 2 IfTZp > 1, then Ei is globally asymptotically stable inT2. 


Proof. Let 


Vj{.s,vj,y,p,x) ^ siG(^j + 


bn + d \wi 


+ 


yicf- 


b + d 


bn + a \yi 


+ 


nyi 


\Pi 


piryi 


(i) 


Then 




1 “ ~ ) ( (1 “ n)ipisp + P2sy) - (6 + d)w 
w J 


+ ,^ (1 - —) (n{pisp + p2sy) +dw - 

bn + d\ y J \ J iryi 


1 - 


Pi 

P 


Try — cp — rxp 


+ 


rpisipi 

piryi 


X\ 

1 -) ( -^ + p^p ~ 


si\/ \ ryi(i(l - n) sprci p2d{l - n) sywi d{b + d) 

= 1- /3-'5s + pisip + p2Siy -7 ——J -7—rw-+ w—— 

s J \ J bn + d w bn + d w bn + d 


npi {b + d) spyi np2 {b + d) syyi d{b + d) wyi 


bn + d 

pisipi 


y 


bn + d y 


, Visipi , yiSiPi 

cp H- cpi H- rxpi 

vryi vryi vryi 

Applying the conditions for Ei 


bn + d y 

rpisipi 


h + d h + d y ypi 

7 —+-+y + 7 —+++yi + PiSiPi - Pisipi - 

bn + d bn + d yi yip 


vryi 


-xip 


rpisipi 

p-Kyi 


1 — — 1 ( A — mx 

X 


b + d 
bn + d 


/3 = 6 si + pisipi + p2Siyi, (b + d)wi = (1 - n){pisipi + p2Siyi), 
eyi = pisipi + p2Siyi, cpi = iryi - rxipi, X = mxi-pxipi 
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we get 


dVi 

dt 


As-si)'- 


a 

n{b + d) 
bn + d 
d{l 


' ^ d{l - n) 
bn + d 


1 


s 


., msipi + ??2Siyi) 

S J\ J 

)f Si\f \ d(l-n) 

- 1 - msiPi + r]2Siyi + 3—— -^msipi 

urt u \ s J \ J bn + d 

dil — n) spwi d(l — n) wyi d{l — n) ypi 

bn + d sipiw bn + d wiy bn + d yip 

d(l — n) d(l — n) sywi d(l — n) wyi 

+ 2 J msiyi - , J v2Siyi - J msiyi — 

bn + d bn + d siyiw bn + d wiy 

n(b + d) n(b + d) spyi n(b + d) ypi 

+ 2 ——^msiPi - -T—^ViSiPi - 7 —^ViSiPi - 

bn + d bn + d sipiy bn + d yip 

n{b + d) nib + d) s ^rjisipi 

+ -r ——7-^2'Siyi- 1 ——r^ 2 Si 2 /i-2- rxipi 

bn + d bn + d si nyi 


( 21 ) 


Eq. (21) can be simplified as: 


dVi 

dt 


+ 

+ 

+ 



s 


d{l — n) 
bn + d 
n{b + d) 
bn + d 


Visipi 

yisipi 


d{l — n) 
bn + d 


'n2Siyi 


n(b + d) (s — si)‘^ 
—:— 


bn + d 

-myi 

s 


A — 

Si 

spwi 

wyi 

‘-± 

s 

SlPlW 

wiy 

3 - 

Si 

spyi 

ypi 

s 

siPiy 

yip_ 

3- 

Si 

sywi 

yiw 

s 

siyiw 

ywi 


ijiSipirX 

Tiyipxi 

_ im 
yip_ 


{x 


- Xlf 


( 22 ) 


Using the arithmetic mean-geometric mean inequality we find that the last three terms of Eq. (22) are 
less that or equal zero. Thus, ^ < 0 for all s,w,y,p,x > 0 and = 0 at Ei. The global stability 
of El is induced from LaSalle’s invariance principle. ■ 


4 Numerical Simulations 

We perform the numerical simulation of model (6)-(10) using Matlab. 

4.1 Effect of the parameters r]i and 772 

We simulate the system with three different initial values as; 

IVl: s(0) = 18.0,t(;(0) = 0.2,y(0) = 0.2,p(0) = 1.0, and x(0) = 1, 

IV2: s(0) = 16.0, u;(0) = 0.6, y(0) = 1.0,p(0) = 2.0, and x(0) = 2.5, 

IV3: s(0) = 12.0, u;(0) = 1.0, y(0) = 1.5,j9(0) = 2.5, and x(0) = 3.0. 

We fix the value of n = 0.7 and the other parameters are given in Table 1. Then we consider two sets 
of the values of rji and 772 as follows: 
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Table 1: The parameters’s values. 


Parameter 

Value 

Parameter 

Value 

/? 

2 

6 

0.1 


varied 

e 

0.5 

IT 

4 

c 

0.1 

r 

0.4 

A 

1.4 

m 

I 

P 

0.2 

n 

varied 

d 

0.1 

b 

0.3 




Set (I): We choose rji = rj 2 = 0.001. We compute TZq = 0.2189 < 1. From Figure 1 we can see that, 
the concentrations of the uninfected monocytes and B cells return to their values so = § = 20 and 
xo = ^ = 1.4, respectively. On the other hand, the concentrations of latently infected monocytes, 
actively infected monocytes and CHIKV particles are declining and reaching zero for all the three 
initial values IV1-IV3. This demonstrates that, there exists one equilibrium Eq which is globally 
asymptotically stable. This result agrees the result of Theorem 1. 

Set (II): We take = r/2 = 0.008. Then, we calculate TZq = 1.7510 > 1, £^o(20.0, 0 , 0 , 0 ,1.4) and 
El = (16.62,0.253,0.523,2.016,2.346). From Figure 1 we see that when TZq > 1, the solutions of the 
system starting at IV1-IV3 will tend to Ei. This agrees the results of Theorem 2. 

4.2 Effect of the parameter n 

In this case, we use the values of the parameters given in Table 1 and we choose rji = r ]2 = 0.008 and 
n is selected. We consider 

IV4: s(0) = 17,u;(0) = 0.1, y(0) = 0 . 4 ,j 9 ( 0 ) = 1.0, and x(0) = 2.0. 

In Table 2, we calclaute the value TZq and the equilibria for different values of n. From the table we 
observe the value TZq is increased as n increased which means the solution of system will converge to 
Eq if the values of n are small and they will converge to Ei if values of n are large. Figure 2 supports 
the results of Theorem 2 


8 

509 


A. M. Elaiw ETAL 502-513 




Actively infected monocytes Uninfected monocytes 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 




(a) Uninfected monocytes. 



Time 


(c) Actively infected monocytes. 


(b) Latently infected monocytes. 



(d) Free CHIKV particles. 



Figure 1: Numerical solutions of system (6)-(10) with selected values of r/i and r/ 2 . 


9 


510 


A. M. Elalw ETAL 502-513 

























Actively infected monocytes 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 




(a) Uninfected monocytes. 


(b) Latently infected monocytes. 




(c) Actively infected monocytes. 


(d) Free CHIKV particles. 



(e) Antibodies. 


Figure 2: Numerical solutions of system (6)-(10) with selected values of n. 


10 


511 


A. M. Elalw ETAL 502-513 

































































J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Table 2: The values of equilibria and TZq for system (6)-(10) with different values of n. 


n 

Steady states 

Eq 


0.000001 

Eo = (20,0,0,0,1.4) 

0.5648 


0.2 

Eo = (20,0,0,0,1.4) 

0.9038 


0.256795 

Eo = (20,0,0,0,1.4) 

1 


0.4 

El = (18.5,0.2283,0.1674,0.8621,1.6917) 

1.2427 


0.6 

El = (17.1178,0.2882,0.4035,1.7011,2.122) 

1.5816 


0.7 

El = (16.6222,0.2533,0.5236,2.0166,2.3463) 

1.7510 


0.8 

El = (16.2037,0.1898,0.6454,2.2832,2.5766) 

1.9205 


0.99 

El = (15.5546,0.0111,0.8824,2.69,3.0303) 

2.2424 
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OPTIMAL BOUNDS FOR TOADER MEAN IN TERMS OF 
GEOMETRIC AND CONTRAHARMONIC MEANS* 

WEI-MAO QIAN1"2 , wen ZHANG®, AND YU-MING CHU®’** 

Abstract. In this paper, we present the best possible parameters ai, 0:2, 0:3 
and /5i, 02 ■, 03 such that the double inequalities 

(a, (a, b) < T{a, b) < {a, (a, b), 

azCia, b) + {l- a 2 )G(a, b) < T(a, b) < /32G(a, fe) + (1 - /32)G(a, b), 

«3 1 — Q3 1 fe 1 — fe 

G(a,b) G(a,fe) ^ T{a,b) ^ G(a, fe) G(a,6) 

hold for all a,b > 0 with a ^ b, where G(a, b) = \/ab, C(a, b) = (a® + b®) /(<i + 
b) and r(a, b) = 2 a® cos® (4) + b® sin® {t')dt/'K are the geometric, contra- 

harmonic and Toader means of a and b, respectively. 


1. Introduction 


The Toader mean T{a, b) [1-5] of two positive real numbers a and b is defined by 

(1.1) r(a, 


2 

|.7r/2 

71 " J 

f 

0 

2a c 

TT 


26^ 

TT 


a, a 

= b, 


where S{r) = (l — sin^(t)) dt (r € [0,1]) is the complete elliptic integral 
of the second kind [6-30]. The Toader mean T(a, b) is well known in mathematical 
literature for many years, it satisfies 


where 


T{a,b) = Re {a^,b‘^) , 

7 ? („ h) - - f°° + ^) + Ki + u 

RE{a,b) + a)3/2(i +5)3/2 
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2 WEI-MAO QIAN^'^, WEN ZHANG^, AND YU-MING GHU'*'" 

stands for the symmetric complete elliptic integral of the second kind (See [31- 
33]), therefore it cannot be expressed in terms of the elementary transcendental 
functions. 

Recently, the Toader mean T(a, b) has been the subject of intensive research. In 
particular, many remarkable inequalities for the Toader mean can be found in the 
literature [34-41]. 

Let G{a, b) = \Aib [42-48], A{a, b) = {a + b)/2 [49-57], C{a, b) = {a? -\-b'^)/{a + b) 
[58-61], and Mp{a,b) = [(a^-|-6 p)/2]^/p [62-73] and Mo{a,b) = \fah be respectively 
the geometric, arithmetic, contraharmonic and pth power means of a and b. Then 
it is well known that power mean Mp(a,b) is strictly increasing with respect to 
p e K for all fixed a,b > 0 with a ^ b, and the inequalities 

(1.2) G{a,b) = Moia,b) < A{a,b) = Mi{a,b) < G{a,b) = M 2 {a,b) 

hold for all a,b > 0 with a ^ b. 

Vuorinen [74] conjectured that 

(1.3) Tia,b) > My2ia,b) 

for all a, 6 > 0 with a ^ b. This conjecture was proved by Qiu and Shen [75], and 
Barnard et al. [76]. 

Alzer and Qiu [77] proved that the inequality 

(1.4) Tia,b) <T^ia,b) 

holds for all a, 5 > 0 with a 5 if and only if A > log 2/(log tt — log 2) = 1.5349.... 
From (1.2)-(1.4) we clearly see that 

(1.5) G{a,b) <T{a,b) <G{a,b) 
for all a,b > 0 with a ^ b. 

Motivated by (1.5), it is natural to ask what are the best possible parameters 
«!, a 2 , <23 and (3i, P 2 , Ps such that the double inequalities 

G°‘^{a,b)G^-°^^{a,b) < T{a,b) < G^^{a,b)G^-^^{a,b), 

a 2 G{a, 6) -I- (1 — a 2 )G{a, b) < T{a, b) < P 2 C{a, 6) -|- (1 — /? 2 )G(a, b), 

0^3 1 ~ 0^3 1 Ps 1 ~ fe 

G{a,b) G{a,b) T{a,b) G{a,b) G{a,b) 

hold for all a,b > 0 with a yf 6? The main purpose of this paper is to answer this 
question. 


2. Lemmas 

In order to prove our main results we need several lemmas, which we present in 
this section. 

Let re [0,1],/C(r)= &nd6{r) = (^1 — dt 

be respectively the complete elliptic integrals of the first and second kinds. Then 
it is well known that IC{r) is strictly increasing and £(r) is strictly decreasing on 
[ 0 , 1 ], 

(2.1) /C(0) = £(0) = tt/2, /C(1) = 00 , £(1) = 1, 
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3 


and K,{r) and £{r) satisfy the formulas (See[17, Appendix E, pp. 474-475]) 

('o 2 i ^ g(r) - (1 - r^)/C(r) d£{r) ^ £{r) - K,{r) 

dr r(l — r^) 'dr r 


(2.3) 


£ 


l + r ) 


2£{r) — (1 — r^)JC(r) 
l + r 


Lemma 2.1. (See [78]) Let —oo < a < b < oo, f,g : [a, 6 ] —)■ M fee continuous on 
[a, fe] and differentiable on {a, b), and g'{x) 0 on (a, b). If f {x)/g'(x) is increasing 

(decreasing) on (a, fe), then so are the functions [f{x) — f{a)\/[g{x) — 5 (a)] and 
[f{x) — f{b)]/[g{x)—g{b)]. Iff{x)/g'{x) is strictly monotone, then the monotonicity 
in the conclusion is also strict. 


Lemma 2.2. (See [79]) The function r —>■ (1 —r^)^/C(r) is strictly decreasing from 
[0,1] onto [ 0 , 7 r/ 2 ] i/A> 1. 

Lemma 2.3. Let fi{r) = [£{r) — {l — r‘^)K{r)]/r^. Then /i(r) is strictly increasing 
from ( 0 , 1 ] onto (tt/I, 1 ]. 

Proof. Let 51 (r) = £{r) — (1 — r^)/C(r) and g 2 {r) = 2r. Then from (2.1) and (2.2) 
together with Lemma 2.2 we clearly see that 

(2.4) /i(r) = 5 i( 0 ) = 32 ( 0 ) = 0, /i(l) = 1, 


(2.5) 



l:IC{r), lim /i(r) = lim ^ 7 -^ 
2 ^ ^ ^ r^O g'ffr) 


TT 

4' 


Therefore, Lemma 2.3 follows from (2.4) and (2.5) together with Lemma 2.1 and 
the monotonicity of IC{r) on [ 0 , 1 ]. □ 


Lemma 2.4. Let / 2 (?') = [2£{r) — (1 — r^)/C(r)]/(l -I- r^). Then / 2 (r) is strictly 
decreasing from [0,1] onto [l, 7 r/ 2 ]. 


Proof. It follows from (2.1) and Lemma 2.2 that 

( 2 . 6 ) / 2 ( 0 ) = |, / 2 ( 1 ) = 1 . 

Differentiating / 2 (r) gives 

(2.7) m [(1 - r2)/i(r) - 2 £(r)] , 

where fi{r) is given by Lemma 2.3. 

From (2.7) and Lemma 2.3 together with the monotonicity of £(r) on [0,1] we 
get 

( 2 - 8 ) = 

for r G ( 0 , 1 ). 

Therefore, Lemma 2.4 follows easily from (2.6) and (2.8). □ 


Lemma 2.5. Let p G M, fi{r) and / 2 (r) fee respectively defined by Lemmas 2.3 and 
2 . 4 , and 


(2.9) 


fir) 


fijr) 2(1 -p) 

/ 2 (r) l-r 2 


( 1 -bp). 
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Then the following statements are true: 

(1) f{r) > 0 for all r G ( 0 , 1 ) if p = 1/2; 

(2) f ir) < 0 for all r G ( 0 , 1 ) if p = 1 ; 

Proof. Let fsir) = fi{r)/f 2 {r), then Lemmas 2.3 and 2.4 lead to 

( 2 . 10 ) / 3 ( 0 +) = / 3 ( 1 -) = 1 , 

and fsir) is strictly increasing on (0,1). 

For part (1), if p = 1/2, then (2.9) becomes 

(2.11) = + 

From (2.10) and (2.11) together with the monotonicity of fsir) we clearly see 
that 

fir) > / 3 ( 0 +) + 1-^=0 

for all r G (0,1). 

For part (2), if p = 1, then (2.9) becomes 
( 2 . 12 ) f(r) = Mr)-2. 

Therefore, /(r) < 1 — 2 = —1 < 0 for all r G (0,1) follows from (2.10) and (2.12) 
together with the monotonicity of fair). □ 


Lemma 2.6. Let g G M, fiir) be defined by Lemma 2.3, and 

(2.13) g(r) = -/i(r)+ ^^ - 2g. 

TT Vl — 

Then the following statements are true: 

(1) gir) > 0 for all r G (0,1) if q = Xjl; 

(2) there exists tq G (0,1) such that g{r) < 0 for r G (0,ro) and gir) > 0 for 
r G (ro, 1) ifq = 2 / 7 r. 


Proof. For part (1), if g = 1/2, then (2.13) becomes 

(2.14) gir) = -/i(r) + J-^ - 1. 

It follows from Lemma 2.3 and (2.14) that 

g(.)>^x^ + l-l = 0 

for all r G (0,1). 

For part (2), if q = 2 / 7 r, then Lemma 2.3 and (2.13) lead to 

(2.15) g(0+) =< 0, g(l") = oo, 

and g{r) is strictly increasing on ( 0 , 1 ). 

Therefore, part (2) follows from (2.15) and the monotonicity of gir). 


Lemma 2.7. Let 

^ 2 g(r)- (l-r^)/C(r) 

TT 


Then h{r) > 0 for all r G (0,1). 


( 2 -r")(l + r") 
4 + 


□ 
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3. Main Results 

Theorem 3.1. The double inequality 

< T{a,b) < {a,b)G^-l^^ {a,b) 

holds for all a,b > 0 with a ^ b if and only if ai < 1/2 and Pi > 1. 

Proof. Since G{a, b), T(a, h) and G(a, h) are symmetric and homogeneous of degree 
1. Without loss of generality, we assume that a > b > 0. Let r = {a — b)/{a + b) & 
(0,1) and p € M. Then from (1.1) and (2.3) we get 

(3.1) T{a, b) = b) [2£ (r) - (1 - r^)/C(r)] , 

(3.2) G{a, b) = A{a, b)\/l — r^, G{a,b) = A{a,b){l + r^). 

It follows from (3.1) and (3.2) that 

log[r(a, b)] - log[G(a, b)] ^ log [f (2g(r) - (1 - r^)/C(r))] - | log(l - r^) 
log[C'(a, 6 )] - log[G'(a,5)] log(l + r^) - ^ log(l - r^) 

(3.4) log[T(a,&)] - {plog[C'(a, 6 ) + (1 - p) log[G'(a, 5)]} 

= log ^{2£{r)-{l-r'^)IC{r)) - |plog(l + r^) + i(l - p) log(l - r^)| . 

Let 

(3.5) 

F{r)= log ^{2£{r)-{l-r'^)IC{r)) - |plog(l + r^) + i(l - p) log(l - r^)| . 

Then simple computations lead to 

(3.6) FiO ) = 0, 

(3.7) F'{r) = :r^/(r), 

1 + 

where /(r) is defined by (2.9). 

We divide the proof into two cases. 
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(3.10) 


Case 1 p = 1/2. Then Lemma 2.5(1) and (3.7) lead to the conclusion that F{r) 
is strictly increasing on (0,1). Therefore, 

(3.8) T{a, b) > b) 

follows from (3.4)-(3.6) and the monotonicity of F{r) on (0,1). 

Case 2 p = 1. Then Lemma 2.5(2) and (3.7) lead to the conclusion that F{r) is 
strictly decreasing on (0,1). Therefore, 

(3.9) T{a,b) <C{a,b) 

follows from (3.4)-(3.6) and the monotonicity of F{r) on (0,1). 

Note taht 

log [f (2g(r) - (1 - r^)IC{r))] - ^ log(l - r^) ^ 1 
r'-i-o+ log(l + r^) — 1 log(l — r^) 2’ 

^ ^ r ™- log(l + r2) - i log(l - r2) 

Therefore, Theorem 3.2 follows from (3.8) and (3.9) together with the following 
statements. 

• If p > 1/2, then (3.3) and (3.10) imply that there exists (5i € (0,1) such that 
T{a,b) < CP{a,b)G^-P{a,b) 
for all (a — h)/{a + 6) € (0, 5i). 

•• If p < 1, then (3.3) and (3.11) imply that there exists 82 € (0,1) such that 
T{a,b) > CP{a,b)G^-P{a,b) 

for all (a — b)/{a + 6) € (1 — 62 , 1 ). □ 

Theorem 3.2. The double inequality 

a 2 G{a, 5) + (1 — a 2 )G{a, b) < T{a, b) < f32G{a, 6 ) + (1 — /32)G(a, b) 
holds for all a, 6 > 0 with a ^ b if and only if 02 < 1/2 and /?2 > 2/7r. 

Proof. Without loss of generality, we assume that a > 6 > 0. Let r = {a — b)/ {a + 
h) G (0,1) and q € R. Then from (3.1) and (3.2) we have 

1^3 ^) _ f [2^ W W] - Vl-r^ 

(3.13) 

Let 

(3.14) 


C{a,b) - G{a,b) (1 +r^) -y/l-r^ 

T{a,b)-[qGia,b) + {l-q)G{a,b)] 

= A{a,b) [2£(r) - (1 - r^)/C(r)] - [g(l + r^) + (1 - g)Vl - . 

G(r) = - \ 2 £{r) - (1 - r^)/C(r)] - [< 7(1 + r^) + (1 - q)\/l - r^]. 


Then simple computations lead to 

(3.15) 

(3.16) 

(3.17) 


G(0+) = 0, 
G(l-) = --2g, 

TT 

G'(r) = rg{r), 
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where g{r) is defined by (2.13). 

We divide the proof into two cases. 

Case 1 (7=1/2. Then Lemma 2.6(1) and (3.17) lead to the conclusion that G'(r) 
is strictly increasing on (0,1). Therefore, 

(3.18) r(a,6) > ^C(a,6) + iG(a,6) 

follows from (3.13)-(3.15) and the monotonicity of G(r). 

Case 2 g = 2/7r. Then (3.16) becomes 

(3.19) G(l-)=0. 

It follows from Lemma 2.6(2) and (3.17) that there exists tq € (0,1) such that 
G(r) is strictly decreasing on (0, rg) and strictly increasing on (rg, 1). Therefore, 

(3.20) T{a, b) < -C{a, &) + ( 1 - - ) G(a, h) 

TT y TT y 

follows from (3.13)-(3.15) and (3.19) together with the piecewise monotonicity of 


G(r). 



Note that 



(3.21) 

lim 

^ [2S{r) — (1 — r^)/C(r)] — Vl — 

(1 + r2) - Vl - r2 

1 —S-0+ 

(3.22) 

lim 

^ [2£(r) — (1 — r2)/C(r)] — — r^ 

(1 + r2) - Vl - r2 

r—^l~ 


Therefore, Theorem 3.2 follows easily from (3.12), (3.18) and (3.20)-(3.22). □ 


Theorem 3.3. The double inequality 

as 1 — as ^ 1 


< 




1 — /?3 


G{a,b) C{a,b) T{a,b) G{a,b) G{a,b) 

holds for all a, & > 0 with a ^ b if and only if as < 0 and (3s > 1/2. 

Proof. Without loss of generality, we assume that a > b > 0. Let r = (a — &)/(a + 
b) G (0,1), then from (3.1) and (3.2) we have 


(3.23) 


1 


1 


1 1 
+ 


T(a,b) 2 lG(a,b) C(a,b)] 
TT 1 


Let 

(3.24) 


_2£(r)-(l-r^)/C(r) vT~f 2 1 + ^2 
ff(r) = 


(3.25) 


TT 11 

2£(r) — (1 — r^)/C(r) 1 + 

Then Lemma 2.7 and -\/l — < 1 — r^/2 lead to 

TT 11 


ff(r) < 


2£(r) — (1 — r^)/C(r) 1—^ 1 + 


4 + 


2£(r) — (1 — r^)/C(r) (2 — r^)(l+r^) 


< 0 . 
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Therefore, 

(3.26) 


1 1 

< 


1 

< - 


1 


1 


G{a,b) Cia,b)\ 


C{a,b) T{a,b) 2 

follows from Theorem 3.1 and (3.23)-(3.25). 

Let A € M and r G (0,1). Then making use of (1.1) and Taylor expansion we get 

1 TT 1 ^1 


_ = X — —-p o ( t ^) 

T{l+r,l-r) 2 2£:(r)-(l-r2)/C(r) 4 ^ ^ 


1-A 


A 


1 — A , 3p — 2 2 


G(l + r, 1-r) G(l + r, 1-r) Vl - 1 + 


= 1 + 


+ o(r ), 


(3.27) 


A 


1-A 


T(l + r, 1 —r) [G(l + r, 1 —r) G(l + r, 1 —r)J 
= -A a) r2 + o(r2). 


Note that 


(3.28) 


\ r(l + r, 1 — r) 


A 


1-A 


= ^ - lim 
4 r—^l~ 


G(l + r, 1 —r) G(l+r, 1 —r)J 
A 1-A 




1 _|_ j,2 


= —OO 


if A > 0. 

Therefore, Theorem 3.3 follows from (3.26) and the following statements. 
• If A < 1/2, then (3.27) implies that there exists i 53 € (0,1) such that 

1 A 1-A 

> 


r(l + r, 1 —r) G(l+r, 1 —r) G(l + r, 1 —r) 

for r e ( 0 , ^ 3 ). 

•• If A > 0, then there exists 64 € (0,1) such that 

1 A 1-A 

r(l + r, 1 — r) ^ G(1 + r, 1 — r) G(1 + r, 1 — r) 

for r € (1 — 64, 1 ). 


□ 


Let r G (0, 1), a = 1, & = \/l — r^. Then Theorems 3.1-3.3 lead to Corollary 3.4. 

Corollary 3.4. The double inequalities 

7r-\/2 — r^-^l — r2 tt 2 — 

_ - <;;) civ) <C_ 

2 Vl -P \/i — r2 2 1 -p — 7-2 

TT 2 — -P //l — ■r2(l -P y/l — r2) 2(2 — r2) -P (tt — 2)v^l — r2(l -p — r"^) 

- < o{r) < - 


1 -pyr^ 


7r(2 — r^) //l — r2 


(2 - r 2 )(l -p Vl - r 2 )v/l - r 2 
holds for all r G (0,1). 


< £{r) < 7 ; 


2(1-P Vl-r2) 
2 -r2 


2 p/l + V^l — 
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OPTIMAL BOUNDS FOR TOADER-QI MEAN WITH 
APPLICATIONS* 

WEN-MAO QIANL2, WEN ZHANG®, AND YU-MING CHU-*’** 


Abstract. In the article, we find the best possible parameters ai, 0:2, 0:3, 
1^11 1^2 s-Rd such that the double inequalities 

A“1 (a, (a, b) < TQ(a, b) < /3iA(a, b) -I- (1 - h)H{a, b), 


[tt 2 A(a, 6) + (1 — a 2 )H{a, b)]A{a, b) 


L(a, b) 

[/32A(a, 6) + (1 — l32)H{a, b)]A{a, b) 
L{a, b) 


< TQ{a, b) 


^[asL{a, &) + (! — as)H{a, b)]A{a, b) < TQ(a, b) 

< \/[^ 3 L(a, b) + (1 - l3s)H(a, b)]A{a, b) 
hold for all a, > 0 with a ^ b, where A{a,b) = (a + fo)/2, (a, b) = 2ab/{a + 

b), L{a,b) = (fe - a)/(logb - loga) and TQ{a,b) = 2®d0/7r 
are the arithmetic, harmonic, logarithmic and Toader-Qi means of a and b, 
respectively. As applications, we present new bounds for the modified Bessel 
function of the first kind /o(i) = 


I. Introduction 


Let a,b > 0 with a ^ b. Then the arithmetic mean A{a, b) [1-7], harmonic mean 
H{a,b) [8-16], logarithmic mean L{a,b) [17-22] and Toader-Qi mean TQ{a,b) [23, 
24] are dehned by 


= H{a,b) 


2ab 
a + b’ 


( 1 . 1 ) 


L(a,6) = —-> TQ{a,b) = - r'^ (1.2) 

log 6 - log O TT Jq 

respectively. Recently, the arithmetic mean A(a,b), harmonic mean H(a,b), loga¬ 
rithmic mean L{a,b) have attracted the attention of many researchers, and many 
remarkable inequalities for these means and related special functions can be found 
in the literature [25-59]. 

Very recently, Qi et al. [24] proved that the identity 


TQ{a, h) = Vablo 



(1.3) 
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and the inequalities 


r A(a,b) + G{a,b) 2A{a,b) + G{a,b) . , 

L{a, b) < TQ{a, b) < -A -^ ^ii < /(a, b) 


hold for all a,b > 0 with a ^ b, where 

OO 

m = Y. 


1 


n—0 


n\T{n + z/ + 1) \2 


2n+zx 


(1.4) 


is the modihed Bessel function of the hrst kind [60], r(x) = /q°° e ‘t® ^dt is 
the classical gamma function [61-69], and G{a,b) = '/ah [70-72] and I{a,b) = 
{b^/ a°'YAb-a) j^ [73-75] are respectively the geometric and inentric means of a and 
b. 

Yang and Chu [76, 77], and Yang, Chu and Song [78] proved that the inequalities 


Xi^JL{a, b)A{a, b) < TQ{a,b) < b)A{a, b), 


(a, b)A^ A 5 ) ^ TQ{a, b) < ^i 2 L{a, 6 ) -I- (1 - fX 2 )A{a, b), 

TQ{a, b) > Lp(a, b) 

X 3 y^L{a,b)I{a,b) < TQ{a,b) < fi 3 y^L{a,b)I{a,b), 

hold for all a,b > 0 with a ^ bii and only if Ai < a/^Ttt, > 1, A 2 > 3/4, ^2 < 3/4, 
p< 3/2, A 3 < y^e/TT and /X 3 > 1, where Lp{a,b) = [(&p — aP)/(p(log5 — loga))]^/^ 
is the p-order logarithmic mean of a and b. 

In [79], the authors proved that pi = 0, gi = 1/4, P 2 = 0 and q 2 = 1/2 —v^/d are 
the best possible parameters on the interval [ 0 , 1 / 2 ] such that the double inequalities 

H[pia + {l-pi)b,pib+{l-pi)a] < TQ{a,b) < H[qia+{1-qi)b,qib+{1-qi)a], 


G[p 2 a -f {I - P 2 )b,P 2 b + {1 - P 2 )a] < TQ{a,b) < G[q 2 a +{1 - < 72 ) 6 , 92^+ (1 - 92 ) 0 ] 
hold for all a, 5 > 0 with a ^ b. 

The main purpose of the article is to present the best possible parameters a\, 
c^ 2 ^ 013 , /3i, (32 and ^3 such that the double inequalities 

(a, (a, b) < TQ{a, b) < P^Aia, b) + {1 - Pi)H{a, b), 

[a 2 A{a,b) + {1-a 2 )H{a,b)]A{a,b) ^ ^ [l32A{a,b) + {1 - l32)H{a,b)]A{a,b) 

L{a,b) <iG(a,0)< 

y/[a 3 -b(a, &) -I- (1 - a 3 )H{a, b)]A{a, b) < TQ{a,b) < ^/[/33L{a, &) -I- (1 - P 3 )H{a, b)]A{a, b) 

hold for all a,b > 0 with a ^ b, and find the new bounds for the modified Bessel 
function Io{t). 
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3 


In order to prove our main results we need several lemmas, which we present in 
this section. 


Lemma 2.1. (See [80, Theorem 2.18]) The identity 


r 



(2n)! 

22"n! 


holds for all n G N. 


Lemma 2.2. (See [81]) Let {a„}^g and {&n}^o be two real sequences with > 0 
and lim„_>oo a„/6„ = s. Then the power series convergent for all 

t gR and 


a r 

li 2^n=0 O-nl 


= s 


if the power series E^o convergent for all t gR. 


Lemma 2.3. (See [82, Lemma 2.2]) The double inequality 

1 r(a; + a) 1 

{x + ay~°- ^ r(a; + l) ^ 
holds for all X > 0 and a G (0,1). 

Lemma 2.4. (See [80, Theorem 1.25[) Let a, 6 € M with a < b, f, g : [a, b] i-G R 
be continuous on [a, 6] and differentiable on {a,b), and g'(x) ^ 0 on {a,b). If 
f'{x)/g'{x) is increasing (decreasing) on (a,h), then so are the functions 

fix) - f{a) fix) - fjb) 

gix)-gia)" gix)-gih)' 

If f ix)/g'ix) is strictly monotonic, then the monotonicity in the conclusion is also 
strict. 


Lemma 2.5. (See [83], [84, Lemma 2.1[) Let A{t) = ^i^) — 

E^o 6e two real power series converging on (— r, r) (r > 0) with bk > 0 for 
all k. If the non-constant sequence {afc/&fc}^o increasing (decreasing) for all k, 
then the function 1 1 —)■ A(t)/B{t) is strictly increasing (decreasing) on (0,r). 


Lemma 2.6. (See [85, (3.5)]) The identity 

J (TJ (A = _ r(2n + A + ^ + 1) _ 

^ ^ ^ n!r(n + A + ^ + l)r(n + A + l)r(n + ^ + 1) 

holds for all A, /x > —1 and t gR. 





Lemma 2.7. 


The identities 

cosh(t)/o(t) = 

OO 

sinh(t)/o(t) = ^ 

n=0 


■sp (4^)’ ,2n 

^o22"[(2n)!]3 ’ 

(4n + 2)! ,2ri+i 
22"+i[(2n + l)!]3 
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cosh{t)Ii{t) = 


OO 


E 

n=0 


(4n + 1)! 

22"+i(n + l)(2n + l)[(2n)!]3 


^ 2 n+l 


hold for all t gR, where sinh(i) = (e* — e *)/2 and cosh(i) = (e* + e *)/2 are the 
hyperbolic sine and eosine functions, respectively. 


Proof. It follows from (1.4), and Lemmas 2.1 and 2.6 that 

/ O °° f2n I o 

^ n=0 ^ ’ 

I o ^ 4-2n+l / o 

VW = VriS(5TTTji = Vrf™'''‘*' 

n=0 

/tt^ 

cosh(t)/o(t) = y y^-i/2(l)4(l) 

^ yrf- r(2n+i) (4n)! 

V 2„^^[,,r(n+i)]^UJ „^o22"[(2n)!]3 ’ 

j Tl'l 

sinh(t)/o(t) = y y/i/ 2 ( 0 ^o (0 

= r(2n+i) (4n + 2)! 2«+i 

V 2 [n!r(n+i)]^ 22"T1 [(2n + 1)!]3 > 

COSh(t)/l(t) = y y/_i/2(t)/l(t) 

^ r(2 n+|) /^yn+i/2 

V 2 (n+ 1) (n+ I) [n!r (n+ i)]^ 

^ _ (4n + 1)! _,2n+i 

^ 22"+i(n + l)(2n + l)[(2n)!]3 

□ 


Lemma 2.8. The function f{t) = log[/o(t)]/[logcosh(t)] is strictly increasing from 
(0, oo) onto (1/2,1). 


Proof. Let /i(t) = log[/o(t)], /2(t) = logcosh(t), and o„ and bn be defined by 

(4n+l)! (4n + 2)! 

“ 22"+i(n+l)(2n + l)[(2n)!]3’ ” “ 22"+i[(2n + 1)!]3 ' 


Then from (1.4), Lemma 2.7 and (2.1) we clearly see that 


flit) /i(0 -/i(0+) 

/2(t) /2(t)-/2(0+)’ 


Hn _ . 1 

bn 2 (n+l)’ 

^^0 f 1. lln 1 

— = -, lim -— = 1 — hm —-— : 

Oq 2 n— >oo 0„ n—>oo 2 [n + 1) 

/((O ^ cosh(f)/i(f) ^ 

f^{t) sinh(t)/o(t) Er=o^"^^”' 


( 2 . 2 ) 

(2.3) 

(2.4) 

(2.5) 
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From Lemma 2.5, (2.3) and (2.5) we know that the function fi(t )/is strictly 
increasing on (0, oo). Then Lemma 2.4 and (2.2) lead to the conclusion that f{t) 
is strictly increasing on (0,oo). 

Therefore, Lemma 2.8 follows from Lemma 2.2 and (2.4) together with the mono¬ 
tonicity of f{t). □ 


Lemma 2.9. The function g{t) = [cosh(t)/o(t) — l]/[cosh(2t) — 1] is strictly de¬ 
creasing from (0,oo) onto (0,3/8). 


Proof. Let n G N, and c„ and dn be defined by 

(4n -I- 4)! 


dn. — 


22 n +2 


” 22"+2[(2n-p2)!]3’ " (2n-f2)!' 

Then Lemmas 2.1 and 2.7 together with (2.6) lead to 

^ _ 3 
do 8 ’ 

c„ _ (4n -1-4)! _ r (2?- 


^n+l) 


dn 24"+4r(2n-f 3)(2n-p2)! y^r{2n + 3)’ 

(4n)! ,2n _ i ■^oo ,2n 

2^n=0 22r^[(2n)!]3^ 2^n=0 


git) = 


2^^ ±2n 1 d 


Cn +1 

^n +1 


Cri 

dn 


•^oo 22 ^ 
m—0 (2n 

(n -P 2)(2n -P 3)(8n -P 13) (4n -P 4)1 


24"+5[(2n-P4)!]2 


< 0 


for all n G N. 

It follows from Lemma 2.3 that 


1 


< 


r(2n+f) 


< 


^(2n-pf)^^^ V^r(2n-P3) v^(2n-P 2)1/2' 


( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 


From Lemma 2.2, Lemma 2.5 and (2.8)-(2.11) we know that g{t) is strictly 
decreasing on (0,oo) and 

lim g{t) = lim -/- = 0. (2-12) 

>-oo n—^oc) dfi 

Therefore, Lemma 2.9 follows from (2.7), (2.9), (2.12) and the monotonicity of 
the function g(t) on the interval (0,oo). □ 


Lemma 2.10. The function h{t) = [sinh(t)/o(t) — t]/[tcosh(2t) — t] is strictly 
decreasing from (0, oo) onto (0,5/24). 


Proof. Let n G N, and be defined by 

(4n-P6)! 22"+2 

'll _ 'll _ 

" 22"+3[(2n-p3)!]3’ ” (2n-p2)!' 

Then from Lemma 2.1, Lemma 2.7 and (2.13) one has 

rio _ ^ 

Vo ~ 24’ 

Un {An -p 5)1 (4 tj -p 5)F (2n -P 

/)/) ^ 24"+4[(2n-P3)!]2 ^ 0F(2n-P 3)2r(2n-P 3) ’ 


(2.13) 


(2.14) 

(2.15) 
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h{t) = 

V^oo (4n-|-2)! 4 _2n+l 

Z^n=0 22"+i[(2n-|-l)!]3'' 

- t u 

Z^n=0 

(2.16) 

iV^oo 22" ,2n f 

Z^n=0 (2n)!'- '' 

V t2n ’ 

^n+l 

Un (4n-p9)! 

(4n-P5)! 

(2.17) 


Vn ~ 24"+8[(2n-P5)!]2 

24"+4[(2n-P3)!]2 


(n + 2)(48n2 + 202n + 211)(4n + 5)! 

“ 24n+5[(2n + 5)!]2 ^ ^ 

for all n G N. 

It follows from Lemma 2.3 that 

(4n + 5) (4n + 5)r (2n + I) (4n + 5) 

v^(2n + 3)2 (2n+1)^^^ ^ V^(2n + 3)2r(2n + 3) ^ v^(2n + 3)2(2n + 2)i/2' 

(2.18) 

From Lemma 2.2, Lemma 2.5 and (2.15)-(2.18) we clearly see that h{t) is strictly 
decreasing on (0,oo) and 

11 

lim h{t) = lim — = 0. (2-19) 

t—¥oo n—¥oc) 

Therefore, Lemma 2.10 follows easily from (2.14), (2.16), (2.19) and the mono¬ 
tonicity of h{t) on the interval (0,oo). □ 


Lemma 2.11. The function X{t) = [tlgit) — t]/[sinh(2t) — 2t] is strictly decreasing 
from (0, oo) onto (l/7r,3/8). 


Proof. Let n G N, (t„ and t„ be defined by 

(2n-P2)! 


22n+3 


— 


Tn = 


22"+2[(n + l)!]4’ (2n + 3)!’ 

Then from Lemma 2.1, Lemma 2.3, Lemma 2.6, (2.20) one has 

(To _ 3 

To 8’ 


X{t) = 


22"(n!)4 

■^oo (2n)! .2n+l _ ^ ^oo ,2„ 

Z^„=0 22"(n!)4'' '' l^n=0^nt 


_2^!Lll_T2n-|-l _ Of ' 

(2n-|-l)!'' 2l^n=0 

(T„ _ (2n-P 3)[(2n-P 2)!]2 
^ “ 24"+5[(n-P 1)!]4 


,t2ri 


(n+i) 

(2n-P2)! 

n+f 

[r(n + i)l 

r2(n-P2) 

_22"+2(n-P 1)!_ 

TT 

r(n -P 2) 


n-P f 


TT Tn 7r(n -P 1) ’ 


1 • 

lim — 

n—>-oo Tn 


1 

1 

TT 


^^n+1 

'^n+1 


Gn 

Tn. 


(2n-P3)(n-p2)2[(2n-P2)!]2 

24"+7[(n-p2)!]4 


< 0 


for all n G N. 


( 2 . 20 ) 


( 2 . 21 ) 


( 2 . 22 ) 


(2.23) 

(2.24) 
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It follows from Lemma 2.2, Lemma 2.5 and (2.22)-(2.24) that X{t) is strictly 
decreasing on (0,oo) and 

lim X{t) = —. (2.25) 

t—^oo TT 

Therefore, Lemma 2.11 follows easily from (2.21), (2.22), (2.25) and the mono¬ 
tonicity of the function X{t) on the interval (0, oo). □ 


3. Main Results 


< 


Theorem 3.1. The double inequalities 

(a, (a, b) < TQ{a, b) < PiA{a, b) + {1 - Pi)H{a, b), 

[a 2 A{a,b) + {l-a 2 )H{a,b)]A{a,b) ^ 

L{a,b) 

[f 32 A{a,b) + {l-l 32 )H{a,b)]A{a,b) 

L{a,b) 

y/[azL{a,b) -P (1 - a^)H{a,b)\A{a,b) < TQ{a,b) 

< VlPsLia, b) + {l- P 3 )H{a, b)]A{a, b) 

hold for all a, 6 > 0 with a f^b if and only if ai < 3/4, /3i > 3/4, a 2 < 0, j32 > 5/12, 
03 < 2/77 and Ps > 3/4. 

Proof. Since H{a,b), L{a,b), A{a,b) and TQ{a,b) are symmetric and homoge¬ 
neous of degree 1, without loss of generality, we assume that b > a > 0. Let 
t = log y^b/a > 0, then from (1.1)-(1.3) one has 

^ ATsinh(t) 

H{a,b) = - L{a,b) = Vab- 


cosh(t) ’ ' t 

TQ{a,b) = VabIo{t), A{a,b) ='/^cosh{t), 
logTQ{a, b) - log H(a, b) 
log A(a, b) — log H{a, b) 

^ log/o(t) -Plogcosh(t) ^ 1 1 

21ogcosh(t) “2'^^^ 2’ 


TQ{a,b) — H{a,b) /o(t) cosh(t) — 1 
A{a,b) - H{a,b) cosh^(t) - 1 

TQ{a, b)L{a, b) — H{a, b)A{a, b) 
A‘^{a, b) — H{a, b)A{a, b) 

t[cosh^(t) — 1] 

TQ^{a, b) — H{a, b)A{a, b) 
L{a, b)A{a, b) — H (a, b)A{a, b) 

- .2A(0, 


= 2ff(t), 


(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 


sinh(t) cosh(t) — t 

where, /(t), g{t), h{t) and X{t) are given by Lemma 2.8, Lemma 2.9, Lemma 2.10 
and Lemma 2.11, respectively. 
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Therefore, Theorem 3.1 follows easily from (3.3)-(3.6), and Lemma 2.8, Lemma 
2.9, Lemma 2.10 and Lemma 2.11. □ 


From Theorem 3.1, (3.1) and (3.2), we get Corollary 3.2 immediately. 


Corollary 3.2. The double inequalities 


for all t > 0. 


, 1 / 2 / \ / N 3cosh^(t) + 1 

cosh (t) < /„(() < , 

‘ </,(!)< 


sinh(t) 


12 sinh(t) 


sinh(2t) ^ 2 ^ , 

-^ + l--</o(t)< 

TTt TT 


3 sinh(2t) 


8 t 


1 

4 
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1. Introduction 


Euler numbers and polynomials possess many interesting properties and arising in many areas 
of mathematics, mathematical physics and statistical physics. Many mathematicians have studied 
in the area of the q- extension of Euler numbers and polynomials(see [1-10]). Y. He studied several 
identities of symmetry for Carlitz’s g-Bernoulli numbers and polynomials in complex field(see [2]). D. 
Kim et al.[S\ derived some identities of symmetry for {h, g)-extension of higher-order Euler numbers 
and polynomials. D. V. Dolgy et aL[l] derived some identities of symmetry for higher-order gener¬ 
alized g-Euler polynomials. In this paper, we present a systemic study of the generalized twisted 
{h, (7)-Euler numbers and polynomials of higher-order by using the multiple twisted(/i, (7)-^-function. 
Throughout this paper, the notations N, Z, M, and C denote the sets of positive integers, integers, 
real numbers, and complex numbers, respectively, and Z_|_ := N U {0}. We assume that q € C with 
jgj < 1. Throughout this paper we use the notation: 

[x]q = —— (cf. [1, 2, 3, 5]) . 


Note that limg_n[a;] = x. Let x be a Dirichlet character with conductor d G N with d = 1 (mod 2) 
and £ be the p-^-th root of unity(see [8, 9, 10]). T. Kim introduced the multiple g-Euler zeta function 
which interpolates higher-order q-Euler polynomials at negative integers as follows(see [4, 5]): 




oo 

Pi; Y 

mi,-" ,mr—0 


[mi + ■ ■ ■ + mr + xYg^ 


( 1 ) 


where s G C and a; G K, with a; ^ 0, —1, —2,.... 

Recently, D. V. Dolgy et a/.[l] considered some symmetric identities for higher-order generalized 
g-Euler polynomials. The generalized Euler polynomials of order r G N attached to x are also defined 
by the generating function: 


f d-l 

^ 1=0 


_1 \l„{x+l)t 


X(0(-1) e 


^dt 


1 




m—O 


( 2 ) 


When a; = 0, 


En/xi^) are called the generalized Euler numbers En,x 


attached to x- 
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For ft, G Z, a, fc G N, and n G Z+, we introduced the higher order twisted g-Euler polynomials 
with weight a as follows(see [7]): 


Ei^Uh,k\x) = 


[ 2 ] 




E 

/=o 


(- 1 )' 




(1 + £g“^+^) • • • (1 + eqai+h-k+i -^ • 


In the special case, x = 0, i?i“q,e(ft, fc|0) = E^l^e(h,k) are called the higher-order twisted g-Euler 
numbers with weight a. 

We consider the higher order generalized g-Euler polynomials of order r attached to x twisted 
by ramified roots of unity as follows(see [8]): 


n,xX,Q 

n—0 


r 


oo 

= E 

n! 


(-0 






= [®+Ef=l 


Vi=l 


In the special case x = 0, the sequence E^}^ C 9 ^*^^ ~ C <? called the n-th generalized g-Euler 
numbers of order r attached to x twisted by ramified roots of unity. 

As is well known, the higher-order generalized twisted (ft,( 7 )-Euler polynomials at¬ 

tached to X are defined by the following generating function to be 




OO 

[211 E -- \-mk 

mi ,••• ,mfc=0 


U=1 


„[mi-|- \-mk+x]gt 


(x) — 
n,x,q,eV-^) 


n—0 


( 3 ) 


where ft G Z and fc G N. When x = are called the higher-order generalized 

twisted (ft, ( 7 )-Euler numbers attached to x- Observe that if g —>■ I, £ —>■ 1, then —>• 

En,x and E^^]j^g{x) -X En,x{x). By using (3) and Cauchy product, we have 


Tp{h,k) 

-^n,x,<3',£' 



Ax 


E 


{h,k) 


X 


n—l 

q 


ifE^x:q} 


[x]qT, 


( 4 ) 


with the usual convention about replacing {E^q^})"- by 

By using complex integral and (3), we can also obtain the Dirichlet-type multiple twisted 
(ft, ( 7 )-ftfunction as follows: 


1 /■“ ~ 

^ (-1)5:;.. r^, xipij)) qF.UlF-i+'l-^.c'F.U 


( 5 ) 


= |2ll E 


mi ,••• ,mfc=0 


[mi H-h mfe + x]^ 


where s G C and x G K, with x ^ 0, —1, —2,_ 

By using Cauchy residue theorem, the value of Dirichlet-type multiple twisted (ft, ( 7 )-ftfunction 
at negative integers is given explicitly by the following theorem: 

Theorem 1. Let fc G N and n G Z_|_. We obtain 


&-n,x) = EiEkl,ix). 
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The purpose of this paper is to obtain some interesting identities of the power sums and 
the higher-order generalized twisted (/i, g)-Euler polynomials attached to x using the 

symmetric properties for Dirichlet-type multiple twisted {h, (jf)-/-function. In this paper, if we take 
X° = l,e = 1, then [3] is the special case of this paper. If we take £ = I in all equations of this 
article, then [1] are the special case of our results. 

2. Symmetry identities for Dirichlet-type multiple twisted (ft,, ( 7 )-Z-function 


In this section, by using the similar method of [1, 2, 3], expect for obvious modihcations, we 
investigate some symmetric identities for higher-order generalized twisted (ft, g)-Euler polynomials 
attached to x using the symmetric properties for Dirichlet-type multiple twisted {h,q)- 
ftfunction. We assume that x is a Dirichlet character with conductor d G N with d = 1 (mod 2) 
and e be the p^-th root of unity. Let wi,W 2 G N with wi = 1 (mod 2), ^2 = 1 (mod 2). For 
h G Z, k G N and n G Z_|_, we obtain certain symmetry identities for Dirichlet-type multiple twisted 
(ft, ( 7 )-ftfunction. 

Observe that {xy\q = for any x^y G C. In (5), we derive next result by substitute 

W 2 X H-(?'i + • • • + jfc) for X in and replace q and £ by and ^ respectively. 

Wi 


(s, W2X + ^(jl H - h jk)) 


[2]^. 

oo 

= E 

mi ,■■■ ,mk—0 


Wi 

(n.tixK)) 




wi{mi H-h TOfc) -I- W1W2X -I- W 2 iji H- \-jk) 


Wi 


= E 

mi ,••• ,mfc=0 


Ej=i 


(n.tixK)) 

[ri;i(mi H-h ruk) + W1W2X + W2U1 H-f Jfc)]q 

[wiYg 


00 dw 2 -i 

= K]? EE V a y 


mi,-- - ,mk—0ii,-" ,ifc=0 
00 dw2 — l 


[wi{mi -i - 1 - TOfc) -I- W1W2X + W2{jl H- \-jk)]q 


= Fi 




mi,-- - ,TOfc=0 ii,--- ,ik=0 


0 = 1 


^ qdwiW2j2^^l(h-j+l)mj + ^dwiW2 ruj Ej=i ft' 

X [[wiW 2 {x + dmi -\ -1- dnik) + wi{ii H- \-ik) + W 2 U 1 H-f j'fc)]?) 


( 6 ) 


Thus, from (6), we can derive the following equation. 


ji,-,jk=0 \i=i / 

X ^»1 (s, W2X + — (jl H-h jk)) 

’ Wi 

00 dw2 — l dwi — 1 / k \ / ^ \ 

e e e 

mi,---,m)c=0 ii,---,jfe=0ii,---,ifc=0 \/=l / \i=l / 

^ ^dwiW2 IDJLi mi^wi J2i=i ID(=i jl 

X ([■u;iW 2 (a: -I- dmi H-h druk) + wi(h H- 1-4) + W 2 {ji H-f jfc)]g) ^ 
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By using the same method as (7), we have 


[2] *11)2 


dw2 — l 

jl,--- ,jk=0 





X ,£»2(s,+ ~^-^ 

oo dw 2 — l dwi—1 / k \ / ^ \ 

=k]?[«^2]* e e e 

mi,---,mk=0 jl,---,jic=0ii,---,ik=0 \l=l / \l=l / 

^ ^dwiW2 IZjhi mi^W2 Ya^i il ^wi Yi=i jl 

X ([wiW 2 ix + dmi H-h dnik) + wiQ'i H-h j'fc) + W 2 (ii H-1-4)],) ^ 

Therefore, by (7) and (8), we have the following theorem. 

Theorem 2. Let wi,W 2 G N with wi = 1 (mod 2), W 2 = 1 (mod 2). For ft, G Z , we obtain 


dtui —1 / ^ \ 

k 2 ]*[ 2]*»2 E (- 1 )^'-^' 

ji,---,jk=0 \l=l / 

X ^s,-u; 2 a; + ~ 0 ’i - 

(iLLl2 —1 / k 

K]?[2]E E (-1)^'=^^' IlxO'O 

jl,---,jk=0 \l = l 

4^9“V£“2 ^s, Wia; + ~0’i - 

By (9) and Theorem 1, we obtain the following theorem. 

Theorem 3. Let wi,W 2 G N with wi = 1 (mod 2), ri ;2 = 1 (mod 2). For ft G Z, ft G N and 
n G Z+, we obtain 


^ qi‘iiYi=iih-i+i)ji^wiYi=i jl 


dwi—1 / k \ 

E (-1)^'-^' Ilxoo u 

\i^i / 


^2Ef=i(^-^+i)i^£^2 Ez=iii 


31Y-- Jk = 
{h,k) 


X E. 




/ "^2 / . X 

)1 W2X H - (ji H-h Jfc) 

' Wi 


E k 

1 = 1 Jl 


dw2—l / k \ 

jl,---,jk=0 \l=l / 

^ ^i,x,9”'2,£™2 + ~(ji + ■ ■ ■ + Jfe)^ • 

From (4), we note that 

+ y) = + [^ + 2/],)” = E f?V“<xSe(2/)Nr'- 


2=0 


with the usual convention about replacing (i?^*g*i)” by 
By (11), we have 


( 10 ) 


( 11 ) 


540 


Ryoo 537-542 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


dw^—l / ^ \ / \ 

^ (lIxO'O) {w2X+ —(ji H-hj'fc) j 

i,-.Jfc=0 \i=i J \ / 


dwi—1 / k 


= ^ (_l)Ez=iiz I JJx(jO j 

ji,-" Jk^o 


\l^l 


' n 

i^O " ^ 
dwi — 1 




W2 , . . X 

-(jl H- + Jk) 

Wi 


J g*"l 


q^2j2i=iih-i+i)ji^w2 Ef=iii 


jl,--- ,jk=0 

i 


Kl=l 


i=0 




1^2 / . . X 

— (ji H-+ Jfc) 

Wi 


g*"l 


( 12 ) 


Hence we have the following theorem. 


Theorem 4. Let Wi,W 2 G N with wi = 1 (mod 2), rt ;2 = 1 (mod 2). For h G Z, A: G N and 
n G Z+, we obtain 

dlOi —1 / ^ \ / \ 

^ (^« 2 a:+ — (ji H -hj'fc) j 

ii.-jfc=o \(=i / V ^"1 / 

= ^ f?) (u-ax) 

i=o 

dioi —1 / fc \ 

X E (-1)^'-^' IIxO/) • • • + Jfc];».- 

ji,---,jk=0 \i=i J 

For each integer n > 0, let 

111—1 / k \ 

S^u^LM = E (-1)^'-^' 

jl,--- ,jk=0 \i=l / 

The above sum ^{w) is called the alternating generalized {h,q)-poweT sums. 

By Theorem 4, we have 


dwi—1 / k \ 

[2]^. K]” E (-1)^'-^' (UxUi) 

jl,---,jk=0 \l = l J 


«'2 Ef=l jl 


Jl,--- ,Jk — 
{h,k) 


X E, 




W2 . . X 

W2X H-(Ji H-h Jfc) 

Wi 


(13) 


= [2]9»2 E (^)[^2];ki]” *i^i'):tx.<?“i.e”i(^2a;)5X5,,“2,e»2(c^u'i) 

By using the same method as in (13), we obtain 

dw 2 —l / k \ 

[2]E M; E (-1)^'-^' (t[xiji) 

ji,---,jk=0 \i=i / 

X ^(il H-h jfc)^ 

= [2]^1 E 


(14) 
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Therefore, by (13), (14), and Theorem 3, we have the following theorem. 

Theorem 5. Let wi,W2 G N with wi = 1 (mod 2), W2 = 1 (mod 2). For h G Z,k G N and 
n G Z+, we obtain 

i=0 

= [2]g»l E (i) 

i=0 ^ 2 


By Theorem 5, we obtain the interesting symmetric identity for the higher-order generalized 
twisted {h, ( 7 )-Euler numbers in complex field. 

Corollary 6. Let wi,W 2 G N with wi = 1 (mod 2), W 2 = 1 (mod 2). For /i G Z, fc G N and 
n G Z+, we obtain 


[2]E E y^ji'^2Yg[wi]g *5Ex.g»2,e»2(c;Wl)£^i-tLg“i.e“i 


i=0 




REFERENCES 

1. D. V. Dolgy, D.S. Kim, T.G. Kim, J.J. Seo, Identities of Symmetry for Higher-Order Gener¬ 
alized g-Euler Polynomials, Abstract and Applied Analysis, 2014(2014), Article ID 286239, 6 
pages. 

2. Yuan He, Symmetric identities for Carlitz’s g-Bernoulli numbers and polynomials, Adv. 
Difference Equ., 246(2013), 10 pages. 

3. D. Kim, T. Kim, J.-J. Seo, Identities of symmetric for {h, g)-extension of higher-order Euler 
polynomials, Applied Mathemtical Sciences 8 (2014), 3799-3808. 

4. T. Kim, New approach to g-Euler polynomials of higher order, Russ. J. Math. Phys. 
17(2010), 218-225. 

5. T. Kim, Barnes type multiple g-zeta function and g-Euler polynomials, J. phys. A : Math. 
Theor. 43(2010) 255201(llpp). 

6 . H. Y. Lee, N. S. Jung, J. Y. Kang, C. S. Ryoo, Some identities on the higher-order-twisted 
g-Euler numbers and polynomials with weight a, Adv. Difference Equ., 2012:21(2012), 10pp. 

7. E.-J. Moon, S.-H. Rim, J.-H. Jin, S.-J. Lee, On the symmetric properties of higher-order 
twisted g-Euler numbers and polynomials, Adv. Difference Equ., 2010, Art ID 765259, 8pp. 

8 . G. S. Ryoo, On the generalized Barnes type multiple q-Euler polynomials twisted by ramified 
roots of unity, Proc. Jangjeon Math. Soc. 13(2010), 255-263. 

9. G. S. Ryoo, A note on the weighted g-Euler numbers and polynomials, Adv. Stud. Contemp. 
Math., 21(2011), 47-54. 

10. Y. Simsek, g-analogue of twisted Lseries and g-twisted Euler numbers, Journal of Number 
Theory, 110(2005), 267-278. 


542 


Ryoo 537-542 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


An efficient m-step Levenberg-Marquardt method for systems of 

nonlinear equations* 

Liang Chen'^ 

School of Mathematical Sciences, 

Huaibei Normal University, Huaibei 235000, P.R. China 

Yanfang Ma 

School of Computer Science and Technology, 

Huaibei Normal University, Huaibei, Anhui 235000, PR China 


Abstract 

In this paper, we propose an efficient m-step Levenberg-Marquardt method for systems of nonlinear 
equations. At every iteration, the efficient m-step LM method computes not only the classical LM step, 
but also m— 1 approximate LM steps with frozen (jJ Jk+Xkl)~^ Jk ■ Also, we employ m — 1 line searches 
for m — 1 approximate LM steps for better numerical performance. Under the local error bound condition 
which is weaker than nonsingularity, the efficient m-step LM method has been proved to have (m -|- l)th 
convergence order. The global convergence has also been given by trust region technique. Numerical 
results show that the efficient m-step LM method is efficient and could save many calculations of the 
Jacobian especially for large scale problems. 

Keywords: Unconstrained optimization; Systems of nonlinear equations; Levenberg-Marquardt 
method; Trust region 
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1 Introduction 


It’s a well-known problem in science and engineering that is to find the solutions of systems of nonlinear 
equations 

F(q = o, ( 1 ) 

where F : D C R" —)■ R" is continuously differentiable function. Due to the nonlinearity of F{x), (1) may 
have no solutions. Throughout the paper, we let that the solution set of (1) is nonempty and denote it by 
A*, and in all cases || • || refers to the 2-norm. 

There are many numerical methods to approximate the solutions of (1) because the exact solutions is 
difhcult to hnd. A classical numerical method is Newton method which computes the trial step 

= -J-^Fk 


at every iteration, where Fk = F (xk) and Jk = F' (xk) is the Jacobian. And the Newton method has 
quadratic rate of convergence under the condition that J{x) is Lipschitz continuous and nonsingular at 
the solution of (1). However, the Newton method will be failed when Jk is singular or near singular. To 
overcome these disadvantages, a large number of researchers have presented many modifications of Newton 

*The work is supported by the Anhui Provincial Natural Science Foundation (1508085MA14, 1708085MF159), the Natural 
Science Foundation of the Anhui Higher Education Institutions (KJ2017A375) and the Major Teaching Reform Project of Anhui 
Higher Education Revitalization Plan (2014ZDJY058). 

tCorresponding author. Email; clmyf2@163.com, chenliangl977@gmail.com. Tel: +86 157 5613 7533 
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method [1]. One of them is the Levenberg-Marquardt method (LM) [2,3], which is a famous numerical 
method with computing the linear equation 

(jJjfe + Afc/)d = -jjFfc (2) 

to obtain the LM trail step 

4 = - {Jl Jk + Afe/) Jl Fk (3) 

at every iteration, where Afc ^ 0 is the LM parameter. It is well-known that the LM method has quadratic 
convergence as the Newton method if the Jacobian matrix is nonsingular and Lipschitz continuous at the 
solution. A large number of researchers have focused on this system and many efficient solution techniques 
are available [4-7]. 

As we all known, the cost of Jacobian computations is expensive when F{x) is complicated or n is 
quite large. Recently, to save Jacobian calculations and achieve a fast convergence rate. Fan [8] presented 
a modified Levenberg-Marquardt method (MLM) with cubic convergence. At every iteration, the MLM 
method solves not only the linear equations (2) to obtain the LM step (3), but also the linear equations 

{Jk Jk + Afc/) d = —J^Fk^i 


to obtain the approximate LM step 

dk,i = — {Jk Jk + ^kl) JkFk,l 

with Fk^i = F{xk,i), Xk,i = Xk + dk^ Xk = fJ-k ||Afc||'^, fik > 0 and J € [1,2]7 and the trial step is 

S^LM ^dk + dk,l. 

Fan use (Jj Jk + Xkl) ^ Jk ia stead of 

(^J {xk,i)’^ J {xk,i) + ^ik+l ||F (xfc,i)||'^ J {xk,i)'^ 


(4) 


(5) 


in (4), which does not involve the calculation of J (xk^i)- Since 4 has been used in (3), the cost of Jacobian 
calculations will be saved. 

Similarly, to save more Jacobian calculations, based on the MLM method, Yang [9] presented a high-order 
Levenberg-Marquardt method (HLM) with biquadratic convergence by solving another linear equations 

{jlJk + \kl)d=-JlFk,2 ( 6 ) 

to obtain another approximate LM step 

4,2 = - {Jl Jk + Afe/) Jl Fk,2 (7) 


with 4^2 = F {Xk, 2 ), Xk ,2 = 1+4,1, Afc = ^ik ||4||‘^, fJ^k > 0 and 6 G [1, 2]. Yang still use (Jj4 + Xkl) ^ Jl 

(T (5 \ ^ T 

J {xk, 2 ) + (a;fc, 2 ) + Mfe +2 11+(a;fc, 2 )|| Ij J {xk, 2 ) in (7) respectively, which does not 
need to compute J (a:fc,i) and J {xk, 2 )- The trial step of the HLM method is 


Furthermore, to save more Jacobian calculations and achieve a faster convergence rate, Fan [10] presented 
a Shamanskii-like Levenberg-Marquardt (SLM) method with (m + l)th convergence by solving m — 1 linear 
equations 

{jIJ k + Xkl) d = —JIFk^i with i = — l (8) 

to obtain m — 1 approximate LM steps 

dk,i = — {JI Jk + Xkl) JlFk,i (9) 
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where Fk,i = F {xk,z), Xk,t = Xk,i-i + dk,i-i with Xfc,o = Xk, dkfl = dk, Xk = IJ-k Mfc > 0 and 5 € [1, 2], 

Fan still use (jJ Jk + Xkl) ^ in stead of [j {xk,if' J {xk,i) + fJ^k+r ||F J {xk^if' in (9), which 

does not need to compute J {xk,i) (t = 1, 2, • • • , to — 1). The trial step of the SLM method is 


m— 1 

gSLM _ dk,i- (10) 

i =0 

If we consider the MLM method as two-step Levenberg-Marquardt method and the HLM method as three- 
step Levenberg-Marquardt method respectively, then, the Shamanskii-like Levenberg-Marquardt method can 
be considered as TO-step Levenberg-Marquardt method. Also, it is easy to see that (TjJfc -f Xkl) is 
computed in all of the classical LM step (3) and the approximate LM step (4), (7), (9) respectively. So, we 
can consider (jjjfe + Xkl) is frozen in the two-step LM method, three-step LM method and TO-step 

LM method. 

To accelerate the MLM method and for better numerical performance. Fan [11] proposed an accelerated 
version of the MLM (AMLM) method by employing a line search for the approximate LM step dk^i and 
computed the trial step by 

Sk^^^ = dk,o + ak,idk,i, ( 11 ) 

where ak,i € [1, di] is step size with di > 1 is a positive constant. For the same purpose, based on the AMLM 
method, Chen [12] compute the linear equation (6) with Xk ,2 = Xk,i -f ak,idk,i to obtain an approximate 
LM step dk,2- By employing another line search for the approximate LM step dk,2, Chen presented a new 
modified Levenberg-Marquardt (NMLM) method. The trial step of the NMLM method is 

s^mlm _ _l_ ak,2dk,2, (12) 

where ak ,2 G [l)d 2 ] is step size with q ;2 > 1 is a positive constant. 

Now, motivated by (10), (11) and (12), we will employ to — 1 line searches for approximate LM step dk,i 
by solving linear equation (8) with Xk,i = Xk,i-i + ak,i-idk,i-i and present an efficient TO-step Levenberg- 
Marquardt method with trial step as 


Sk — dk,0 + 0!k,ldk,l -b • • • -b ak,m-ldk,m-l, (13) 

where ak,i G [1,Q;] are step size with a > 1 (t = 1, • • • , to — 1) is a positive constants. It is quite clear 
that the above new LM method will reduce to the classical Levenberg-Marquardt method while to = 1, the 
AMLM method while to = 2 and the NMLM method while to = 3 respectively. 

We will organize the rest of this paper as follow: In Section 2, we first give the new modified Levenberg- 
Marquardt method which is called efficient TO-step Levenberg-Marquardt algorithm. In Section 3, we derive 
the global convergence of the new algorithm by using trust region technique. Then we derive the convergence 
order of the algorithm under the local error bound condition in Section 4. Finally, some numerical results 
of the new algorithm are given in Section 5. 

2 The efficient m-step Levenberg-Marquardt algorithm 

In this section, we first present the efficient TO-step Levenberg-Marquardt algorithm by using trust region 
technique, then prove the global convergence. 

2.1 The motivation 

We take 

<i>(x) = ||A(x)f (14) 

as the merit function for (1). It is easy to see that dk,i (f = 0, • • • , to — 1) is not only the minimizer of the 
convex minimization problem 

min -b Tfed]]^ -b Xk Ud]]^ = (pk,i (d), (15) 
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but also a solution of the trust region problem 


min \\Fk^i + Jfed||" 
s.t. ||d|| Ak,i, 


(16) 


where Ak,i = |Mfc,i|| = — ( Jk Jk + ^kl) ^ Jk^k,i ■ From the result given by Powell in [13], we have 


IIF’mII' - \\Fk,^ + JkdkAf ^ \\JlFk4 min |||4,^|| ’ 

Moreover, similar to Fan proposed in [11], if dk,i is a descent direction of the merit function $ (x) at Xk,i, 
then more reduction of d* (x) at Xk^i could be expected. So we may perform many line searches at Xk^i along 
dk,i by solving the problem 

min||F(xfc,i + Q;dfc,i)ll^ • 

a>0 

By Taylor extension, replace J {xk^i) with Jk for save Jacobian calcnlations, the above problem could be 
approximated by 

min 1|F (xfc,i) + aJkdk,i\f ■ 

oc>Q 

The above problem is equivalent to 


max llF’fc,*]]^ - \\Fk,i + aJkdk,i\\^ = (j){a), 

a>0 


(18) 


where 

^ (gi) — ^k,i'^k Jkdk^i^ T ‘^^k i i^Jk ^k T dk^iCi 
is a quadratic function of a, and attains its maximum at 

dk,i i.dk dk T dk^i ^ ^ ^kd^ j^dk^i 

~ ~ dl^^Jl Jkdk,r' 

provided that Jkdk,i ^ 0. We bound dik,i € [l,d] with d > 1 is a positive constant because of ak,i may be 
very large if Jkdk,i is close to 0. The problem (18) now is equivalent to 

max llFfc,i||^ - +aJfcdfc.i||^ = <?i(a). (19) 

QG[l,a] 

And we have 

~ \\Fk,t + otk,iJkdk,i\\'^ ^ l|F)c,i|l^ — \\Fk^t + Jfcdfc,*]]^ (20) 


2.2 The algorithm 

Now, we define the actual reduction of (x) at the kth iteration as 

Aredfc = IjFfclj — ]] A (xfe + + Q;fc,idfc,i + • • • + Q;fc_m-idfc,m,_i)|l . (21) 


where dk,i are computed by (9). Note that the predicted reduction cannot be defined as usual definition 
li^fcll^ ~ + Jk {dk,o + o:k,idk,i + • • • + ak,m-idk,m-i)\\'^, because it cannot be proven to be nonnegative, 

which is required for the global convergence in the trust region method. Hence, we define the new modified 
predicted reduction as 

m —1 

Pred^: = ^ [\\Fk^i\f - \\Fk^i + ak^^Jkdk,i\f^ , (22) 

2 = 0 


with Ukfi = 1. 


546 


CHEN-MA 543-559 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Lemma 2.1. Let the predicted reduction is defined by (22), then 


Predfc ^ ||-^J-Ffe,o|| min 


lldfc.oll 


\JiM r 


where m ^ 1. 

Proof. From (17) and (20), we have 


(23) 


m— 1 

Pred = ^ (^\\Fk,i\\‘^ - \\Fk^i + ak,iJkdk,i\\‘^^ 

i^O 
m— 1 

i=0 



Then (23) holds. The proof is completed. □ 

Now, we present the efficient m-step Levenberg-Marquardt algorithm. 

Algorithm 2.2 (The efhcient m-step Levenberg-Marquardt algorithm). 

Input: Given xq G R", /xi > /r > 0, 0 < po ^ Pi ^ P 2 < 1^ 1 ^ ^ ^ 2, £ > 0, d > 1 and m ^ 1. 

Step 1. Set Xk,o = Xk, dk,o = dk and k := 0. 

Step 2 . Compute Fk = Fkp = F {xk,o), Jk = J {xk,o)- If then stop. Otherwise 

compute 

{JkJk + >^kl)d=-JkFk^i with Xk=h-k\\Fk\\\ (24) 

where Xk,i = Xk,i-i + ak,i-idk,i-i to obtain dk,i, i = 0,1, ■ ■ ■ ,m — 1. Set 


m—1 

where akp = 1, afc,i (t = 1, • • • ,m — 1) is the step size obtained by solving (19). 
Step 3. Compute = Aredfe/Pred^,. Set 


Step 4. Update /ik+i as 


^fc +1 — 


Mfc + 1 — 


_ f Xk + Sk, 

w 

O 

~ \ Xk, 

otherwise. 

4pfc, 

if rk < Pi, 

Ok, 

if rk G [pi,P2] 

max{i^,p} , 

if rk > P2- 


(26) 


(27) 


Step 5. Set k = k + 1, and go to Step 2. 

Remark 2.3. (a) Notice that, Hk should be no less than a positive constant /i to prevent the steps from 
being too large when the sequence {xk} is near the solution. 

(b) Fan set 6 G (0,2] in [11], but here, we still set 6 G [1,2] as usual in [8-10,12] for stable and preferable. 
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3 The global convergence 

To study the global convergence of Algorithm 2.2, we need the following assumptions. 

Assumption 3.1. Let F{x) is continuously differentiable, and bothF{x) and its Jacobian J(x) are Lipschitz 
continuous, i.e., there exist positive constant Li and L 2 such that 

||J(j/)-J(a:)|K Lilly-x||, Vx,yeR" (28) 

and 

||F(y)-F(x)|KL 2 ||y-a:||, Vx,yeR". (29) 

By the Lipschitzness of the Jacobian proposed by (28), we have 

\\F{y) - F{x) - J{x){y - x)\\ Li\\y - x\f , Vx,yeR”. (30) 

Theorem 3.2. Under the conditions of Assumption 3.1, Algorithm 2.2 will terminates in finite iterations 
or satisfies 

lim ||jjFfc|| =0. (31) 

k—¥<yD 

Proof. By contradiction, suppose there exist a positive t and infinite many k such that 

PlFkW^T. (32) 

Let Ti, T 2 be the sets of the indices as follow: 

T 2 — I W'Jk ^ ^ 8-11(1 ^ ■ 

It is easy to see that Ti is infinite. In the following, we will derive the contradictions whether T 2 is finite or 
inhnite. 

Case 1: T 2 is finite. Then the set 

T 3 = {fc I \\JkFk\\>T and Xk+i Xk} 

is also hnite. Let k be the largest index of T^. Then it is easy to see that Xk+i = Xk holds for all 
/cG I fcGTij. Define the indices set 

T 4 = > fc I ||tJL),|| ^ T and Xk+i = . 

If fc G T 4 , we can deduce that || Jj 3 _iLfc+i|| ^ r and Xk +2 = Xk+i. Hence, we have Xk+i G T^. By induction, 
we know that ^ r and Xk+i = Xk hold for all k > k, which means rk < Po- Now, we obtain 

Xk —t +00 and pLk —>■ +00 (33) 

and, due to (24), (25) and (27), 

dfc,o “ ||~ Pk Jk + Xkl) 0. 
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Moreover, it follows from (29) and (30) that 


\\dk4= -{JlJk + Xkl) ^JlFk,, 


< 


(J^Jk + Xk!) 


+ 


+ Li 


( Jk Jk + Xkl) Jfe 


^ \\dk,o\\ F 

2-1 

E! '^kjdkj 

1 LIL 2 

At. 

2-1 

E! ^k,jdk,j 


j=0 


1=0 


(Jjjfe + Afc/) 'jJjfe E 

j-0 

■ 1 
2—1 

j=0 

2 


i-1 


< 


IMfc,oll + E“''d IMfcjll + 

i=o 


L1L2 


Xk 


i-1 

vi=o 


with i = 1, • • • , TO — 1. Hence, by induction, we obtain 

I|4..KO(||4,oII)- 

Note that 


(34) 


ll-Ffe.i+ill^ — \\Fk,i + ak,iJkdk,i\f 

~ II “t” ||-^fc,i F 0^k,iJkdk,i\\) (||-^^,2+11| ll-^fc,^ F Oik^iJ^dk^iW) 



2 

^fc ,0 “ 1 " Jk ^ ^ ^kjdkj 

+ Ai 

2 

E! '^kjdkj 

2 

+ Li 

i-1 

E! ^k,jdk,j 

1 

V 

i -0 


1=0 


1=0 



i 

2 

2-1 


E! ^k,jdk,i 
1=0 

+ Ei 

E! ^k,jdk,j 
1=0 



with f = 0,1, • • • , TO — 1. It’s clear that while z = 0 and = !> 

||^fe,i||^ — ll^fc,o + Jkdk,o\f ^ 2Li ||i^fc,o + JkdkfiW ||<^/c,o||^ + -bi ||dfc,o||"^ = O ^||dfc,o||^) ■ 
It follows from (21), (22), (29), (35) and Lemma 2.1 that 


kfc - 1 | 


Aredfc — Predfc 
Predfc 


v-^m— 1 / 

2 ^ 2 ^o \ 


) 

— 1 

Z^ 2^0 

(lli^fc. 

,i ^ + Ctk,iJkdk,i\\‘^^ 

114, of) 

1 ^ n 


IE^mI 

1 min 

{"“‘'“"■'E.li"} 


(35) 


which implies that rj, —> 1 . In view of the updating rule of /ifc, we know that there exists a positive constant 
jl > fk such that /ifc < /I holds for all sufficiently large fc, which is a contradiction to (33) . 
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Case 2: T 2 is infinite. It follows from (23) and (29) that 


iFiir > 


^ ^ (llFfcf - IlFfc+if) 


fceTa 


^ X! PoPredfc ^ ^ Po ||•^JPfe,o|| min < ||dfc,o|| , 
fceT 2 /ceT 2 I 




^ PO'T 

^ > -mm 

^2 

fceT 2 


Il'^fcjOll ; 2 jJ 2 


(36) 


which implies 

Then by the definition of (ifc,o, we have 


IMfc,oll Oj € T2- 


^ + 00 , k G T 2 . 

Moreover, it follows from (28), (29), (34) and (36) that 

E \ PkFk\\-\\Jl+iFk+i\\\ 

keT2 


(37) 

(38) 


^ E - PkFk+i\\) - {pP,Fk+4 - ||jjFfc+i||)| 

feeTa 

E 1^2 Ik^ll ll^fcll “ ll-^fc+lll ll®fell| 

feeTa 

^ L1L2C E IMfc.oll < +00, 

fceT2 

with some constants c > 0, which together with (32) implies there exists a sufficiently large k such that 

PkFkW^T and E “ ll'^^+i-^fc+illl < T- 

keT2 

Hence we can derive that ||<^JPfc|| ^ f for all k^ k. Combining (37) with (38), we have 

||<^/c,o|| —> 0 and fik —>■ + 00 . (39) 

In the same way as proved in Case I, we can also obtain that 


Cfc I. 


Hence, there exists a positive constant fx such that pik < holds for all sufficiently large k, which is 
contradicted to (39). The proof is completed. □ 


4 The local convergence 

In this section, we assume that Xk ^ x* G X* and the sequence {xk} lies on some neighbourhood of x*, i.e., 
there exist a positive constant 61 < 1 such that x G N {x*,bi). We give some assumptions which the local 
convergence theory required. 

Assumption 4.1. (a) F{x) is continuously differentiable, and Jacobian J(x) is Lipschitz continuous on 
N {x*,bi), i.e., there exist a positive constant Li such that 

\\J (y) - J{x)\\ Li\\y - x\\ , Vx, y € V (a;*, &i) = {x | ||a; - a;*|| < 61 } . (40) 
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(h) ||F(a:)|| provides a local error bound on some neighborhood of x* G X*, i.e., there exist a positive constant 
c > 0 such that 

||F(a;)|| ^ c dist(x,X*), ^x € N {x*M). (41) 

Since the condition of nonsingularity of J{x) is too strong, the Assumption 4.1 (b) provides a weak local 
error bound condition, which implies that the converse is not necessarily true [4]. 

By (40), we have 

|!F(j/)-i^(a;)-J(x)(j/-a;)|| < Lilly-xf, Mx,y & N {x* ,bi), (42) 

and 

ll^(j/) - ^(a^)IK ^2 I|y - a;|| , yx,y € N {x*,bi), (43) 

where L 2 is a positive constant. 

There exists a positive constant w > 0 if F(x) provides a local error bound which proposed by Behling 
and lusem in [14], then 

rank (J (i)) = rank ( J (x*)), Vi € IV {x*,uj) n X*. 

Let b € (0,1) and bi = min {w, b}. Without loss of generality, we further assume that Xk,i, t = 0,1, • • • , m— 1 
lie in N (x*, ^). 

In the following, we denote Xk G X* such that 

ll^fc - a;fc|| = dist (xfe, A*) = inf ||y-Xfe||. 

o/fl X * 


Hence, we have 

\\xk - a;*|| ^ ll^fc - Xfcll ^ II + ||xfe - x*|| <2 \\xk - x*|| < 61, 

which implies that Xk G N (x*,bi). 

Lemma 4.2. Let Assumption 4-1 hold, then 

(jJjfe + Afc/) ^ Jk < O (^||ifc - Xfclp^y 

Proof. Suppose rank (J (ifc)) = r for all Xk G N (x*, 61) n X* and the SVD of J (xfe) is 


(44) 


J{xk) = UktkV^ = {Uk,i,Uk,2) 


0 


% ]=UkAiVk\„ 

'k,2 ' 


where = diag {ak,i,crk, 2 , ■ ■ ■ , o'k,r) with akp ^ Cfe 2 ^ ^ o’k^r > 0. The corresponding SVD of Jk is 

Sfc,i 


Jk=Uk'FkVk = (Uk,l,Uk,2,Uk,3) 


— ^kpF^k.lFk I 4” bJk,2Fjk,2Fk 2'! 


Jfe,2 


Vk,2 


0 


14 


f 


k,3 


where Efcp = diag {ak,i,crk, 2 , ■■■ , crk.r) with ak,i ^ (Tk ,2 ^ ^ o-k,r > 0, and £^,2 = diag(crfe,r+i, crfc,r+2, • • • , 

ak,r+q) with ak,r+i ^ o'k,r +2 ^ ^ o'k,r+q > 0. We will ueglect the subscript k if the context is clear in 

the following, and write Jk as 

Jk = + U2^2V^. (45) 

By the theory of matrix perturbation [15] and the Lipschitzness of Jk, we have 


which yields 
Hence 


diag (Si - El, E2, 0)11 < \\Jk- Jk\\ ^ Li [Jx^ - Xfc|| , 


Si-Ei ^Lijjxfc-Xfcll and jlE2|| < Li jjxfc - Xfe|| . 


I \-lv II — 11^211 ^ Li jjxfe Xfcll _ _1 ll_ Ill-iS 


(46) 

(47) 

(48) 
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Since for any positive ai (z = 1,2, • • • , r), we have 


O'i (Ji 


o'i + Afc 2ai^/Xk 


which implies 






Combining (48) and (49) with 6 G [1,2], we have 


< -m 2 c 2 \\xk - Xk\ 


(Sf + Afc/) ^ El 

(Jjjfc + Afe/) ^Jj|| =11(^1,14,^3) I (Ei + AfcJ)-'E2 


< 


< 


(E2 + Afe/) ^Ei 


(Ei + Afcl) ^E2 


(E? + Afe/) ^Ei 


+ 


2c 2||a;fc-a;fc|| = + Eim '^jjxfc-Xfcll^ 

s^O fjjxfc - Xk\\~^ 


The proof is completed. 

4.1 Properties of the trial step 

Firstly, we investigate the properties of dk,i, and hence Sfe. 

Lemma 4.3. Under the condition of Assumption f.l, for sufficiently large k, we have 

\\dk,i\\ ^ Cidist (a;fe,X*), z = 0,1,-- - ,m- 1, 
where Ci are some positive constants. 

Proof. The proof of dkp can be found in Lemma 1 of [11], thus 

||4,oll < codist(a:fc,X*). 

Now we prove z ^ 1. From (24), (42), (44) and (50), we obtain 

II4..II = ||-(Jj4 + Afc/)”' 


< 


(j^Jfc + Afc/) Jk Pk,0 

{jiJk+Xkiy'ji 


+ L 


y^Jk + Xkl) Jk 'Jk E C^k.idk^i 

j=0 

2 


i-1 


^ ^ ^k,idk,7 


i-1 


j=0 

i-1 


Ul 

Ul 

ul 


^ IM/i:,o|| F ^ ^ (^k.i ||dfc,z|| F Li I ^ IIdfcyII | O ^ll^fc '^k\\ 
i=o \i=o 

< Cjdist {xk,X *), 


(49) 


□ 


(50) 


with z = 1, • • • , TO — 1, for some positive constant Cj. The proof is completed. 


□ 
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Lemma 4.3 indicates that the trail step 

I m—1 


ISfell = 




2=0 


m— 1 

^ ^ ^ ^k,i II II ^ ^ d-ist (xfc, X ) , 
2=0 


for some positive constants c. 


4.2 Boundedness of the LM parameter 

Lemma 4.4. Under the conditions of Assumption 4^.1, there exists a positive ft > p, such that pk ^ P holds 
for all sufficiently large k. 

Proof. Following the result given in [10, Lemma 2], we have the following inequalities for all sufficiently large 
k, 

||^fc, 2 || ||-^fc ,2 ^ Cl ||-F/;,^j|| min{IIII , ||3^/i:,2 ^fc, 2 ||} ? 


where Ci are some positive constants, z = 0,1,*** ,m—1. 

In fact, if \\xk,i — Xk,i\\ ^ ||dfc,i||, by (41), (42) and the fact that dk,i is the solution of (16), we have 

11^ (^fc,2)ll ~ + Jkdk,i\\ 

^ ||-^fc,2|| ll-Ffc,-! “1“ Jk {^k,i ^fcjdll 

^ ||-^fc,2|| ||Ffc^2 -|- Jk,i ffik,i ^^, 2)11 11*^^ ll^fc,2 ^fcjill 

2-1 

> c\\xk,i - Xk,i\\ - Li \\xk,i - Xk^iW"^ - Li \\xk,i - y]afc,j \\dk,j\\ 

j=o 

> Ci\\xk,i - Xk,t\\ , (51) 


for some Ci > 0 when k is sufhciently large. In the other case when \\xk,i — Xk,i\\ > ||dfc,i||, we have 

\\dk,i\ 


\Fk,i\\ — \\Fk,i + Jkdk,i\\ ^ ||-F’fc,i|| — 


F, 


> 


> 


II dfcy I 


Xk^il 

II4..II 


||^fc,2 ^k4\ 

^ II II . 


k,i “r II _ II ^k \^k,i ^k,i) 

II ^k,i ^k,i II 

j" (||^fc,2|| ||^fc,2 “1“ Jk ffik,i ^k,i 

7 C-i II 2 Xk i II 


Combining (51) with (52), we obtain 


||-Ffc,j||^ — ||^fc,i + Jkdk,i\\'^ = (||^’fc,i|| + ll^’fc.i + Jkdk,i\\) (||-Ffc,i|| — ||-Ffc,j + Jkdk,i 

> c^ ||Ffe,i|| min{||(ife_i|| , \\xk,i - Xk,i\\} ■ 


(52) 


Together with (20), we have 

||^/c.i||^ ~ ll-P’fc,* + Oik,iJkdk,i\\'^ ^ ll^/c,i|l^ ~ ll-^fe.* + Jkdk,i\\'^ 

> Ci ll-Ffe.ill min{||dfe_i|| , \\xk,i - Xk,i\\} ■ (53) 

Hence, it follows from (22) and Lemma 4.3, we have 

Predfe ^ 0{\\xk-Xk\\ 114,oil) • 

Since 4,o is a minimizer of (15), we have the following results from (43) and Lemma 4.3 that 


11-4,0 +4 (Q;fc,o4,o + • • • + 0'k,idk,i)\\ 

^ 11-4,0 + <afc,o44,oll + l|4|| (<afc,i 114,ill + • • • + ak,i IMfc.ill) 

^ Ci \\xk Xk II , 
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with i = 1, • • • , TO — 1 for some positive constants q > 0. Also, follows from (35), we have 
||Ffc,i+i||^ - \\F{xk,i) + ak,iJkdkA? ^ O (\\xk - Xk\\ ||<ife,o||^) 

which implies that 

Aredfe-Predfc O (\\xk - Xk\\\\dk,of'^ 

^ Predfc ^ O (ll^fc - a^fell IMfc,o||) ^ 

holds for sufficiently large k. Hence 

Tfc 1. 

Therefore there exists a positive p, > fj, such that /ifc ^ /I holds for all sufficiently large k. The proof is 
completed. □ 

4.3 Convergence order of m-step Levenberg-Marqnardt algorithm 

We now prove the convergence order of TO-step LM algorithm based on the results obtained in the above two 
subsections. 

By the SVD of Jk proposed in (45), we have 

dk,i = -Vi (Sf + SiUfFk,^ - (Si + ^2UjFk,u (54) 

“1“ Jkdk^i 

=Fk,^ - t/iSi (Ei + Xkl)~^ SiCf Afc,, - HzSa (Si + Afc/)”^ Fk,^ 

=XkUi (Si + Xkiy" U^Fk,, + XkU2 (Si + Xkiy" U^Fk,, + Fk,^, (55) 

with i = 0, • • • , TO — 1. 

Lemma 4.5. Under the condition of Assumption f.l, if Xk,i G N (x*,bi/2), then we have 

(a) \\UiUlFk4if0(\\xk-Xk\y^); 

(b) \\U2U^Fk4if0(\\xk-Xk\y^); 

(c) ||C/ 3 [/jFfc,i|| < O 
with i = 0, • • • , TO — 1. 

Proof. We will prove this lemma by an induction process. 

For i = 1,2, the results have been shown by Fan and Chen respectively (see [11,12]), and we have 

l!dfe,i|| < O , jjF’fc.i + Jkdk,i\\ < O (\\xk - , 

||dfe,2|| < O , ||Afc,2 + Jkdk,2\\ < O . 

Assuming the truth for some i — 1, we obtain the induction hypothesis: 

||dfc,*-i|| < O (^\\xk - XkW'^ , ||F(xfe,i_i) + Jkdk,i-i\\ < O - Xk\y^^ ■ 
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Turning now to the case for i. It follows from above induction hypothesis that 
— 11-^ 1 

^ ||-Ffc,i-l + 0'k,i-lJk,i-ldk,i-l\\ + |Mfc,i-l|| 

^ \\Fk,i-l + Jk,i-ldk,i-l\\ + ||fifc,i-l|| 

^ ||-Ffc,i-l + Jkdk,i-l\\ + \\Jk,i-l — Jk\\ |Mfc,i_i|| + ||(ifey_l|| 

i-1 

^ \\Fk,i-l + Jkdk,i-l\\ + Li Ctkjdkj ||(ifcy_i|| + j_X |jc?fey_i|| 

j=0 

5% o (^||xfc - + Li \\xk - XkW O (^\\xk - 

+ (||xfe - Xfef*) 

O (^||xfc - . 

So, we have 

\\UiU^Fk4 < ||Ffc,,|| < O (\\xk - Xfc|r+^) . 

Moreover, the local error bound condition implies that 

\\xk,i - Xk,^\\ < C~^ < O . (56) 

Let qk = Then qk is the least squares solution of ||min_Ffc^i + Jkq\\- It follows from (40), (42), 

(56) and Lemma 4.3 that 

^ ||T'fc,'i T Jk,i is^k^i ^fc,i)ll T Jk) (^fc,2 ^fc,i)ll 

i-1 

(ll^fc - + o (||xfc - a^fcir’*'^) 

=0 {\\xk - XkW^+^y (57) 

Let Jk = Uil^iV-f and qk = —JkFk,i- Since qk is the least squares solution of minF^y + Jkq , deducing 
from (40), (42),(47), (56) and Lemma 4.3 that 

||(C/2C/2^ + t/3f/3^)Ffc,,|| 

— Fk^i T Jkqk ^ Fj^ i -\- t/fc {Xk^i Xk^i) 

^ llTfe,-! T Jk,i {Xk^i 3^fc,i)|| T i^Jk Jk,i^ (^fc,i Xk,i) 

^Li T II (^ Jk Jk,i f^2^2L2 ) {Xk^i ^fc,i)|| 

^L\ T IK'^fc Jk,i) {Xk^i ^fc,i)|| T 111^2^2^2 {Xk^i 3^fc,i)|| 

i-1 

^fc,i|| F L\ ^ ^ ^k,j dk^j ll^^fcji ^/i:,i|| 4“ Jl ||^fc ^fc|| ||^fc,i ^fc,i|| 

i-0 

(ll^fc - Xk\\^''^y + o (||Sfc - XkW'^^y + o (||xfc - XkW^'^y 

^o(||Sfc-Xfe|r+") . (58) 
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Due to the orthogonality of U 2 and C/ 3 , combining (57) and (58), we know that 

\\U 2 U 2 Fk,i\\ < O . 

The proof is completed. □ 

Now, we are ready to give the estimations of dk,m-i and ||F(a:fc_m-i) + Jkdk,m-i\\- 
Lemma 4.6. Under the condition of Assumption f.l, for sufficiently large k, we have 

(a) \\dk,m-i\\ ^ O {\\xk - XkW^); 

(b) \\F{xk,m-l) + Jkdk,m-l\\ < O . 

Proof. By (46), we have 


1 _ 

1 

< 

1 


(T J' 


dr - Li \\xk - Xk\\ 


which implies 

(j 

When S G [1,2], it then follows from Lemma 4.4, Lemma 4.5, (48), (54) and (55) that 

||4,m-l|| = I- 1/1 (S? + Xkl)~" F ixk,„,-l) - 1^2 + Xkl)~^ X: 2 UjF {Xk,ra-l)\ 

^ IjEiir' \\ufF{xk,^_,)\\ + ||A^1E2|| \\U^Fixk,^_,)\\ 

O {\\xk - Xfell™) + O (^\\xk - 

= oi\\xk-xk\n, 

and 

111 ^( 2 ;^; 1 ) + Jkdk ,m—l II 

= AfeC/i (E^ + Afe/) C/]^F (xfc^m-l) + AfeC /2 (^2 + Afcl) U 2 F {Xk^m-l) + U 3 U 3 F (Xk^m-l) 

< Xk ||E2||-' \\UlF {Xk,m-l)\\ + ||C/2^i^(Xfc,„_i)|| + ||C/3^F(Xfc,^_l)|| 

^ o - XkW^'^^^ + o (^\\xk - + O (^jjxfc - 

^ O (^jjxfc - . 

The proof is completed. □ 

Based on the results above, we obtain the convergence rate of Algorithm 2.2. 

Theorem 4.7. Under the conditions of Assumptions f.l, the convergence rate of Algorithm 2.2 is (jn + l)th. 
Proof. It follows from Lemma 4.3 and Lemma 4.6 that 
c||Xfc+l - Xfc+lll 

< II A (ccfc+i)!! = \\F{xk + Sfc)|| = ||F (xk ,m—l + CXk ,m— idk ,m— 1) II 
^ II 1 ) H“ CX.k^m—lJ — ^k,m—l || “I” ^l^k,m — l II 11| 

^ II l) H“ J l) dk^m — 1 1 | H“ 1 II 11 | 

^ l|-^ l) “ 1 “ Jkdk,7n— 11 | “ 1 “ || ('^ 1 ) '/fc) ,m —1 II + ll'^fe ,m— 1 II 

m-2 

^ l|-^ l) “ 1 “ Jkdk,m—1 II+i. E ||dfc,m—ill 4” ||(ifc,m— 1 II 

j=0 


556 


CHEN-MA 543-559 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


m-2 

< \\F {Xk l) + Jkdk ,m— 1 ii+iiE C(k,j IMfc.jll ill + 1 ll'^fe,m—ill 

i=o 


5% O (\\Xk - Xk\r~^^'^ + O (^\\Xk - Xk\r~''^"j + O (^\\Xk - Xfcf 
5% O (^||Xfc - Xfcll™''"^) , 


with m ^ 1. Hence we have 

||xfc+i - Xfc+i|| O (^||xfe - Xfcll™"''^^ , (59) 

which means that {xk} generated by m-step LM method converges to the solution set X* with (m + l)th 
order. The proof is completed. □ 


Since 


we obtain from (59) that 


\\Xk - XkW ^ ||Xfc+l - Xfc+lll + ll^fcll , 


W^k ^k II ^ 2 II Sk II 

holds for sufficiently large k. By Lemma 4.3, we finally have 

iis,+iKo(iisfcir+^), 


which indicates that {xk} converges to some solution of (1) with Q-order m + 1. This result is stronger than 
the convergence to the solution set. 


5 Numerical results 


We will compute some singular problems, which come from [16] with the same forms as in [17], to test 
Algorithm 2.2, and compare it with the general LM algorithm (LM), the SLM method which has presented 
in [10] with m = 4. 

We compute these test problems with different initial points and different size, 

F (x) = F{x) - J ix*)A {A^Ay^ A^ {x - x *), 

where F{x) is the standard nonsingular test function, x* is its root, and A € has full column rank 

with 1 < fc < n. Obviously, F (x*) = 0 and 

J{x*) = J{x*) (y - A{A^Ay^ A^'^ 

has rank n — k. A disadvantage of these problems is that F (x) may have roots that are not roots of F{x). 
We chose the rank of J (x*) to be n — 1 and n — 2, respectively, by using 

AgR^^\ = ( 1 , 1 ,--- , 1 ) 


and 


A e R"^^, A^ 


1111 

1 - 11-1 


1 

±1 


Set po = 0.0001, Pi = 0.25, p 2 = 0.75, m = 10“®, = 1, (5 = 1 for all the tests. The stopping criteria for 

the Algorithm is ||jjFfc|| < 10“^ or the iteration number exceeds 100 (n + 1). The points xq, IOxq, IOOxq 
in the third column of the tables are the starting points, where Xq was suggested by More et. al in [16]. 
“NF” and “NJ” represent the number of function calculations and Jacobian calculations, respectively. If the 
method failed to find the solution in 100 (n + 1) iterations, we denoted it by the sign and if the iterations 
had underflows or overflows, we denoted it by “OF”. We also denote ’’TIME” represents the running time 
of the problem. All codes are written in MATLAB R2012 programming environment on a personal PC with 
Inter(R) Core(TM) i5-4590 CPU, 3.30GHz, 4GB RAM, using Windows 7 operation system. 
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Table 1: Results on the first singular test set with rank(F' {x*))= n — 1 


Problem n Xq 

Algorith LM Algorithm SLM with m = A Algorithm 2.2 with m = A 

NF/NJ/F/TIME NF/NJ/F/TIME NE/NJ/F/TIME 

8 3000 1 

9/9/1.7993e-05/16.0927 17/5/6.0835e-06/27.9715 17/5/1.6373e-05/45.5972 

9 3000 1 

10 
too 

l/l/6.9349e-06/0.39072 l/l/6.9349e-06/0.38856 l/l/6.9349e-06/0.38503 

3/3/4.9157e-03/4.6299 9/3/1.8731e-03/14.9589 9/3/1.468e-03/16.2261 

5/5/2.9136e-02/8.8327 13/4/2.8697e-02/22.3504 13/4/2.3369e-02/24.1051 

10 3000 1 

10 
100 

7/7/1.8841e-05/113.7354 13/4/1.5023e-05/90.6983 13/4/1.7169e-05/96.5679 

9/9/1.1683e-05/146.8708 17/5/1.2381e-05/115.8011 21/6/7.057e-06/155.4833 

10/10/9.479e-09/163.7237 21/6/1.4677e-10/142.4809 21/6/1.0401e-13/159.7523 

11 3000 1 

10 
100 

20/10/2.2123e-04/34.464 77/6/2.3676e-04/128.9774 161/15/1.9047e-04/297.2913 

38/26/1.9482e-03/68.8421 161/17/1.3971e-03/269.0105 165/17/2.8922e-03/340.8817 

37/22/3.0277e-03/65.9771 145/16/2.45e-04/236.8702 129/12/4.9012e-04/272.922 

13 3000 1 

10 
100 

9/9/1.4397e-04/16.3563 17/5/8.5893e-05/27.4254 17/5/1.8655e-04/44.4526 

14/14/1.4123e-04/26.2765 25/7/2.604e-04/41.0561 29/8/5.5618e-05/79.057 

17/17/2.5192e-04/32.2734 33/9/8.9702e-05/54.5243 37/10/2.8248e-05/102.0578 

14 3000 1 

10 
100 

12/12/3.6595e-05/22.8178 25/7/4.4361e-06/41.4525 25/7/1.3946e-05/65.4345 

18/18/4.3039e-05/35.2549 37/10/4.9713e-06/62.3313 37/10/2.4413e-05/98.7529 

24/24/2.5066e-05/47.6055 49/13/2.9067e-06/82.7621 49/13/2.1752e-05/132.2612 


Table 2: Results on the first singular test set with rank(F' {x*))= n — 2 


Problem n xg 

Algorith LM Algorithm SLM with m = A Algorithm 2.2 with m = A 

NE/NJ/E/TIME NE/NJ/E/TIME NE/NJ/F/TIME 

8 3000 1 

9/9/1.7993e-05/15.758 17/5/6.0835e-06/27.7172 17/5/1.6373e-05/44.3831 

9 3000 1 

10 
100 

l/l/6.9349e-06/0.38195 l/l/6.9349e-06/0.38875 l/l/6.9349e-06/0.38878 

3/3/4.9157e-03/4.5209 9/3/1.8731e-03/14.8385 9/3/1.468e-03/16.9752 

5/5/2.9136e-02/8.6748 13/4/2.8697e-02/21.854 13/4/2.3369e-02/25.3346 

10 3000 1 

10 
100 

7/7/1.8841e-05/113.166 13/4/1.5023e-05/89.9889 13/4/1.7169e-05/96.959 

9/9/1.1683e-05/145.9313 17/5/1.2381e-05/115.1672 21/6/7.057e-06/155.429 

17/12/5.585e-06/210.7712 21/6/5.259e-06/141.4457 21/6/5.2587e-06/156.9107 

11 3000 1 

10 
100 

20/10/2.2124e-04/33.8705 77/6/2.3676e-04/125.7451 149/14/1.9077e-04/288.4942 

37/24/2.3572e-03/65.5213 149/16/1.9236e-03/245.8551 165/17/2.8922e-03/353.1612 

46/26/3.0342e-03/80.6403 137/15/2.5525e-04/227.3232 129/13/4.9734e-04/280.1359 

13 3000 1 

10 
100 

9/9/1.4397e-04/16.2237 17/5/8.5893e-05/27.5697 17/5/1.8655e-004/43.5593 

14/14/1.4123e-04/26.2398 25/7/2.604e-04/41.4618 29/8/5.5618e-05/77.8504 

17/17/2.5192e-04/32.1537 33/9/8.9702e-05/55.034 37/10/2.8248e-05/100.1965 

14 3000 1 

10 
100 

12/12/3.6595e-05/22.7153 25/7/4.4361e-06/41.5594 25/7/1.3946e-05/67.8233 

18/18/4.3039e-05/34.929 37/10/4.9713e-06/62.0526 37/10/2.4413e-05/102.6231 

24/24/2.5066e-05/47.1261 49/13/2.9067e-06/82.8124 49/13/2.1752e-05/135.4006 


From table 1 and table 2, we can see that, though Algorithm 2.2 take more running time than the SLM 
method to compute step size ak,i, Algorithm 2.2 still almost always outperforms or at least performs as 
well as the SLM method whether on the first singular test set or on the second test set, which indicate that 
the line search really makes the method more efficient and contributes a lot to the numerical performance. 
That would be great helpful for the real application of the method and especially useful for the large scale 
problems. 


6 Conclusions 

In this work, to save more Jacobian calculations, we presented the efficient m-step LM method for sys¬ 
tems of nonlinear equations. At every iteration, we compute m — 1 approximate LM steps with frozen 
(jJjfe + Xkl) Jk employ m — 1 line search for better numerical performance. The efficient m-step 
LM method have been proved to have (m -f l)th convergence order under the local error bound condition 
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which is weaker than nonsingularity. Numerical results show that the efficient m-step LM method saved 
more Jacobian calculations although the calculations of function are more. 
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OPTIMAL BOUNDS FOR A TOADER TYPE MEAN USING 
ARITHMETIC AND GEOMETRIC MEANS* 

WEI-MAO QIANL2, WEN ZHANG^, AND YU-MING 


Abstract. In the aritcle, we prove that the double inequalities aA(a, fe)+(l—o)G(a, b) < 
T[A{a, b), G(a, fe)] < /3A(a, 6) + (1 - /3)G(a, b) and G[Aa + (1 - A)fe, A6 + (1 - A)a] < 
T[A{a,b),G{a,b)] < G[/ra + (1 — iM)b,^b + (1 — ^)a] hold for all a,b > 0 with a ^ b 
if and only if o < 1/2, /3 > 2/7r, A < (1 — \/i — 4/7r2)/2 and /r > 1/2 — \/2/4 if 
a,/3 S K and A,/i S (0,1/2), and find new bounds for the complete elliptic integral 
£{r) = sin^ (0 < r < 1) of the second kind, where G{a,b) = \/ab, 

T{a, b) = 2 \/~o?cxi^^ir+lA^r?~&d8! TT and A(a, b) = {a + b)/2 are respectively the 

geometric, Toader and arithmetic means of a and b. 


1. Introduction 

Let r e (0,1) and a,5 > 0. Then the complete elliptic integrals K,{r) and £{r) [1-24] of 
the first and second kind, Toader mean T{a,b) [25-34], geometric mean G{a,b) [35-41] and 
arithmetic mean A{a, b) [42-50] are respectively given by 


7r/2 7r/2 


/C(r)= /(I- 

sin^ 0) 


£{r) = f {1 - r"^ 9y^^d9, 


J 

0 



J 

0 


T{a 

2 

.h) = - 1 

/•V2 ^- 

1 v a^cos^ 0 -\- fe^sin^ 9d9, 

(1.1) 

TT J 

0 



G{a,b) = 

Vab, 

1/ a + b 

A{a,b)= 2 . 

(1.2) 


It is well known that 

/C(0+) = £(0+) = 7r/2, IC{l~) = +oo, £(!-) = 1, 

/C(r) is strictly increasing and £{r) is strictly decreasing on (0,1), /C(r) and £{r) satisfy the 
derivatives formulas [51, Appendix E, p. 474-475] 

dJC{r) S{r) — {1 — r^)JC{r) d£(r) S{r) — JC(r) 
dr r(l — r^) 'dr r ’ 

and T{a,b) can be rewritten as 
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Recently, the bounds for the Toader mean T{a,b) have attracted the attention of several 
researchers. Barnard et. al. [52], and Alzer and Qiu [53] proved that the double inequality 

Mpj (a, b) < T{a, b) < Mp^ (a, b) 

holds for all a,b > 0 with a ^ b it and only if pi < 3/2 and p 2 > log 2 /(log 7 r — log2) = 
1.5349 • • •, where Mp{a, b) = [(a^ + 6 ^)/2]^/^’ {p ^ 0) and Mo{a, b) = Vab is the pth power 
mean. 

Very recently. Song et. al. [54] proved that the double inequality 

{a, b) < T[A{a, b), Q(a, b)] < Mq^ (a, b) 

holds for all a,b > 0 with a ^ b it and only if 91 < 2 log 2/[2 logTr — log 2 — 2 \og£{\/2/2)] = 
1.3930 • • • and 92 > 3/2, where Q{a, b) = a/( a^ + 6^)/2 is the quadratic mean of a and b. 

Let a,b > 0 with a ^ b. Then from (1.1) and (1.2) together with G(a,b) < A(a,b) we 
clearly see that the function A —> i?(A) = G[Aa + (1 — A) 6 , A5 + (1 — A)a] is continuous and 
strictly increasing on [ 0 , 1 / 2 ], and 

i?(0) = G(a, b) < T[A{a, b), G{a, 5)] < A{a, b) = R 

It is the aim of this article to find the best possible parameters a, /3 G K and A, /x G (0,1/2) 
such that the double inequalities 

aA{a, b) + {l- a)G{a, b) < T[A{a, 5), G(a, b)] < /3A{a, b) + {1 - /?)G(a, b), 

G[Aa + (1 — X)b, A& + (1 — A)a] < T[A{a, 5), G(a, b)] < G[pa + (1 — p)b, pb + {1 — p)a\ 
hold for all a,b > 0 with a ^ b holds for all a, 5 > 0 with a ^ b. 



2. Lemmas 


Lemma 2.1. (See [51, Theorem 3.21(1)]) The function r i-A [£{r) — (1 — r^)/C(r)]/r^ is 
strictly increasing from ( 0 , 1 ) onto (xr/d, 1 ). 

Lemma 2.2. (See [51, Exercise 3.43(11)]) The function r i-G [/C(r) — £{r)]/r'^ is strictly 
increasing from (0,1) onto (xr/d,+ 00 ). 

Lemma 2.3. (See [51, Theorem 3.21(7)]) The function r i-G (1 — r^)^/C(r) is strictly de¬ 
creasing from (0,1) onto ( 0 , 7 r/ 2 ) if X> 1/4. 

Lemma 2.4. (See [51, Theorem 1.25]) Let a, 6 G M with a < b, f,g : [a, b] ^ R be 
continuous on [a,b] and differentiable on {a,b), and g'(x) ^ 0 on {a,b). If f'{x)/g'{x) is 
increasing (decreasing) on (a,h), then so are the functions 

f{x) - f{a) f{x) - f{h) 
g{x) - g{a) ’ g{x) - g{b) ' 

If f (x)/g'{x) is strictly monotone, then the monotonicity in the conclusion is also strict. 

Lemma 2.5. The function r 1 —)■ Vl — r‘^[£{r) — /C(r)]/r^ is strictly increasing from (0,1) 
onto (— 7 r/ 4 , 0). 


Proof. Let 


fir) = 


Vl — r^[£{r) — /C(r)] 


g{r) = [/C(r) - £{r)] - [£{r) - (1 - r'^)lC{r)]. 

Then it follows from (2.1), (2.2), L’Hopital rule, and Lemmas 2.1 and 2.3 that 

/(n=0, /(OP = lim^ IvT^Wr) - >:(r))]- ^ ,, , - 

r—>-0+ 2r r—>-0+ 2'\/l — 4 


fir) = 


1 


r^y/l — r‘ 
- 1 


}9ir) 


ff(0+)=0. 


( 2 . 1 ) 

( 2 . 2 ) 

(2.3) 

(2.4) 

(2.5) 
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9'{r) = 


£{r) — {1 — r'^)JC{r) 

^ _ ^2 yj2 


> 0 


for r € ( 0 , 1 ). 

Therefore, Lemma 2.5 follows easily from (2.3)-(2.6). 


( 2 . 6 ) 


□ 


Lemma 2.6. The function r i—)■ £{r)[IC{r) — £(r)]/r‘^ is strictly increasing from (0,1) onto 
(tt^/S, +oo). 


Proof. Let 


h{r) = 


£{r)[IC{r) - £{r)] 


, hi(r) = £{r) — \/l — r^lC{r). 


Then from Lemma 2.2 and (2.7) we clearly see that 

h{0^) = —, h{l ) = +00, /ii(0''") = 0 

8 

J,S(1 _ 

for r € ( 0 , 1 ). 

Therefore, Lemma 2.6 follows easily from (2.8)-(2.10). 


(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 

□ 


3. Main Results 

Theorem 3.1. The double inequality 

aA{a, b) + {l- a)G{a, b) < T[A{a, b),G{a, b)] < /3A{a, b) + {1 - f3)G{a, b) 

holds for all a,b > 0 with a f^b if and only if a <1I2 and (3 > 2 /tt = 0.6366 • • • . 

Proof. Since A(a, b), T{a, b) and G(o, b) are symmetric and homogeneous of degree 1, without 
loss of generality, we assume that a> b> 0 and r = {a — b)/{a + b) G (0,1). Then (1.2) and 
(1.3) lead to 

T[A{a, b), G{a, 6 )] = — A(a, b)£{r), G{a, b) = A(a, 6)^1 — r^, 

TT 


r[A(a,6),G(a,&)]-G(a,6) ^£{r)-Vl^ 

A{a,b) - G{a,b) 1 _ _ ^2 

(3.1) 

Let 


Fi{r) = -£{r) — \/l — r"^, F 2 {r) = 1 — v^l — r^, 

TT 

(3.2) 

Fi{r) f£:(r)-Vl-r2 

F2{r) ■ 

(3.3) 

Then Lemma 2.5, (3.2) and (3.3) lead to 


Fi(0+) = E2(0+) = 0, 

(3.4) 

F{{r) 2Vl^[£{r)-IC{r)] 

F^{r) ~ TT r2 + ’ 

(3.5) 

F(0+) = lim F(l-) = 

^ ^ ,.^o+F^(r) 2’ ^ ^ TT 

(3.6) 


It follows from Lemmas 2.4 and 2.5 together with (3.3)-(3.5) that F{r) is strictly increasing 
on (0,1). Therefore, Theorem 3.1 follows from (3.1), (3.3) and (3.6) together with the 
monotonicity of F{r). □ 
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Theorem 3.2. Let A,/x € (0,1/2). Then the double inequality 

G[Aa + (1 — \)b, A 6 + (1 — Xa)] < T[A{a, b), G{a, b)] < G[fta + (1 — fi)b, /ifc + (1 — /xo)] 

holds for all a, & > 0 with a b if and only if X < (1 — -^/l — 4 / 7 r 2)/2 = 0.1144- • • and 
fL> 1/2 - 72/4 = 0.1464---. 


Proof. We assume that a > b > 0, r = {a — b)/{a + b) G (0,1) and p € (0,1/2). Then (1.2) 
and (1.3) lead to 


where 


where 


G[pa + (1 — p)b,pb + (1 — pa)] — T[A{a, b), G{a, b)] 

2 ^ 

— i 

TT 


= A(a, b) 


71 — (1 — 2p)‘^r‘^ — —S{r) 
A{a, b) 


71 - (1 - 272^.2 4. 


H{r) 


H{r) = 1 - (1 - 27 r- -£ (r), 

TT^ 

i/(0+)=0, 

H{1~) = Ap{l-p) - 

TT^ 

H'{r) = 2ri?i(r), 


TT^ r 

It follows from Lemma 2.6 and (3.11) that 

1 


H,{G+) = t-{l-2p)\ 


Hi{l ) = + 00 . 

We divide the proof into four cases. 

Case 1 p = Po = 1/2 — 72/4. Then (3.12) becomes 

iLi(0+) =0. 

From Lemma 2.6, (3.11) and (3.14) we clearly see that 

Hi{r) > 0 


(3.7) 


(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 


for all r G (0,1). Therefore, 

T[A{a, b), G{a, 5)] < G[poa + (1 - Po)b, Pob + (1 - Po)a] 
follows from (3.7), (3.8), (3.10) and (3.15). 

Case 2 p = Xq = {1 — 7 I — 4/7r2)/2. Then (3.9) and (3.12) lead to 

77(1-) = 0, (3.16) 

i^i(0+) = -’^<0. (3.17) 

From Lemma 2.6, (3.10), (3.11), (3.13) and (3.17) we know that there exists Tq G (0,1) 
such that 77(r) is strictly decreasing on (0,ro) and strictly increasing on (ro, 1). Therefore, 


T)A{a, b), G{a, 6)] > G[Aoci + (1 — Ao)6, Xob + (1 — Ao)a] 

follows from (3.7), (3.8) and (3.16) together with the piecewise monotonicity of H{r). 

Case 3 0 < p = p* < 1/2 — \/2lA. Then (3.12) leads to 

7770 +) <0. (3.18) 

Equations (3.7), (3.8) and (3.10) together with inequality (3.18) imply that there exists 
small enough Jq G (0,1) such that 

T\A{a, b), G(a, b)] > G[p*a + (1 - p*)b, p*b + (1 - p*)a] 

for all a > & > 0 with (a — b)/{a + 5) G (0, So). 
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Case ^ (1 — \/l — 4/7r2)/2 < p = X* < 1/2. Then (3.9) leads to 

H{1-) > 0. (3.19) 

Equation (3.7) and inequality (3.19) imply that there exists small enough € (0,1) such 
that 

T[A{a, 5), G(a, b)] < G[A*a + (1 - X*)b, X*b+{1- A*)a] 
for all a > & > 0 with (a — b)/{a + 5) G (1 — Ji, 1). □ 

From Theorems 3.1 and 3.2 we get Corollary 3.3 immediately. 

Corollary 3.3. The double inequality 

maxj^ (l + Vl - - 1^ < E{r) 

< min 11 + - l) Vl - (2 - r^) | 

holds for all r G (0,1). 
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1 Introduction 

The g-derivative (or symmetric g-derivative) of a function /(x) is defined [3] as 

fiQx) - f{q~'^x) 


Dq fix) = 


(g-g i)x 


where g 7 ^ ±1. This g-derivative is invariant under inversion of basis. 

For any number a, the g-derivative of powers of x are given by 

Dq x“ = [a\q 

where [a\q = U q -1 it is called symmetric g-number. In the case, if a is a positive integer we have 


q -q 


g-g 

Relation between g-number and symmetric g-number is 


^ = gi-“(l + q^ + q^ + ...+ 


g-g- 


-. 1 —ck r 


= g" “[a]q'^ 


where [a\q = is called g-number. 
With easy calculation, one can see [5] that 


a T = \a\ 


<?• 


[-a\q = -[aj 
. — 


Q- 


[a + j3\q — q'^^[a]q + q °‘[P]q- 

Furthermore, the g-analogue of factorial, denoted by [n], !, is defined [1] as 

\n\~\ = [^ = 

® \[n]q X [n - l]qr X • • • X [l]qr ifn = l,2,... 

and by using (1), we may also write the g-factorial as follows 

[n]q ! = [n]q2\ g"^^) 

where [n]q\ = [n]q x [n — 1 ]^ x • • • x [1]^ for n = 1, 2,- 

The g-analogue of (a — x)", denoted by (a — x)~, is defined [3] as 


n = 0, 


(a-x)^ = {n-i 


n (a-a;gi-”+2*) n = l,2,.... 
2=0 


( 1 ) 


( 2 ) 

(3) 

(4) 


(5) 


( 6 ) 


(7) 
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The g-analogue in (7) is invariant under inversion of basis and one can see that 


{a-x)^ = {-inx-a)Y 

(8) 

The g-derivative of {x — a) ~ is founded [3] as 


1 

II 

1 

1 

(9) 

The g-Taylor series expansion of (a + x)~ about a; = 0 is 


(“+*)? =!;(’() 

k=0 i 9 

(10) 


where (^)~ = called symmetric q-binomial coefficients. Formula (10) is called Gauss’s 

g^binomial formula (see [3], p. 100). 

The object of study in this paper is the ^-exponential function which was introduced by Exton (see [6] 
or [4], p. 128) as 

OO - 

F;(g,a:) = V—xeC (11) 

where \n]q = ■ This ^-exponential function is invariant under inversion of basis and unfortunately, 

there is no known addition theorem for it. Our goal is to give the addition theorem for this g-exponential 
function and also represent it as a continued fractions. 


2 Some Identities 

Definition 1. For any number a, we define 


(a + gi-“a;)^ 

(n -I- 


( 12 ) 


where (a + a:)“ := lim„^oo n"=o(® + 9^^)- 
Theorem 1. For any numbers a and [3, 

(a + x)2+^ = (a + (7-M~ (a + • 

Proof. The result will be obtained directly by using the definition of (a + x)'~, which is given in (12). □ 

Corollary 1. For any number a, 

{a + x)z‘^ = 


{a + xY- 


Proof. The result will be obtained by using (12). 


Proposition 1. For 1 < j < n — 1, the q~Pascal rule is 


n\ / n - 1 


j/3 ^ Vi-1 


q 


n — 1 

i 


Proof. Let us expand the symmetric g-binomial coefficient then we have 

3' q 

-I 


n 




jjq [j]q'- [n-j]q'- 
^ [n- 1]^! [n\q 
[j]ql [n-jW- 

^ [n - l]q! (g"~^'[i]g + g~l[n - j]q) 
W {n-j]q'- 


which completes the proof. We used (4) in the third line. 


□ 


□ 
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Lemma 1. For any number x and positive integer r, 


= (-ly 


X r — 1 
r 


q ^ ^ q 

Proof. To prove the lemma we make a use of (5) and (3), then we may write 


— X 

r 


_ _ iQ' 

g Mg'- [-a; - r]gl 

[x]g [x+l]g ... [x + r- l]q 


= (-ir 
= (-ir 


M?! 


[x + r- IJJ 


= (-ly 


X r — \ 
r 


[x - l]ql [r]g'. 

which completes the proof. 

The following theorem is a symmetric version of Heine’s g-binomial formula. 
Theorem 2. For any number x and positive integer n, the following equation holds 


1 


(l-x)| 


= E 

i=o 


n + j — 1 

j 


Proof. To prove the Theorem we make a use of Corollary 1 and Lemma 1, then we may write 

oo 


j =0 


—n 

j 


{-xy = 

f j =0 


which completes the proof. 

In the next theorem, ^“analogue of Vandermonde’s identity is given. 
Theorem 3. For any m,n,r G Nq 


n + j — 1 

j 


m + n 
r 




n 

r — k 


— ( m + n)k 


9 fc=0 

Proof. We make a use of Theorem 1 to write that 

(l + x)++- = il + q-^x)f {l + q^x)l 

Using the g^binomial formula in (10) for both sides of the above formula, and then we obtain 

m+n 


E 

r=0 


m + n 


r 


r—O 


--E E 

q ^^0 ^ 

m+n / r 

= E (y‘' E 




n 

r — k 


-(m+n)fc \ r 


r=0 ^ k^O 

The proof is complete by comparing coefficients of x'^. 

The following corollary is the special case of Vandermonde’s identity. 
Corollary 2, For any positive integer n, 

2 


E 


q 


n { n — 2 k ) _ 


□ 


□ 


□ 


(13) 


Proof. Take m = r = n in Theorem 3 and make a use of the identity (^)~ = to prove the 

corollary. □ 
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Corollary 3. For any positive integer n, 


n 

k=o 9 
.,-1 


E U [2% = K 


2 n 


n 


Proof. Let us change the base q to q ^ in Corollary 2 to obtain 

2 


E 


q 


— n(n—2k) _ 


(14) 


(15) 


fc=0 ' 9 ^ ^ 9 

because of the identity (^)y = (^)_. Now by comparing equations (13) and (15) we can write 


n / \ 2 

E(^) = 0 

k=0 ^^^9 


(16) 


and also 


E 


-2k]^ = 0 


(17) 


since [a\q = . Then we make a use of equations (3) and (4) to rewrite the equation (17) as 


n / \ 2 

s(d (</“[»]?+«’d-2t|p) = 0, 

h—n \^/ 0 


2 


sffc) (<l"’“["l?> - ?" 42 t|,-*) = 0, 

t.—n a 


2 




E J [2% = W5.E 


fc =0 


9 


— n^+2nk 


The proof will be complete if we apply the identity in (15) to the right side of the last equation. 


□ 


3 g—Exponential Functions 

In this section, we study about the ^-exponential functions (11) which was introduced by Exton. Let us 
consider E(q^,x), then we have 

OO ^ 

■E^(9^a;) = E a;eC. (18) 

Now we make a use of (6) to rewrite the above formula as follows 

OO - 

£^(9^a;) = V —j—x”, xGC. (19) 

^0 W 9 ! 

We use a different notation for the Exton’s (/-exponential function as 

00 

e| := E{q^, x) = V X e C. (20) 

N 9 ! 

One can see that this ^^exponential function (20) is invariant under inversion of basis and its g^derivative 
is equal to itself, that means 


e~ = e-^ 


n p£ — 


The next theorem is about the product of two (/-exponential functions. 


( 21 ) 

( 22 ) 
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Theorem 4. For any x and y, the following equation holds 

px y _ (x+v)^ 

- ^q 

where {x + y)- is defined in (10). 

Proof. We use (20) to expand both e| and e~, therefore we obtain 


and the proof is complete. 



OO 


E 

n—O 



OO 


E 

n—O 



OO n 


= EE 

n—Ok—0 


[k]gl [n - k]gl 




OO 


= E 

n—O 




OO ^ 

= ET;^(^ + y)? 

n=0 

_ (x+y)^ 

- ^q 


(23) 


□ 


4 Continued Fractions 


A continued fraction is an expression of the form 


ao + 


bi 


ai 


02 


03 + ' 


where Uq, Oi, 02 ,... and &i, &2 7 ^ 3 ) ■ • ■ are two sequences of real or complex numbers. We use the following 
symbol for the above continued fraction 


oo 


+ K 



(24) 


The following theorem is the convergent theorem of continued fractions (See [7], p. 126). 


Theorem 5. //a„ >0 for n > 1 then the continued fraction converges if and only if the 

series diverges. 


4.1 Continued Fraction Representation of g—Exponential Functions 

The g-exponential functions and Eg can be written as infinite product form as follows 


9 


E^g={lF{l-q)x))^. 


In this section, we want to show that the g^exponential function also can be written as infinite product 
form. 

Let us consider the ^-derivative of a function f{x) which is defined as 


Dgf{x) = 


f{qx) - f{q ^x) 
{q-q-^x 


Take f{x) = e'E, therefore we can write (25) as follows 


q X X 
Pi. — 

9er= ^ ^ 


{q-q i)a 


(25) 


(26) 
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because Dq e~* = q e~^. Now by easy manipulation, we may write (26) as 


X Q ^ 


Let us define g{x) := and then we may write (27) as 


(27) 


g(x) = {l-q‘^)x + 

Iterating the formula in (28) infinity many times to obtain 




(28) 


g(x) = {l-q‘^)x + 


(1 - q'^)qx + 


1 


(1 — q^)q^x + 


1 


(29) 


(1 — q^)q^x + • • • 

Now by using continued fractions symbol which is defined in (24), we may rewrite (29) as follows 

1 

, n - • 

n—1 I 

1 


or 


g{x) = {l-q‘^)x + }<^ 

OO 

= K 


(1 — q‘^)q^x 


gi^ 


n—0 


1 


(1 — q‘^)q^x 


(30) 


(31) 


By using Theorem 5, one can see that the continued fraction in the right hand side of equation (31) is 
converge, if a: < 0 and q > 1. 

Substitute x with q~^x in the equation (31) and then replace g{x) = to obtain 


= K 


n—0 


1 


(1 — q‘^)q^~^a 


Iterating this formula k times to obtain 


(32) 


nK 


1 


In the case, if fc —>■ oo, we have 


1 


eq = 


OO OO r 

nK 

j=l n=0 


(1 — q‘^)q^~^x 


because if g > 1, then we have lim e~ “ = 1. 

k—^OD ^ 


(33) 


(34) 
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HERMITE-HADAMARD TYPE INEQUALITIES INVOLVING 
CONFORMABLE FRACTIONAL INTEGRALS* 

YOUSAF KHURSHID1’2, MUHAMMAD ADIL KHAN^, AND YU-MING CHU®’** 


Abstract. In the article, we establish an identity and several new Hermite- 
Hadamard type inequalities for conformable fractional integrals. As applica¬ 
tions, we provide some inequalities for certain bivariate means and present 
the error estimations for the trapezoidal formula. The given results are the 
generalization of previously results. 


1. Introduction 


A real-valued function /:/—)■ E is said to be convex if the inequality 
(1.1) /(Ax + (1 - X)y) < A/(x) + (1 - \)fiy) 


holds for all x,y G I and A € [0,1]. If inequality (1.1) holds in the reverse direction, 
then we say that / is a concave function on the interval I. 

The word “convexity” is one of the most important, natural and fundamental 
notations in mathematics. Convex functions were presented by Johan Jensen over 
100 years ago. Over the past few years, many generalizations and extensions have 
been made for convexity. These extensions and generalizations in the theory of 
inequalities have made valuable contributions in many areas of mathematics. Some 
new generalized concepts in this point of view are quasi-convex [ 1 ], strongly convex 
[2], approximately convex [3], logarithmically convex [4], midconvex functions [5], 
pseudo-convex [ 6 ], (/ 9 -convex [7], A-convex [ 8 ], /i-convex [9], delta-convex [10], Schur 
convex [11-17] and and others [18-24]. 

Let / C M be an interval and hi/CM—)-IRbea convex function. Then the 
well-known Hermite-Hadamard inequality [25-33] for convex functions states that 
the double inequality 


( 1 . 2 ) 


h 


01 - 1 - 02 ^ 

2 ) 


< 


02 - Oi 


h{x)dx < 


h{ai) J- /i(o 2 ) 
2 


holds for all 01,02 G I with oi 7 ^ 02 . If the function h is concave on I, then both 
the inequalities in (1.2) hold in the reverse direction. It gives an estimate from both 
sides of the mean value of a convex function and also ensure the integrability of 
convex function. It is also a matter of great interest and one has to note that some 


2010 Mathematics Subject Classification. Primary; 26D15, 26A33; Secondary: 26A51, 26A42. 
Key words and phrases. Hermite-Hadamard inequality, convex function, conformable fraction¬ 
al integral, mean, midpoint formula. 

*The research was supported by the Natural Science Foundation of China (Grant Nos. 
61673169, 11301127, 11701176, 11626101, 11601485) and the Science and Technology Research 
Program of Zhejiang Educational Committee (Grant no. Y201635325). 
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of the classical inequalities for means can be obtained from Hadamard’s inequal¬ 
ity under the utility of peculiar convex functions h. These inequalities for convex 
functions play a crucial role in analysis and as well as in other areas of pure and ap¬ 
plied mathematics. In the last 60 years, many efforts have gone on generalizations 
extensions and variants of Hermite-Hadamard’s inequality (see [34-36]). 

Recently, the authors in [37] defined the conformable fractional derivative as 
follows: for a function h : [0, oo) —)■ M the (conformable) fractional derivative of 
order 0 <Q:<lof/iats>0 was defined by 


Da(h)(s) = lim 
£->0 


h{s + es^ “) — /(s) 
e 


if the conformable fractional derivative of h of order a exists, then we say that h is 
a-differentiable. The fractional derivative at 0 is defined as /i“(0) = lim 5 _yo+ h°'{s). 
Now we recall some results for the conformable fractional derivative. 


Theorem 1.1. Let a € (0,1] and hi, /12 be a-differentiable at a point s > 0. Then 


for all n G K; 



= ns 


n—OL 


dot S 


(c)=0 


for all constant c G M; 

^ (aihiis) -P 02/12(5)) = ai-f^{hi{s)) -P 02 -^(/i 2 (s)) 

Uq-S djfyS Ci(yS 

for all constants 01,02 G M; 

(/ii(s)/i2(s)) = hi{s)-^{h2is)) -P h2{s)-^{hi{s)); 

docS d(xS cLctS 

dg Mi(s) \ _ h2{s)jffffhi{s)) - hi{s)j^ffh2{s)) ^ 

daS \h2is) ) (^2(5))^ 


fT{hiih2){s)) = h[ih2{s))f^ih2{s)) 

CIq.5 

if hi differentiable at h 2 {s). 

If in addition hi is differentiable, then one has 


Definition 1.2. (Conformable fractional integral) Let a G (0,1] and 0 < 
oi < 02 - Then the function hi : [oi, 02 ] —>■ M is said to be a-fractional integrahle on 
[ 01 , 02 ] if the integral 


pa2 pa2 

/ hi{x)daX := / hi{x)3 
J a^ J 


^dx 


exists and is finite. All a-fractional integrable functions on [ 01 , 02 ] is indicated by 

Li{[ai,a2\). 
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Remark 1 . Let a G (0,1]. Then 


Jai ^ 


hi{x) 


dx, 


where the integral is the usual Riemann improper integral. 

Anderson [38] established the conformable integral version of Hermite-Hadamard 
inequality as follows: 

Theorem 1 . 3 . If a G ( 0 , 1 ] and h : [01,02] -G is an a-fractional differentiable 
function such that Dah is increasing, then one has 


a 




n Jai 


Moreover, if the function h is decreasing on [01,02], then we have 


Oi + 02 
2 


< 


J ai 

In particular, if a = 1 , then this reduces to the classical Hermite-Hadamard in- 
eguality. 


h{x)do 


Due to the great importance of Hermite-Hadamard inequality, in recent years 
many mathematician have shown their interest for generalizations, extensions and 
variants for this inequality. In the article, we deal with the conformable integral 
version of Hermite-Hadamard inequality investigated by Anderson [38]. We shall 
establish an identity for the left side of the inequality and discuss their particular 
case. By applying Jensen’s inequality, power mean inequality and the convexity of 
the functions and — (x > 0 ,a G (0,1]) in the identity, we obtain inequal¬ 
ities for conformable integral version of Hermite-Hadamard inequality. By using 
particular classes of convex functions we hnd new inequalities for special bivariate 
means. We also apply the results for error estimations of the mid point formula, 
for some related results (see [39-42]). 


2. Main Results 


We begin this section with the following Lemma 2.1, which is needed for the 
establishment of our main results. 

Lemma 2 . 1 . Let a G ( 0 , 1 ], 01,02 G with oi < 02 and h : [01,02] -G ^ be an 
a-fractional differentiable function. Then the identity 


( 2 . 1 ) h 

(02 - Oi) 


2 (of - af) 

2 -s 


oi -I- 02 
2 

2-s 


a 


ra2 


-Oi 


2 Jai 

2a-l 

— d 


502 


h(x)daX 
2-S 


2 J 


-Oi 


SO 2 


2 ) 


xDaih) 
'1 — s 


Ol + ^ + 


1 — s 


-Oi 


-Oi 


1 -I- s 


-02 


OL— 1 


X Da{h) 


1 — s 


-Ol 


1 -I- s 


-02 


O2 I °‘daS 


holds if Da{h) G ([01,02]). 
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Proof. Integrating by parts, we have 


/o 


2 — S 302 \ " 

—;—OlH-^ I 


2 J 




1 — s 1 + s 
— ai + - 


«2 - 02 


1 — s 1 + s 


-02 


Oc— 1 


f\ — s 1 + s \ 
xDa{h)l —^Ol H-^02 Ids 

V/ 2 -S SO2V S «2 


2 -“1 ■ 2 


-I- - a? ]h 


2 -oi + — ) ds 


+ 1 I I —^Oi H-^“2 ) -a2]h 


, /1 — s 1 -I- s , 
-^Oi H-^02 I as 


2-s , S 02 V + 


H—^ 


2 ■ 2 


/ 2 -s sa2\“ Va2-ai 

- / «( + I 


02 —Ql 

2 


/o 


-L 


fe(g^oi + ^) 

0.2 —Ql 
2 


ds 


1 ~ I 1 + * 1 u 

——Oi H-^«2 ) - 02 


ft. (^^Oi -I- ^02) 


02 — 0.1 
2 


^1 - s 1 -Ps ^ ^ 

-02 


10 




02 - Oi \ ft (^Oi -P ^02) 


O 2 —Ol 
2 


ds 


2 

O2 — Ol 
2 

02 — Ol 


Ol -P 02 
2 


- 0“ ) ft ( ^ ) “ “ / ft(s)do 


ai + a2 


(o? - (^ 4 ^) ) ^ (^ 4 ^) - 


2(02 — 0“) /oi-P 02 \ 2 a 


O2 — Ol 


O2 — Ol 


h{x)daX, 


where we have used the change of variable x = {1 — s)oi -P S02 and then multiplying 
both sides by 2(a<^-a°‘) desired result in ( 2 . 1 ). □ 

Remark 2 . By putting a = 1 in ( 2 . 1 ), we get the identity 


Ol + O 2 
2 


1 n 

02 - Ol 


h(x)dx 


O2 — Ol 


sft'f^ + 4 ~“^ ) ds - / (1 - s)ft 


, (I -3 l + s , 
-^oi H-^02 I ds 
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Theorem 2 . 2 . Let a € (0, 1 ], ai,a 2 G M+ with ai < a 2 and h : [ 01 , 02 ] —> M 6 e on 
a-differentiable function on ( 01 , 02 ). Then the inequality 

Oi + O 2 


( 2 . 2 ) 


< 


02 — Oi 
2(03 - af) 


2 

|fe'(«i)l 

96 


^2 - a? Ja^ 


h(x)do 


[13o? - 19o?] + [19a? - 2 I 0 ?] 


96 


-a?o? ^ 


2|/t'(oi)| + |fe'(02)| 
12 


+ (oio? + af 02 ) 


ll|/i'(oi)| + 5|/l'(02)| 


96 


holds if Da(h) G L),,([oi, 02 ]) and \h'\ is convex on [ 01 , 02 ]. 

Proof. Let ipi = x°'~^ and (p 2 = {x > 0,a G (0, Ij). Then we clearly see that 
the functions ifi and ip 2 are convex. Now using Lemma 2.1 and the convexity of 
(/?!, ip 2 and \h'\, we have 


Oi + 02 
2 


a 


r<^2 


h(x)do 


^ 02 - Ol 

“ 2 (a? - af) 


2-s 

2 


^2 Jai 

\ o 

sa2 


- a. 


, /2-s 


302 

2 + ^ 


ds 


1 — s 


-Ol 


1 + s 


-02 


, /I - s 


-Ol 


1 + s 


-02 


ds 


02 — Ol 

2 ( 0 ? - of) 


2-s 


S02\ 




- a, 


, / 2 -s 


S02 

2 + ^ 


ds 


< 


-P 


O2 — Ol 

2 ( 0 ? - of) 


09 — 


1 — s 1 + s 

—Ol + - 


-02 


a —1 


, /I - s 1 + s 


< 


O2 — Ol 

2 ( 0 ? - of) 


2 — s s 
—01 + -02 


1-S„ l + s„ 


-Ol 


^^Oi + |o2 ]-0f 


-O 2 


ds 


, / 2 - s S 02 \ 


, /I — s 1 + s 
^ai + ^—02 


ds 


2 -s , sa2 , „ 


, /2-s 


ds 


502 

2 ~Y~ 


ds 


1 + s 


< 


b — o 

2 ( 0 ? - of) 


1 — s 
2 ‘ 

2-s 

—ar- + 2«2 


, /I — s 1 + s 

— Ol + —02 


a —1 


oc— 1 


h' 
2-s 


,502 


ds 




-2l^'(«2)l 


ds+ 


O2 — 


1-S a.l+S a 


K^\h'ia,)\ + ^\h\o2)\ 


ds 


Evaluating all the above integrals, we have the following 


02 — Ol 

2 ( 0 ? - o?) 


?_+ - 0 ““^ 

2 1 + 2 2 


2-s 


S02 


- Ol 


K^\h'ia^)\ 
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02 - Ol 
2(02 - «1 ) 
5 


ds+J 1^02 — 
15 


l-S a.l+S a 

—ai+—02 


K^\h'ia,)\ + ^\h\a,))\ 


ds 


32<l^'(ai)l + ^a2|/i'(oi)|-^o(‘|/i'(ai)| + ^aia^ ^|/i'(oi)| 


+ ^a^\h'ia,)\- + ^o?|/i'(a2)| + ^oria2|/i'(o2)| - \a<^\h'{a2)\ 

+ ^oior>'(a2)| + ^o?|/i'(o2)| - ^o?ari|/i'(o2)| + \a^W{a,)\- ^a<^\h'{a,)\ 

-^a^\h'{ai)\ + ^a^\h'{a2)\ - ^o?|/i'(a2)| - ^a^\h'{a2)\ 


02 — Oi 

2(o2 - af) 


[13o^ - 19a?] + [19a? - 21o?] 


2|/l'(oi)| + |ft.'(o2)| 
12 


96 ' ^ 96 

+ (oia?“^ + a?“^a2) 


ll|/i'(ai)| + 5|/i'(a2)| 
96 


□ 


Remark 3. By putting a = 1 in (2.2), we obtain the inequality which is proved by 
Kirmaci in [43] 


h 


Oi + 02 
2 


1 


< 


(02 - ai)(|/i'(ai)| + |/i'(o 2 )|) 


- / h{x)dx\ 

02 - oi 

Theorem 2.3. Let g > 1, a G (0,1], Oi, 02 € K'*' with oi < 02 and h : [oi, 02 ] 
be an a-differentiable function on (01,02). Then the inequality 


(2.3) 


Ol + O 2 


- O? Ja^ 


h(x)daX 


< 


(02 - Ol) 


(Yli(a))'-^ {A2(a)|/i'(oi)|« + T3(a)|/i'(a2)r}’ 


2 (a? - o?) ^ 

+ (i?i(a))'"" {R 2 (a)|/i'(ai)r + B^{a)\h'{a 2 )VV 
holds if Da(h) € L)j,([ai, 02 ]) and is convex on [ 01 , 02 ], where 
Ai{a) = 


A2{a) = 


Bi{a) = o? — 


(01 +02)“+^ 


( 01 + 02 )“+^ - (2oi)“+^ 

2“(q; + l)(o2 — Ol) 

(2o2)“+i - (oi +02)“+n 


2“(a + l)(o2 — Ol) 

(02 — oi)(a + 2 ) + (oi + 02) 


2“+i(a + l)(o2 - Ol) 


(02 — Oi)(q; + 2 ) 


2 o? 


Q: + l 


(02 — oi)(a + 2) + Ol 


-82 (a) = 


(02 — ai)(a + 1) 

( 01 + 02 )“+! 


3o? 


(a + 2)(o2 — Ol) 

(02 — ai)(a + 2 ) + (oi + 02) 


2“+i(q; + l)(a2 - Oi) 


(02 - ai)(Q; + 2) 
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(a2 — aiY{a + l)(a + 2) 4 ’ 

(ai + 0,2)°^^^ {0,2 — ai)(yOi + 2 ) — (ai + 02) 

2“+i(a + l)(a2 — ai) _ (02 —ai)(a + 2) 

2a“+^ a? 

(a2 — aiY{a + l)(a + 2) 4 ’ 

802 (®1 4 " ~ Ql)(cK + 2) + (oi + 02) 

4 2“+i(q; + l)(a2 — ai) _ (02 —ai)(a + 2) 

2a2~*"^ 4“ 2)(a2 — Qi) 4- 0,2 

(02 —ai)(a + l) [ (a + 2)(a2 — ai) 


Proof. It follows from Lemma 2.1 that 



From the power-mean inequality and the convexity \h'\'^ we get 
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2 - S . Sa2 \ “ 






^ { (2 — S 502 


+ \h\a,)\<‘ 


-^ai + — 1 -oi 


2 — S 502 


Oi + — - o“ -fi 5 


= \h'{a,W 


(oi + 02)“^^ r (02 — ai)(a + 2) + (oi + 02) 


2 “+i(q; + l)(o2 — Oi) [ (02 — Oi)(q; + 2 ) 


205 *+^ 


(02 — Oi)(g + 2) + Oil 3oi 


(02 — ai)(a + 1) L (a + 2 )(o 2 — oi) 




(oi + a2)“''"^ r (02 — oi)(a + 2) — (oi + 02) 


2 “+i(a + l)(a2 - oi) [ (o2-oi)(a + 2) 


2o“+2 


(02 - Oi) 2 (a + 1 )(q; + 2 ) 4 


a , 1+5 .. 

O2 - —^Oi + ——02 h 


,/ 1 -S 1 + 5 \ , 


< 02 - 


1 — 5 1 + 5 

-^ai + —02 




= \h'{ai)\<^J (^o^ - + ^-^02^ 

0 

+ |/i'(a2)|®y (^02 - + ^-^02^ 


= \h\a^W 


( 01 + 02 )^+^ 
2 “+i(a + l)(o2-ai) 


(02 — ai)(ci! + 2 ) + (oi + 02) 

(02 - Oi)(q; + 2 ) 


(02 — oi)^(a + l)(a + 2 ) 4 


,\uf( (01+02)“+^ r(o2 - oi)(a + 2) + (oi + 02) 

+ 1 102^1 I ^ + 2 “+i(a + l)(o2-oi) [ (a2-oi)(a + 2 ) 


2o2~*"^ {ce + 2)(a2 — Oi) + 02 

(02 — Oi)(q; + 1 ) _ (a + 2 )(o 2 — Oi) 


where we have used the facts that 


^ / 2 - 5 502 




— a? ds = 


(01+02)“+^ - (2oi)^+^ 
2“(q; + l)(o2 — Oi) 
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I”® 11^ a 

ai H-—02 ) )as = O 2 — 


( 202 )°+^ - (oi + 02 )°+^ 
2“(q; + l)(a2 - oi) 


Hence, we get the desired inequality (2.3). 

Remark 4 . Let a = 1 . Then inequality ( 2 . 3 ) leads to 


^1/^02-01 


Oi + 02 


i-J 


1 


02 — Oi 


h{x)da 


where 


^ 2 ( 1 ) — 


i? 2 (l) = 
^ 3 ( 1 ) = 
Bsil) = 


{A,{l)\h'{a^W + A,il)\h'ia2W}^ 

+ {B2il)\h'ia,W + B,{l)\h'ia2)n" 

(oi + 02)^(402 — 2 oi) — 8 af (802 — 2ai) — 1801(02 — Oi)^ 
24(02 — Oi)^ 

(oi + 02)^(402 — 2 oi) — 4 o 2 — 602(02 — oi)^ 

24(02 — ai)2 

(oi + 02)^(202 — 4 oi) — 801 — 601(02 — oi)^ 

24(02 — oi)2 

(oi + 02)^(402 - 2 oi) - 802(402 - 3 oi) + 1802(02 - oi)^ 


24(02 — ai)2 

Theorem 2 . 4 . Let <7 > 1 , a G ( 0 , 1 ], Oi, 02 € M+ with Oi < 02 and h : [01,02] 
be an a-differentiable function on (01,02). Then the inequality 


(2.4) 


< 


r 

(02 - Ol) 
2(02 - a() 


Ol + O 2 
2 


h(x)do 


Ai{a)h 


2 “1 Jai 

, /Cl(a) 


Ai{a) 


+ Bi {oi)h' 


,( C2{a) 

Bi{a) 


holds if Da(h) G L),,([oi, 02]) and \h'\^ is concave on [01,02], where 

■(01+02)“+^ - ( 2 oi)“+^' 


Ai{a) = 


Bi{a) = 02 — 


2“(Q! + 1)(02 — Ol) J 

(202)“+^ - (01 +02)“+!] 


Ci(a) = (oi + 02) 


2“(a + l)(o2 — Ol) 

(a + 2) — 1 


a+2 


2 “+i(a + l)(o 2 - Ol) 


20)* 


a+2 


(a + 2 )(o 2 - oi)2 


(02 — Oi)(q: + 2) + (oi + 02 ) 


(of + 1) 


+ ^( 3 oi + 02), 


C2(a) = 


( 01 + 02 )**+^ 
2“+i(o 2 - Oi)(a + 1) 


(02 — oi)(ci! + 2) + (oi + 02) 


(a + 2 )(o 2 — Ol) 


—a. 


a+l 


(oi + 02) + 2 (q; + 2)(o 2 — Ol) 
(a + 2 )(o 2 - Oi)2(a + 1) 


+ ^(®i + 302 ). 


□ 
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Proof. It follows from [44] and the concavity of that \h'\ is also concave. Making 
use of Lemma 2.1 and Jensen’s integral inequality we get 






ds = Bi{a) = af 


'(202)“+^ - (ai + 02 )°+^' 
2“(a + l)(a2 - oi) 
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11 


= Ci{a) = (ai + 02 ) 


a+2 


(a + 2) — 1 

2“+i(a + l)(a2 — ai) 


2a“+^ 


(a + 2)(a2 — oi)^ 


((I2 — ai){c( + 2 ) + (ai + 02) 


(a + 1) 


+ + ^ 2 ) 


and 


1 — s 1 + s 
09 - I ^^Oi H-^02 


= C2(a) = 


(oi + 02 ) 


a+2 


2“+i(o2 - ai){a + 1) 


1 — s 1 + s , 

—^Oi H-^02 ) as 


(ct2 — ai)(Q; + 2) + (ai + 02 ) 


(a + 2)(a2 - oi) 




(ai + a2) + 2(ci + 2)(a2 — ai) 
(a + 2)(a2 — ai)^(a + 1) 


+ ^(oi + 3a2). 


□ 


Remark 5 . Let a = 1 . Then inequality ( 2 . 4 ) becomes 


ai + a2 


1 


h(x)dx 


< 


(02 - ai) 


, / (ai + a2)^(a2 — ai) — 2 af (4a2 — 2 ai) + 3 ai( 3 ai + a2)(a2 — ai)^ 


+/i' 


V 3(a2-ai) 

, ({ax+ a2)^(a2 — ai)(2a2 — ai) — 2a2(7a2 — 5 ai) + 3a2(ai + 3a2)(o2 — ai)^ 

3 (a2 - ai) 


Theorem 2 . 5 . Let q > 1 , a € ( 0 , 1 ], ai, a2 G with ai < 02 and h : [oi, a2] 
be an a-differentiable function. Then the inequality 


( 2 . 5 ) 


Oi + 02 


h(x)daX 


n Jai 


< 


(02 - Ol) 
2 (a“ - a“) 


Di{a)h' {^^^+Effa)h' 


Dffa) 


Effa) 


holds if Da(h) G a2]) and \h'\^ is concave on [01,02], where 


Di{a) = 


- 5 o? + 2 o“"^02 + 202" Ol + af 


12 


Effa) = 


02 - 0“ 


Fffa) = 


- 27 o“+^ - 2 o?02 + llo^Oa”^ + 5 oiof + 5 o“"^oi + 3o2+^ 


7^2 (a) = 


96 

OiO^ - 0 “+^ + 2o2+^ - 2o?02 

12 ■ 


Proof. It follows from [ 44 ] and the concavity of that j/i'j is also concave. Making 
use of Lemma 2.1 and Jensen’s integral inequality one has 


T-2 - a? Ja^ 


< 


02 — Ol 

2(0“ - o“) 


2 — s S02 

—01 + ^) -Ol 


,, ( 2 .- s SO2 


ds 
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where we have used the facts that 



= Di(a) = 


1 — s 


+ 2 “= 


a —1 


-5af + 2a“" ^2 + 2a^-^ai + 

12 

ds = Ei{a) = — 
2-s 


1 + s 


2 — S 502 


2 ai + ^ ) ds = Fi(q;) 


ds 
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-27a“+^ - 2a?a2 + + 5aia^ + 5a“""a^ + Sa^ 


,2„q-1 


a-l„2 


..a+l 


96 


and 


O 9 — 


1 — s 


1 + s 


2 " 2 

^ , , aio^ - 0“+^ + 2 a“+^ - 2 a?02 
= F2{a) = - - - 


Remark 6. Let a = 1. Then inequality (2.5) leads to 

Ol + 02 A 1 


1 — s 1 + s . 

—H- ^02 I ds 


( 2 . 6 ) 


02 - ai 


h{x)da 


□ 


< 


02 - Oi 


h' 


/ f 02 2 ai 


, / ai + 2a2 


Note that inequality (2.6) is an improvement of the inequality obtained by Pearce 
and Pecaric in [44] due to \h'\ is concave on [ 01 , 02 ] and 


02 — Oi 


02 — Oi 


/ / 02 + 2ai 


, /02 + 2 ai 


, / Oi + 202 


1 

+ 2 


, / Oi + 202 


< 


02 — Oi 


, /oi + 02 


3. Applications to Special Bivariate Means 

Let a,b > 0 with a ^ b. Then the arithmetic mean A{a,b) [45-50], logarithmic 
mean L{a,b) [51-55] and (a,r)-th generalized logarithmic mean L(„_r)(o, 6 ) [56-59] 
are defined by 

.... 0-1-6 T/ r ^ r 0’'+“) 1 

^( 0 , 6 ) = ^—, L{a,b) = - - —^-, L(a,r)(o, 6 )= -—^^ 

2 log 6 —logo ^ ' [(r -I- q;)( 6 “ — a“)_ 

respectively. Recently, the bivariate means have been the subject of intensive re¬ 
search [60-74] and many remarkable inequalities for the bivariate means and related 
special functions can be found in the literature [75-97]. 

Making use of Theorems 2.2 and 2.3 together with the convexity of the functions 
and 1/x (x > 0 ) we get some new inequalities for the arithmetic, logarithmic 
and generalized means immediately. 

Theorem 3 . 1 . Let 01,02 G K"*" with oi <02- Then the inequality 


(3.1) 


^'■(01,02) - (01,02) 


< 


r(o2 - Oi) 
2 (a? - o?) 


' [13o? - 19o?] + [19a? - 2 I 0 ?] 


96 


—a. a. 


ct^oc—l 


1 ^2 


2|ai| 


r—1 


96 

|a2r-^ 


12 
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'll|air-i+5|a2r-i' 


+ (0102 + Cli 02 ) 


192 


holds for all r > 1 and a G (0,1]. 

Remark 7. Let a = 1. Then inequality (3.1) leads to 

W{a,,a2) - L;(ai,a2)| < ~ A(|air\ \a2r^), 

which was proved by Kirmaci in [43]. 

Theorem 3.2. Let 01,02 G M"*" with Oi < 02 and r > 1. Then the inequality 

U''(ai,a2) - L[„_^)(ai,a2))| 


< 


(Ai(a))'-^ {A2(a)|ai|(’'-i)« + A3{a)\a2\^--^^'^ 


r{a2 - Qi) 

2{af - of ) 

+ (i?i(a))'-"{i?2(a)|ai|('-i)« + R3(a)|a2|(’'-')«}’ 
holds for all q > 1 and a G (0,1]. 

Theorem 3.3. Let 01,02 G M"*" with oi < 02 . The the inequality 




(3.2) 


A’'(ai,a2) - ( 01 , 02 ) 


< 


{02 - Ql) 
2(02 - of) 


[13of - 19of ] + [196“ - 21of ] 


-1 f 2|oi| ^ + I 02 I 


U 2 


12 


+ (aia2 + cti CL2) 


ll|oi| ^ + 5|a2|' 
192 


holds for all a G (0,1]. 

Remark 8. Let a = 1. Then inequality (3.2) reduces to 

\A-{ai,a2)-Ll{a^,a2)\ < ~ ^(|oi|-Mo2|-^), 

which was proved by Kirmaci in [43]. 

Theorem 3.4. Let 01,02 G K“'' with oi < 02 - Then the inequality 

U''(oi,02) - LC„_,.)(oi,02))| 


< 


(02 - Oi) 


(^i(a))'-5 {^2(a)|ai|-2« + A3(a)|a2|-2«}’ 


2(6“ - of) 

+ (Ri(a))'-" {i?2(a)|oi|-2« + R3(a)|a2r"«}^ 
holds for all q > 1 and a G (0,1]. 
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4. Applications to Mid-Point Formula 

Let P be the partition of the points ai = yo < yi < ... < yn-i < yn = <^2 of the 
interval [ 01 , 02 ] and consider the quadrature formula 


where 




f h{x)daX = Ta{h,P) + Ea{h,P), 

J a 

^Xh,p) = ~ , 

i-0 J a 


l=U 

is the midpoint version and Ea{h, P) denotes the associated approximation error. 
In this section, we shall present some new estimates for the midpoint formula. 

Theorem 4 . 1 . Let a € ( 0 , 1 ], 01,02 G with oi < 02 and h : [ 01 , 02 ] M. be an 
a-differentiable function. Then the inequality 

|A„(h,P)| 


2=0 


\h\y.)\ 

96 


[132/“+i - 192/“] + [192/“+i - 212/“ 


-yfyf+i 


'2|h'(2/i)| + \h\yi+i)\ 


12 


+ (yiyt+i + 2 /“ ^y^+l) 


ll|^'(2/»)l +5|fe'(2/i+i)| 
12 


holds if Da(h) G L],,([oi, 02 ]) and \h'\ is convex on [ 01 , 02 ]. 

Proof. Applying Theorem 2.2 on the subinterval [yi, j/i+i] (/ = 0,1,..., n — 1) of the 
nartition P. we have 


< 


Ut ^2+1 


{y^+i - yf) 


2a 


i,fyi + 2/i+i ^ iy?+i - yf) i ^ 

—s— L 

[i%.“n - I%f] + hApl [1%L, - 21!/,“ 


'2|h'(2/i)| + \h\yi+i)\ 


12 


£{/ 

n—l 


+ {yiyf+i +yf Vi+i) 


n\h'{yi)\ + 5\h'{y,+i)\ 


12 


n—l 


2 = 0 


^E 

2=0 

( 2 / 2+1 - 2 / 2 ) 
2a 


rCL2 

/ h{x)daX — Ta{h, P) 

J ai 

-1. ( »'•+/■"■ ) faGi - »?) 

[13R, - 1%“] + fdjfd [199.“+, - 219.“ 


^2 i/i + l 


'2|h'(2/»)| + \h\yi+i)\ 


12 


+ iyiyf+i +yf Vi+i) 


ll|fe'(2/i)l + 5\h'{y,+i)\ 


12 


□ 
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Theorem 4 . 2 . Let g > 1 , a € ( 0 , 1 ], oi, 02 € M'*' with oi < 02 and h : [ai, 02] —>■ ffi 
be an a-differentiable function. Then the inequality 


n—1 


\EUh,P)\<J2 


i^O 


{y^+i - yf) 
2a 


(Ai(a)y ’ {A2{a)\h'{y,)\'^ + A3{a)\h'{y,+i)\'^}'> 


+ (i?i(«))'■« {B2{a)\h'iy,)\<^ + B3(a)|/^'(2/^+l)|n’ 
holds if Da(h) € 02 ]) and is convex on [ 01 , 02 ]. 

Proof. The proof is analogous to that of Theorem 4.1 only by using Theorem 2.3. 

□ 
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Neutrosophic BCC-ideals in BCC-aigehras 

Sun Shin Ahn 

Department of Mathematics Education, Dongguk University, Seoul 04620, Korea 

Abstract. The notions of a neutrosophic subalgebra and a neutrosohic ideal of a BCC-algehra are introduced 
and consider characterizations of a neutrosophic subalgebra and a neutrosophic ideal. We define the notion of a 
neutrosophic BCC-idea\ of a BCC-algehra, and investigated some properties of it. 

1. Introduction 

Y. Kormori [8] introduced a notion of a BCC-algebras, and W. A. Dudek [4] redefined the notion of BCC- 
algebras by using a dual from of the ordinary definition of Y. Kormori. In [6], J. Hao introduced the notion 
of ideals in a BCC-algehra and studied some related properties. W. A. Dudek and X. Zhang [5] introdued a 
BCC-ldeals in a BCC-algehra and described connections between such BCC-ideals and congruences. S. S. Ahn 
and S. H. Kwon [2] defined a topological BCC-algebra and investigated some properties of it. 

Zadeh [10] introduced the degree of membership/truth (t) in 1965 and defined the fuzzy set. As a general¬ 
ization of fuzzy sets, Atanassov [3] introduced the degree of nonmembership/falsehood (f) in 1986 and defined 
the intuitionistic fuzzy set. Smarandache introduced the degree of indeterminacy/neutrality (i) as independent 
component in 1995 (published in 1998) and defined the neutrosophic set on three components (t, i, f) = (truth, 
indeterminacy, falsehood). Jun et. al [7] introduced the notions of a neutrosophic A^-subalgebras and a (closed) 
neutrosophic uK-ideal in a BCK/BCI-algehras and investigated some related properties, subalgebras 

In this paper, we introduce the notions of a neutrosophic subalgebra and a neutrosohic ideal of a BCC-algebra 
and consider characterizations of a neutrosophic subalgebra and a neutrosophic ideal. We define the notion of a 
neutrosophic BCC-ideal of a BCC-algebra, and investigate some properties of it. 

2. Preliminaries 

By a BCC-algebra [4] we mean an algebra (A, *,0) of type (2,0) satisfying the following conditions: for all 
x,y,z G X, 

(al) {{x *y) * {z * y)) * (a; * 2 ) = 0, 

(a2) 0 * X = 0, 

(a3) X *0 = X, 

(a4) X *y = 0 and y * x = 0 imply x = y. 

For brevity, we also call X a BCC-algebra. In X, we can define a partial order “<” by putting x < y li and 
only if X * y = 0. Then < is a partial order on X. 

° 2010 Mathematics Subject Classification: 06F35; 03G25; 03B52. 

° Keywords: BCC-algebra; ; (BCC-)ideal; neutrosophic subalgebra; neutrosophic (BCC-)ideal. 
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A BCC-algebra X has the following properties: for any x,y £ X, 

(bl) X * X = 0, 

(b2) {x * y) * X = 0, 

(b3) X < y ^ X * z < y * z and z * y < z * x. 

Any iJC'A'-algebra is a BCC-algehra, but there are BC'C'-algebras which are not BCA'-algebra [4]. Note that 
a BCC-algehra is a BCK-algehra if and only if it satisfies: 

(b4) {x * y) * z = {x * z) * y, for all x,y,z £ X. 

Let {X, *, Ox) and {Y, *, Oy) be BCC-algehras. A mapping (/? : A —>• F is called a homomorphism if (p{x *x y) = 
(/?(x) *y ip{y) for all x,y £ X. A non-empty subset S' of a BCC-algehra X is called a subalgebra of A li x * y £ S 
whenever x,y £ S. A non-empty subset / of a BCJ-algebra A is called an ideal [6] of A if it satisfies: 

(cl) 0 G /, 

(c2) X *y,y £ I ^ x £ I ior all x,y £ X. 

I is called an BCC-ideal [5] of A if it satisfies (cl) and 
(c3) {x * y) * z,y £ I a; * z G /, for all x,y, z G A. 

Theorem 2.1. [6] In a BCC-algebra, an ideal is a subalgebra. 

Theorem 2.2. [5] In a BCC-algebra, a BCC-ideal is an ideal. 

Corollary 2.3. [5] Any BCC-ideal of a BCC-algebra is a subalgebra. 

Definition 2.4. Let A be a space of points (objects) with generic elements in A denoted by x. A simple valued 
neutrosophic set A in A is characterized by a truth-membership function Ta{x), an indeterminacy-membership 
function Ia{x), and a falsity-membership function Fa{x). Then a simple valued neutrosophic set A can be denoted 

by 

A := {{x,Ta{x),Ia{x),Fa{x))\x £ A}, 

where Ta{x), Ia{x), Fa{x) £ [0,1] for each point x in A. Therefore the sum of Ta(x),Ia(x), and Fa(x) satisfies 
the condition 0 < Ta(x) -h Ia(x) -h Fa(x) < 3. 

For convenience, “simple valued neutrosophic set” is abbreviated to “neutrosophic set” later. 

Definition 2.5. Let A be a neutrosophic set in a B-algebra A and a, /?, 7 G [0,1] with 0 <a-|-/ 3 -|- 7<3 and an 
(a, j3, 7 )-level set of A denoted by jg defined as 

A(«./ 3 , 7 ) = g X\Ta{x) < a, Ia{x) > P, Fa{x) < 7 }. 


For any family {api £ A}, we define 

\/{ai\i £ A} 


max{ai|f G A} 
sup{ai|i G A} 


if A is hnite, 
otherwise 
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/\{ai\i G A} 


niin{ai|i G A} if A is finite, 
inf{ai|i G A} otherwise. 


3. Neutrosophic BCC'-ideals 


In what follows, let X be a BC'C'-algebra unless otherwise specified. 

Definition 3.1. A neutrosophic set A in a BCC-algehra X is called a neutrosophic subalgebra of X if it satisfies: 

(NSS) TA{x*y) < max{TAix),TAiy)},lAix*y) > min{I Aix) , I A{y)} , and FA{x*y) < max{FA{x), FAiy)}, for 
any x,y € X. 


Proposition 3.2. Every neutrosophic subalgebra of a BCC-algebra X satisfies the following conditions: 


(3.1) T4(0) < Ta{x),Ia{0) > Ia{x), and Fa{0) < Fa{x) for any x G X. 


Proof. Straightforward. 

Example 3.3. Let X := {0,1, 2, 3} be a BCC-algehra [6] with the following table: 


Define a neutrosophic set A in AT as follows: 


Ia:X^ [0,1], x^ 


and 



0 

1 2 

3 

0 

0 

0 0 

X 

1 

1 

0 0 

1 

2 

2 

1 0 

1 

3 

3 

3 3 

0 

X i-G -j 

f 0.12 

if a: G {0,1,2} 

[ 0.83 

if a; = 3, 

X i-G 1 

' 0.81 

if a: G {0,1,2} 

0.14 

if a; = 3, 

X i-G < 

f 0.12 

if X G {0,1,2} 

( 0.83 

if X = 3. 


It is easy to check that A is a neutrosophic subalgebra of X. 


□ 


Theorem 3.4. Let A be a neutrosophic set in a BCC-algebra X and let a, /?, 7 G [0,1] with 0<a + /3 + 7 < 3 . 
Then A is a neutrosophic subalgebra of X if and only if all of [a, jd, y)-level set A^°'An) subalgebras of X when 
A(“A.7) ^ 0 , 

Proof. Assume that A is a neutrosophic subalgebra of X. Let a,(3,y & [0,1] be such that 0<a + /? + 7<3 and 
^(a,/3,7) ^ 0 _ x,y G A^°'A,'r)_ Then Ta{x) < a,TA{y) < a,lA{x) > j3,lAiy) > /? and Fa{x) < y,FA{y) < 7- 
Using (NSS), we have Ta{x * y) < maxjT^(cc), TA(y)} < a, Ia{x * y) > min{/A(a;),/ a(j/)} > (3, and Fa{x * y) < 
max{A’A(a;), FA{y)} < 7 - Hence x * y G A^°'An)_ Therefore ^ subalgebra of X. 

Conversely, all of (a,/3, 7 )-level set A^‘^A,'i) ^re subalgebras of X when ^ 0 Assume that there exist 

at,bt,ai,bi G X and af,bf G X such that TA{at * bt) > max{TA(at), TA(6t)},/^(ai * bf) < min{/^(ai),/ a(^ i)} 
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and FA{af * &/) > niax{^A(a/),F a(&/)}. Then TA{at * h) > ai > max{TA{at),TA{bt)},lA{ai * h) < /?i < 
niin{/. 4 (ai),/^( 6 i)} and FA{af *bf) > 71 > max{FA{af),FA{bf)} for some ai, 7 i G [0,1) and /?i G (0,1]. Hence 
at,bt,ai,bi G and a/, 6 / G gy/ * bt,ai * 6 i ^ ^(“i./ 5 i, 7 i)^ and af *bf ^ 7 l(“iAi. 7 i)^ 

which is a contradiction. Hence Ta{x *y) < uiax{TA{x),TAiy)}, Ia{x * y) > min{/. 4 (a;),/ a(j/)}, and Fa{x *y) < 
maxlTAix),TA{y)}, for any x,y G X. Therefore A is a neutrosophic subalgebra of X. □ 

Since [0,1] is a completely distributive lattice with respect to the usual ordering, we have the following theorem. 

Theorem 3.5. If {Ai\i G N} is a family of neutrosopic subalgebras of a BCC-algebra X, then {{Ai\i G N}, C) 
forms a complete distributive lattice. 

Theorem 3.6. Let A be a neutrosophic subalgebra of a BCC-algebra X. If there exists a sequence {a„} in 
X such that lim„_>oo 7A(a„) = 0, lim„^oo .fA(a„) = 1, and lim„_>oo = 0, then Ta{0) = 0, 7^(0) = 1, and 

Fa{0) = 0. 

Proof. By Proposition 3.2, we have Ta{0) < Ta{x), lAiO) > Ia{x), and 7a(0) < Fa{x) for all x € X. Hence we 
have 7 ) 4 ( 0 ) < TAiun), lAiO) > lA{(in), and Fa{0) < 7)4(a„) for every positive integer n. Therefore 0 < Ta{0) < 
lim„^oo 7)4(a„) =0,1 = lim„^oo 7A(a„) < 7^(0) < 1, and 0 < Fa{0) < lim„_>oo 7)4(a„) = 0. Thus we have 
T^(0)=0,7a(0) = 1, andF^(0) = 0. □ 

Proposition 3.7. If every neutrosophic subalgebra A of a BCC-algebra X satisfies the condition 
(3.2) Ta{x *y) < TAiy),lA{x *y)> lA{y),FA{x *y)< FaIjj), for any x,y G X, 
then Ta, Iaj and Fa are constant functions. 

Proof. It follows from (3.2) that Ta{x) = Ta{x*0) < Ta{0),Ia{x) = Ia{x*0) > 7^(0), and Fa{x) = Fa{x*0) < 
7 ) 4 ( 0 ) for any x G X. By Proposition 3.2, we have Ta{x) = Ta{0),Ia{x) = 7^(0), and Fa{x) = Fa{0) for any 
X G X. Hence Ta,Ia, and Fa are constant functions. □ 


Theorem 3.8. Every subalgebra of a BCC-algebra X can be represented as an (a, (3, y)-level set of a neutrosophic 
subalgebra A of X. 


Proof. Let S' be a subalgebra of a BCC-algebra X and let A be a neutrosophic subalgebra of X. Define a 
neutrosophic set A in A as follows: 


7 ^ : [ 0 , 1 ], 


Fa : a —>■ [0 ,1], x ^ 


Ol 

if a; G S 

02 

otherwise, 

/?! 

if a; G S 

132 

otherwise. 

7i 

if a: G S 

72 

otherwise. 


where 01 , 02 , 71,72 G [0,1) and / 3 i ,/32 G (0,1] with oi < 02 ,/ 3 i > /? 2 , 7 i < 72 , and 0 < oi +/3i + 71 < 3, 0 < 
02 + /32 + 72 < 3. Obviously, S = ^ now prove that A is a neutrosophic subalgebra of A. Let 

x,y G X. If x,y G S, then x * y G S because S is a subalgebra of A. Hence Ta{x) = TA{y) = Ta{x * y) = oi. 
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7a( x) = lAiy) = Ia{x *y) = /3i, Fa{x) = FA{y) = Fa{x * y) = 71 and so Ta{x * y) < niax{TA(x),TA(y)}, 
lA{x*y) > min{7A(x), Ja(i/)}, FA{x*y) < u^^ii^{F a{x), FA{y)}■ If x € S' and y ^ S, then Ta{x) = ai,TA{y) = a 2 
, Ia{x) = Pi,lA{y) = k, Fa{x) = 7i,Sa( 2/) = 72 and so Ta{x * y) < max{TA(x),TA(y)} = ^ 2 , 7a( x * y) > 
min{7A(x),7A(y)} = /? 2 , Fa{x * y) < max{FA(x), FA(y)} = 72 - Obviously, if x ^ A and y ^ A, then Ta(x * y) < 
max{TA(x),rA(y)} = ^ 2 , 7a (x * y) > niin{7A(x), 7A(y)} = ^ 2 , Fa{x * y) < max{FA(x), 7A(y)} = 72- Therefore 
A is a neutrosophic subalgebra of 77. □ 

Definition 3.9. A neutrosophic set A in a TJCC-algebra X is said to be neutrosophic ideal of X if it satisfies: 
(NSIl) 114 ( 0 ) < Ta{x),Ia{A) > Ia{x), and 1 a(0) < Fa{x) for any x G 77; 

(NSI2) Ta(x) < max{TA(x*y),TA(y)},7A(x) > min{7A(x * y), 7A(y)}, and Fa(x) < max{FA(x * y), FA(y)}, for 
any x,y € X. 

Proposition 3.10. Every neutrosophic ideal of a BCC-algebra 77 is a neutrosophic subalgebra of 77. 

Proof. Let A be a neutrosophic ideal of 77. Put x := x * y and y := x in (NSI2). Then we have Ta(x * 
y) < max{rA((x * y) * x), Ta(x)}, 7a(x * y) > min{7A((x * y) * x),7a(x)}, and Fa{x * y) < max{FA((x * y) * 
x), Fa(x)}. It follows from (b2) and (NSIl) that Ta(x * y) < max{rA((x * y) * x), Ta(x)} = max{TA(0), Ta{x)} < 
max{TA(x),rA(2/)},7A(x * y) > min{7A((x * y) * x), 7 a(x)} = max{7A(0), 7 a(x)} > max{7A(x), 7A(y)}, and 
1 a( x * y) < max{FA((x * y) * a;), Fa(x)} = max{lA(0), I'a(x)} < max{FA(x), lA(y)}. Thus A is a neutrosophic 
subalgebra of 77. □ 

Theorem 3.11. Let A be a neutrosophic set in a BCC-algebra 77 and let a, f3,y G [0,1] with 0<a + /3 + 7<3. 
Then A is a neutrosophic ideal of 77 if and only if all of {a, jd, y)-level set A^ “A. 7 ) aj-g ideals of X when A^°‘A,7) ^ 0_ 

Proof. Assume that A is a neutrosophic ideal of 77. Let a,j3,y G [0,1] be such that 0<a + /3 + 7<3 and 
7 ^(a,/ 3 , 7 ) ^ 0 ^ x, y G 77 be such that x*y, y G A(“’^’'>'). Then TA(x*y) < a, T'A(y) < a, lA(x*y) > fd, lA{y) > fd, 
and Fa{x * y) < y,FA{y) < 7 - By Definition 3.9, we have Ta(0) < Ta{x) < max{rA(x * y),TA(y)} < a,7A(0) > 
7a (x) > min{7A(x * y)),7A(y)} > (d, and 1a (0) < Fa(x) < max{l'A(x * y),rA(y)} < 7 . Hence 0,x G A(“'^>'>'). 
Therefore is an ideal of 77. 

Conversely, suppose that there exist a,h,c G 77 such that 7 a( 0) > TA(a),7A(0) < 7 a(&), and 1 a(0) > Fa{c). 
Then there exist at,ct G [0,1) and bt G (0,1] such that Ta(0) > at > TA{a),lA{0) < h < 7a(^) and 1 a(0) > 
Ct > Fa{c). Hence 0 ^ which is a contradiction. Therefore Ta(0) < Ta{x), lAiO) > Ia{x) and 

1a(0) < Fa{x) for all x G 77. Assume that there exist at,bt,ai,bi,af,bf G 77 such that TA{at) > max{TA(at * 
bt),TA{bt)},lA{ai) < min{7A(ai * 6i),7A(&i)}> and Fa (a/) > max{TA(a/ * 5 /),Fa(&/)}- Then there exist St,Sf G 
[0,1) and Si G (0,1] such that TA{at) > St > max{TA(at * h),TA{bt)}, IA{ai) < Si < min{7A(ai * 6i),7A(foj)}> and 
Fa (a/) > Sf > max{TA(a/*6/), rA(7/)}. Hence at*bt, bt, ai*bi,af*bf G and bt, bi,bf G But 

at,ai ^ and af ^ This is a contradiction. Therefore Ta{x) < max{TA(x*y),FA(y)},7A(x) > 

min{7A(x * y)), 7 a (y)} and Fa{x) < max{FA(x * y), FA(y)}, for any x, y G 77. Therefore A is a neutrosophic ideal 
of 77 □ 

Proposition 3.12. Every neutrosophic ideal A of a BCC-algebra 77 satisfies the following properties: 
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(i) (Vx,y € X){x <y^ Ta{x) < TA{y)jA{x) > lA{y),FA{x) < FAiy)), 

(ii) (Vx,y, z G X){x*y < z ^ Ta{x) < max{r. 4 (?/), r^(z)},/^(x) > m.\-A{IA(,y), Ia{z)}, Fa{x) < inax{FAiy), Fa{z)}). 

Proof, (i) Let x,y G A be such that x < y. Then x * y = 0. Using (NSI2) and (NSIl), we have Ta{x) < 
\nax{TA{x * y),TA{y)} = uiax{TA{0),TAiy)} = TA{y),lA{y) > uim{I a{x * y), IA{y)} = min{/A(0),/A(y)} = 
lA{y), and FAix) < max{FA(x * y),FA{y)} = niax{FA( 0 ), ^ 4 ( 2 /)} = FAiy). 

(ii) Let x,y,z G X be such that x * y < z. By (NSI2) and (NSIl). we get TAix * y) < max{Tyi((a; * y) * 
z),TAiz)} = max{r^( 0 ),T^(z)} = Ta(z),/^( x*?/) > min{/^((a;*2/) *z),/^(z)} = min{/^( 0 ), 1^(2)} = lAiz), and 
FAix*y) < uiax{FA{{x*y)* z),Fa{z)} = niax{UA( 0 ), Ua(z)} = Fa(z). Hence Ta{x) < m.ax{TAix * y),TA[y)) < 
max{TA(j/),TA(z)},/A(a;) > mm{lAix * y), lAiy)} > min{/^(2/), J^(z)}, and FAix) < max{FAix * y), FAiy)} < 
max{FAiy),FAiz)}. □ 

The following corollary is easily proved by induction. 

Corollary 3.13. Every neutrosophic ideal A of a BCC-algebra X satisfies the following property: 

(3.3) (• • • (x * ai) * • • •) * On = 0 ^ TAix) < VLi TAiak)jAix) > Afe=i lAiak),FAix) < Vr=i -^^(afe), for all 
X, oi, • • • ,an G X. 

Definition 3.14. Let A and B be neutrosophic sets of a set X. The union of A and B is defined to be a 
neutrosophic set 

AOB := {{x,TAuBix), lAusix), FAuBix))\x G X}, 

where TAuBix) = min{TA(x), Tb(x)},/A uB(a;) = Txiax{lAix), Isix)}, FAuBix) = min{FA(x), Fb(x)}, for all 
X € X. The intersection of A and B is defined to be a neutrosophic set 

AnB := {{x,TAnBix), lAnBix), FAnBix))\x G X}, 

where TAnBix) = niax{rA(x), Tb(x)},/aob( a;) = min{/A(x),/ b(x)}, FAnB(a;) = max{UA(x), Ub(x)}, for all 
X G A. 

Theorem 3.15. The intersection of two neutrosophic ideals of a BCC-algebra X is a also a neutrosophic ideal 
ofX. 

Proof. Let A and B be neutrosophic ideals of A. For any x G A, we have TAnB(O) = max{TA(0), Tb( 0)} < 
max{TA(x),rB(x)} = TAnnix), lAnBiO) = min{TA(0), Tb( 0)} > min{/A(x),/ b(x)} = lAnBix), and Fahb iO) = 
max{FA(0), Ub( 0)} < max{FA(x), Fb(x)} = FAnBix). Let x,j/ G A. Then we have 

TAnBix) =niax{rA(x), Tb(x)} 

<niax{niax{rA(x * y), Fa(?/)}, max{TB(x * y),TBiy)}} 

= niax{niax{rA(x * 2 /),Tb(x * y)}, niax{rA(j/),TB(y)}} 

= niax{rAnB(a; * y),TAnBiy)}, 
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lAnsix) 

> min{min{/A(x * j/), /^(y)}, min{/B(a; * y), Isiy)}} 

= min{min{/A(x * y),lB{x * y)},mm{lA{y), iBiv)}} 

= mm{lAnB{x * y),lAnBiy)}, 

and 

FAnB{x) =max{FA{x),FBix)} 

<max{max{F^(a; * y), Fa(j/)}, max{FB(a; * y),FB{y)}} 

= max{max{i^^(a; *y),FB{x* y)},inax{FAiy), FB{y)}} 

= max{FAnBix*y),FAnB{y)}- 

Hence AnB is a neutrosophic ideal of X. □ 

Corollary 3.16. If {Ai\i G N} is a family of neutrosophic ideals of a BCC-algebra X, then so is 

The union of any set of neutrosophic ideals of a HCC-algebra X need not be a neutrosophic ideal of X. 


Example 3.17. Let X = {0,1,2,3,4} be a HCC-algebra [5] with the following table: 



0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

0 

2 

2 

2 

0 

0 

0 

3 

3 

3 

1 

0 

0 

4 

4 

3 

4 

3 

0 


Define neutrosophic sets A and H of X as follows: 


and 


Ta:X^ [0,1], x^ 

: X —>■ [0,1], X I—>■ 

Fa [0,1], 

Tb:X ^[0,1], x^ 

Ib-.X^ [0,1], x^ 

Fb:X^ [0,1], x^ 


0.12, ifxG{0,l} 
0.74 otherwise, 

0.63, ifxG{0,l} 
0.11 otherwise, 

0.12, ifxG{0,1} 
0.74 otherwise, 

0.13, ifxG{0,2} 
0.63 otherwise, 

0.75, ifxG{0,2} 
0.14 otherwise, 

0.13, ifxG{0,2} 
0.63 otherwise. 


It is easy to check that A and B are neutrosophic ideals of X. But AfjB is not a neutrosophic ideal of 
X, since Taub{A) = min{rA(3 ),Tb( 3)} = 0.63 ^ max{rAuB(3 * 2 ),Taub( 2)} = max{TAuB(l),T aub( 2)} = 
max{min{rA(l),rB(l)},niin{TA(2),FB(2)}} = max{0.12,0.13} = 0.13. 
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Sun Shin Ahn 

Definition 3.18. A neutrosophic set A in a BCC-algehra. X is said to be a neutrosophic BCC-ideal of X if it 
satisfies (NSIl) and 

(NSf3) Ta{x * z) < max{r^((a; * y) * z),TA{y)}, I a{x * z) > mm{lA{{x * y) * z),lA{y)}, and ^A(a; * z) < 
max{FA{{x * y) *z),FAiy)}, for any x,y,z £ X. 


Lemma 3.19. Every neutrosophic BCC-ideal of a BCC-algebra X is a neutrosophic ideal of X. 

Proof. Let A be a neutrosophic BCC-ideal of a BCC-algehra X. Put z := 0 in (NSI3). By (a3), we have 
TAix * 0) = Ta{x) < max{TA{{x * y) * 0), TA^y)} = max{TA(x * y), TA{y)}, Ia{x * 0) = Ia{x) > min{J^((a; * y) * 
0),lAiy)} = mm{lA{x*y),lAiy)}, and Fa{x*0) = Fa{x) < max{FA{ix*y)*0), FAiy)} = max{FAix * y) , FAiy)} , 
for any x,y £ X. Hence A is a neutrosophic ideal of X. □ 


Corollary 3.20. Every neutrosophic BCC-ideal of a BCC-algebra X is a neutrosophic subalgebra of X. 


The converse of Proposition 3.10 and Lemma 3.19 need not be true in general (see Example 3.21). 


Example 3.21. Let X = {0,1, 2, 3,4} be a BCC-algehra as in Example 3.17. Define a neutrosophic set A of A 
as follows: 


and 


Ta:X^ [0,1], x^ 


Ia-.X^ [0,1], x^ 


F.4 : A —>• [0,1], X i-£ 


0.13 

if a; G {0,1, 2, 3} 

0.83 

if a; = 4, 

0.82 

if a; G {0,1, 2, 3} 

0.11 

if a; = 4, 

0.13 

if a; G {0,1, 2,3} 

0.83 

if a; = 4, 


It is easy to check that A is a neutrosophic subalgebra of A, but not a neutrosophic ideal of A, since Ta( 4) = 
0.83 ^ max{T.4(4*3),r^(3)} = max{Tyi(3), r.4(3)} = 0.13. Consider a neutrosophic set H of A which is given by 


Tb:X^ [0,1], x^ 


0.14 ifa;G{0,1}, 
0.84 ifa;G{2,3,4} 


and 


Is : A^ [0,1], x^ 


0.85 if a; G {0,1} 
0.12 if x G {2,3,4}, 


As : A^ [0,1], x^ 


0.14 ifxG{0,l} 
0.84 ifxG {2,3,4}. 


It is easy to show that B is a neutrosophic ideal of A, but not a neutrosophic BCC-ideal of A, since Tb{4: * 3) = 
Tb( 3) = 0.84 ^ max{TB((4* 1) * 3),rB(l)} = max{rB(0 ),Tb(1)} = 0.14. 


612 


AHN 605-614 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Neutrosophic BCC-ideals in BC'C'-algebras 


Example 3.22. Let X = {0,1,2,3,4, 5} be a BCC-algehra [5] with the following table: 



0 

1 

2 

3 

4 

5 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

1 

2 

2 

2 

0 

0 

1 

1 

3 

3 

2 

1 

0 

1 

1 

4 

4 

4 

4 

4 

0 

1 

5 

5 

5 

5 

5 

5 

0 


Define a neutrosophic set A of X as follows: 


and 


Ta:X^ [0,1], 


Ia-.X^ [0,1], 


Fa :X^ [0,1], 


0.43 if x G {0,1,2,3,4} 
0.55 ifa; = 5, 

0.54 if a; G {0,1,2,34} 
0.42 if a; = 5, 

0.43 if a: G {0,1,2,3,41 
0.55 if a: = 5. 


It is easy to check that Yl is a neutrosophic BCC-ideal of X. 


Theorem 3.23. Let A be a neutrosophic set in a BCC-aigebra X and iet a, f3,^ G [0,1] with 0<a + /3 + 7<3. 
Then A is a neutrosophic BCC-ideai of X if and oniy if aii of {a, jd,y)-ievei set A'^°‘A,'i) BCC-ideais of X 
when ^ 0_ 


Proof. Similar to Theorem 3.11. □ 

Proposition 3.24. Let A be a neutrosophic BCC-ideai of a BCC-aigebra X. Then Xt '■= {x G X[Ta(x) = 
Tyi(O)}, Xt := {a; G X|/^(a:) = /^(O)}, and Xp := {x G X[Fa{x) = Ea(0)} are BCC-ideais of X. 

Proof. Clearly, O G Xp. Let {x * y) * z,y G Xp. Then Ta{{x * y) * z) = 1^(0) and TA{y) = Ta( 0). It follows 
from (NSI3) that Ta{x * z) < max{Tyi((a * y) * z),TA{y)} = Ta{0). By (NSIl), we get Ta{x * z) = Ta{0). Hence 
X * z G Xp. Therefore Xp is a BCC-ideal of X . By a similar way, Xi and Xp are BCC-ideals of X. □ 
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Global Dynamics and Bifurcations of Two Second Order Difference Equations in 

Mathematical Biology 

M. R. S. Kulenovic^^ and Sarah Van Beaver 
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University of Rhode Island, Kingston, Rhode Island 02881-0816, USA 

Abstract. We investigate the global behavior of two difference equations with exponential nonlinearities 

a;„+i = -l-pxn-i, n = 0,1,... 

where the parameters b, c are positive real numbers and p £ (0,1) and 

a:„+i = a-I-n = 0,1,... 

where the parameters a,b are positive numbers. The the initial conditions a;-i,a;o are arbitrary nonnegative numbers. The 
two equations are well known mathematical models in biology which behavior was stndied by other authors and resnlted 
in partial global dynamics behavior. In this paper, we complete the results of other authors and give the global dynamics 
of both eqnations. In order to obtain our results we will prove several results on global attractivity and boundedness and 
unboundedness for general second order difference equations 

Xn+l = f{Xn,Xn-l), n = 0, 1, . . . 


which are of interest on their own. 

Keywords, attractivity, difference equation, invariant sets, period doubling, periodic solutions, stable set . 

AMS 2010 Mathematics Subject Classification: 39A20, 39A28, 39A30, 92D25 

1 Introduction and Preliminaries 

We investigate the global behavior of the system of difference equations 

x„+i = + py„, yn+i=x„, n = 0,l,... (1) 

where the parameters b and c are positive real numbers, p £ (0,1), and the initial conditions X-i,xo are arbitrary nonnegative 
numbers. This system can be rewritten in the form of the second order difference equation 

x„+i = be~‘''°''+ px„-i, n = 0,1,... (2) 

In [5], the authors originally studied this model to describe the synchrony of ovulation cycles of the Glaucous-winged Gulls. 
The model assumed that there is an infinite breeding season as well as the number of gulls available to breed is infinite. The 
value of c is a positive number representing the colony density. The parameter b is the number of birds per day ready to 
begin ovulating. The parameter p is the probability that a bird will begin to ovulate and 1 — is the probability of 

delaying ovulation. In making the model, the authors assumed that the delay only occurs for birds entering the system, not 
birds switching between different segments of the cycle. Note the authors state that the bifurcation of two-cycle solutions 
is the same as ovulation synchrony with the value of c increasing. In [5], they used the local bifurcation theory to come to 
the conclusion that there exists a unique equilibrium such that for sufficiently small values of c, the equilibrium branch is 
locally asymptotically stable. Additionally, for large enough values of c, there exists a two-cycle branch that will be locally 
asymptotically stable. In this paper we will improve these results by making them global. Using the results of Camouzis and 
Ladas, see [2] and [6], we are able to find the global dynamics of (1), which was not completed in [5]. We will show that 
Equation (1) exhibits global period doubling bifurcation described by Theorem 5.1 in [11], which shows that global dynamics 
of Equation (1) changes from global asymptotic stability of the unique equilibrium solution to the global asymptotic stability 
of the minimal period-two solution within its basin of attraction, as the parameter passes through the critical value. 

By using a similar method, we investigate the dynamics of 

a:„+i = a-I-n = 0,1,... (3) 

where the parameters a,b are positive real numbers and the the initial conditions X-i,xo are arbitrary nonnegative numbers. 
As it was mentioned in [8], Equation (3) could be considered as a mathematical model in biology where a represent the 

^Gorresponding author, e-mail: mkulenovic@uri.edu 
^Partially supported by Maitland P. Simmons Foundation 
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constant immigration and b represent the population growth rate. In this paper we find a simpler equivalent condition to 
2 < ?) in [81 for the existence of a minimal period-two solution. We split the results into the two cases of 

a + y a^+ia 

& > e“ and fe < e“. While using a similar method as in [9] to establish the existence of a period-two solution when fe < e“, we 
are able to find the global dynamics of Equation (3). By using new results for general second order difference equation we will 
prove the existence of unbounded solutions for the case when fe > e“. Similar as for Equation (1) we will show that Equation 
(3) exhibits global period doubling bifurcation described by Theorem 5.1 in [11]. In addition, we give the precise description 
of the basins of attractions of all attractors of both Equations (1) and (3). 

The rest of the paper is organized as follows. In the rest of this section we introduce some known results about monotone 
systems in the plane needed for the proofs of the main results as well as some new results about the existence of unbounded 
solutions. Section 2 gives the global dynamics of Equation (1) and Section 3 gives the global dynamics of Equation (3). 

The next result, which is combination of two theorems from [2] and [6], is important for the global dynamics of general 
second order difference equation. 


Theorem 1 Let I be a set of real numbers and f : I x I ^ I be a function which is either non-increasing in the first variable 
and non-decreasing in the second variable or non-decreasing in both variables. Then, for every solution of the 

equation 

X„+1 = f (Xn,x„-i), X-1,X0 € I, n = 0,1,... (4) 

the subsequences {x 2 n}'^^Q and {a;2n-i}^o of even and odd terms of the solution are eventually monotonic. 


We now give some basic notions about monotone maps in the plane. 

Consider a partial ordering ^ on where x,y are said to be related ii x < y ox y < x. Also, a strict inequality 

between points may be defined as x < y\lx < y and x ^ y. A stronger inequality may be defined as a; = (xi, * 2 ) <Siy ~ ( 1 / 1 , J/ 2 ) 
a X <y with x\ / j/i and X2 7 ^ J/2- 

A map T on a nonempty set 7?. C is a continuous function T : TZ ^ TZ. The map T is monotone x < y implies 
T{x) < T{y) for all x,y GTZ, and it is strongly monotone on 7?. if x R 1 / implies that T{x) <C T{y) for all x,y G TZ. The map 
is strictly monotone on 7?. if x R y implies that T{x) R T(y) for all x,y G 7Z. 

Throughout this paper we shall use the North-East ordering (NE) for which the positive cone is the first quadrant, i.e. 
this partial ordering is defined by {xx,yi) Rne (x 2 ,y 2 ) if Xi < X2 and yi < 1/2 and the South-East (SE) ordering defined as 
ixi,yi) Rse {X 2 ,y 2 ) if Xi < X2 and yi > y2. 

A map T on a nonempty set 7?. C R^ which is monotone with respect to the North-East ordering is called cooperative and 
a map monotone with respect to the South-East ordering is called competitive. 

If T is differentiable map on a nonempty set TZ, a sufficient condition for T to be strongly monotone with respect to the 
SE ordering is that the Jacobian matrix at all points x has the sign configuration 


sign (Jt(x)) 



(5) 


provided that TZ is open and convex. 

For X G R^, define Qi{x) for £ = 1,..., 4 to be the usual four quadrants based at x and numbered in a counterclockwise 
direction. Basin of attraction of a fixed point {x,y) of a map T, denoted as B{{x,y)), is defined as the set of all initial points 
(xo,yo) for which the sequence of iterates T"((xo,yo)) converges to (x,y). Similarly, we define a basin of attraction of a 
periodic point of period p. The next five results, from [12, 11], are useful for determining basins of attraction of fixed points 
of competitive maps. Related results have been obtained by H. L. Smith in ]14, 13]. 


Theorem 2 Let T be a competitive map on a rectangular region TZ G . Let x G TZ be a fixed point of T such that 
A := TZn int (Qi(x) U Q 3 (x)) is nonempty (i.e., x is not the NW or SE vertex of TZ), and T is strongly competitive on A. 
Suppose that the following statements are true. 

a. The map T has a extension to a neighborhood of x. 

b. The Jacobian Jt(x) of T at x has real eigenvalues A, p, such that 0 < ]A] < p, where [A] < 1, and the eigenspace E^ 
associated with A is not a coordinate axis. 

Then there exists a curve C G TZ through x that is invariant and a subset of the basin of attraction of x, such that C is 
tangential to the eigenspace E^ at x, and C is the graph of a .strictly increasing continuous function of the first coordinate on 
an interval. Any endpoints of C in the interior of TZ are either fixed points or minimal period-two points. In the latter case, 
the set of endpoints of C is a minimal period-two orbit ofT. 


We shall see in Theorem 4 that the situation where the endpoints of C are boundary points of TZ is of interest. The 
following result gives a sufficient condition for this case. 
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Theorem 3 For the curve C of Theorem 2 to have endpoints in dTZ, it is sufficient that at least one of the following conditions 
is satisfied. 

i. The map T has no fixed points nor periodic points of minimal period-two in A. 

ii. The map T has no fixed points in A, det Jt{x) > 0, and T{x) = x has no solutions x & A. 

Hi. The map T has no points of minimal period-two in A, det Jt(x) < 0, and T{x) = x has no solutions x £ A. 

For maps that are strongly competitive near the fixed point, hypothesis b. of Theorem 2 reduces just to |A| < 1. This 
follows from a change of variables [14] that allows the Perron-Frobenins Theorem to be applied. Also, one can show that in 
such case no associated eigenvector is aligned with a coordinate axis. 

The next result is useful for determining basins of attraction of fixed points of competitive maps. 


Theorem 4 (A) Assume the hypotheses of Theorem 2, and let C be the curve whose existence is guaranteed by Theorem 2. 
If the endpoints of C belong to dlZ, then C separates IZ into two connected components, namely 

W_ := {x £lZ\C : By € C with x -<se y} and W+ -.= {x £IZ\C :3y £ C with y x} , (6) 

such that the following statements are true. 

(t) W- is invariant, and dist(r"(a;), ( 52 (x)) —>■ 0 os n —>■ oo for every x £ W-. 

(li) yV+ is invariant, and dist(r"(a;), Q 4 (x)) —>■ 0 os n —>■ oo for every x £ W+. 

(B) If, in addition to the hypotheses of part (A), x is an interior point of TZ and T is and strongly competitive in a 
neighborhood of X, then T has no periodic points in the boundary of Qi{x) L) Qsfx) except for x, and the following statements 
are true. 

(lii) For every x £ W- there exists no G N such that T"(x) £ intQ 2 {x) for n > no. 

(iv) For every x £ W+ there exists no G N such that T”(a;) G intQilfx) for n> no. 

If T is a map on a set TZ and if x is a fixed point of T, the stable set W'’(x) of x is the set {x £ TZ : T"(a;) —>■ x} and 

unstable set VV’“(x) of x is the set 

X £TZ : there exists {a;„}°=_oo C TZ s.t. T{xn) = Xn+i, xo = x, and lim Xn =x 

n—>• —oo 

When T is non-invertible, the set W®(x) may not be connected and made up of infinitely many curves, or VV’“(x) may not be 
a manifold. The following result gives a description of the stable and unstable sets of a saddle point of a competitive map. If 
the map is a diffeomorphism on TZ, the sets VV’'’(x) and VV’“(x) are the stable and unstable manifolds of x. 


Theorem 5 In addition to the hypotheses of part (B) of Theorem f, suppose that p. > 1 and that the eigenspace associated 
with p is not a coordinate axis. If the curve C of Theorem 2 has endpoints in dTZ, then C is the stable set W'’(x) ofx, and 
the unstable set VV’“(x) of x is a curve in TZ that is tangential to at x and such that it is the graph of a strictly decreasing 
function of the first coordinate on an interval. Any endpoints o/VV’“(x) inTZ are fixed points ofT. 

Remark 1 We say that f(u,v) is strongly decreasing in the first argument and strongly increasing in the second argument 
if it is differentiable and has first partial derivative Dif negative and first partial derivative D 2 / positive in a considered set. 
The connection between the theory of monotone maps and the asymptotic behavior of Equation (4) follows from the fact that 
if / is strongly decreasing in the first argument and strongly increasing in the second argument, then the second iterate of a 
map associated to Equation (4) is a strictly competitive map on 7 x 7, see [11]. 

Set x„-i — Un. and Xn = Vn in Equation (4) to obtain the equivalent system 

Un + l — Vn p. H 

j , / , 72 — 1)5 1, . . . . 

Vn +1 = j(Vn,Un) 

Let T{u, v) = (v, f(v, u)). The second iterate is given by 

T^{u,v) = {f{v,u), f{f{v,u),v)) 
and it is strictly competitive on 7 x 7, see [12]. 

Remark 2 The characteristic equation of Equation (4) at an equilibrium point {x,x): 

— Dif{x,x)X — D 2 f{x,x) = 0, (7) 

has two real roots A, p which satisfy X < 0 < p, and | A| < p, whenever / is strictly decraesing in first and increasing in second 
variable. Thus the applicability of Theorems 2-5 depends on the existence or nonexistence of minimal period-two solutions. 
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We now present theorems relating to the existence of unbounded solntions of Equation (4). The original result was 
obtained in [4]. Here we give an improved version of Theorem 2.1 in [4] taking out the extraneous conditions of requiring 
a continuity of / and the existence of an equilibrium solution. Additionally, we have extended the results in [4] to obtain a 
theorem in which the function / is nondecreasing in both arguments. 

Theorem 6 Assume that the function f : I x I ^ I is nonincreasing in the the first variable and nondecreasing in the second 
variable, where I d R is an interval. Assume there exists numbers L,U £ I such that L < U which satisfy 

f{U,L)<L (8) 

and 

f{L,U)>U, (9) 

where at least one inequality is strict. If X-i < L and xo > U, then the corresponding solution {xn}?fL-i satisfies 

X 2 n-i < L and X 2 n > U, n = 0,1,... 

If, in addition, f is eontinuous and Equation (4) has no minimal period-two solution then, 

lim X 2 n. = oo and/or lim X 2 n-i = —oo. 

n—^QO n—^QO 

Similarily, if X-i > U and xo < E, then the corresponding solution {xn}/L-i satisfies 

X 2 n-i > U and X 2 n < L, n = 0,1,... 

If, in addition, f is continuous and Equation (4) has no minimal period-two solution then, 

lim X 2 n-i = oo and/or lim X 2 n = —oo. 

n—^QO n—^QO 

Proof. Assume that X-i < L and xo > U. Then by using the monotonicity of / (nonincreasing in the first variable and 
nondecreasing in the second variable) and conditions (8) and (9) we obtain 

xi = f{xo,x-i) < f{U,L) < L 


and 

X 2 = f{xi,xo)> f(L,U)>U. 

By using induction it follows that X2n-i < L and X2n. > U for all n = 0,1,... where at least one inequality is strict. In view of 
Theorem 1 both sequences {x 2 n}/Lo s-nd {x 2 n-i}/Lo are eventually monotonic. Assume that / is a continuous function and 
there is no minimal period-two solution. We will consider a few cases based on the properties of the interval /. First suppose 
there exist a £ R such that I = [a, oo) and a < L. Then {x 2 n-i}/Lo will be convergent as the subsequence is bounded in 
[a, L]. If {x 2 n}/Lo converges, this would create a contradiction as there would exist a minimal period-two solution. Therefore, 

lim X 2 n = oo. 

n—¥QCi 

Next suppose that for some 6 £ R, both 7 = (—oo,6] and U < b. Here {x 2 n}/Lo will be convergent as the subsequence is 
bounded in the interval of \U, b]. So {x 2 n-i}/Lo cannot converge as there is no minimal period-two solution resulting in 

lim *271-1 = — 00 . 

n—¥c>o 

If 7 = (—oo, oo), then similar to the two cases above, at most one subsequence can converge as there is no minimal period-two 
solution. So either 

lim X 2 n = 00 or lim * 271-1 = — 00 . 

71 —n—¥-QCi 

with the option of both occurring. Finally, we will prove that 7 cannot be 7 = [a, b] where a,b £ R. Suppose that 7 = [a, b] 
such that a < L < U < b and a, 6 £ R. Since Xn. £ [a, b] for all n, both subsequences would be convergent. As lim,i-i.oo *2n-i = 
p < lim„- 7 oo *277 = q for some p, g £ R, there exists a period-two solution, which is a contradiction. The case when X-i > U 
and *0 < 7/ will follow similarly to the proof used here. □ 

Many examples of the use of Theorem 6 are provided in [4]. 

Theorem 7 Assume that f : I x I ^ I is a function which is nondecreasing in both variables, where I d R is an interval. 
Assume there exists numbers L,U £ I such that L < U where 

f{L,L)<L (10) 
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and 

f{U,U)>U (11) 

are satisfied, where at least one inequality is strict. If X-i,xo < L, then the corresponding solution {xn}^=-i of Equation (4) 
satisfies 

x„ < L, n = 0,1,... 

If, in addition, f is continuous and Equation (4) has no minimal period-two solution, then either x„ converges to an equilibrium 
point or 

lim X 2 n-i = —oo and/or lim X 2 n = —oo. 

n —^oo n—¥QCi 

If X-i,xo > U, then the corresponding solution {x„}//_i satisfies 

x„ > U, n = 0,1,... 

If, in addition, f is continuous and Equation (4) has no period-two solution, then either x„ converges to an equilibrium point 
or 

lim X 2 n-i = oo and/or lim X 2 n = oo. 

n—>-oo n—¥QCi 

Proof. Assume that X-i, Xo < E. Then by using the monotonicity of / (both variables are nondecreasing) and conditions 
(10) and (11) we obtain 

xi = f{xo,X-i) < f{L,L) < L and X 2 = f{xi,xo) < f{L,L) < L. 

By using induction it follows that X 2 n-i,X 2 n < L for all n = 0,1,... with at least one inequality being strict. In view of 
Theorem 1 both sequences {x2n}//o a^nd {x2n-i}/Lo are eventually monotonic. We can assume that / is continuous and 
that there is no minimal period-two solution. We can choose the value of L such that at most one equilibrium is included 
in the region. Note the subsequences may converge to the equilibrium point if present. We will break this proof into cases 
for different intervals 7 assuming that the subsequences do not converge to an equilibrium point. First suppose that either 
I = [a, oo) or 7 = [a, b] for some a, b £ R such that a < L < U < b. As both subsequences are less than L, then Xn. £ [a, L] for 
every n. As a consequence, both subsequences will be convergent. Thus, lim„_>oo X 2 n-\ = p and lim„_>oo X 2 n = q. 11 p = q, we 
get a contradiction as the subsequences do not converge to an equilibrium point. Otherwise, p / q, so (p, q) is a period-two 
solution, which is a contradiction as well. Thus, for 7 = [a, oo) or 7 = [a, b], there must be an equilibrium point present. Next 
suppose that either 7 = (—oo, a] or 7 = (—oo, oo). Now £ (—oo, L] for all n. At least one subsequence must be decreasing as 
the subsequences do not converge to an equilibrium point. Furthermore since there is no period-two solution, the subsequences 
cannot be bounded below resulting in either 

lim X 2 n = —00 or lim X 2 n-i = —oo. 

n—^-Qo n—yoo 

with the possibility of both options occurring. 

Now assume that X-i, xo > U. Then by using the monotonicity of / and conditions (10) and (11) we obtain 


Xi=fixo,X-i)>f{U,U)>U 


and 


X 2 =f{xi,Xo)>f{U,U)>U. 

By using induction it follows that X 2 n-i, X 2 n > U for all n = 0,1,... with at least one inequality being strict. In view of 
Theorem 1 both sequences {x 2 n}/Lo a-nd {x 2 n-i}?fLo are eventually monotonic. Assume that / is continuous and that there 
is no minimal period-two solution. We can choose the value of U such that at most one equilibrium is included in the region. 
Note the subsequences may converge to the equilibrium point if present. We will break this proof into cases for different 
intervals 7 assuming that the subsequences do not converge to an equilibrium point. First suppose that either 7 = (—oo,b] 
or 7 = [a, b] for some a, b £ R such that a < L < U < b. As both subsequences are greater than U, then Xn £ [77, b] for every 
n. As a consequence, both subsequences will be convergent. Thus, lim„_,.oo X 2 n-i = p and lim„_>oo X 2 n = q. 11 p = q, we 
get a contradiction as the subsequences do not converge to an equilibrium point. Otherwise, p / q, so (p, q) is a period-two 
solution, which is a contradiction as well. Thus, for 7 = (—oo, b] or 7 = [a, b], there must be an equilibrium point present. Next 
suppose that either 7 = [a, oo] or 7 = (—oo, oo). Now Xn £ [77, oo) for all n. At least one subsequence must be increasing as the 
subsequences do not converge to an equilibrium point. Furthermore since there is no period-two solution, the subsequences 
cannot be bounded above resulting in either 

lim X 2 n = oo or lim X 2 n-i = oo. 

n—>-oo n^oo 

with the option of both occurring. □ 

Now we give few examples which illustrate all possible scenarios of Theorem 7. 
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Example 1 Consider the difference equation 

Xn-\-l “1“ —15 XL 1,2,... 

where a;_i,a;o E and > 0 for n = 1,2,.... Here f{u,v) = is increasing in both variables. The equilibrium 

points are afo = 0 and x+ = 1/2. The linearized difference equation is Zn+i = 2xZn + 2 a; 2 :„-i and the characteristic equation 

is = 2x\ + 2a;. The zero equilibrium aio is locally asymptotically stable. For the equilibrium point x+, A^ = A + 1, so that 
Ai ,2 = ^^ 2 ^ - 1 (“1>0), then x+ is a saddle point. There is no minimal period-two solution as 

</ = and %!> = (fp' -\- ip^ 

implies </ = '/>. Now we want to find a, L < U that satisfies the conditions (10) and (11). Condition (10) f{L,L) < L implies 
2L^ < L, which simplifies to L < 1/2. As well, f{U,U) > U if 2U^ > U, which simplifies to 17 > 1/2. We can choose at 
least one of these inequalities to be strict. From Theorem 7, we can conclude that every solution with xi,xo < L converges 
to 0, while every solution with a:_i,a:o > U is eventually increasing and tends toward oo. As L < 1/2 < U are arbitrary this 
conclusion holds for every case where X-i,xo < L or X-i,xo > U. These results do not give conclusions when X-i < L and 
xo > U or X-i > U and xo < L. In this case one may use theory of monotone maps as in [3]. 

Example 2 Consider the difference equation 

Xn-L-l X^ “1“ X^ — “t“ n, TL 1, 2, . . . 

where a > 1/8, x„ > 0, and X-i,xo E R. Here f{u, v) = u’^ + + a is increasing in both variables. There is no equilibrium 

points as the discriminant of the equilibrium equation 1 — 8 a < 0 and no minimal period-two solution exists as 

(j> = + (l>^ + a and + a 

implies (f> = %!}. We can find U that satisfies the conditions (10) and (11) of Theorem 7. As f{U,U) > U simplifies to 
2U‘^ + a> U, which always holds, every solution will be eventually increasing and tends to oo. 

Example 3 Consider the difference equation 

Xn-\-l Xn “t“ Xn — l^ XL 1,2,... 

where X-i,xo E R. The function f{u,v) = is increasing in both variables. The equilibrium points are alo = 0 and 

x± = il/v'^. The characteristic equation at the equilibrium solution a: is A^ = Saf'^A + 5x^. For the equilibrium point Xo, 
A^ = 0 so that Ai ,2 = 0 and Xo is locally asymptotically stable. For the equilibrium point x±, A^ = 5/2A -I- 5/2, so that 
Ai ,2 = As > 1 and £ (_1^0), then the equilibrium points x± are saddle points. There is no minimal 

period-two solution as 

(j) = and tp = (j)^ 


implies (p = p}. 

Now we want to find L < U that satisfies the conditions of Theorem 7. Clearly f{L, L) < L if 2L® < L, which simplifies 
to L < fj\f2 if L > 0 and to L < —l///^ if L < 0. As well, f{U,U) > U if 2f7® > U, which simplifies to 17 > fj\f2. 
We can choose at least one of these inequalities to be strict. From Theorem 7, we can conclude that every solution with 
a;i,a:o < L,L > 0 converges to 0, while every solution with a;_i,a;o > 17 is eventually increasing and tends toward cxa. As 
1 / < 1 / ^[2 < U are arbitrary we conclude that 

{ 0 when X- < a:_i,a:o < x+, 

oo when a:_i,a:o > S-i-, 

—oo when X-i,Xo<X-- 

Theorem 7 does not apply when X-i < L and xo > U or X-i > U and xo < L. In this cases one can use the results from [3]. 


Example 4 Consider the difference equation 


^n + l 


1 + xl f + xl_i' 


n= 1 , 2 ,... 


where a,b > 0 and a;_i,a:o E R. The function f{u,v) = 5 //^ + yip/i is increasing in both variables. One equilibrium point 
is Xo = 0. The non-zero equilibrium point satisfies the quadratic equation 1 -|- — (a -|- h)x = 0 which has real solutions if 

(a + b)^ — 4 > 0. If a -L 6 < 2, then there only exist afo, if a - 1 - b = 2, then there exists Xo and x, and if a -L b > 2, then there exist 
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three equilibrium points xo < X- < x+. The characteristic equation at the equilibrium solution a; is 

For the equilibrium point xo, A^ = 0 so that Ai ,2 = 0 and thus, xo is locally asymptotically stable. The conditions for local 
stability of the equilibrium points x± are quite involved and can be found in [1]. In particular X- will either be a saddle point, 
repeller, or non-hyperbolic depending on whether 2a(a + 6) + (a — b)y/{a + b)^ — 4 is greater than, less than, or equal to 0, 
and the equilibrium point x+ is either locally asymptotically stable or non-hyperbolic when it exists. 

Now we want to find a, L <U that satisfies the conditions (10) and (11) of Theorem 7. First f{L, L) < L if 
which simplihes to 0 < 1 -L — (a -L b)L. This will occur when L < I/_ or L > L+ where we can set L_ = X- and L+ = 5:+. 
As well, f{U, U) > U if > U, which simplifies to 0 > 1 + U'^ — {a + b)U. This occurs when U- < U < U+ where we can 

set U- = X- and U+ = x+. For both L and U to exist, we need L < L- to satisfy L < U. From Theorem 7, we can conclude 
that every solution with a:i,a:o < L converges to 0, while every solution with X-i,xo > U converges to x+. Note that in the 
region where L and U exist, no minimal period-two solutions exists. All the period-two solutions are located in the region 
which is the union of the second and the fourth quadrant with respect to X-. 


2 Global Dynamics of Equation (1) 

In this section we present the global dynamics of Equation (1). 

2.1 Local stability results 

We begin by observing that the function f {u,v) = + pv is decreasing in the first variable and increasing in the second 

variable and so by Theorem 1, for every solution {xn}'^^_i of Equation (1) the subsequences {x 2 n}'^^Q and {a:2n-i}))^o 
eventually monotonic. 

Equation (1) has a unique positive equilibrium point where 0 < a; < Note that ^(x,x} = —cbe~‘^^ = 

—c(l — p)x and ^{x,x) = p. The characteristic equation of Equation (1) is 

A^ -I- (1 — p)cxX — p = 0. 


Applying local stability test [10] we obtain 

Lemma 1 Equation (1) has a unique positive equilibrium solution xe‘^^ = 

i) If X < y, then the equilibrium point x is locally asymptotically stable, 

ii) lfx> |, then the equilibrium point x is a saddle point. 

Hi) Ifx= y, then the equilibrium point x is non-hyperbolic of the stable type (with eigenvalues Ai = — 1 and X 2 = p). 


Proof. 

i) Equilibrium point x is locally asymptotically stable if 

1(1 — p)cx\ < l—p <2. 

As p G (0,1) then 1 — p < 2 holds. As (1 — p)ca: > 0, then x is stable if 

(1 — p)cx <1—p<^cx<l<^x< -. 

c 

Therefore, the equilibrium x is locally asymptotically stable if 5: < ^ 

ii) If 1(1 — p)ca;| > jl — pj , then the equilibrium point a; is a saddle point. As (1 — p)cx is positive, we obtain 

(1 — p)cx >1—p<^cx>l<^x> -. 

c 

So the equilibrium point a; is a saddle point if a; > A 

iii) The equilibrium point x is non-hyperbolic if 

1(1 -p)c®| = jl - pj. 

We see that cx = 1 x = y. The characteristic equation at the equilibrium becomes 

A^ -I- (1 — p)A — p = 0, 


with eigenvalues Ai = — 1 and A 2 = p. 


□ 
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2.2 Periodic solutions 

In this section we present results about existence and uniqueness of the minimal period-two solution of Equation (1). 
Theorem 8 Ifx>\, then Equation (1) has a unique minimal period-two solution: 

■ ■ ■ {4> '<P,4> > 0 and Ip > 0) . 


Proof. Let {4>,ip} be a minimal period-two solution of Equation (1), where <p a^nd tp are distinct positive real numbers. 


Then we have 

(p = be pip, Ip = be pip^ 

(12) 

where (p ^ ip. This implies 

be~’^'^ -cbe-p4 



Ip = - -, (p = be i-p p(p. 

1 -p 



—cbe , _ 

Let F{(p) = be i-T + {p — !)</>• The equilibrium point x = will be a zero of F as 


F{x) = be i-r + {p — l)a; = fee -I- (p — l)x = 0. 

-ob 

Note that F{0) = be^-p > 0 since fe > 0. Additionally, as (p approaches oo, then F{(p) approaches —cxa. Notice graphically, 
the the function F begins above the x-axis and ends approaching —oo. As the function F crosses the x-axis at least once at 
X, then F must cross the a:-axis at least three times when F'{x) > 0. This will result in the existence of a minimal period-two 
solution. We want to prove that F'{x) > 0 holds true for some values of parameters. Observe that the derivative of F is 

1 -p 

so that when x is substituted F'{x) = xb(?e~'^^ + (p ~ !)• Then F'(x) > 0 when a; > ^ as 

F'{x) = xbc^e~‘^^ -I- (p — 1) > 0 c^X > ^ e‘^^ c^X > ^ 4^ X > -. 

fe X c 

Thus when x > ^, there will be a minimal period-two solution. 

Next we want to prove that the period-two solution is unique. Rewritting (12) we obtain 

1 -p 

Let g{x) = xe~‘^^. As g'{x) = — ex), then the global maximum of g is attatined at x = K For each y value there will 

be two corresponding x values when g{x) < p(^) = This will happen when 

— cx . f , . cx . r\ 

xe < — 44’ e — ecx > 0. 
ce 

Let G{x) = e'^^ — ecx and notice that G(0) = 1. The derivative of G will be G'{x) = c(e‘^^ — e). Notice G'{x) < 0 when e'^^ < e 
such that a; < i, and G'{x) > 0 when x > ^. Thus, G{x) > 0 on [0, |) U (i, oo) where G(^) = 0 is a global minimum. Thus 
when the period-two solution exists, it is unique. □ 


2.3 Global stability results 

In view of Theorem 1 every bounded solution of Equation (1) converges to either an equilibrium solution or a minimal 
period-two solution. 

Lemma 2 The solutions of Equation (1) are bounded. 

Proof. Equation (1) implies 

a:„+i = fee”'""'" -|-px„-i < fe -|-px„-i, n = 0,1,- 

Consider the difference equation of 

u„+i = fe-|-pu„_i, n = 0,1,- (13) 

The solution of Equation (13) is Un = +Gi (y^)” + G 2 (—y^)”. As n —>■ oo, then —>■ In view of difference inequality 

result, see [7] Xn < u„ < e = U for n = 0,1,... and some -He > 0 when xo < uo- □ 
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Theorem 9 (i) If x > ^, then the equilibrium solution x is a saddle point and the minimal period-two solution {0, ■(/)}, (^ < 
is globally asymptotieally stable within the basin of attraction B{4>, ip) = [0, oo)^ \ W‘{x, x), where W®(a;, x) is the global stable 
manifold of (x, x). 

(a) If X < then the equilibrium solution x is globally asymptotically stable. 

Proof. Using Theorem 1 every bounded solution of Equation (1) converges to an equilibrium solution or period-two 
solution. By Lemma 2, every solution of Equation (1) is bounded so that all solutions converge to either an equilibrium 
solution or to the unique period-two solution {<p,ip},cp < ip. When x > ^, then r is a saddle point, by Lemma 1 part (ii), 
and has the global stable VV’'’(5;, a;) and global unstable manifolds VV’“(a;, a:), where VV’®(a;, a;) is the graph of a non-decreasing 
function and VV’“(a:, a:) is the graph of a non-increasing function, which has endpoints at {4',ip) and {ip,(p). Every initial point 
(a;_i,a;o) which starts south east of W‘{x,x) is attracted to (i/), 0), while every initial point (a;_i,a;o) which starts northwest 
of W‘’(x,x) is attracted to {(p,ip), see Theorems 2, 4. In this case in view of Theorem 1 global attractivity of period-two 
solution implies its local stability since the convergence is monotonic. 

When X < ^, the equilibrium solution is locally and so globally asymptotically stable by Lemma 1 part (i) and part (hi) 

□ 


Remark 3 For instance, case i) of Theorem 9 holds when & = l,p = .5,c = 2, case ii) holds when fe = l,p = .5,c = 1 and 
when fe = l,p = (e — l)/e, c = 1. 


3 Global Dynamics of Equation ( 3 ) 

In this section we present global dynamics of Equation (3). 


3.1 Local stability results 

First, notice that the function f {u,v) = a-\- 6ue““ is decreasing in the first variable and increasing in the second variable. By 
Theorem 1, for all solutions {x„}')^^_i of Equation (3) the subsequences {a; 2 n})(LQ and {a; 2 n-i})J^g are eventually monotonic. 

Equation (3) has a unique positive equilibrium point x = where a < x. Note that ^{x,x) = —bxe~^ and 

^{x,x) = be~^. The characteristic equation of Equation (3) is 

-I- bxe~^X — be~^ = 0. 


Lemma 3 Equation (3) has a unique positive equilibrium solution x = -ar ■ 

i) If X < then the equilibrium solution x is locally asymptotically stable. 

ii) Ifx> "'*'^2 , then the equilibrium solution x is a saddle point. 

in) If X = equilibrium solution x is non-hyperbolic of .stable type (with eigenvalues Ai = —1 and 

A2 = be-^). 


Proof. 

i) The equilibrium point x is locally asymptotically stable if 

< 1 — be~^ < 2 . 

As be~^ > 0, then 1 — be~^ < 2 holds true. So rearranging the other inequality we obtain 

1 - 

bxe ^ < I — be ^ be ^{x-\-l)<l<^x-\-l< -e^ x < —— 1. 

Therefore, the equilibrium x is locally asymptotically stable if5:< ^— 1. As5; = a-|- hxe~^ we have 

X bx 


X — a 

Then we can equivalently write the condition to be locally asymptotically stable as 


X < - - 1 X < 

b 


bx 
x — a 


X 


, — l 4^ X < — -1 

o x — a 


_2 _ „ — + Va^ 4:0 

44^ X — xa — a<044^x< ---. 


( 14 ) 
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ii) If 

> |l “ be~^^ , 

then the equilibrium solution a; is a saddle point. Note that be~^ < 1 since 

be ^ < 1 <!4> < 1 <!4> — < 0 

X X 

always holds as a > 0. The condition for a; to be a saddle point yields 

1 - 

bxe ^ > 1 — he ^ ^ be ^(a; + l)>l<t4>x + l> -e^ x > —— 1. 

So the equilibrium point a; is a saddle point if a; > ^ -1. By using (14), the inequality can then equivalently be written as 


— e" ^ X ,_2_ „_a + + 4a 

X > - - l44>a;> — -1 a; > =-l44>a:— a:a — a>044>a;> -. 

b b X — a 2 


iii) The equilibrium point x is non-hyperbolic point if 

= |l — be~^^ . 

We see that 

bxe~^ = 1 — be~^ be~^{x +1) = 144>T+1 = ^e^ <^x =^— 1. 

In view of (14) this can be rewritten as 

- e.^ ^ X ,_ 2 _ „_a + Va^ + 4a 

X = - - l44>a; = —-1 X = =- \<^x— xa — a = Q<^x = -. 

b b x — a 2 

The characteristic equation at the equilibrium point will become 

+ (1 — be~^)\ — he~^ = 0 , 

with eigenvalues Ai = —1 and A 2 = he~^ £ (0,1). 


3.2 Periodic solutions 

In this section we present results about existence and uniqueness of minimal period-two solutions of Equation (3). 

Theorem 10 Assume that 6 < e“. Ifx> , then Equation (3) has minimal period-two solution: 

... {(p and (f) > 0,'ip > 0) . 


Proof. We want to find for which values of x there exists a minimal period-two solution (0, ip) where (j> and ip are distinct 
positive real numbers. A period-two solution satisfies 

4> = a-\-b4>e~'^, ip = aAbipe~^, (15) 

where (j> and ip are distinct real numbers. Rewritting ip and then substituting into (p we obtain 

'^^Y^’he^' (() = a-b6<(>e"Wb;^. (16) 

Let F{(p) = a -\- (p{be — 1). The equilibrium point x = 1,0 a zero of F as 

F(x) = a -I- x{be — 1) = a -I- x{be~^ — 1) = 0. 

Now 

F{a) = a -L a{be — 1) = abe 
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is positive as a and h are positive constants. As (j> approaches cx 3 , then F approaches —oo assuming that b < e“. When 
F'{x) > 0 then F will cross the x—axis at least three times resulting in a minimal period-two solution. Thus, we want to 
prove when F'{x) > 0 holds. Taking the derivative of F we have 


F'{(I>) = ipe *' 


1 ) + 


(1 — be~^Y 




so that F'{x) = =^ + 

-a x^b‘^e~‘^^ 

-1- 

X a 

Thus, when x > 

When X > +‘^ g: ^ ^jjen 


—. Then F'{x) > 0 hold true when 
> 0 x^be~^ > a x^b > 

there will be a minimal period-two solution. 


axb 


x{x — a) > ax^ — xa — a > 0. 


1 — be~^ 


a + + 4a 

> -^-<4> 


2 a 


; -I- + 4a 


> 1 — &e 


—a -I- + 4a ^ —a -|- \/a^ + 4a °+\/°^+^° 

<!4> - ; e < 6 - e 2 < b. 

a -I- Va^ -I- 4a a -|- Va^ -I- 4a 

Next we want to prove that the minimal period-two solution is unique. By rewriting (15) we find that 


(/)(1 — be '^) = a = '!/)(! — be '^) <4- - - j— 

1 — be 


1 — be~'^ 


Let gix) = Using g'{x) = ^ to find the critical points we get that 1 — 6 e ^{x -I- 1) = 0 = b{x + 1). 

There exists a unique value of m where = fee”"" for which this holds. Using the first-derivative theorem we can check 
that m is a local minima. Note it suffices to check the numerator of g'{m — 1) as the denominator is always positive. Using 
the fact that = 6 e“"* 


1 — 6e 


-(m-l) 


m < 0 — <be 

m 


-(m-l) 


<!4> — < -- 

m m + 1 


m + 1 
- < e. 


This proves that g'{m — 1) < 0. Next using the same method taking the numerator of g'{m + 1) we see that 


1 - 6e“'’"+^'(m-L2) > 0 44> 


m -L 2 




> 


m -I- 1 _i 
> e . 


m -|-2 m-|-l m -|-2 


This proves that g'(m -|- 1) > 0. As the derivative changes from negative to positive around the critical point, it will be a local 
minima. Note that g[a) > 0 and as x approaches oo, g{x) approaches oo. Since m is the only critical point, each y value will 
have two x values with the exception at m. This results in the fact that there can only be one period-two solution. □ 


Proposition 1 //& > e“, there are no minimal period-two solutions. 

Proof. Assume that {<(>,'!/’} is a period-two solution. Then {<(>, satisfies (15) and so it satishes (16) as well. 

Let F{<f)) = a -|- (()(&e equilibrium point x = I 30 ^ zero of F as 

F{x) = a -I- x{be — 1) = a -|- x{be~^ — 1) = 0. 

We see that 

F{a) = a -L a{be — 1 ) = abe 

which is a positive value as a and b are positive constants. As 0 approaches 00 , then F approaches 00 as 6 > e“. As the 
function begins above the x-axis at a and approaches 00 , F will cross the x-axis an even number of times. Since F{x) = 0 is 
one of the points that lie on the x-axis and the only equilibrium point, there cannot be a minimal period-two solution. □ 
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3.3 Global stability results 

By Theorem 1 every bounded solution of Equation (1) converges to either an equilibrium solution or a minimal period-two 
solution. 

Lemma 4 The solutions of Equation (3) are bounded if b < e‘^ . 

Proof. By Equation (3), 

Xn+I = a + bx„-ie~'^"' < a -|- bx„-i, n = 0,1,.... 

Consider the difference equation of 

u„+i = a + bun-i, n = 0,l,.... (17) 

Suppose that b < e“. The solution of Equation (17) is u„ = + C'i(\/6)” -I- C2{—Vb)". As n —>■ oo, then u„ —>■ In view 

of difference inequality result, see [7] x„ < Un < + e = U for n = 0, 1,... when xo < uo , where e > 0. □ 


Theorem 11 Consider Equation (3). 

(i) If b < e“ and x > ^^6*^ there exists a period-two solution that is locally asymptotically stable and the 

equilibrium point, x, that is is a saddle point. The unique period-two solution attracts all solutions which start off the 
global stable manifold of W’’ {E{x,x)). 

(a) If b < e°‘ and x < ^ then the equilibrium solution, x, is globally asymptotically stable. 

(Hi) Ifb < e“ andx = then the equilibrium solution, x, is non-hyperbolic of the stable type and is global attraetor. 


Proof. 

(i) Using Theorem 1 every bounded solution of Equation (3) converges to an equilibrium solution or period-two solution. 
By Lemma 4, when & < e“ every solution of Equation (3) is bounded such that all solutions will converge to either an 

equilibrium solution or period-two solution. If fe < e“ and x > then x will be a saddle point by Lemma 3 

part (ii), and there will be a minimal period-two solution by Theorem 10. In view of Theorems 2, 4 there exist the 
global stable manifold W'* (x, x) and global unstable manifold W” (x, x), where W® (x, x) is the graph of a non-decreasing 
function and VV’“(5:, x) is the graph of a non-increasing function, which has endpoints at (</>, tp) and {ip, (p). Every initial 
point {x-\,xo) which starts south east of W'’(x, x) is attracted to {ip,(p), while every initial point (*-i, *o) which starts 
north west of W‘‘{x,x) is attracted to {(p, ip). 

(ii) When fe < e“ and x < °'*~^2 then x is locally asymptotically stable by Lemma 3 part (i). Since [a, U]^ is invariant 
box and {x,x) is the only fixed point then, by Theorem 2.1 in [11] is global attractor and so globally asymptotically 
stable. 

(iii) Moreover, when & < e“ and x = +4 ,a.^ _ non-hyperbolic of the stable type by Lemma 3 part (iii). Since 

[a, U]'^ is invariant box and {x, x) is the only fixed point then, by Theorem 2.1 in [11] is global attractor and so globally 
asymptotically stable. 

□ 


Theorem 12 Ifb> e“, then Equation (3) has unbounded solutions. 

Proof. We will use Theorem 6 to prove this theorem. The conditions of (8) and (9) of Theorem 6 become 

f{U,L) = a + bLe~'^ <L and f{L,U) = a + bUe~^>U. 

These inequalities can be reduced to 

a < L{1 — be~^) and a>U{l — be~^). 

Any value of L and U such that — i_hP-L "'ll! satisfy the theorem. Let G(x) = There is a vertical asymptote 

at 1 — be~^ — 0 that is at a; = ln(6). In interval (In(&),cx3) we can find L and U that satisfies these inequalities. As fe > e“ 
then ln(6) > a so that (ln(&),cx3) is part of the domain of difference equation (3). An example of where this holds is when 
L — a -t- e. Using the fact that fe > e“ and e is small, then b > By condition (9) the inequality holds true as 

a -L > U 
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We will use condition (8) and & > e“ to find the criteria for U based on our L. Thus, 

7 / \ —u ^ / \ u ^ hid “t“ e) (7 ^ 6^id T c) i-r ^ 7 /^ “1“ 

a + b(d + e)e < (a + e) 17 > a + In ^-j . 


Let [/ be such that U > a + In • It holds that U > L. Overall, as / is continuous and there is no minimal period-two 

solution by Proposition 1, using Theorem (6) some solutions will approach oo. □ 


Remark 4 For instance, case i) of Theorem 11 holds when a = 1, & = 2, case ii) holds when a = 4, 6 = 2 and case Hi) holds 
when a = 2,b = and the conditions of Theorem 12 holds when a = .5, & = 2. 

In conclusion. Equations (1) and (3) exhibit the global period doubling bifurcation described by Theorem 5.1 in [11]. 
Checking the conditions of Theorem 5.1 in [11] is exactly the content of Lemmas 1-3 and Theorems 10-12. 
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Abstract 


In this paper, we derive some bounds for the real parts and arguments of the 
functionals given by 




Js,b{f)iz) J Js,b{f)iz) 

WTU) 


(z G O), 


where Jg^b is the widely-investigated Srivastava-Attiya operator defined on the 
class of normalized analytic functions / in the open unit disk 


D := {z : z G C and \z\ < 1} 


with suitable real parameters s and b. These results reduce upon specialization 
to some well-known inclusion relationships for several classes of functions with 
given geometric properties. We also make a comparison between one of the results 
obtained here and an already known result for some specific cases. 


2010 Mathematics Subject Classification. Primary 30C45; Secondary 30C55. 

Key Words and Phrases. Analytic functions; Univalent functions; Starlike functions; Convex 
functions; Srivastava-Attiya operator; Strongly starlike functions; Strongly convex functions; 
Principle of differential subordination; Inclusion relationships. 


1. Introduction and Preliminaries 

Let A denote the class of functions / normalized by 

OO 

f{z) = z+ ^anz'^, (1.1) 

n=2 
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which are analytic in the open unit disk 

D := {z : z G C and \z\ < 1}. 

The general Hurwitz-Lerch Zeta fnnction ^{z,s,b) is defined by 

OO ^ 


n=0 


{b + n)^ 


(6 G C \ Zq ; s G C when \z\ < 1; iH{s} > 1 when \z\ = l). 

It is known that the function ^(z,s,b) reduces to such more familiar functions of Analytic 
Number Theory as the Riemann and the Hurwitz Zeta functions, Lerch’s Zeta function, the 
Polylogarithmic function and the Lipschitz-Lerch Zeta function (see, for details, [12]). 

Srivastava and Attiya introduced the linear operator : A ^ A defined by 

Js,b{f){z) = Gg^biz) * f{z) (6 G C \ Zq ; s G C), 

where the symbol * denotes the Hadamard product (or convolution) of analytic functions and 
the function Gg^b is defined by 

Gg^b{z) = {b+ 1)^[^(2, s, b) - b~^]. 

For a / G .4 of the form given by (O), we get 




71=2 


6+1 

6 + n 


ttnZ 


{z G O). 


( 1 . 2 ) 


Srivastava and Attiya showed that (see also the recent work by Srivastava et al. 

Jo,b{f){z) = f{z), 
fit) 


Jl,-yif)iz) = 


JlMi^) = [ 
Jo 

1 + 7 


t 


-dt =: A{f){z), 


z'r 


and 


Ja,lif)iz) = ^ + Y 


71=2 


G ^f{t)dt =: J^{f)iz) 
2 


n + 1 


(7 > -1) 

anz'^ =: I'"if)iz) {a > 0 ), 


where A, and are the familiar Alexander j^, Bernard! and Jung-Kim-Srivastava 
integral operators, respectively. 


From the eqnation (1.2), we can obtain the following recurrence relation: 


(1.3) 


zJ'g+i,bif)i^) = (1 + b)Js,bif){z) - bJg+i^bif){z). 

For a G [0,1) and (3 G (0,1], let denote a subset of C defined by 
^q:,/3 = : w G C and |arg [w — a)\ < — (3^ . 

We denote by 5*(a,/?) and C(a,/3) the classes of fnnctions f G A satisfying the following 


conditions: 


z z (z^ 

^ fc and 1+ GGa,iS (V z G O), 


fiz) 


f'iz) 
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respectively. The function / in the classes S*{a,(3) and C{a,/3) is called starlike of order /3 and 
type a in D and strongly convex of order /3 and type a in D, respectively. We note that 

5*(a, 1) = 5*(a) and C(q;, 1) = C(a), 


which are the well-known classes of starlike functions of order a in 
order a in D. 


and convex functions of 


Wilken and Feng 15 showed that / G C(a, 1) implies that / G S*{f5, 1), where 

1 - 2 a 


(3 := I3{a) = < 


22-2a[l - 22«-1] 
1 


“^5 


1 

“ “ 2 


(1.4) 


2 log 2 

Nunokawa et al. investigated relations between 7 G (0,1) and 6 G (0,1) so that 5* (a, 7) 
implies that C(/3,<5), where /3 is given by (1.4). We will discuss this relation in Section 4. 

The relation given above can be represented by using the operator Jg ^ as follows: 




G n 


zJ'g+i^k{f){z) 


Q;,7 


Js+l,h{f){z) 


£ (z G O), 


(1.5) 


for s = — 1 and 6 = 0 . 


In the present paper, we will consider the implication given in (1.5) for suitable values of s 
and 6 in M. We also consider other similar problems associated with (1.5), which are related to 
the forms given by 


Js,b{f){z) 


and 


Js,b{f){z) 

Js+l,h{f){z) 


We say that / is subordinate to F in D, written as / -< T or as f{z) -< F{z) in D, if and 
only if f{z) = F(^uj{z)) for some Schwarz function uj{z) with a;(0) = 0 and \uj{z)\ < 1 for 2 : G O. 
It is well known that, if F is univalent in D, then / -< T is equivalent to /(O) = T(0) and 
/(O) C F(D) (see, for details, p. 36]). 

Let —>• C and let h be univalent in D. If p is analytic in D and satisfies the following 

differential subordination: 


'ip[p{z), zp'{z)) h{z) {z G O), 

then p is called a solution of the differential subordination. A univalent function q is called a 
dominant of the solutions of the differential subordination (or, simply, a dominant) if p -< (7 in 
D for all solutions p. A function q is called best dominant if g ^ g in D for all dominants q. 

We recall the following lemmas which are required in our present investigation. 

Lemma 1. (see Hallenbeck and Ruscheweyh [^; see also p. 71]) Let h he convex in D with 
6,(0) = a, 7 / 0 and 1 H{ 7 } ^0. If p is analytic in D with the form given by 

p{z) = a + Cnz'^ + Cn+iz^^^ ''' (n G N := {1, 2, 3, • • • }) 

and 

p^z) + ^ h{z) (2 GO), (1.6) 

7 
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then 
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p{z) -< q{z) -< h{z) {z G 


q{z) = r 

nz'r/^ Jo 

The function q is convex and is the best dominant of a. 

Lemma 2. (see Miller and Mocanu i) If-l^B < ^4 ^ 1, /3 > 0 and the complex number 7 
satisfies the inequality. 

94{7} ^ 


then the following differential equation: 

zq'{z) 


q{z) + 


1-B ’ 
1 + Az 


I3q{z)+'y l + Bz 
has a univalent solution in D given by 

^/3+7(1 


q{z) = < 


iz€ 


7 


^JJth+'f-^{l + Bt)(^-B)f^/Bdt p 


z^+^ exp{(3Az) 


7 


(3 fj th+y 1 exp(/3At)dt (5 
If the function p{z) given by 

p{z) = 1 + ClZ + C2z‘^ H- 

is analytic in D and satisfies the following subordination condition: 


(B^O) 

{B = 0). 


p{z) + 


then 


zp'{z) 1 + Az 

/3p(z) + 7 1 + Bz 

1 + Az 


p(z) -< q(z) -< 


1 + Bz 


(z G 
(z e O): 


(1.7) 


and q is the best dominant of (1.7). 


The generalized hypergeometric function qFg is defined by 

00 

qFsiz) = (,Fs(ai,--- , Py, z) = ^ 


(ai)n • • • (aq)n ^ . 

\Z ^ 


n=0 


(/3l)n • • • (/3s)n n\ 


( 1 . 8 ) 


where aj G C {j = 1, ■ ■ ■ , q), /5j G C \ Zq , Zq := {0, -1, -2, • • •} (j = 1, • • • ,s), q ^ s + 1, 
q,s G No, and {a)n is the Pochhammer symbol defined by 

(a)o = 1 and (a)„ = ————= a(a + 1) • • • (a + n - 1) (n G N), 

r(a) 

r(z) being the Gamma function of the argument z. 

We recall following well-known identities for the Gaussian hypergeometric function 2 F 1 , that 
is, the special case of (1.8) when q — 1 = s = 1: 


Lemma 3. (see 14, pp. 285 and 293]) For real or complex numbers a, b and c (c ^ Zq), the 
following identities hold true: 
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(i) - zty'^dt = (a, 6; c; z) 

Jo r(c) 

when 9^{c} > 9^{6} > 0; 

(ii) 2 F 1 (a, 6; c; z) = 2 -F 1 {b, a; c; z ); 

(iii) 2 F 1 (a, 6; c; z) = (1 - z)~°’ 2 F 1 (^a, c - b; c; . 


The following lemmas will also be required in our present investigation. 

Lemma 4. (see Wilken and Feng |^) Let u be a positive measure on [0,1] and let h be a 
complex-valued function defined on D x [0,1] such that h{-,t) is analytic in D for each t G [0,1] 
and that h{z, ■) is v-integrable on [0,1] for all z G D. In addition, suppose that D\{h{z,t)} > 0, 
h{—r,t) is real and 


91 


1 


> 


1 


h{z,f) \ h{—r,t) 

If the function H is defined by 


{\z\ Sr <1; tG [0,1]). 


H{z) = / h{z,t)di'{t), 

Jo 


then 


91 


1 


> 


1 


H{z)\ - H{-r) 


(l^l ^ r < 1). 


Lemma 5. (see Nunokawa [^) Let the function P he analytic in D, P{0) = 1, P{z) 0 in II 
and suppose that there exists a point zq £ ® such that 


and 

Then 

where 

and 

and where 

with a > 0. 


arg (P(z))l < ^ d {\z\<\zo\) 


|arg (P(zo))| = ^ 5 (<5>0) 


zqPSzq) 

P{zo) 


= \k5, 


A: ^ ^ when arg {P{zo)) = ^ 


/c ^ H—^ when arg (^P{zo)) 


^ A 
-2^’ 


P{zo)i = ±ia 


(1.9) 
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2. Bounds for the Real Parts 

In this section, we investigate the bounds for the real parts of normalized analytic functions 
defined by the Srivastava-Attiya operator Jg^b- 


in 


Theorem 1. Let f G A and 

where sGM, 0^a<l and b ^ —a. Then 
zJs+i,bU^(.^) 


> a {z G D), 


in 


>-b + ib + l) 


This result is sharp. 

Proof. Let us define a function p : D —?• C by 


2 F 1 I 1, 2 — 2a; b + 2; - 


-1 


{zG 


( 2 . 1 ) 


( 2 . 2 ) 


p{z) = 




Then p is analytic in D with p(0) = 1. Thus, from the recurrence relation (1.3), we have 

Js,b{f){z) 


From (2.1), the above relation shows that 

p{z) + 


p{z) + b 

,B = - 

1 

^ W) 


where Q is defined by 


Q{z) = / t' 


, , zp'{z) 

p{z)+ / N , >• 

p{z) + b 

(2.3) 

1 + (1 - 2a)z 
> 1 — z 

(2.4) 

1, /3 = 1 and 7 = 6, we find that 


— b (z G D), 

(2.5) 




By applying Lemma we have 

Q{z) = 


r (6 + i) 


2 F 1 ( 2 — 2a, 1; 6 + 2; 


r (6 + 2) 

Moreover, the function Q is represented as follows: 

Qiz)= f g{t,z)dp{t), 


z - 1 


where 


and 


git,z) = 


1 - z 


1 — (1 — t)z 


dg{t) = 


T{b + 1) 

_ ^^6+2a—1 


r(2-2a)r(6 + 2a) 


dt 
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with t G [0,1] and 2; G D. We note that d/x(t) is a positive measure on [0,1]. We can easily 
verify that the assertions hold true: 

(i) is analytic in D for each t G [0,1]; 

(ii) g{z, •) is integrable with respect to /i on [0,1]; 

(hi) y{{g{z,t)} > 0 for all 2 ; G O and t G [0,1]; 

(iv) g{—r, t) is real for all r and for t G [0,1]. 

Indeed, we have 




1 


^ 1 . zt ^ ^ ^ tr 1 

= iH<i 1 +-^ ^ 1-= — - r, 

1 — 2; j 1 + r g{—r, t) 


. 9 {z,t) 

for |2;| ^ r < 1 and t G [0,1]. Therefore, by applying Lemma we obtain 

1 -1 




1 


Q(z) 


> 


T{b + 2) 
Tib + 1) 


2 F 1 2-2a,l;5 + 2; 


1 + r 


|2;| ^ r < 1). 


( 2 . 6 ) 


Letting r ^ 1— in (2.6) we conclude that the inequality (2.2) holds true from the relation 


The sharpness of this result follows from the fact that the function Q is the best dominant of 

d^. □ 


Theorem 2. Let f G A and suppose that 

f ^s,fe(/)(^) 

where sGM, 0^a<l and b > —1. Then 


> a (z G O), 


^ ^ Js+i,b{mz) I > 1 _ ( 1 , 1; 6 + 3; ^ ) (z G 


This result is sharp. 

Proof. Let us define a function p : D —?• C by 


Then we have 


From (2.7), we see that 


where 


( ^ (y ) (-2^) / TT..\ 

p[z) = -^- [z G D). 


---= p{z) + j^zp [z). 


, , , 1 + (1 — 20)2; , 

h(z) = --^ (z G D). 
1 — z 


'>+1 r 


k^dt, 


(2.7) 


( 2 . 8 ) 


Thus, by applying Lemma[^with 7 = 6+1 and h given above, we have p( 2 :) + q{z) in D, where 
q is a convex function in D defined by 

6+1 7 ^ 1 + (1 - 2a)t^ 

lo 
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which, in view of Lemma yields 


q{z) = 1 + 


2(1 - a){b+l)z 


2-^1 ( 1,1; + 3; 


z-1 


{b + 2)(1 - z) 

Since the function q is convex with real coefficients, by the subordination relation: 

p{z) -< q{z) {z E D), 


we obtain the inequality (2.8) by letting z —>■ —1+. The sharpness of this result follows from 
the fact that the function q is the best dominant of the differential subordination given by 

(z E O). 




6 + 1 


□ 


We recall the following special case due to Prajapat and Bulboaca Corollary 2.10]. 
Theorem 3. Let f € A and suppose that 


where sEM, 0^a<l and b ^ —a. Then 

Js+l,b{f)i^ 


> a 


iz£ 


^R 


Js+2,b{f)i^) 


> 


2+1 ( l,2-2a;6 + 2;- 


1 -1 


{z E O). 


(2.9) 


This result is sharp. 


3. Bounds for the Arguments 


For given a E [0,1), let the parameters p, p and p be real numbers defined by 

1 -1 


Pi = Pi{a, b) := -6 + (6 + 1) 


2+1 ( l,2-2a;6 + 2;^ 


and 


P 2 = P2ia,b) := 1 - 


Ps = Pz{a,b) ■= 


(1 - a )(6 + 1 ) 

6T2 


2+1 ( 1,1; 6 + 3; - 


(6 ^ -a), 

(6>-l) 


2+1 ( 1, 2 — 2a; 6 + 2; - 


-1 


(6 ^ —a). 


We note that Pj < 1 (j = 1, 2,3). We also note that 

Pj^a (j = 1,2,3). 

These inequalities are immediate consequences of Lemma or with 


such that 


, , 1 + Az 1 + (1 — ‘2a)z , , 

^ ^ = T+Tdr = ' 1 " {A = l-2a- B = -l) 

1 + Bz 1 — z 


iR{h{z)} > a {z £ 


(3.1) 

(3.2) 

(3.3) 


In this section, we investigate the bounds for the arguments of normalized analytic functions 
defined by the Srivastava-Attiya operator Jg^. In order to get our results, we need the following 
propositions. 


635 


Young Jae Sim ET AL 628-645 

















J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Bounds of Real Parts and Arguments of Normalized Analytic Functions 


9 


Proposition 1. Let wi,W 2 ,'W 3 G C satisfy the following conditions: 

(i) > 0 and J{toi} < 0; 

(ii) 0 < arg(u;3) ^ arg(t(;2) < f; 

(iii) ItrsI ^ \w 2 \. 

Then the inequality: 

aig{wi + w^) ^ arg(uii + W 2 ) (3.4) 

holds true. 


Proof. First of all, we consider a case for which arg(tt;3) = arg(tt;2). In this case, we let 

wi = X + iy, W2 = R 2 ^^^ and = i?3e^®. 


where x > 0, y < 0 and R 2 ^ Rs. Then the inequality (3.4) is equivalent to 

y + R 2 sm 9 ^ y + R^ sin 9 
X + R 2 cos 9 ~ X + R 3 cos 9 

Furthermore, since x > 0 and 9 G (0,7r/2), the above inequality is equivalent to 

(i?2 — R 3 ){xsm 9 — ycos9) ^ 0. 

Therefore, it follows from x > 0 and y < 0 that the above inequality holds true. 
To complete the proof of Proposition let fl C C be defined by 


n = 


|i?e‘^ G C : 0 < ii ^ i?2 and 0 < t/1 ^ arg(t(;2)| . 


Letting W 3 G Ii, we suppose that ii be a straight line through the points —tci and W 2 and £2 
be a straight line through the points —wi and W 3 . From Condition (ii) of Propositionwe can 
take the unique intersection point denoted by 5i3 G O of £i and £ 2 . For this point, we have 

arg {w 3 - (-wi)) = arg {w 3 - {-wi)) ^ arg {w 2 - (-wi)), 

which completes the proof of Proposition □ 

The demonstration of Proposition below is fairly straightforward. 

Proposition 2. Let wi and W 2 be in C\ {0}. Then 

axg{wi + W 2 ) ^ min {arg(u)i), arg(t(;2)} . 

Theorem 4. Let /? G M 6e the parameter j3i given by (3.1). Suppose also that f £ A and 


arg 


— a 


Js,b{f){z) 

where s E M, 6 ^ —/S, 0 ^ a < 1 and 0 < 7 < 1. Then 


TT 

<2^ 


(zG 


(3.5) 


arg 

where 0 < (5 < 1 and 




-P 




(z G O; 0 < (5 < 1), 


6{l - P)ixl+^ + xl ^) 
2(/3-a)[(l -/3)x^ + /3 + 6] 




7 = min \ 6 , — arctan 

TT 
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and xq G (0,1) is the root of the following equation-. 

(1 - /3)(x^ - l)x‘^ = (;5 + 6)[1 - 5 - (1 + (3.6) 

Proof. Let us define the functions p and P : D —)• C by 

, , . . _ p{z) - /3 

Js+i,b{f){z) 1-/3- 

Then the functions p and P are analytic in D with p(0) = P(0) = 1. From the recurrence 


relation (1.3), we have 


zp'{z) 

= p[z) + 


Js,b{f)(^) ' P{z) + b’ 

We now assume that there exists a point zq G M such that 

|arg {P{z)) I = |arg {p{z) - /3) | < ^ <5 


for \z\ < \zo\ and 


Consider the case when 


|arg {P{zo)) I = |arg (p(zo) - ^) | = ^ <5. 


arg {P{zo)) = arg {p{zo) - /3) = ^ <5, 


Then, by Lemma we have 


zoP'{zo) zqp'{zo) 


P{zq) p{zq) - fd 


= i6k, 


where 


1 


1 


A: > - a H— 


with a > 0. Also, from ( |3.7[ ) and ( |3.8D , we have 
' zoJs,bif)izo) 


arg 


— a 


\ Js,b{f){zo) 

= arg (p{z„) -0)+ arg ( 


1 


TT 


= -(5 + arg l-/3 + (/3-a)(ia) + 


\p{zo) - 13 p{zq) - /3 p{zo) + b 
-5 , ^bk{l - (3) 


(l-/3)(ia)'5 + /3 + 6 


Let us define wi, W 2 and by 


and 


wi = l- P + {/3 - a)(ia) \ 
idk{l - (3) 
(l-/3)(ia)^ + /3 + 6 

i(5fc(l - /3) 


W2 = 


W3 = 


[{1 -/3)a^ + P + b]ef' 


(3.7) 


(3.8) 

(3.9) 


(3.10) 
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We note that 


and 


Sn{u,} = l-;S+|^^^^cos(|<5)>0 

3 {wi} = sin <5) < 0. 


(/? — a)a^ 

Also, from the inequality /3 + 6 ^ 0, we can easily verify that the inequality arg(u;2) ^ arg(u)3) 
holds true. Furthermore, the inequality |u;2| ^ |u)3| is true, since 


\VJ2\ = 


(1 - /3)2a2^ + 2(1 - /3)(/3 + b)a^ cos (f 5) + (/3 + bf 
^ 52A;2(1-/3)2 

= [(1 -/ 3 ) a ^ +/3 + 6]2 

= \W3\‘^. 


Therefore, by applying Proposition with (3.10), we have 
' zoJs,bif)izo) 


arg 


Js,b{f)i^o) 


— a 


7T 


^ (5 + arg I 1 - /? + (/3 - Q;)(ia) + 


i<5A:(l - /3) 


TT 


= - (5 + arg ( e 


_ A » 

2 " 


4 /3 — a 


[(1 - /3)a'5 + P + ^ 

\5k 


\ I UL X {3 — Oi 

^ arg e 2 + 


(l-/3)a'5 {I- I5)a^ + ^ + b 

i5(a + a“^) 


Let us now put 


104 = 


{1-I5)a^ 2[{l - I3)a^ + (5 + b\ 

(3 — a . 6{a + a“^) 


+ I7 


Then 


{1 - (3)a^ 2[{1 - I3)a^ + (3 + b]' 

{l-f3)6 


2{P - a) 


9{a] 


X + X 


-1 


arg {wi) = arctan 

where g : (0, 00) —)• M is a function defined by 

“ Y-~f+{j5~+b)x-^' 

Differentiating the function g with respect to x, we have 

^<5+2^1 _ ^ b)x~^fg'{x) = h{x), 

where the function /i : (0,00) —>• M is defined by 

h{x) = (x^ - 1)[(1 - /3)x^ + /3 + b] + 6{P + 6)(x^ + 1). 
Since the function h is continuous on (0,00) with 

h{0) = —(/3 + 6)(1 — J) <0 and h{l) = 25{f3 + 5) > 0, 


(3.11) 
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there exists an xq G (0,1) such that h{xo) = 0, which is equivalent to the equation given by 
(3.6). Differentiating the function h twice with respect to x, we find that 


h"{x) = (2 + 5)(1 - ^)(1 + 5)x^ + <5(1 - <5)(1 - + 2(1 + ,5)(/3 + 6) > 0 


for all X G (0,1). Since h{x) > 0 for x G (1, oo), it follows from the convexity of h{x) on (0,1) 
that the function g\x) vanishes only at xq G (0,1). Furthermore, we can easily verify that g{xo) 
is the minimum value of g{x) on (0, oo). Therefore, we have 


arg (1x4) ^ arctan 


= arctan 



( <5(l-/3)(x^+^ + xg \ 

\2(/3-a)[(l-/3)x^ + ^ + 5] J 


(3.12) 


Finally, from (3.11), (3.12) and Proposition]^ we have 


( zoJ's^bif)izo) 
arg 1 ^^- a 


JsAf)izo) 

( Itt r 

eT - 

<5,arg(u;4)} 


/ IIL A 

^ arg 6 2 +1114 


> 


^ mm < — 


^ . jvr { (5(l-/3)(xJ+'^ + x^ ^) 

\2 \2{p - a)[{l - 13 )x^q +/3 + b] ^ 

TT 


= 2^’ 


which leads to a contradiction to the hypothesis (3.5). 
For the case when 


Lemma yields 


where 


TT 

arg (^(zo)) = arg {p{zo) - 6, 


zoP'izo) zoP'izo) 


P{zq) p{zq) - /3 


k^-Ua+- 
2 V a 


= \5k. 


(3.13) 


(3.14) 


639 


Young Jae Sim ET AL 628-645 












J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Bounds of Real Parts and Arguments of Normalized Analytic Functions 


13 


with a > 0. We also have 

' ^oJ'biDizo) 


where 


arg 


— a 


^ JsM)izo) 

= arg (p(a„) - ,3) + arg 

(l-/3)(-ia)'5 + /3-a 


= - - 5 + arg 


(l-/3)(-ia)^ 


+ 


i6k 


(l-/3)(-ia)'5 + /3 + 6 


IT 


+ arg ( 1 - /3 + (/? - a)(ia) ^ + 


i6k{l-(3) 


(l-/3)(ia)^ + /3 + 6 


k := —k > 


a + a 


-1 


Therefore, from the proof of the first case, we have 

' zoJ'biDizo) 


arg 


JsM)izo) 


— a ^ 


<_![ 


7, 


which also leads to a contradiction to the hypothesis (3.5). This completes the proof of Theo¬ 
rem |4l □ 


Theorem 5. Let /3 G M 6e the parameter (32 given by (3.2). Let f ^ A and suppose that 

z 


arg 


— a 


TT 

<2^ 


(zG 


where s G M, 6 > —1, 0 ^ a < 1 and 0 < 7 < 1. Then 

' Js+i,bif){z) 


where 


arg 


7 = 5-1-arctan ■ 

TT 


-/3 


<2^ 


(z G O; 0 < 5 < 1), 


-2(6 l)(/3 - a) sin (| 5) 5(1 - /3)(xg ^ Xg 


2(6 -I-1) [(1 - I3)xl + {(3 - a) cos (| 5)] 
and xq G (0,1) is the unique zero of the function h defined by 

h{x) = Cx^(x^ - 1) + r4C(5 + l)x2 + 6Bx + AC(S - 1) 

with 


A = 


f3 — a 


/"T A 

ra /5- 

- a 

A 

( — 5 ) , 

B - ^ 

—V sm 

- 

V2 / 

1 - 

-fi 

*^2 / 


and C = 


2 ( 6 + 1 )' 


Proof. Let us define the functions p and P : 


C by 


g ^ Js+iMf)(z) J or \ p(z) - 

p(z) = ^ and P(z) = ■ 

Then the functions p and P are analytic in D with p(0) = P(0) = 1. We also have 

Js,b{f)iz) ^ ^ , 1 ^ 

-= PA) + j;^zp (z). 

z 6+1 


(3.15) 


(3.16) 

(3.17) 

(3.18) 

(3.19) 
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We now assume that there exists a point zq G M such that 


TT 

|arg {P{z)) I = |arg {p{z) - /3) \ <-6, 


for \z\ < \zq\ and 


IT 

|arg {P{zo)) I = |arg {p{zq) - /?) | = - ,5. 


We consider the case when 

TT 

arg {P{zq)) = arg {p{zq) - p) = -5. 

Then, by Lemma we have the relations given by 
(3.19), we have 

' Js,b{f){zo) 


and (3.9) with a > 0. From (3.18) and 


arg 


— a 


zo 


= arg {p{zo) - 0) + arg 


+ 


zop'{zo) 


p{zo) - a ^ 

p(zo) - /3 ' (6 + 1) (p(zo) - 0) 


TT 


= - 6 + arg ( 1 + 


B — a i6k 

+ 


TT 


= — 6 + arctan — 


{l-/J)(io)^ <1 + 1, 

{f<5) 


(3—a 
(1-/3)+ 


COS 


TT 

0. — 6 + arctan (^g{a)), 


(3.20) 


where 


9{x) = 


-B + C{x^+^ + x^-0 
x^ + A ' 


and A, B and C are positive constants given by (3.17). Differentiating the function g{x) with 
respect to x, we have 


o3 ^{0 + A0g'(x) = h{x), 


“ijr 


where h is given by (3.16). Simple calculations show that 


h{0) = -AC{l-6) <0 and h{x) ^ h{l) = 6{2AC + B) > 0 (x ^ 1) 


and 


h”{x) = C[{5 + 2){5 + l)x^ + <5(1 - < 5 )x^- 2 ] + 2AC{6 + 1) > 0 (0 < x < 1). 

Similar methods as in the proof of Theorem would yield 

g{x) 0 g{xo) (0 < X < oo), (3.21) 


where xq is the unique zero of h{x) on (0,cx)). Therefore, by (3.20) and (3.21), we obtain 
'JsM)0o) 


arg 


— a 


zo 


. TT 

+ — (5 + arctan 

TT 

= 2^’ 


-2(6 + l)(/3 - a) sin(<57r/2) + <5(1 - /5)(xo+^ + Xg ^) 
2(6 + 1)[(1 - B)xq + {B - a) cos(<57r/2)] 
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which provides a contradiction to the hypothesis (3.15). 

For the case when 

TT 

arg {P{zo)) = arg {p{zo) - S, 

we have the relations given by (3.13) and ( 3.14[ ) with a > 0. Therefore, we have 

' Js,b{f){zo) 


arg 


— a 


zo 


TT 


— S + arctan — 


^sin(f 5) + ^' 


1+(I^cos(f J) 

s - 6 + arctan (fif(a))) , 


(3.22) 


where 


k := —k > 


a + a 


-1 


Therefore, from (3.22) and (3.21), we have 


arg 


zo 


— a ^ 


<_!L 


7, 


which also provides a contradiction to the hypothesis (3.15). This evidently completes the proof 
of Theorem [H □ 

Next, for given suitable real of the parameters s and b and for f £ A, we define a function 
p : D —)• C by 

/ X ^ Js+i,b{f){z) 

^ Js+2,b{f)i^y 

Then, by using the recurrence relation (1.3), we obtain 

Js,b{f){z) 


Js+i,b{f){z) 


= p{z) + 


zp'{z) 

{h+l)p{z) 


(z £ D). 


(3.23) 


By applying the same methods as in the proof of Theorem to the differential equation 
(3.23) instead of (3.7), we can establish the following argument property associated with the 
Srivastava-Attiya operator. 

Theorem 6. Let /3 £ R be the parameter j3'i given by (3.3). Also let f £ A and 

(2 £ O), 


arg 


( Js,b{f){z) 

Us+i7(/)(^) “ 


TT 

< 2 ^ 


where s£M, 0^a<l,6^ —a and 0 < 7 < 1. Then 

' Js+i,bU){z 


arg 


Js+2,b{f){z] 


-13 


<2^ 


iz£ 


where 0 < 5 < 1 and 


6{l - (3)ixl+^ + xl ^) 

2(/3 -a){b + 1)[(1 - /3)x^ + /3] 




7 = min < <5, — arctan 

TT 
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and xo is the root in the interval ( 0 , 1 ) of the following equation'. 

[(1 - /3)x‘^ + /3](1 - x^) = /35(x2 + 1). (3.24) 


4. Numerical and Computational Analysis 

Let s = — 1 and 6 = 0. Since the following equalities: 

Js,b{f){z) = zf'{z) and Js+i,b{f){z) = f{z) 

hold true for / G A, it follows from Theorem |^ that / G C(a, 7 i) implies that / G S*{f3,S), 
where 


7 i = min 



2 

— arctan 

TT 


( \ 1 

\2(/3-a)[(l-/3)xg + /3] J j 


and xq G (0,1) is the root of the following equation: 


(4.1) 


(1 - /3)(x^ - l)x'^ = /3[1 - (5 - (1 + 6)x'^]). 

On the other hand, Nunokawa et al. showed that / G C(a, 72 ) implies that / G 5*(/3,(5), 
where 


72 = — arctan 
TT 




(1 -/3)xg + /3 J ’ 

and xq G (0,1) is the root of the following equation: 

(1 — /3)(x^ — l)x'^ = /3(1 — 6 — (1 + S)x‘^). 


(4.2) 


(4.3) 


As it does not seem to be so easy to compare the values 71 and 72 for the whole ranges of the 
parameters a G (0,1) and b G (0,1), we will compare them here in several particular cases of a 
and b. Thus, if we fix a = then we have 


/? = 


2 log 2 


With the aid of Mathematica, we can thus obtain Table 1 (see below) which gives the approximate 
values of 71 G (0,1) and 72 G (0,1) defined by (4.1) and (|4.2[), respectively, when <5 is given by 


<5 = ^ 
10 


= - ,9). 


As we see from Table we can verify that the results in this paper would significantly improve 
the results in the earlier work for the special cases considered above. 

Finally, we give another table (Table 2 below) which gives the approximate values of 7 defined 
in Theorem and Theorem respectively, when b is given by 

S = (j = l,2,--- ,9). 
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6 

71 

72 

0.9 

0.44897 

0.27427 

0.8 

0.43647 

0.28576 

0.7 

0.41317 

0.28270 

0.6 

0.38021 

0.26598 

0.5 

0.33781 

0.23485 

0.4 

0.28596 

0.18916 

0.3 

0.22487 

0.13310 

0.2 

0.15544 

0.07889 

0.1 

0.07952 

0.03626 


Table 1. The Approximate Values of 71 and 72 


<5 

Theorem 

> ( 7 ) 

Theorem 

5 ( 7 ) 

0.9 

0.7530'2 

0.2858'2 

0.8 

0.75151 

0.27787 

0.7 

0.67933 

0.26303 

0.6 

0.59106 

0.24205 

0.5 

0.49662 

0.21506 

0.4 

0.39926 

0.18205 

0.3 

0.30036 

0.14316 

0.2 

0.20061 

0.09896 

0.1 

0.10041 

0.05062 


Table 2. The Approximate Values of 7 in Theorem and Theorem 
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SHARP BOUNDS FOR THE COMPLETE ELLIPTIC INTEGRALS 
OF THE FIRST AND SECOND KINDS* 

XIAO-HUI ZHANGI'2, YU-MING AND WEN ZHANG"' 


Abstract. In the article, we prove that o = 3, /? = log4/(7r/2 — log4) = 
7.51371 ■ ■ ■, 7 = 1/4 and (5 = 1 + log 2 — 7r/2 = 0.122351 ■ ■ ■ are the best 
possible constants such that the double inequalities 


/3 + 1 


log — < K(r) < 


a + 1 


1 + (^ ^ - T") 1 + (^ ^ ■ 


hold for all r S (0,1), where r' = Vl — r'^, and K,(r) = - and 

Y 1 —sin^ d 

Sir) = sin^ 9d6 are the complete elliptic integrals of the first and 

second kinds. 


1. Introduction 


The complete elliptic integrals /C(r) and E{r) [1-5] of the first and the second 
kinds are respectively defined by 

r /c(r) = /;/^ , , 

4 Y1 —sin^ 9 

{ /C(0) = f, /C(l) = oo 


and 

f £{r) = \/l — sin^ 0d0, 

\£(0) = l £(1) = 1. 

It is well known that the function r — )■ IC{r) is strictly increasing from (0,1) 
onto (7r/2, oo) and the function r —> £(r) is strictly decreasing from (0,1) onto 
(l,7r/2). The complete elliptic integrals /C(r) and £{r) are the particular cases of 
the Gaussian hypergeometric function [6-15] 


OO 

F{a,b; c;x) = '^ 

n—0 


{a)n{b)n 

(c)„ n! 


(—1 < X < 1 ), 


where (a)o = 1 for a Y 0, (a)„ = a{a + l)(a + 2) ■ ■ ■ {a + n — 1) = r(a -I- n)/r(a) 
is the shifted factorial function and r(x) = F~^e~*dt (x > 0) is the gamma 
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function [16-21]. Indeed, 




J2n 


n—0 


^ ' n=0 


J2n 


( n !)2 


The complete elliptic integrals play a very important role in the study of geo¬ 
metric function theory and they have numerous applications in various problems of 
physics and engineering. In particular, Many remarkable inequalities and elemen¬ 
tary approximations for the complete elliptic integrals can be found in the literature 
[22-34]. 

In the sequel, we will use the symbols K and £ for K{r) and £{r), respectively. 
Throughout this paper we let r' = Vl — for 0 < r < 1. Then we use the symbols 
/C' and £' for /C(r') and £{r'), respectively. 

Carlson and Gustafson [35] proved that the double inequality 

/C(r) 4 


1 < 


< 


log(4/r') 3-I- 

holds for all 0 < r < 1. 

Kiihnau [36] proved the inequality 

9 JC{r) 


( 1 . 1 ) 


< 


log(4/r') 


for all 0 < r < 1. 

It is well known that the double inequality 

|M3/2(l,r')<£:(r)<|M2(l,r') 
holds for all 0 < r < 1 (see [37, 19.9.4]), where 


Mp{a,b) = 


bP\ 


i/p 


(PT^O), Mi){a,b) ='/ab 


is the pth power mean [38-51] 

It is the aim of this paper to refine the inequality (1.1) for the complete elliptic 
integral of the first kind, and to obtain sharp upper and lower bounds for the 
complete elliptic integral of the second kind. Our main results are the following 
Theorems 1.1 and 1.2. 


Theorem 1.1. The double inequality 


'-Ll 


/C(r) 


a -I- 1 


fl.2) < 

P + log(4/r') a-I- 

holds for all r € (0,1) with the best possible constants a = 3 and P = (log 4)/( 7 r /2 — 
log4) = 7.51371- 

Theorem 1.2. The double inequality 

(1.3) 1 + Q log ^ - 7^ < ^(r) < ^ + log ^ 

holds for all r € (0,1) with the best possible constants 7 = 1/4 and <5 = 1-1- log 2 — 
7r/2 = 0.122351- 
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2. Proof of Theorems 1.1 and 1.2 


In order to prove our main results we need to establish some monotonicity prop¬ 
erties for the functions defined by the complete elliptic integrals. The following 
derivative formula can be found in the literature [52]: 

die £- r'^JC d£ £ - JC 

dr rr'^ ’dr r ’ 

iiS-r'^IC) = rJC, iiJC-£) = %. 

Theorem 2.1. The function 

F{r) = (3 -I- r^)/C — 41og(4/r') 


is strictly increasing from (0,1) onto (—a,0) with a = 41og4 —37r/2 = 0.832788- • •. 
In particular, the double inequality 


( 2 . 1 ) 


41og(4/r')-a 41og(4/r') 

3 -I- r2 ^ ^ 3 -I- r2 


holds for all r € (0,1). 


Proof. Let the functions g and h be defined by 

g{r) = (3 -I- r‘^)£ — (r^ — 4r^ -f 3)/C — 4r^, 


h{r) = 3r'2/C -P 45 - 8. 

Then differentiation gives 


1 dg{r) 
r dr 


h{r). 


It follows from [52, Theorem 3.21(7)] that the function h is strictly decreasing 
from (0,1) onto (—4, 77r/2 —8) and there exists ro € (0,1) such that h is positive on 
(0,ro) and negative on (ro,l). We conclude that g is strictly increasing on (0,ro) 
and strictly decreasing on (ro, 1). From (/(O) = 0 = (/(I) we clearly see that g{r) > 0 
for r G (0,1) and F is strictly increasing on (0,1). It is easy to see that the limiting 
value F{0) = —a, and by [53, 112.01] T(l“) =0. □ 


Theorem 2.2. Let j3 = log4/(7r/2 — log4) = 7.51371 • • • . Then there exists sq G 
(0,1) such that the function 

G{r) = + r^)/C - (/? -P 1) log(4/r') 


is strictly increasing on (0, sq) and strictly decreasing on ( sq , 1) with the limiting 
values G(0'*') = 0 = G(l“). In particular, the inequality 


( 2 . 2 ) 


{13 -P 1) log(4/r0 

/3 _p j,2 


< 1C 


holds for all r G (0,1). 
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Proof. Let the functions g, h, I and p be defined by 

g{r) = (/3 + - (/3 - - (/? + l)r^, 

h{r) =4£ + {P- 3r2)/C - 2(/3 + 1), 
l{r) = (/3 + 4 — 7r^)f — (/3 + 4 + 3r^)r'^IC, 
p{r) = {21r^ + 8 + /3)/C - 245. 

Then differentiation leads to 

= Hr), 

r dr 

rr'^-^h(r) = l{r), 
dr 

-^l{r)=p{r). 

r dr 

It is easy to see that the function p is strictly increasing from (0,1) onto ((8 + 
P — 24)7r/2,oo). It follows from (8 + /3 — 24)7r/2 = —13.3302- • • < 0 that there 
exists ri € (0,1) such that p is negative on (0, ri) and positive on (ri, 1). Hence the 
function I is strictly decreasing on (0,ri) and strictly increasing on (ri,l). From 
the limiting values ^(0+) = 0 and ^(1“) = /3 — 3 = 4.51371 •• • > 0 we clearly 
see that there exists r 2 G ( 0 , 1 ) such that I is negative on ( 0 ,r 2 ) and positive on 
(r 2 ,l). We conclude that h is strictly decreasing on ( 0 ,r 2 ) and strictly increasing 
on (r 2 ,1). This together with the values h(0+) = 27r —2 + ( 7 r /2 — l)/3 = 1.05827 • • •, 
/i(0.8) = —0.760875 • • • and /i(l“) = oo implies that there exists 0 < ra < r 4 < 1 
such that h is positive on (OjCa) U (■r 4 ,1) and negative on {r^,r 4 ). Hence g is 
strictly increasing on ( 0 ,r 3 ) and (r 4 ,l), and strictly decreasing on (r 3 ,r 4 ). Since 
( 7 ( 0 +) = 0 = (/( 1 “), we conclude that there exists sq G ( 0 , 1 ) such that g is positive 
on (0, So) and negative on (sq, 1). Therefore, the function G is strictly increasing 
on (0, So) and strictly decreasing on (so, 1). It is easy to see that G(0+) = 0 and 

lim G{r) = lim (a + 1)(/C — log(4/r')) — r'^/C = 0. 

r—>-1” r—>-l“" 


Proof of Theorem 1.1. Inequality (1.2) follows from inequality (2.2) and the 
right-hand side inequality of (2.1) immediately. 

Lemma 2.3. The function 

u{r) = (1 -P r‘^)£ — r'^K — 

is negative on (0,1). 

Proof. Let the functions / and g be defined by 

fir) =3£ + 2r^ - 5, 

, , 3(5 - /C) , 

9ir)= ^ + 4 . 

Then Applying the derivative formulas we get 

^Hr) = rfir), 
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^/(r) =rgir). 

Since the function r {E—lC)lr^ is strictly decreasing from (0,1) onto (— 00 , 

(see [52, 3.43(11)]), the function g is strictly decreasing from (0,1) onto (— 00 , (16 — 
37r)/4). Then from (16 —37r)/4) > 0 we know that there exists tq G (0,1) such that 
rg{r) is positive on (0,ro) and negative on (ro, 1). Hence / is strictly increasing on 
(0, ro) and strictly decreasing on (rg, 1). It is easy to see that /(O^) = 37r/2 — 5 < 0 
and /(1“) = 0. We conclude that there exists ri € (0,1) such that r/(r) is 
negative on (0,ri) and positive on (ri,l). Therefore, the function u is strictly 
decreasing on (0,ri) and strictly increasing on (ri,l). Then from the facts that 
w(0’'’) = 0 = u(l“) we get u{x) < 0 for all r G (0,1). □ 

Theorem 2.4. The function 

is strictly decreasing from (0,1) onto (—1/4,—(5) with (5=1 + log 2 — tt/2 = 
0.122351-••• 


Proof. Differentiation yields 

rr'^-^H{r) = (1 + r^)£ — r'^JC — \r^ + -r^ = u{r) < 0 
dr 2 2 

by Lemma 2.3. Hence, the function H is strictly decreasing on (0,1). 

We clearly see that 


H{0+) = 7r/2 - 1 - log2 = -5. 


Let 


hi{r) =8-1- ^r'^log^, 
2 r 


h2{r) = r 


/2 


Then hi{l ) = 0 = /i 2 (l ), and by I’Hospital’s rule one has 


fl(l-) = lim = Ito 1 

^ ^ ,.^ 1 - h'^ir) r^i- 2 


2/C 


+ /C-log - ) - — + - - --, 


where the last equality follows from the facts (see [52, 3.21(7) and (3.25)] or [53, 
112.01] that 


lim r'^K = 0, 

r—>-1“ 


lim 

r— 


/C-log-)=0. 


□ 


Proof of Theorem 1.2. Inequality (1.3) follows easily from Theorem 2.4 imme¬ 
diately. 
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Abstract : In [9], we studied the second kind g-Bernoulli numbers and polynomials. By using these 
numbers and polynomials, we investigated the zeros of the second kind q-Bernoulli polynomials. In 
this paper, by applying the symmetry of the fermionic p-adic g-integral on Zp, we give recurrence 
identities the second kind q-Bernoulli polynomials and the sums of powers of consecutive g-odd 
integers. 

Key words : Symmetric properties, the sums of powers of consecutive q-odd integers, the second 
kind Bernoulli numbers and polynomials, the second kind g-Bernoulli numbers and polynomials. 
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1. Introduction 


Bernoulli numbers, Bernoulli polynomials, g-Bernoulli numbers, g-Bernoulli polynomials, the 
second kind Bernoulli number, the second kind Bernoulli polynomials, Euler numbers, Euler poly¬ 
nomials, Genocchi numbers, Genocchi polynomials, tangent numbers, tangent polynomials, and Bell 
polynomials were studied by many authors (see for details [1-11]). Bernoulli numbers and polynomi¬ 
als possess many interesting properties and arising in many areas of mathematics and physics. In [8], 
by using the second kind Euler numbers Ej and polynomials Ej{x), we investigated the alternating 
sums of powers of consecutive odd integers. Let fc be a positive integer. Then we obtain 


fe-i 


T,{k-l) = }^{-ir{2n + iy = 

n=0 


{-lf+^E,{2k) + E, 


In [9], we introduced the second kind g-Bernoulli numbers Bn^q and polynomials Bn,q{x). By using 
computer, we observed an interesting phenomenon of ‘scattering’ of the zeros of the second kind 
g-Bernoulli polynomials Bn^q{x) in complex plane. Also we carried out computer experiments for 
doing demonstrate a remarkably regular structure of the complex roots of the second kind g-Bernoulli 
polynomials Bn,q(x). The outline of this paper is as follows. We introduce the second kind q- 
Bernoulli numbers Bn^q and polynomials Bn,q{x). In Section 2, we obtain the sums of powers 
of consecutive g-odd integers. Finally, we give recurrence identities the second kind g-Bernoulli 
polynomials and the sums of powers of consecutive g-odd integers. 

Throughout this paper, we always make use of the following notations: N = {1,2,3, • • • } denotes 
the set of natural numbers, K denotes the set of real numbers, C denotes the set of complex numbers, 
Zp denotes the ring of p-adic rational integers, Qp denotes the field of p-adic rational numbers, and 
Cp denotes the completion of algebraic closure of Qp. Let Vp be the normalized exponential valuation 
of Cp with IpIp = p~'^pd>) = When one talks of g-extension, q is considered in many ways such 
as an indeterminate, a complex number g G C, or p-adic number g G Cp. If g G C one normally 
assume that jgj < 1. If g G Cp, we normally assume that |g — Ijp < p“p^ so that q^ = exp(a;logg) 
for \x\p < 1. For 


g G UD{'Ep) = {g\g : Zp —>■ Cp is uniformly differentiable function}. 
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the p-adic ( 7 -integral was defined by [1, 2, 3, 4, 6 ] 



g{x)dfj,q{x) 


lim 

N—^OO 



p^-i 


x—0 


The bosonic integral was considered from a physical point of view to the bosonic limit (7 —>■ 1, as 
follows: 

p’^-i 

Ii{g) = \iui lq{g) = ( g{x)dgx{x) = lim ^ E 9{x) (see [1, 2, 3, 5]). (1.1) 

g-*-! /y N^oo ^' 


By (1.1), we easily see that 


Ii{gi) = h{g)+g'(Si), cf. [ 1 , 2 , 3, 4, 6,7], 
dg{x) I 


( 1 . 2 ) 


where gi{x) = g{x + 1 ) and g'( 0 ) = 

First, we introduce the second kind Bernoulli numbers Bn and polynomials Bn{x). The second 
kind Bernoulli numbers Bn and polynomials Bn{x) are defined by means of the following generating 
functions (see [7]): 

ofpt 7" 

= E 

n—0 


and 




n=0 


respectively. 

The second kind ( 7 -Bernoulli polynomials, Bn,q{x) are defined by means of the generating func¬ 
tion: 


Fq{x,t) = 


(logg -I- 2 t)e* 
qe^* — 1 


- E ^". 9 ( 2 ^) I • 


n—Q 


The second kind ( 7 -Bernoulli numbers Bn,q are defined by means of the generating function: 


^ n=0 


nl 


(logg -I- 2 t)e* 

qhg2t _ I 


In (1.2), if we take g{x) = ^ then we have 

f q-e(2-+i)‘d77i(x) = 

JZp 

for jtj < p“p^. In (1.2), if we take g{x) = then we also have 

It will be more convenient to write (1.2) as the equivalent bosonic integral form 
/ g{x + l)dp.i{x) = ( g{x)dpi{x) + g'{Q), (see [1,2,3,4,6]). 

J Zp J Zp 

For n G N, we also derive the following bosonic integral form by (1.7), 

J g{x + n)dpi{x) = J g{x)dpi{x) -f '^g'{k), where g'{k) = 


(1.3) 


(1.4) 


(1.5) 


( 1 . 6 ) 


(1.7) 




dx 


x—k' 


( 1 . 8 ) 
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In [9], we introduced the second kind g-Bernoulli numbers Bn^q and polynomials Bn,q{x) and inves¬ 
tigate their properties. The following elementary properties of the second kind ^-Bernoulli numbers 
Bn,q and polynomials Bn,q{x) are readily derived form (1.1), (1-2), (1.3) and (1.4). We, therefore, 
choose to omit details involved. 

Theorem l(Witt formula). For q € Cp with |1 — q\p < , we have 


q^{2x + l)'^dp,i{x) = B. 


n,qi 


[ qy{x+ 2y+ lYdpi{y) = Bn^q{x). 
J 'Zin 


Theorem 2. For any positive integer n, we have 


Theorem 3(Distribution Relation). For any positive integer m, we obtain 




m— 1 

i=0 


q"B, 


n^q^ 


2i -\- X + 1 — m 


for n > 0. 


2. Symmetry identities for the second kind g-Bernoulli polynomials 

In this section, we assume that q G Cp. In [2], Kim investigated interesting properties of 
symmetry p-adic invariant integral on Zp for Bernoulli polynomials and Bernoulli polynomials. By 
using same method of [3], expect for obvious modihcations, we obtain recurrence identities the second 
kind g-Bernoulli polynomials. By (1.7), we obtain 

iuSTTa (X, 

By (1.8), we obtain 

oo /n—1 \ ^ 

= y: y:,‘(2i+i)‘ -. 

k^O \i^0 J 

For each integer /c > 0, let 

Ou,q{n) = C + + q^b'^ + q^7^ + • • • + g”(2n + 1)^ 

The above sum Ok^q{n) is called the sums of powers of consecutive g-odd integers. 

From the above and (2.2), we obtain 


- 1 ) 


kV 


(2.3) 
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Thus, we have 


f p p ^ 4-^ OO 

X! ( / <f{‘^x + 2 n+ lfd^Xl{x) - / { 2 x + if d^ll{x) | — = '^{logq+ 2 t)Ok,q{n - 1) — . 

fc =0 V •^^P / ■ k=0 

. 

By comparing coefficients — in the above equation, we arrive at the following theorem: 

k\ 

Theorem 4. Let fc be a positive integer. Then we obtain 

q^Bn,q{2n) - Bn,q = logqOk,q{n - 1) + 2kOk-i,q{n - 1). (2.4] 

Remark 5. For the sums of powers of consecutive odd integers, we have 

n—1 

lim {logqOkn{n — 1) + 2kOk-i,q{n — 1)) = 2k {2i + 1)^“^ = Bk{2n) — Bk for fc G N. 

Q—>-1 ’ ’ 

2 = 0 

By using (2.1) and (2.3), we arrive at the following theorem: 

Theorem 6. Let n be positive integer. Then we have 

n L q^e^'^^~^^'>*dfj,i(x) “ fm 


Let wi and W 2 be positive integers. By using (1.5) and (1.6), we have 

q(wiXi+W2X2)^{wi{2xi + l) + W2{2X2 + l)+WiW2x)t^^^ (^^I'jdfkl {X 2 ) 

q'^l'^2Xg2WiW2Xt^^^^^^ 

(logg + _ i) 

(^gWi^2wit _ -p^(^qW2g2w2t _ 

By using (2.4) and (2.6), after elementary calculations, we obtain 




/zp 


1 \ / 

- Bm,q'-^{w2x)wf — V Om,9“2 (wi “ fwf — 


By using Cauchy product in the above, we have 


= {W2x)wl ^Om-j,q'-2 {wi - l)t 

m=0 \ j=0 


Again, by using the symmetry in (2.7), we have 


^ 2 /z^ 


/ 1 j.m \ / j.m \ 

= — E Bm,q^fwix)wf— Y. Om,q^l{w2 - . 

\ ^ m=0 ■/ \m=0 ■/ 


Thus we have 


= y^ yi ( • {wix)wl ^Ojn-j,q^i (^2 - l)r 

m=0 \ j=0 
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j/m 

By comparing coefficients —j- on the both sides of (2.8) and (2.9), we arrive at the following theorem: 
Theorem 7. Let wi and W 2 be positive integers. Then we obtain 


E 

i=o 

m 

= E 

i=0 


{W2x)w{ (wi - 1): 




Bj^q^2{wix)wl (W2 - l)wr ^ 


where Bk^q{x) and Om,q{k) denote the second kind g-Bernoulli polynomials and the sums of powers 
of consecutive g-odd integers, respectively. 

By using Theorem 2, we have the following corollary: 

Corollary 8. Let rci and W 2 be positive integers. Then we have 


EE 7 I (W2 — 1) 

i=0 '' 

m j / \ / '\ 

= EE ( 7 ) - 1 ). 


j—{) k—Q 

By using (2.6), we have 

( I 


a = 


WiW 2 Xt I WiXi {2xi-\-l)wit 


Wi 


d^i(xi) 






LLil —1 




W2\ 

2xi+l+'!U2a:+(2j + l) (™lt) 

dMi(^i) 


j=o 

00 / Wi —1 


“HIE (»-2X + (2i + DIO) «■?-' 

n^O y j=0 ^ ^ ^ ' 

Again, by using the symmetry property in (2.10), we also have 

(I 


a = 


^WiW2Xt I W 2 X 2 j2X2-\-l)w2t 


W2 


d^ii{x2) 




•W2 — 1 

= E<^ 

j=0 


Wl3 / qW2X2^\ 


( Wl\ 

2x2 + l+'!Uia:+(2j + l) (™2t) 

^ 2 / dpi3{x2) 


00 j W 2 — I / 

= E E iwiX + (2j + l)y^ 

n=0 \ j=0 




( 2 . 10 ) 




( 2 . 11 ) 


By comparing coefficients — on the both sides of (2.10) and (2.11), we have the following theorem. 
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Theorem 9. Let wi and W 2 be positive integers. Then we obtain 

Wi —1 


fw2x+ (2j+1)—^ 

M’2- 1 / \ 

= X! ( Wix + (2j + 1) — j 


^2 \ 






( 2 . 12 ) 


Substituting wi = 1 into (2.12), we arrive at the following corollary. 
Corollary 10. Let W 2 be positive integer. Then we obtain 


W2 — 1 




,.n—1 


<J2 'y ' 
1=0 


X - W2 + (2j + 1) 
W2 


This last result (Corollary 10) is shown to yield the known Distribution Relation of the second kind 
g-Bernoulli polynomials(Theorem 3). 
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On some finite difference methods on the Shishkin mesh for the 

singularly perturbed problem * 

Quail Zhengj Ying Liu, Jie He 

College of Seienees, North China University of Technology, Beijing lOOljj, China 

Abstract: This paper studies the convergence behavior of three finite difference schemes 
on the Shishkin mesh to solve the singularly perturbed two-point boundary value problem. 
Three new error estimates are proved for the hybrid finite difference scheme that combines the 
midpoint upwind scheme on the coarse part with the central difference scheme on the fine part, 
the midpoint upwind scheme and the simple upwind scheme, respectively. Finally, numerical 
experiments illustrate that these error estimates are sharp and the convergence is uniform with 
respect to the perturbation parameter. 

Keywords: Singularly perturbed boundary value problem; Finite difference scheme; Piece- 
wise equidistant mesh; Error estimate; Uniform convergence 

1 Introduction 

Consider the singularly perturbed two-point boundary value problem: 

{ Lu{x) := —eu"{x) + b{x)u'{x) -f c{x)u{x) = f{x), x G (0,1), 
u{0) = A, u(l) = B, 

where 0 < e <C 1 is a small perturbation parameter, A and B are given constants, and the 
functions b{x), c{x) and f{x) are sufficiently smooth satisfying 0 < /3 < b{x) < (3* and 0 < 
c{x) < 7 *, where /?, /3* and 7 * are constants. Under these conditions, the singularly perturbed 
problem (1) has a unique solution that possesses a boundary layer at x = 1 (see [1-4]). 

Among various numerical methods to solve singularly perturbed problems, finite difference 
schemes on layer-adapted meshes for the singularly perturbed two-point boundary value prob¬ 
lem have been widely studied in the literature, see [1-10]. The simple upwind scheme was 
proved to have the error estimate 0{N~^) on the coarse part and 0{N~^ IniV) on the fine part 
on the Shishkin mesh and the error estimate 0{N~^) on the whole interval on the Bakhvalov- 
Shishkin mesh, see, e.g., [5, 6 ]. The central difference scheme on the Shishkin mesh was proved 

‘This paper is supported by Natural Science Foundation of China (No. 11471019). 

Y-mail: zhengq@ncut.edu.cn (Q. Zheng). 
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to have the convergence 0{N~‘^ N) on the whole nodes by discrete Green’s functions, al¬ 
though the computed solution had small oscillations on the coarse part, see [3, 7], In order to 
avoid oscillation, the midpoint upwind scheme on the Shishkin mesh was constructed and the 
convergence 0{max{N~‘^, InN}) were proved for i = I,-- - ,N in [8]. The midpoint 

upwind scheme on the Bakhvalov-Shishkin mesh was shown to be of order 0{N~‘^) on the coarse 
part and 0{N~^) on the fine part in [9]. To improve the convergence behaviour of boundary 
layer, the hybrid finite difference scheme was proposed and the convergence on the 

coarse part and 0{N~‘^\v? N) on the fine part were proved for (1.1) with c{x) = 0 in [8] and 
with geeneral c{x) > 0 in [4], 

In this paper, we construct the hybrid finite difference scheme on the Shishkin mesh to slove 
(1) with c{x) > 0, not only give the suitable conditions especially for the c{x) to guarantee 
an associated M-matrix and the discrete maximum principle, but also obtain a better error 
estimate. Furthermore, new error estimates for the midpoint upwind scheme and the simple 
upwind scheme are also obtained. Finally, the convergence behaviours according to these new 
error estimates for these schemes are confirmed by numerical experiments. 

Note: Throughout the paper, the nontrivial case e < CN~^ is considered, C denotes a generic 
positive constant that is independent of both perturbation parameter e and mesh parameter N, 
and C can take different values at each occurrence, even in the same argument. 


2 Error estimates on the Shishkin mesh 


Lemma 1 (see [1-3] The solution u{x) of (1) can be decomposed as u{x) = S{x) + E{x) on 
[0,1], where the smooth part S satisfies 


LS{x) = f{x) and | S^'^\x) \<C, 0 < f < g. 


while the layer part E satisfies 

LE{x) = 0 and | E^'^\x) \< Ce"* exp , 0 < i < g, 

where the maximal order q depends on the smoothness of the data. □ 

Let N" be a positive even integer and r = min ^ In Al|. Since the singularly perturbed 
problem is considered, we generally take e < CN~^ and r = ^IniV. Choose 1 — r be the 
transition point. Divide [0,1 — t] and [1 — r, 1] uniformly into N/2 subintervals, respectively. 
Then the Shishkin mesh is: 


r2(i-r). 


Xi = < 


N 

0<f < TV, 
i \ N 


N 




( 2 ) 
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86 

Lemma 2 Denote hi = Xi — Xi-i for (2), then N~^ < hi < 2N~^ and /i 7 v/ 2 +i = In for 

i = ,Ar/2. □ 

We construct the following hybrid hnite difference scheme: 


■= I I ■ t ■ l-i/Z 

\ -eD+D-uf + hiD^uf + auf = fi, N/2<i< N, 


-eD+D uf + 6 i_i/ 2 -D uf + = /i-i/ 2 , 0 < i < iV/2, 

7-^_L _ \J . 1 -r~\n AT . AT P -J\T Ir\ - • ^ -\T 


-eD+D-u^ + 


Uq =A, u^ = B, 


UN _ y^N yN _ yN 

where define as a discrete operator, D^uf = D~uf = —— ^ , D^D~uf = 

2{D+uf - D-uf) ^ ^ + nf , . 

-SLI+TL-• " "■ = ft.ti + • "-1/2 = —2—• = Mi.). 

fi-i/2 = f {xi-1/2) and so on. 

The scheme (3) is slightly different from the scheme (2.86) in [4] in the discretization of cu 
at The scheme (3) gives the following expression: 

( _ 2 £ i ( 2e I bi-1/2 G- 1 / 2 N V ( 2e , ^»-i /2 G-1/2 n V 

= } hi+i{h,+hi+i)'^i+l^ yh,hi+i ^ hi ^ 2 \hi{h,+h,+i) ^ hi 2 




■ b (xi_i/ 2 ), bi = b{xi), 


L-nf = 


( _2e_fei_ \ N I __^_ 

hi+i{hi+hi+i) hi+hi+i)^i+l' ^hihi+i ' D i \ hi{hi+hi+i) ' hi+hi+i ) 


1* N 4/3* 

Lemma 3 (Discrete comparison principle) If Ai > — and then the operator 

defined by (3) on (2) satisfies the discrete comparison principle, i.e., let {uj} and {tCj} are mesh 
functions, if vq < wq, vn < and L^Vi < L^Wi for i = 1 , 2 , • • • , Ai — 1, then Vi < Wi for all i. 
Proof. Under the conditions of Lemma 3, the coefficient matrix associated with by the 
above expression is clearly an {N — 1) x {N — 1) strictly diagonally dominant matrix, and has 
positive diagonal entries and non-positive off diagonal entries. So it is an irreducible M-matrix. 
Hence, the operator satisfies the discrete comparison principle. □ 

So, the scheme (3) on ( 2 ) has a unique solution and the function Wi is defined as a barrier 
function for Vi by Lemma 3. 

^ f l3h \ 

Lemma 4 Set Zq = 1, define the mesh function Zi = ^ ^ ~ ' ^AT• Then 

j = l \ 2 

the operator of (3) satisfies 


L^Zi> 


max{e, hi} 


Zi for i = 1 , 2 , • • • , A^ — 1 . 


Proof. Clearly 


D'^Zi = —Zi and D Zi = 


2 e -|- jShi 


Hence 


-sD+D-Zi = -- — (D+Zi - D-Zi) = - 

hi+i + hi (hj+i -|- hi) ( 2 e -)- /3/ij) 
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^ 0 ^, _ hi+iD"^Zi + hjP Zj _ / p _ P'^hj+ihj _ 

+ hi \2e + jShi 2e (/ij+i + hi) {2s + /3hi 

Thus, from (3), by using c{x) > 0 and b{x) > /? > 0, we have 


L^Zi > - 


{hi+i + hi) {2e + phi) 2s + phi 

/? A Ph^ ^ 




L^Zi > - 


_^ , f P _ P'^hj+ihi 

{hi+i + hi) {2s + phi) \ 2 e + phi 2s (/ij+i + hp {2s + phi 


2s + phi \ /ij+i + hi J 
and obtain the result. □ 

Lemma 5 For the Shishkin mesh (2), there exists a constant C such that 


M + ^ j < CiV-4{i-VAf) for N/2<i< N. 

j=i+l ^ ^ 

Proof. By Lemma 4.1(b) in [1] and noting hj = h for j = A^/2 + 1, • • • ,N, we have 

Then as the proof of Lemma 3.2 in [ 8 ], the result is proved. □ 

Lemma 6 Assuming that u{x) be sufficiently smooth function defined on [0,1], for the truncation 
error of (3) on the Shishkin mesh to solve (1), there exists a constant C such that 


rxi+i fXi 

\L^{ui) - (Lu)(xi_i/ 2 )| <C\ e|u"'(t)|dt + hi {\u'”{t)\ + | 

^Jxi-i Jxi-i 

\L^{ui) — {Lu) (xi)| < Chi / dt, i = N/2 

Proof. The results follow by noting that c{x)u{x) contributes 

rx 

\ci-l/ 2 \\{u{Xi-l) + u{xi)) /2 - U {xi_i/ 2 ) \ <Chi j 


s\u {t)\dt + hi / (|u (t)| + |n (t)|)dt , i = ,N/2 


+ 1 , • • • , — 1 . 


'{t) dt 


for i = 1, 2, • • • , N/2 to the truncation error in the Lemma 2.4 in [8] and zero for i = N/2 + 
1, • • • , — 1 to the truncation error in Theorem 3.2 in [8], respectively. □ 

Similarly, the numerical solution can also be split into the smooth part and the layer part 
by uf = + .Ff , where satisfies i = 1,2, • • • ,iV/2, = fi, i = 

N/2 + 1,--- ,N -1, = So and S// = Sn, and .Sf satisfies = 0, i = 1, 2, • • • , A^ - 1, 

Eq = Eo and E/i = E^, therefore 


Ui-uf < \Si-SP\ + \Ei-Ef 
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7 * N 4/3* 

Lemma 7 If > — and then for the smooth part of the solutions of (1) and (3) 

(3 In N P \ \ / 

on the Shishkin mesh, there exists a constant C such that 

I < CN-^ for all i. 


Proof. By Lemma 1 and Lemma 6, we have 


L^{Si-Sf) = 


<Cih, + hi+i)i£ + hi), i = ,N/2, 


[|L^(5i)-(L5)(xi)| <Chi{hi + hi+i){e + l), i = N/2 + 1, ■ ■ ■ , N - 1. 

Set Wi = CoN~^ (e + Xi for all i, where constant Cq is chosen sufficiently large. Then 
_ {h_y2CoN-\e + N-^) + Ci_y2{wi-i+Wi) /2>CN-\£ + N-^), / = 1, • • • ,/V/2, 

Li Wi — \ 

[biCoN-\s + N-^) + awi > CN-^{£ + N-^), i = N/2 + 1,--- ,N-1. 

Therefore, L^Wi > \L^ [Si — | for / = 1, • • • , — 1. Clearly, rco = 0 = |5o — 5(^| and 

wn = CoN~^ (e + A^“^) > 0 = I^at — S^\. By Lemma 3, Wi is a barrier function for | Si — | 

and then the proof is completed. □ 

7 * N 4/3* 

Lemma 8 If A^ > — and —— > ——, then for the layer part of the solutions of (1) and (3) 

j3 InAI (5 \ J \ ! 

on the Shishkin mesh, there exists a constant C such that 

\Ei - I < CN-^ for i = 0,1, • • • , N/2. 

Proof. For i = 0,1, • • • , N/2, from Lemma 1, we have 

/3(1 - Xj) /3(1 - Xj) /3(1 - Xjv/ 2 ) 

\Ei\ <Ce~ e < Ce~ 2e < Ce~ 2e = CN-^. (5) 

Recall the function Zi in Lemma 4. Now e* > 1 +1 for all t > 0. So, 


n 1 + 


-1 N 

> Q-3hj/{2e) _ ^-l3{l-Xi)/{2e) ^ 

j=i+l 


Let Yi = Cofor all i, where constant Co is chosen sufficiently large. From Lemma 4, we 
Zn 

have L^Yi = Cq/Zhm • Zi > 0 = for i = I,-- - ,A^ — 1. By (6) and Lemma 1, 

To = CoZq/Zn > Coe-i > Coe"! > |C(0)| = |C^| and Tjv = Co > |C(1)| = Thus, by 

Lemma 3, we have 


|Cf| <y, = C n ( 1 + ^j foralH. 

j=i+l ^ ^ ^ 


By Lemma 5, we have 


\e!^\<C n (l + ^j <C’A'“'fori = 0,l,---,iV/2. 

j=7V/2+l ^ ^ 
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Consequently, combining this inequality with (5), the proof is completed. □ 
7 * N 4:13^ 


Lemma 9 If > — and 

/? IniV 


then for the layer part of the solutions of (1) and (3) 


on the Shishkin mesh, there exists a constant C such that 

\Ei - I < CmaxliV-^iV-^+^^/^ln^ivI for i = iV/2 + 1, • • • , iV. 
Proof. By Lemmas 6, 1 and 2, we have 
\L^ {Ei - Ef)\ = \L^ {Ei) - (LE) (xi)| 


< Chi / I e 

Jxi-i 

<Ch, / 

Jxi-i 




e ^exp 


+ \E'''(t)\]dt 
/3(1 - 1)' 


e 


dt 


= Ce-^hi • I sinh ^ 
p e 


< C£-3/r2e-/3(i-d/(2.) 


N 


< Ce-^N-‘^\n^N H (^ + 

j=i+l ^ 

= N ■ Zi/ZN- 


l^hj 

2s 


-1 


N 


Since e 


-p{l-Xi)/{2e) ^ I _l_ 

j=i+l 


Phj 

2e 


-1 


Set (pi = Co {+ N~‘^ In^ N ■ ZijZjsi^ for i = N/2, ■ ■ ■ ,N, where constant Cq is chosen 
sufficiently large. By Lemma 4, we have (pi > CN~‘^\t? N/ Zp^ ■ Zi > \L^ i^Ei — EI^)\ 

by Lemma 8 and 


En/2 E^I2 


for i = N/2 + I,-- - ,A^ — 1. Clearly, (/) 7 v /2 > CqN ^ > 

4>n > 0 = \E]\f — E/^\. Thus, p i is a barrier function for \Ei — Ef^\ by Lemma 3. And by 
Lemma 5, the result follows. □ 

7 * N 4/3* 

Theorem 1 Assuming that N > — and the hybrid finite difference scheme (3) 

^ /3 InA^ 13 ^ ’ 

on the Shishkin mesh (2) for (1) satisfies: 


Ui — u. 


N 


< Cmax |/V-2, /v-6+4i/Af ln2 /vj for i = 1, • • • , A^. 


Furthermore, 


Ui-uf < 


CN 0 < i < PhN, 


CN-"^ In^ N, PhN <i<N, 


( 8 ) 


(9) 


where = 1-~ 0.8161. 

2 e 

Proof. From (4) and Lemmas 7, 8 and 9, we have the error estimate (8). 

Furthermore, since In^ N = A^“2jY-4+4i/7V ^^^2 we consider the function 

f{x) = In^x, X > 1. 
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From f'{x) = x ^ Inx [(—4 + iph) Inx + 2] =0, we have x = "^Ph) ^ 


max{/(x)} 

X>1 


1 

4(1 -ph)2e2’ 


then 


iV-4+4p/^ In^ N < 


1 

4(1 


= 1 . 


Therefore, (9) is proved. □ 
Theorem 2 Assuming that N > 
( 1 ) satisfies: 


/?’ 


the midpoint upwind scheme on the Shishkin mesh (2) for 


Uj — u. 


N\ 


< 


CN 0 < i < PmN, 
CN-^lnN, pmN <i<N, 


( 10 ) 


where Pm = t —w ~ 0.6580. 

4 4e 

Proof. Under the hypothesis of Theorem 2, the matrix associated with the midpoint upwind 
scheme is an M-matrix. 

In [ 8 ], it is shown that \Ei — Ef\ < Umax | fQj. ^ _ 7V/2, ••• ,N. 

Combining this with (3.1) and (3.2) in [ 8 ] yields the result: 


Ui - uf I < Cmax |a-^ ^"^+4*/^^ jyj for all i. 


( 11 ) 


Further, as the proof of Theorem 1, Theorem 2 follows. □ 

Theorem 3 The simple upwind scheme on the Shishkin mesh (2) for (1) satisfies: 


Uj — u. 


N\ 


< 


CN 4^ 0 < i < PsN, 
CN-^ In N, PsN <i<N, 


( 12 ) 


where p, = 1-~ 0.8161. 

^ 2e 

Proof. The matrix associated with the simple upwind scheme is an M-matrix. From Lemma 
2.95 in [3], we know \L^{Ei - Af )| < A-4e-^(4-xL/£_ 

Set a new (f)i = Cq |A“4 -g A“4 In A • Zi/Z^'^ for i = A/2, • • • , A, where constant Cq is 
chosen sufficiently large. It is easy to verify that \Ei — E^\ < (j)i for i = A/2, • • • , A, by the 
discrete comparison principle. 

Note that r = ^InA and hi = ^A“4lnA for i = A/2 + I,-- - ,A. As the proof of 

Lemma 5, we have ]/[ (l + for A/2 < i < N. Thus \Ei — Ej^\ < 

C max {A“4^ j\j--3+2i/N for i = A/2, •• • , A. Combining this inequality with Lemma 2.86 

and Corollary 2.95 in [3], we have 


Ui-uf^\ < Cmax|A-4,Ar-3+2UAflnA| for all i. 


( 13 ) 
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Consequently, as the proof of Theorem 1, the proof is completed. □ 

Remark. In this paper, for the hybrid scheme and the midpoint upwind scheme, the condition 
N > ^, not in [4] and [8], is added in Theorems 1 and 2 for c{x) > 0 in (1). Moreover, the 
constants Ph,Pm and ps are much larger than and the factor C of new error estimates are 
uniform to e and N. 


3 Numerical results 


Example 1 (see [10]). Consider the singularly perturbed problem 

f-ey" + -^y' + -^v = 0 < X < 1, 

\y(0) = l + 2 -i, y(l) = e + 2 , 

where f{x) is chosen such that y{x) = e® + 2 “t(x + 1 )^'*'^ is the exact solution. 

The numerical results of Example 1 by the hybrid scheme (3) on (2) are shown in Table 1, 
where the numerical convergence order is computed by logo 1 ^" TJ numer- 

maxo<i<p^jv ’ 

ical convergence constant is computed by maxo<i<p^Ar \ui — u^\ with the corresponding 

formulas for PhN < i < N, and for the midpoint upwind scheme and the simple upwind scheme. 


Table 1. The numerical results of the hybrid scheme (3) on the Shishkin mesh (2) 


N 



£ = 

10“® 





£ = 

IQ-io 



i < PhN 

order 

const 

i > PhN 

order 

const 

i < PhN 

order 

const 

i > PhN 

order 

const 

16 

0.0178 

— 

4.553 

0.1711 

— 

5.698 

0.0178 

— 

4.553 

0.1711 

— 

5.698 

32 

0.0031 

2.522 

3.212 

0.0639 

1.421 

5.446 

0.0031 

2.522 

3.212 

0.0639 

1.421 

5.446 

64 

5.1389e-4 

2.593 

2.105 

0.0211 

1.599 

4.988 

5.1395e-4 

2.593 

2.105 

0.0211 

1.599 

4.988 

128 

8.4857e-5 

2.599 

1.390 

0.0071 

1.571 

4.922 

8.4882e-5 

2.599 

1.391 

0.0071 

1.572 

4.922 

256 

1.5179e-5 

2.483 

0.995 

0.0023 

1.626 

4.874 

1.5190e-5 

2.482 

0.996 

0.0023 

1.626 

4.874 

512 

3.1035e-6 

2.290 

0.814 

7.2139e-4 

1.673 

4.859 

3.1083e-6 

2.289 

0.815 

7.2139e-4 

1.673 

4.859 

1024 

6.8326e-7 

2.183 

0.717 

2.2239e-4 

1.698 

4.854 

6.8554e-7 

2.181 

0.719 

2.2279e-4 

1.695 

4.862 

2048 

1.5924e-7 

2.101 

0.668 

6.7248e-5 

1.726 

4.852 

1.6034e-7 

2.096 

0.673 

6.7628e-5 

1.720 

4.879 


The third and ninth columns in Table 1 show second-order convergence and agree with (9)^ 
on [0, The sixth and twelfth columns show almost second-order convergence and agree 

with ( 9)2 on (x[p^jv])l]- Moreover, the columns of orders and constants in Table 1 show that 
the convergence is uniform to the different perturbation parameters. 


Table 2. The numerical results of the midpoint upwind scheme on the Shishkin mesh 


N 



£ = 

10-® 





£ = 

10-10 



i < PmN 

order 

const 

i > PmN 

order 

const 

^ PmN 

order 

const 

i > PmN 

order 

const 

16 

0.0058 

— 

1.476 

0.3578 

— 

2.065 

0.0058 

— 

1.476 

0.3578 

— 

2.065 

32 

5.6856e-4 

3.351 

0.582 

0.2550 

0.489 

2.355 

5.6849e-4 

3.351 

0.582 

0.2550 

0.489 

2.355 

64 

1.5345e-4 

1.890 

0.629 

0.1735 

0.556 

2.670 

1.5350e-4 

1.889 

0.629 

0.1735 

0.556 

2.670 

128 

3.8769e-5 

1.985 

0.635 

0.1091 

0.670 

2.877 

3.8792e-5 

1.984 

0.636 

0.1091 

0.670 

2.878 

256 

9.6954e-6 

2.000 

0.635 

0.0655 

0.736 

3.023 

9.7056e-6 

1.999 

0.636 

0.0655 

0.736 

3.023 

512 

2.4218e-6 

2.001 

0.635 

0.0381 

0.782 

3.127 

2.4265e-6 

2.000 

0.636 

0.0381 

0.782 

3.127 

1024 

6.0438e-7 

2.003 

0.634 

0.0216 

0.819 

3.191 

6.0664e-7 

2.000 

0.636 

0.0216 

0.819 

3.191 

2048 

1.5056e-7 

2.005 

0.632 

0.0120 

0.848 

3.225 

1.5166e-7 

2.000 

0.636 

0.0120 

0.848 

3.225 
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Table 2 shows the uniform convergence of second-order on almost first-order 

on (x[p^jv]) 1]) and agrees with Theorem 2. 


Table 3. The numerical results of the simple upwind scheme on the Shishkin mesh 


N 



£ = 

10 “® 





e = 10 

-10 



i < PaN 

order 

const 

i > PsN 

order 

const 

i < PsN 

order 

const 

i > PsN 

order 

const 

16 

0.2228 

— 

3.565 

0.2409 

— 

1.390 

0.2228 

— 

3.565 

0.2409 

— 

1.390 

32 

0.1123 

0.988 

3.594 

0.1540 

0.646 

1.422 

0.1123 

0.988 

3.594 

0.1540 

0.646 

1.422 

64 

0.0516 

1.122 

3.303 

0.0968 

0.670 

1.490 

0.0516 

1.122 

3.303 

0.0968 

0.670 

1.490 

128 

0.0226 

1.191 

2.888 

0.0599 

0.693 

1.581 

0.0226 

1.191 

2.888 

0.0599 

0.693 

1.581 

256 

0.0097 

1.220 

2.484 

0.0356 

0.751 

1.644 

0.0097 

1.220 

2.484 

0.0356 

0.751 

1.644 

512 

0.0043 

1.174 

2.187 

0.0205 

0.796 

1.686 

0.0043 

1.174 

2.187 

0.0205 

0.796 

1.686 

1024 

0.0019 

1.178 

1.942 

0.0116 

0.822 

1.709 

0.0019 

1.178 

1.942 

0.0116 

0.822 

1.709 

2048 

8.5786e-4 

1.147 

1.757 

0.0064 

0.858 

1.719 

8.5793e-4 

1.147 

1.757 

0.0064 

0.858 

1.719 


Table 3 shows the uniform convergence of first-order on [ 0 ,X[p^ 7 V]] and almost first-order on 
(x[p^ 7 V]) 1]) and verifies Theorem 3. 

The log2-log2 graphs of errors to illustrate the convergence orders for the hybrid scheme on 
[0,1 — r], (1 — r,X[p^jv]] and 1] oa the Shishkin mesh are shown in Fig. 1 (a), those for 

the midpoint upwind scheme and the simple upwind scheme are in Figs. 1 (b) and (c). 




Fig. 1 The log2-log2 graphs of errors on the Shishkin mesh for: (a) the hybrid scheme, (b) the midpoint 
upwind scheme, (c) the simple upwind scheme. 


4 Conclusions 


In this paper, the hybrid finite difference scheme is constructed, which is slightly different 
from the schemes in [4] and [8]. The new estimates on the Shishkin mesh, which are 0{N~‘^) for 
1 < f < phN and 0{N~^ In^ N) for phN < i < N with ph = 1 ~ ^ for the hybrid finite difference 
scheme, 0{N~^) for 1 < f < PmN and 0{N~^ In A^) for PmN < i < N with pm = | ^ for 

the midpoint upwind scheme, and 0{N~^) for 1 < i < PsN and 0{N~^ In A^) for pgN < i < N 
with Ps = 1 — ^ for the simple upwind scheme, are better than those in [4-6, 8 ]. The numerical 
example strongly support our results. 
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FEKETE SZEGO PROBLEM RELATED TO SIMPLE LOGISTIC 

ACTIVATION FUNCTION 

C. RAMACHANDRAN AND D. KAVITHA 


Abstract. In this present paper, we introduce the new subclass of analytic uni¬ 
valent functions associated with quasi-subordination in the field of sigmoid func¬ 
tions. We obtained the coefficient bounds and Fekete-Szego inequality belongs to 
the defined class. Also, we extracted the new subclasses from the dened class of 
analytic functions. 

Mathematics Subject Classification: Primary:30C45; Secondary:30C50,33E99 
Keywords: Univalent functions. Sigmoid function. Subordination, Quasi-subordination, 
Fekete-Szego Inequality. 


1. Introduction and preliminaries 

Sigmoid function playing an important role in the branch of special functions 
which is the part of logistic activation function developed in eighteenth century. The 
theory of special functions has been developed by C. F.Gauss, C. G. J. Jacobi, F. 
Klein and many others in nineteenth century. However, in the twentieth century , 
from the perspective of fundamental science sigmoid functions are of special interest 
in abstract areas such as approximation theory, functional analysis, topology, differ¬ 
ential equations and probability theory and so on. 

A typical applications of the sigmoid function includes neural networks, image 
processing, artihcial networks, biomathematics, chemistry, geoscience, probability 
theory, economics etc.. We can find the similar kind of functions called gompertz 
function and ogee function which are used in modelling systems to saturate at more 
values of time period. The evaluation process of sigmoid function in many ways 
especially by truncated series expansion method was seen in mm- 

Recently Ramachandran et ah [13] discssed the problem of Hankel determinant 
for the subclass of analytic and univalent functions. The sigmoid function is of the 
form 

h{z) = (1.1) 

is differentiable and has the following properties: 


1 
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• Bound output real numbers between 0 and 1, it leads to the probability 
theory. 

• It maps a very large input domain to a small range of outputs. 

• It never loses information because it is an injective function. 

• It increases monotonically. 

The above properties permit us to use sigmoid function in the univalent function 
theory. 

In computational networks, this sigmoid function leads the output as digital 
numbers 1 for ON and 0 for OFF. Kannan et ah [6] brought out contrast enhance¬ 
ment using modihed sigmoid function provides the highest measure of contrast and 
can be effectively used for further analysis of sports color images. 

Let A be the class of functions f(z) which are analytic in the open disk U = 
: z G C : l^l < 1} is of the form: 

OO 

f{z) = z + ( 2 ; e U). (1.2) 

n=2 

and normalized by /(O) = f'{0) — 1 = 0 and let 5 be a class of all functions in A 
consisting of univalent functions in U . 

If f{z) and g{z) be analytic in U, we say that the function f{z) is subordinate 
to g{z) in U, and write f{z)-<g{z),zGlJii there exits a Schwarz function uj(z), 
which is analytic in U with 

a;(0) = 0 and \u:{z)\ <1 (z G U) 

such that f{z) = g{u{z)),z G U. In particular, if the function g is univalent in U, 
then We have that 

f^g or f{z) ^ g{z),z eU 
if and only if /(O) = g{0) and /(U) C ^((U) dehned by[TT]. 

In the year 1970, Robertson [15] introduced the concept of quasi-subordination. 
For, two analytic functions f{z) and g{z), the function f{z) is quasi-subordinate to 
g{z) in the open unit disc U, written by 

fiz) <qg{z)- 

If there exist an analytic function (p and cu, with \g:>{z)\ < l,ci;(0) = 0 and \oj{z)\ < 
1 such that 

f{z) = (p{z)g{u{z)), {z G U). 
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Observe that ii = 1, then f{z) = g{u{z)), so that f{z) -< g{z) in U. 
Furthermore, if u;{z) = z, then f{z) = ip{z)g{z), said to be that f{z) is majorized 
by g{z) and symbolically written as f{z) <C g{z) in U. Hence it is obvious that 
the quasi-subordination is a generalization of subordination as well as majorization 

[aiHiiiE]. 

Haji Mohd and Darns |5] introduced the concepts of q-starlike and q-convex func¬ 
tions as follows: 

Definition 1. Let the class S*{ip) consists of functions f G A satisfies the quasi¬ 
subordination 

ilW ~ 

Example 1. A function / G U — ?• C defined by 

- l) = - 1) ^9 - 1; (^eU). 

belongs to the class S*{ip). 

Definition 2. Let the class Cq{ip) consists of functions f ^ A satisfies the quasi¬ 
subordination 

(tw) ^ 

Example 2. A function / G U —?• C defined by 

= z{ip{z) - 1) -<q ip{z) - 1; (zGU). 

belongs to the class Cq{ip). 

To prove our main results, we need the following lemmas: 

Lemma 1. [7] Let oj be the analytic function in D, with a;(0) = 0, |a.;( 2 ;)| < 1 and 
u{z) = Uiz -\- UJ 2 Z^ -1-..., then \uj 2 — < max[l] \i'\], where z/ G C. The result is 

sharp for the functions u{z) = z"^ or u{z) = z. 

Lemma 2. [3] Let oj be the analytic function in D, with a;(0) = 0, \oj{z)\ < 1 and 
u{z) = ijJiz -f U 2 z'^ , then 

■"^”1 - \ l-lcvip, n>2. 

The result is sharp for the functions uj(z) = z^ or uj(z) = z. 
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Lemma 3. m Let ip be an analytic function with positive real part in D, with 
\p>{z)\ < 1 and let ip{z) = Cq + Ciz + C 2 z‘^ +... Then |co| < 1 and |c„| <1— |coP < 1, 
for n > 0. 

Lemma 4. [1] Let h be the sigmoid function defined in (1.1|) and 


4(j) = 2h{z) = 1 + 5^ 


(- 1 )’ 


m=l 


E 

\n=l 


(- 1 )’ 


nl 


(1.5) 


then G P, \z\ < 1 where $(2;) is a modified sigmoid function. 

Lemma 5. [1] Let 


^n,m{z) — 1 + 


(-1)' 


m=l 


E 

\n=l 


[-ly 


n\ 


then 


( z )\ < 2. 


Lemma 6. |1] If ^{z) G P and it is starlike, then f is a normalized univalent 
function of the form (1.2). Taking m = 1, Joseph et al |1] remarked the following: 


Remark 1. Let 


$( 2 ;) = 1 + CnZ''‘ 


n=l 


where m = 


- 1 ) 


n+1 


2n! 


then |c„| < 2, n = 1, 2, 3 ... this result is sharp for each n see 


Motivated by the earlier works of Ramachandran et al. H, we define the class 
of function involving quasi-subordination in terms of sigmoid functions. 

Definition 3. A function f e A is in the class if 


\ zf '{ z )] 

a p 

[ fiz ) \ 





fiz ) 


m 


- 1 - 1 (1.6) 


here 0</3<l, 0<Q(<1, 0<A<1. 

With various choices of the parameters, the class reduces to the 

following new classes, 

( 1 ) 

( 2 ) M^P\^n,m)=Cy^n,m), 

(3) 

In this present paper, we determine the coefficient estimates including a Fekete- 
Szego inequality of functions belonging to the above dehned class and the class 
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involving majorization. This result can assist us to represent various geometric in¬ 
terpretation as well as behaviours of the functions in complex domain. 


Let f{z) be of the form (L^, (p(z) = Co + ciz + C 2 Z^ and uj{z) = uiz + 

U 2 Z^ + ..., throughout this paper unless otherwise mentioned. 


2. Fekete-Szego Inequality 

In this section we obtain the hrst two coefficient estimates and the Fekete-Szego 
Inequality for the class 

Theorem 1. If f{z) G , then 


l« 2 | < 

rmax 1 , 


’“'I - 4[a + /3(l + 2A)]' 
and for any complex number p, we have 

1 


2 [a+ /?(! +A)]’ 

a{a - 3) + /?(/? - 1)(1 + A)2 + 2a/3(l + A) - 2/3(1 + 3A) 


|®3 — I — 


4[q; -|- /3(1 -|- 2A)] 


max < 1, 


A + 


A[a + (3{l + \)Y 

p\oi -\- /3(1 -|- 2A)] 


[a + (3{l -f A)]^ 


where 


A = 


a{a - 3) + /3(/3 - 1)(1 + A)^ + 2a/3(l + A) - 2/3(1 + 3A) 
4[a + /3(l-FA)]2 ■ 


( 2 . 1 ) 


Proof. Since f ^ A belongs to the class then from (1.6) we have 


\zf{z)] 

a p 

[ fiz) \ 





fiz) 


fiz) 


id 


— 1 = </9(^)(<I>(2;) — 1), 2 ; e U. (2.2) 


The modihed sigmoid function $( 2 )) can be expressed as 

N . 1 1 3 1 5 1 6 779 

- 1 + 2*' ■ 24^ + " 64^ + ^ 

since ip{z) as dehned earlier, now we obtain 
(p{z){^{u{z)) - 1) = (Co + C 12 ; + C 2 z‘^ -f- . . . .) 


z' + ... 




CqUi 


z + 


/ C 0 U 2 CF^^ ^2 


V 2 


2 7 


z" + ... 


(2.3) 
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/(^) ^/"(^) . 


by replacing the equivalent expressions of f{z), / and / in (2.2) and the 

f{z) f [z) — 


simple calculation yields the following, 


(l_A)Lhhi+Afl+"^"W 


\zf{z)] 

Ol p 

[ /w J 



m 

2[a + /3(1 + 2A)]ci3 + 


fiz) 


— 1 — [cr + /?(! + A)]ci 2 ^ 


aia^ + + A)= + al5(l + A) - ,3(1 + 3A) 

( 2 .- 

(2.5) 


al\z'‘ + . 


Equating right hand side part of (2.3) and (2.4), we get. 


02 = 


CoCUi 


and 
03 = 


2 [a+ /?(! +A)]’ 

{cicoi + Co [u:2 


4[q; + /3(1 + 2A)] 

a{a - 3) + /3(/3 - 1)(1 + A)2 + 2a/3(l + A) - 2/3(1 + 3A) 


ufco 


( 2 . 6 ) 


4[« + /3(l +A)]2 

Using the hypothesis of Lemma and the well-known inequality of Lemma 
for n > 0 

\Cn\ < 1 - |CoP < 1. 

and 

we have. 


I 02 I < 


Icoil < 1 
1 


2 ex -|- /3(1 -|- A)] 


and for any /i G C, we obtain from (|2.5|) and (|2.6|) 

o 1 


O 3 — /i 02 = 


4[q; -|- /3(1 -|- 2A)] 


CiCUi + Co 


1^2 - 1 A I ^ICO 


[cx /3(1 A)]2 

Since ip{z) is analytic and bounded in U, using [11], for some j/, ||/| < 1 : 

|co| < 1 and Ci = (1 — c^)y. 

Now, replacing the value of Ci as dehned above, we get 

/i[cx /3(1 -|- 2A)] 


03—PO2 = 


4[cx /3(1 -|- 2A)] 


yui + C0UJ2 


A + 


[cx -|- /3(1 A)]^ 


j ujI + yUl 

cs] 


[2.7] 
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If Co = 0 then 


|fl3 — jJiQj2 \ ^ 




If Co 7 ^ 0 then 

ks - ^^al\ < 

and the result is sharp. 


4[q; + /3(1 + 2A)] 4[q; + /3(1 + 2A)] 

/r[cr + j3(\ + 2A)] 


4[a + /?(! + 2A)] 


max < 1, 


A + 


[a + /9(1 + A)]" 


( 2 , 8 ) 

□ 


Further setting /i = 0 in (2.8) we get the bound on |a 3 |. This completes the proof 
of the Theorem [H 

Corollary 1. Let a = t), A = 0 and /5 = 1 the class reduced to 

‘5g(4’n,m) then we have, 

CqUJi 

02 — 


and 


2 ’ 


los — < -max < 1, 


2/i-l 


Corollary 2. Let a = 0, A = 1 and (d = 1 the class reduced to 

Cg(^n,m) then we have, 

CqUJi 

02 — 


4 ’ 


and 




3p - 2 


Corollary 3. Let a = 0 and (d = 1 the class reduced to 


then we have. 


02 — 


Co^i 


and 


I03 — /TO2I ^ 


4(1+ 2A) 


max < 1, 


2(1 +A)’ 

2/i(l + 2A) - (1 + 3A) 


2(1 + A)2 


Theorem 2. If f E A, such that the function 


\zf\z)] 

a p 

[ fiz) \ 



(1-A) 


zf'jz) 

fiz) 


+ A 1 + 


then. 


l«2| < 


zfjz) 

f'iz) 

1 


1 < <l)(z) - 1, z e U 


2|a + fd{\ + A) I 
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8 C. RAMACHANDRAN AND D. KAVITHA 

and for any complex number /i 


Proof. Taking uj{z) = z in the proof of Theorem we get the desired result. □ 

3. Conclusion 

Finding the estimates for various subclasses of analytic functions with normal¬ 
ization is the most important role of geometric function theory. These estimates 
characterise the behaviours of functions in complex domain. This characterisation 
provides a tool using the sigmoid function in wide range of helds like image process¬ 
ing, digital communications, neural sciences etc.. 
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On the second kind twisted g-Euler numbers and 
polynomials of higher order 

Cheon Seoung Ryoo 

Department of Mathematics, Hannam University, Daejeon 306-791, Korea 


Abstract : In this paper, we introduce the second kind twisted < 7 -Euler polynomials E^n}j,q{x) of 
order k. We also get interesting properties related to the second kind twisted g-Euler numbers and 
polynomials. Finally, we construct twisted g-zeta function of order which interpolates the second 
kind twisted g-Euler numbers of higher order at negative integer. 

Key words : Euler numbers, Euler polynomials, the second kind Euler numbers and polynomials, 
g-zeta function, twisted g-Euler numbers and polynomials, twisted g-Euler numbers and polynomials 
of higher order, twisted g-zeta function. 
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1. Introduction 


Recently, mathematicians have studied Euler numbers, Euler polynomials, the second kind Euler 
numbers and the second kind Euler polynomials (see [1-9]). These numbers and polynomials possess 
many interesting properties and arising in many areas of mathematics, applied mathematics, and 
physics. In this paper, we introduce the second kind twisted g-Euler numbers En,L,q and polynomials 
E^}j^q{x) of higher order. Throughout this paper we use the following notations. By Zp we denote 
the ring of p-adic rational integers, Qp denotes the field of rational numbers, N denotes the set of 
natural numbers, C denotes the complex number field, and Cp denotes the completion of algebraic 
closure of Qp. Let Vp be the normalized exponential valuation of Cp with jpjp = p~‘'p^P'> = p~^. For 

g G UD{'Ep) = {g\g : Zp —>■ Cp is uniformly differentiable function}. 


the fermionic p-adic invariant integral on Zp of the function g G UD{'Ep) is defined by 

. p"-i 

^- 1 ( 5 ) = / g{x)dii-i{x) = lim V g{x){-lf, see [1, 3]. 


21 = 0 


From (1.1), we note that 


J gix + l)dg-i{x) + J g{x)dp,-i{x) = 2g{0). 


( 1 . 1 ) 


( 1 . 2 ) 


(k) 

First, we introduce the second kind g-Euler numbers En,q of higher order k. The second kind g-Euler 

(fc) 

numbers En,q of higher order k are defined by the generating function: 


/ 0„t \ _ pn 

(ge^) + 

^ n=0 


(1.3) 


Let Tp = UAr>iCpiv = limvr->.oo CpN, where CpN = {uj\ujP = 1} is the cyclic group of order p". 
For oj £ Tp, we denote by (pui ■ '^p ^ Cp the locally constant function x 1 —>■ uj^. We introduce the 
second kind twisted g-Euler polynomials En,oj,q{x) as follows: 

Opt CC fn 

-e-‘ = ^E„,„,,(x)-. (1.4) 


(jjqe 


2t , 


n=0 
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In [5], we obtain the second kind twisted g-Euler numbers En^ui^q polynomials En,ai,qix) and inves¬ 
tigate their properties. 

Theorem 1. For positive integers n, w G Tp, we have 

/ (l)ujix)q''{2x + = En^a>,q, 

JZp 

f (l>u{y)q^{x + 2y + lYdy-i{y) = 

JZp 


2. The second kind twisted q-Euler polynomials of higher order 


The main purpose of this section is to study a systemic properties of the second kind twisted 
g-Euler numbers and polynomials of higher order. In this section, we assume that q G Cp. We 

(k) (k) 

construct the second kind twisted g-Euler numbers En,L,q and polynomials En,ui,q[x) of higher order 


k. We use the notation 


E-E= E • 

ki—O kn—0 ki---kn—0 


The binomial formulae are known as 


fn\ j fn\ n{n-1)... {n - i + 1) 

(1 -«) = E J (-“) > L- = ^- —r - 


Now, using multiple of p-adic g-integral, we introduce the second kind twisted g-Euler polynomials 
E^X,gix) of higher order : For A: G N, we define 

n—0 

J Zp J Zp 

" -V-" 

k times 

By using Taylor series of \- 2 xk+k)t .|.]^g above equation, we obtain 


jXi-\ \-XkqXi-\ hx^ _|- _|_ 2xf. + k)"dy-i(xi) ■ ■ ■ dy-i(xk) 


n=0 




By comparing coefficients — on the above equation, we arrive at the following theorem. 

n! 

Theorem 2. For positive integers n and k, we have 
Ei%qix)= f ■■■( a;"i+-+"'=(?"i+-+"Ha: + 2xi + --- + 2:rfc + fc)"dM_i(:ri)---dM_i(a;fc). (2.2) 

J Zp J Zp 

By (2.1), the second kind twisted g-Euler polynomials of higher order, E^l,^q{x) are defined by 
means of the following generating function 


680 


RYOO 679-684 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Again, by using (2,1), the second kind twisted < 7 -Euler numbers of higher order, are defined 

by the following generating function 


2 e* y 
ojqe'^* + 1 / 


-f-Tl 

|t + logg|<|. 

n=0 


(2.4) 


When k = 1, above (2.3) and (2.4) will become the corresponding definitions of the second kind 
twisted g-Euler polynomials En,uj,q{x) and the second kind twisted g-Euler numbers En^cj,q- Observe 
that for a; = 0, the equation (2.4) reduces to (2.3). Note that when fc = 1, then we have (1.4), when 
<7 —>■ 1 , then we have 


2 e‘ 




; 00 

n—0 


’ n! 


where E^li ( x) denote the second kind twisted Euler polynomials of higher order k. In the case when 
a; = 0 in ( 2 . 1 ), we have the following corollary. 


Corollary 3. Eor positive integers n, k, we have 


eW 

n,uj,q 



J + • • • + 2 a;fc + A:)"(i/a_i(a;i) • • • dii-i{xk)- 


By using binomial expansion in (2.2), we obtain 

E‘;^l,q{x) = ^ Q x”-' ^ ^ (2^^ +... + 2xfe + fc)'d/a_i(xi) • • • d/a_i(xfc). 

Again, by Corollary 3, we arrive at the following theorem. 


Theorem 4. For positive integers n, k, we have 


EL%ix) = 


E 

1=0 


7^(fc) ^n-l 


We define distribution relation of the second kind twisted g-Euler polynomials of higher order 
as follows: For m € N with m = 1( mod 2), we obtain 




n—0 


n: 


2 e* 


ojqe'^* + 1 / \ujqe‘^* + 1 


2 e‘ 


2 e* 


+ 1 


2e" 


^Ujrnqm^2mt _|_ I 

From the above, we obtain 


k m— 1 

^ ^ - \~o.k { _-hfifc 

<3-1 ,<3fc=0 




2 ai + • • ■ + 2ak k x — mk 
m 


(mt) 




n—0 


= E 


UJ 


aiH-hofc ^- 


/ J ^n,Lo‘^ , 


ai,-" ,ak—0 


n—0 


2ai + • • • + 2ak + k + x — mk\ (mt) 


m 


n\ 
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By comparing coefficients of — in the above equation, we arrive at the following theorem. 

n! 


Theorem 5 (Distribution relation of the second kind twisted g-Euler polynomials of higher 
order). For m G N with m = 1( mod 2), we have 

ai,---,afc =0 ^ ^ 


By (2.3), we have 




^aiH-l-Q-fe ^-- \-2ak-\-k-\-x)t 


ai ,••• ,afe=0 


= 2 ^^^ ^ ^^(^_\'^rn^rn^m^{2rn+k+x)t 


From the above, we obtain 




aiH- \-ak ( _-hofc 


(x + 2ai + ■ * * + 2afc H- ] —r 


n =0 \ 0 - 1 ,••• ,Ofc =0 


= E 2^= E ■') + -)” S- 

n=0 \ m—0 ^ / 


By comparing coefficients of — in the above equation, we arrive at the following theorem. 

n! 

Theorem 6. For positive integers n and fc, we have 


= 2^= E ^ 


OiH-hofc /_^'^OiH-hofe 


(2,0,1 H“ ‘ ‘ H“ 2(2^ k 


oi,-" ,ak—0 


= 2^= E ^ ^ (-l)'”w'"<7’”(2m + fc + x)*^ 

m =0 V / 


E^S. 9 (^ + 2^)7T = 


/! \ujqe^^ + 1 


^ ±n ^ ±m 

^ n! m! 

n =0 m =0 


= E E^^L(^)eT2^' 




l—O \n—0 


{l-n)\ 


l—O \n—0 


= J2{Y.ij^n,lgix)y 


we have the following addition theorem. 


Theorem 7. The second kind twisted g-Fuler polynomials E^n}j,q{x) of higher order satisfies 
the following relation: 

E^J:lq{x + y) = E 
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3. Multiple twisted g-Euler zeta function 

In this section, we assume that q £ C with jgl < 1. Let uj be the p^-th root of unity. We define 
multiple twisted g-Euler zeta function. This function interpolates the second kind twisted g-Euler 
polynomials of higher order at negative integers. 

By using (2.5), we have 


FL%X,t) = 2 ^ ^ai+...+a,^_^^ai + ...+a,g(2ai+...+2a,+fe+x)t = ^ ^ W (3.) _ 

Ol,-" ,(^k—0 


n—0 


For s,x £ C with TZ{x) > 0, we can derive the following Eq. (3.1) form the Mellin transformation 
of F^'"2{x,t). 


1 

fis) 




t)dt = 2^= 


E 

ai,-" ,afc=0 


^-- ^0,1 H-hflfc 

(2fli “h * * * + 2(3,^ k -\- 


(3.1) 


For s,x £ C with 7Z(x) > 0, we define the multiple twisted g-Euler zeta function as follows: 
Definition 8 . For s,x £C with TZ{x) > 0, we define 


Ci%s,x) = 2'' 


E 

0-1,■■■ ,Ok—0 


^ --- \-ak 

( 2 tti + * * * H- 2 g,/^ k x')^ 


(3.2) 


For s = —I in (3.2) and using (2.6), we arrive at the following theorem. 
Theorem 9. For positive integer I, we have 


ei{-i,x)=Ei 


(fc) 


uj,q 


{x). 


By (2.4), we have 


___ +n 

VeW - = 

n,uj,q , 


2e* 


= 2’^Y(^ (^_^^m^m^m^(2m+k)t_ 


n! V + 1 , 

n=0 ^ ^ ^ m=0 

By using Taylor series of in the above, we have 


E = E (2^= E f" {-i)vr{2m +fc)"^' 


' n! 

n—O n—0 \ m—0 


m 


n: 


By comparing coefficients ^ in the above equation, we have 

Ek%q = 2^= £ E + ^ ■ b i-l)Vq"^i2m + kf 

m=0 ^ ^ 

By using (3.3), we define twisted q-Euler zeta function as follows: 
Definition 10. For s £ C, we define 

^m + fc-1\ (-l)™w’"q™ 


d^l(^) = 2^Y 


m—0 


m J {2m-\-k)^ 


(3.3) 


(3.4) 


(k) / \ (k) 

The function Ci)j,g(s) interpolates the number En,L,q at negative integers. Substituting s = —n 
with n £ Z+ into (3.4), and using (3.3), we obtain the following theorem: 
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Theorem 11. Let n € Z+, We have 


6%-n) = 


r 


Further, by (3.2) and (3.4), we have 


E 

ai,--- ,afc=0 


aiH-hQ-fe 1^0-1 H-htifc qO>i-\ - \-cik 

(2ai “h * * * “h 2(jfc + 


E 

m=0 


/'m + k 
\ m 


1 \ 

/ (2m + /c)® 
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HERMITE-HADAMARD INEQUALITY AND GREEN’S 
FUNCTION WITH APPLICATIONS* 

YING-QING SONG^, YU-MING GHU^-**, MUHAMMAD ADIL KHAN^, 
AND ARSHAD IQBAL^ 


Abstract. In the article, we derive the Hermite-Hadamard inequality by us¬ 
ing Green’s function, establish some Hermite-Hadamrd type inequalities for 
the class of monotonic as well as convex functions, and give applications for 
means, mid-point and trapezoid formulae. 


1. Introduction 


Convexity plays an important role in different fields of pure and applied sciences 
such as statistics, optimization theory, economics and finance etc. The fundamental 
justification for the significance of convexity is its meaningful relationship with 
the theory of inequalities. Many useful inequalities have been obtained by using 
convexity. Among those inequalities, the most extensively and intensively attractive 
inequality in the last decades is the well known Hermite-Hadamard inequality [1-9], 
which can be stated as follows: the double inequality 


( 1 . 1 ) 




cfi + a2 


< 


Ot2 — Oil 


' <y.\ ^ 


holds if the function ■(/> : [ai, 02 ] —>■ M is a convex function. If ■;/; is a concave function 
then (1.1) holds in the reverse direction. 

The Hermite-Hadamard inequality gives an upper as well as lower estimations 
for the integral mean of any convex function defined on closed and bounded interval 
which involves the the endpoints and midpoint of the domain of the function. Also 
inequality (1.1) provides the necessary and sufficient condition for the function to be 
convex. There are several applications of the Hermite-Hadamard inequality in the 
geometry of Banach spaces [10] and nonlinear analysis [11]. Some peculiar convex 
functions can be used in (1.1) to obtain classical inequalities for means. For some 
comprehensive surveys on various generalizations and developments of inequality 
(1.1) we recommend [12]. Due to the great importance of the convexity and the 
Hermite-Hadamard inequlity, in the recent years many generalizations, refinements 
and extensions can be found in the literature [13-37] 

In the article, we give a new proof for the Hermite-Hadamard inequality by using 
Green’s function, obtain some refinements of the Hermite-Hadamard inequality 


2010 Mathematics Subject Classification. Primary: 26D15; Secondary: 26A51, 26E60. 

Key words and phrases. Hermite-Hadamard inequality, Green’s function, convexity. 
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2YING-QING S0NG\ YU-MING GHU^’**, MUHAMMAD ADIL KHAN^, AND ARSHAD IQBAL'* 

for monotonic functions as well as convex functions. At the end, we give some 
applications for means, mid-point and trapezoid formulae. 


2. Main Results 


In order to obtain our main results we need to establish a lemma, which we 
present in this section. 


( 2 . 1 ) 


Q{\^A = 


Lemma 2.1. Let Q be the Green’s function defined on [ 01 , 02 ] x [ 01 , 02 ] by 

ai — fx , oi < /i < A; 
oi — A, A < /i < 02- 

Then any ip G C'^([oi, 02 ]) can be expressed as 

pa.2 

(2.2) ip{x) = ip{ai) + {x- ai)V''(o 2 ) -f / Q(x, p)ip"{p)dp,. 

J Oc\ 

Proof. By using the techniques of integration by parts in Qft, fT)ip’'{p)dfj,, we can 
easily obtain ( 2 . 2 ). □ 

The following Theorem 2.2 give a new proof for the Hermite-Hadamard inequal¬ 
ity. 

Theorem 2.2. Let ip G (^^([oi, 02 ]). Then the double inequality 

(2.3) ip (r ^(^^)dx < 


\ X / 02 - oi 

holds if Ip is convex on [ 01 , 02 ]. 

Proof. Let x = (oi -I- 02 )/ 2 . Then (2.2) leads to 

V* = V'(ai) + V''(a 2 ) + J Q ip"{fj,)dp., 

(2.4) iP ^'(“ 2 )+ J G ,pj ip"(p)dp. 

Taking integral of (2.2) with respect to x and dividing by 02 — Oi, we get 

1 i, i, \ 1 fot2-a\ , \\ m \ 

ip{x)dx = ip[ai) -I---- 01(02 - oi) hy ( 02 ) 


0^2 ~ Oil Jai 


0^2 — Oil \ 2 

^ /•a2 pOL2 


0^2 J a.1 J Oi\ 

pOL2 


G{x, fj,)ip"{fj,)dfj,dx, 


02 — oi 

1 


ip{x)dx = ip{ai) + ( ) ip'{a 2 ) 


(2.5) 

O2 Oi j oix 

Subtracting (2.5) from (2.4) we obtain 


G(x, fj,)ip"{fj,)dij,dx. 


iP 


oil T 02 


1 


<T 2 — Oil Jai 


ip{x)dx 
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ai + a2 


'<P''- 


( 2 . 6 ) 

Note that 
(2.7) 


pa2 


'Oil 



cxi + a2 


^ rOL2 pOL 

0^2 0^1 J cti J ai 

1 


G(x, ii) 2 p"(ij.)dfj,dx 


a2 — cxi 


G(x, fi)dx 


'ip''(fx)dfi. 


/ g (x, fi)dx = — -^ + aia 2 - a 2 ^ 

J oci 2 Z 


(X\ + Ot2 


d = 


ai — ^ , ai < /X < 

aL^</x<a 2 . 


If ai < ^ < then 


(Xi + a2 


1 


0^2 — O-i 


Q{x, fi)dx 


= ai — fi 

( 2 . 8 ) 

If M ^ 012 , then 

G 


1 al 


a 2 ~ Q;i V 2 2 


-— + q;iQ;2 — Oi2^ 


- (^ - ai) 

2 ( c 1!2 — Oil) 


< 0 . 


Oil + O2 


1 


02 — Oi 


G{x, fi)dx 


Q;x — 0-2 


I (al 
2 —+ 


(2.9) 


- (0(2 - A*) 


< 0 . 


2(02 — Oi) 

From the convexity of i)) we know that ip"id') ^ 0- Therefore, the first inequality of 
(2.3) follows easily from (2.6), (2.8) and (2.9). 

Next, we prove second inequality of (2.3). 

Let X = a2- Then (2.2) gives 

pOL2 

V'(a 2 ) = ■0(oi) + (02 - oi)x/>'(q( 2 ) + / Gia 2 ,d)'P’"id)dd, 

J oci 


( 2 . 10 ) 


ipiai) + ipia2) 


1 , I ra2 

= ipiai) + -(^2 - ai)ip'ia 2 ) + - J Gia 2 , d)'P’''id)dd- 


It follows from (2.5) and (2.10) that 

ipiai) + ip{a2) 1 


02 — Oi 


ipix)dx 


n l 1 \ 

xfI(a2,Ai)-/ Gix,fx)dx\ ip''ifj.)dfx. 

2 0( 2-01 J 


From (2.1) one has 

( 2 . 12 ) 


Gia2,d) = Oi - /X 
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if «! < /X < a2- 

It follows from (2.7) and (2.12) that 
^5(a2,Ai)- 


2 

ai — 


0^2 — O'l Jcki 


Q{x^fi)dx 


1 


2 2 

, 

0 . T,- - + ala2-a2^l 

2 a2 — ai V z 2 


2 (q;2 — cii) 


((oi — n){a2 — ax) — + af — 2a\a2 + ‘2.a2^J) 


(2.13) 

Therefore, 


1 


2(02 - ai) 

V'(ai) + V’(a2) 


((^ - Q;i)(a2 - m)) > 0. 


'ijj{x)dx > 0 


a2 — 0.1 


follows from (2.11) and (2.13) together with > 0. 


□ 


Next, we give some refinements of the Hermite-Hadamard inequality for the class 
of monotonic and convex functions. 

Theorem 2.3. Let ip € C'^([q;i, 02])- Then the following statements are true: 

(1) If\'f"\ is increasing, then 


■0 


Oi + Qf2 


1 


O 2 — Oi 


'ip{x)dx 


(2) is decreasing, then 


0 


Ox T 02 
2 


1 


O 2 — Ox Jai 
(3) is convex, then 


'ip{x)da 


< 


< 


(02 - OxY 

48 


(02 - oi^ 
48 


\r 


Ox + 02 


10" (ax) I + \r 


IV’"(a2)| 


Ox T 02 
2 


0 


< 


{02 - OxY 
48 


max 


{\r 


Qfi + O 2 

2 

Ox + O2 


1 7“^ 

0^2 — Ox Jai 


'ip{x)da 


|0"(ai)|| + max I 


0 " 


Oil + 012 


JV'"(a2)|} 


Proof. (1) By using (2.6) we have 

Ox + 02 


0 


^1+Q2 


/ CXi 

pOL2 


2 

Ox + <3:2 

2 

<31 + O 2 


O 2 — Ox 


ip{x)dx 




1 

<32 — <3l Jai 

1 


Q{x, fi)dx 


02 — Ox 


Q{x, fi)dx 


'ip"{fi)dn 

'ip"{n)dg. 


-1 


2(02 - <3l) 


^1+Q2 


(^ — ai)^ 0"(/x)d/i + 


^1+Q2 


(<32 - {ti)dn 


688 


SONG ET AL 685-697 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Taking absolute and using triangular inequality we obtain 


ip 


cxi T 02 


1 


02 ~ CHi 


'ip(x)dx 


< 


1 


< 


2(02 - ai) 

1 


^1+^2 


} <^1 + Q2 


2(02 — oil ) 
1 


r 


(y.1 + Q!2 


^1+^2 


(/r-oi) d^j. + \ip"{a 2 )\ / (a 2 -fJ,) dfi 

f Q1+Q2 


2(02 - ai) 


\r 


' X ^{a 2 - ai)^ + \ip''{a 2 )\ x ^(a2-ai)^ 


(2.14) 


(02 - cti)^ 

48 




O-l + 012 


IV'"(«2)| 


Similarly we can prove part (2). 

For part (3), using (2.14) and the fact that every convex function ip defined on 
the interval [ai,a2] is bounded above by max{'0(Q;i),7/>(a2)}j we obtain 


iP 


oil 4 “ 012 
2 


1 


< 


1 


2(<a2 ~ Oil) 
+ max 

{02 - ai)^ 


max 


ip'^ 


0^2 — Oil 

Oil + 02 


'ip{x)da 


IV’"(ai)l 


^1+Q2 


(/i — oi)^dn 


48 


max 


(X\ + Gl2 
2 

O-l + 0-2 


'j noc2 

. IV'"(a2)| j («2 - 


, |V'"(ai)l \ + max 


r 


Oi + 02 


,IV'"(«2)| 

□ 


Theorem 2.4. Let ipi € C^{[oi, 02 ])■ Then the following statements are true: 
(1) If\ip"\ is increasing, then 


Ip(oi) + Ip(02) _ 1 /■“" 

2 02 —01 

(2) If\ip"\ is decreasing, then 

Ip(oi) + Ip(02) _ 1 /■“" 

2 02 —01 

(3) If\ip"\ is a convex function, then 


ip{x)dx 


'ip{x)da 


< 


< 


\ip"{o2)\{a2 - aiY 

12 


IV’"(«i)|(<a2 - aiY 

12 


1 p{oi) + 1 p{ 02 ) 


1 

q ;2 — ai 


ip{x)da 


< 


I max{|V’"(ai)|, \ip''{o 2 )\}\{o 2 - oi)^ 
12 
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Proof. It follows from (2.11) that 
ipiai) + i’{a2) 


1 


1 




2 012 — CKl 

Taking absolute and using triangular inequality one has 

|V'(ai) + V’(a2) 1 


(/i- ai)(Q;2 - liW 


OC2 — Oil Jai 


'ip{x)da 


(2.15) 


< 


{{fi - ai){a2 - m)) IV’"(m)Mm- 


2(^2 - ai) 

Since (/x — q;i)(q ;2 — /x) > 0 and |x/’"| is increasing, therefore 
|V'(Q!i)+ x/’(a2) 1 


0^2 — Qfl 


< 


2 

\r{a2)\ 

2(a2 - ai) 

_ |'0"(a2)|(<a2 - aif 

12 


il){x)dx 


pOC2 

/ {fi-ai){a2 - f^)dfi 
J Oc\ 


Similarly we can prove part (2) 

For part (3), using (2.15) and the fact that every convex function / defined on 
the interval [ai,Q;2] is bounded above by max{/(ai),/( q; 2)}, we have 


V'(q;i) + x/’(a2) 


1 


< 


2 a2 — ai 

max{|xA"(ai)|,|x^"(a2)|} 


'ip{x)dx 


2{a2 - ai) 


pOC2 

/ ((^ - ai)(a2 - Ai)) 

J Oci 


□ 


3. Applications to Means 


A bivariate function M : (0,oo) x (0,oo) i—>■ (0,oo) is said to be a mean if 
minja, b} < M{a, b) < maxja, 6}, M{a, b) = M{b, a) and M{\a, Xb) = \M{a, b) for 
all a,b,X G (0, oo). 

Let a,b > 0 with a b. Then the arithmetic mean A{a,b) [38-43], logarithmic 
mean L{a,b) [44-48] and (a,r)-th generalized logarithmic mean L(Q, r)(a)d) [49-52] 
are dehned by 


A{a, b) 


a + b 
2 


L{a, b) 


b — a 

log b — log a ’ 


d^{a,r) ^) 


«(&’'+“-a’'+“) 1^/’' 
(r -I- q;)( 6“ — a“)_ 


respectively. Recently, the bivariate means have been the subject of intensive re¬ 
search [53-67] and many remarkable inequalities for the bivariate means and related 
special functions can be found in the literature [68-90]. 

In this section we present several new inequalities the arithmetic, logarithmic 
and generalized logarithmic means by using our results. 
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Theorem 3.1. Let 0 < oi < a 2 - Then the following statements are true: 
(1) if r >2, then 


(3.1) jA’’(oi, 02) —(cKi, 0:2) I < 
(2) if r <2 and r 0, — 1, then 

(3.2) \a'^ {cti, 02) — L^ (oi, 02) I < 


r(r — 1 )(q ;2 — ai}^ 
48 


r(r - 1 )(q ;2 - ai)^ 
48 


CXi + Cl!2 


CXl -p 0^2 
2 


r-2 


Proof. Let 'fix) = {x > 0) and r >2. Then we clearly see that \ is increasing 
and inequality (3.1) follows easily from Theorem 2.3(1). Similarly, we can prove 
inequality (3.2). □ 

Theorem 3.2. Let 0 < oi < a2- Then the following statements are true: 

(1) if r >2, then 


|T«,a^)-L;(ai,a2)| < 

(2) if r <2 and r ^ 0,-1, then 

\Aial,a;) - L;{ai,a2)\ < 


r(r - l){a 2 - ai) 
48 


2„i—2 


2„i—2 


r(r — l)(a2 — ai)^®^ 

4^ 


Proof. By using Theorem 2.4 and the same arguments as given in the proof of 
Theorem 3.1, we can obtain the desired results. □ 

Theorem 3.3. The inequalities 

(02 - ctiY 


A (q;i,Q!2 )~L (ai,Q;2) 


< 


24 


1 
3 ' 


(«! + 02) “1 


A ^(01,0:2 ) —L ^(q;i,Q!2 ) 


< 


(02 - Ctl)^ 
24 


max 


(oi + 02)^ ’ ol \ 


max 


(oi + 02)^ ’ a? 


hold for all Oi, 02 € with ai < a 2 . 


Proof. Let x > 0 and tp{x) = \jx. Then we clearly see that \'if"\ is decreasing and 
convex and Theorem 3.3 follows easily from Theorem 2.3(2) and (3). □ 


Theorem 3.4. The inequality 

A - L~^ (oi, 02) 

holds for all ai, 02 € K’*' with ai <02- 


> 


(02 - ai)^ 


6af 


Proof. Similar proof as in Theorem 3.3 but use Theorem 2.4 instead of Theorem 
2.3 □ 
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4. Applications to Trapezoidal and Mid-Point Formulae 

In this section we provide some new error estimations for the trapezoidal and 
mid-point formulae. 

Let d be a division a = xq < xi < • ■ • < Xn-i < Xn = b of the interval [a, b] and 
consider the quadrature formula 

[ tp{x)dx = + E{ip,d), 


where 


'Th 1 

xf I M + ip{x^+i) 

^(■0, d) = 2_^ -V- {xi+i - Xi) 




for the trapezoidal version and 


n—1 


T(' 0 ,d) = ~ 


i =0 

for the midpoint version and £( 0 , d) denotes the associated approximation error. 

Theorem 4.1. Let d be a division a = xg < xi <•■■ < Xn-i < x„ = b of the 
interval [a,b], 0 G C^([a, 6 ]) and £'(0, d) be the trapezoidal error. Then one has 

(4,1) \E(M\ < i; l’'^"(^■4^)l 041-4■.)* 


2 = 0 


if\ip''\ is an increasing function; 


|£(0 d)| < max{| 0 "(a: 0 | , | 0 "(a;i+i)|} {xi+i - x^f 

i=0 


12 


i/| 0 "| is a decreasing function; 




i =0 


)i/| 0 "| is a convex function. 


Proof. Applying Theorem 2.4 on each subinterval [xi, Xi+i] {i = 0,1,2, ■■ ■ ,n — 1) 
of the division d, we have 


0(a;i) -I- 0(a;i+i) 


1 


f^i + 1 


^ 2+1 ^2 


'ip{x)dx 


< 


|0"(a;i+i)|(a;i+i - x^Y 

12 


Multiplying both sides by Xj+i — Xi and taking summation we obtain 


ip{x)dx — T(0, d) 


n—1 

2=0 


12 


{Xi+I - Xif \ < ^ 


n—1 


2=0 


10 " ('^ 1 + 1)1 
12 


which is equivalent to (4.1). Similarly we can prove other parts. 


{Xi+i - Xif 


□ 


Theorem 4.2. Let d be a division a = xg < xi <■•■ < Xn-i < Xn = b of the 
interval [a,b], 0 € C^([a, 6 ]) and £(0, d) be the mid-point error. Then one has 

1 r j- 

\E{fd,d)\< -^{xi+i-Xif -p|0"(x,+i) 
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if\tp"\ is an increasing function; 




n—1 


Xi '' 


i=0 


z/|^"| is a decreasing function; 


1 r -L 


'max{ fj'' 


Xi-\-\ Xi 


, |V'"(a;i+i)|} 


if\'ip"\ is convex function. 

Proof. The proof is analogous to the proof of Theorem 4.1. 


□ 
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Abstract 

We present here some applications of Girard-Waring identities. Many 
various identities for things like elementary mathematics and other 
advanced mathematics come from those identities. 
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1 Introduction 


In this paper, we are concerned with the applications of the following Girard- 
Waring identities: 


0<fc<[n/2] 




and 






x-y 


E (-lh(”/)(^ + 2/W(^W- 

0<fc<[n/2] ^ ^ 


( 1 ) 

( 2 ) 


*This work was completed while on sabbatical leave from University of Nevada, Las 
Vegas, and the author would like to thank UNLV for its support. 
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2 


Albert Girard published these identities in Amsterdam in 1629 and Edward 
Waring published similar material in Cambridge in 1762-1782. These may 
be derived from the earlier work of Sir Isaac Newton. It worth noting that 
is an integer because 

n fn — k\ fn — k\ kn — k — 1\ 

n — k\ k J \ k / ~*~V k — I ) 

fn — k\ fn — k — 1\ 

^ )-( ^ )■ 


The proofs of formulas (1) and (2) can be seen in Comtet [3] (P. 198) and 
the survey paper by Gould [6]. Recently, Shapiro and one the authors [8] 
gave a different proof of (2) by using Riordan arrays. 

There are some alternative forms of formula (1). As an example, we give 
the following one. li x + y + z = then (1) gives 


0<fc<[n/2] 


(-ir^"+ E 

l<fc<[n/2] 


which implies 


(- 1 ) 
(_l)n-fc 


k ^ / ^\n—2kf^„,\k 


n — k\ k 

n fn — k 


—z 


n — k\ k 


{xy) 

zn-2k^xyf, 


X^ + y^-{-l)-Z^= Y. 

l<fc<[n/2] 


(- 1 ) 


n—k 


Tl f Tl 71 — 2 k/ \k 

z"- {xyY. 


n — k\ k 


Thus, when n is even, we have formula 

X^ + yn-zn= E (-1) 

l<k<[n/2] 

while for odd n we have 

x^ + y^ + z^= E (-1) 

l<k<[n/2] 


n — k 
k 


^n—2k 


{xyf, 




(3) 

(4) 


where x + y + z = t). Particularly, if n = 3, then 


x^ + y^ + z^ = Sxyz, 


(5) 


which will be shown in Corollary ?? and applied in the following examples. 
The formulas (3) and (4) can be considered as analogies of the results for the 
case of xy + yz + zx = 0 shown in Ma [11]. Draim and Bicknell [4] use sums 
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3 


and products of two roots of a quadratic equation to derive a class of Girard- 
Waring identities. Using Girard-Waring formulas to derive combinatorial 
identities is also an attractive topic. For instance, Filipponi [5] uses Girard- 
Waring formula (1) to derive some unusual binomial Fibonacci identities. 
Furthermore, some well-known identities can be re-derived by using Girard- 
Waring formulas. As an example, we substitute x = u + — 4, y = 

u — — 4, and z = —x — y into (1) and obtain the following identity 

shown on page 57 of Riordan [13]: 




n fn — k 


k=0 


n — k\ k 


u 


n—2k 


= 2 “ 


{u + \/— 4)” -I- (u — \l— 4y 


( 6 ) 


for n = 1, 2,..., where m = [n/2]. In particular, if u = 2, above identity (6) 
reduces to 




k=0 


n 

n — k 


n-k^^ 
k 


= 2 


for n = 1,2,.... It worth mentioning that Vasil’ev and Zelevinskii [18] 
denoted the function shown on the right-hand side of (6) by Qn and obtained 
(see (4’) on Page 57 of [18]) 


Qn(x) = ni<fc<n ( X - 2cOS 


(2k — l)7r 
2n 


which implies 

^ i2k - l)7r _ v/2 

J.J-l ^<^170 COS — 

- - 4m 2^ 

for m > 1 (see (d) on Page 58 of [18]). 

In the next section, we present some applications of Girard-Waring iden¬ 
tities to the trigonometric identities. In section 3, some applications of 
Girard-Waring identities to the linear recurrence relations of order 2 will 
be given. 


2 Girard-Waring identities and trigonometric iden¬ 
tities 

Girard-Waring identities can be applied to construct many interesting trigono¬ 
metric identities related to the roots of some quadratic equations. 
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Our idea of the first application of Girard-Waring identities can be pre¬ 
sented as follows; In formulas (1) and (2), there are two terms x + y, and xy. 
If we consider x and y the two roots ri and r 2 of a given quadratic equation, 
ax^ + hx + c = then we have the sums of, and differences of, n-th powers 
of the roots of the quadratic equation. Therefore we have ri -|- r 2 = — ^ =: p 
and Ti r 2 = ^ =; q. Thus formula (I) and (2) give: 


0<A:<[n/2] 


and 


(- 1 )' 


n 


n — k\ k 




r'Tt+i „n-l-l 

' 1 '2 

ri - r2 


E 

0<k<[n/2] 


(- 1 )^ 




( 7 ) 

( 8 ) 


We first consider a simple quadratic equation -|- c = 0. Then two roots, 
ri and r 2 , of the equation satisfy 


Ti -|- T 2 = 0 and rir 2 = c. 


From (7) we have the identity 


r’; + r’i= Y. 

0<A:<[n/2] ^ 7 

which implies 

= 2(—c)^ (9) 

and = 0. For instance, if c = —3, then ri = 2cos(7r/6) and 

r 2 = 2cos(57r/6). From (9) we obtain 

When.^ = I and 2, whencos^ (|)-|-cos^ (^) = 1.5 and cos^ (|)-|-cos^ (^) = 
9/8, respectively. 

Consider a quadratic equation ax^ -|-6x-|-c = 0, we have x = 

If 6^ — 4ac < 0, then 


X = Adi Bi = p(cos 6 dii sin 9 ), 
where 0 = tan~^^. 
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Then two roots ri and r 2 are: 

ri =/>(cos 6* + i sin 0) and r 2 = p{cos 9 — i sin 6), 

which implies p = ri + r 2 = 2/9 cos 6* and q = rir 2 = p. Thus, equation (7) 
gives 


rj + r; = p" (-1) 

0<A:<[n/2] 


n — k\ k ' 


which implies 


2 cos n9 = ^ (—1) 

0<fc<[n/2] 


knkn-k\ ^^s0)n-2k 
n — k\ k ' 


Note that 

n fn — k\ n fn — k — 1 


n — k\ k 


k\ k-l 


, k>l. 


Thus 


cos nO = ^ I (2 cos 0)"' — ^(2 cos 6*)"' ^ 

+ = (" ; h (2 CO, - I (" - h (2 cos «)»-« + ... g 


(2 COS 0)^-2^ 
K 


Similarly, from (8) we have 

sin(n + 1)0 = sin0 ^ (—1)^ 

0<fc<[n/2] 

Example 2.1 On Page 50 of Comtet [3], it can be seen that 
sin(n + 1)0 


sin0 


= Un{cos9), 


where Unix) are the Chebyshev polynomials of the second kind. Thus, 


?7n(cos0)= ^ (-l)^r^ ^ ^V2cos0) 

0<fc<[n/2] ^ ^ 

On Page 88 of Comtet [3], we also find that 


n—2k 


f7n(cOS0) = 


sin(n + 1)0 
sin0 


2 cos 0 1 


0 


1 2 cos 0 1 


0 

0 


0 

0 


1 2 cos 0 1 


0 


1 2 cos 0 
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Hence, the determinant of the tridiangonal matrix on the rightmost side of 
the above equation is equal to 


2 cos 9 1 0 0 

1 2 cos 6» 1 0 

0 1 2 cos 6» 1 

0 0 12 cos 6 


0<fc<[n/2] ^ ^ 


Recall that the Chebyshev polynomials of the first kind (x) are defined 
by Tn (x) = cos (n cos“^ x). Thus, 


Tn{x) = cos (n cos ^ x) 

= i(2U" - ?(2.i^)"-" 


2 ^ 1 
From Page 88 of [3] 


1 


(2x) 



cos 6 

1 

0 

0 


1 

2cos0 

1 

0 

COS nO = 

0 

1 

2 cos 6 

1 


0 

0 

1 

2 cos 9 ... 


Thus, 


X 

1 

0 

0 ... 

1 

2x 

1 

0 ... 

0 

1 

2x 

1 ... 

0 

0 

1 

2x ... 


= \ { (2i-)" - Y (2rt)”-= + Y (" j (2i)”-‘ 


From [19] (see Page 696), 

T„{x) = |,T - cos (^^h^ 

Since r„(cos0) = cosnO, the above formula implies that 

{2k — l)7r' 


cos nO = 2” COS0 — cos 


2n 


( 10 ) 


Remark 2.1 It is well known (see, for example, [19]) that 

r / kir 

Unix) = 2"n^=Y X - cos ' 


n + 1 
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Thus, 


sin(n + 1)9 \ n / fevr 

= Un{cos9) = 2 < COS0 — cos 


sin0 


n + 1 


( 11 ) 


Substituting different values of 6 into (11), we may obtain a type of trigono¬ 
metric identities. For instance, let 9 = 'k Then (11) yields 

sin(n + 1)^ = -2''n^=i cos 

If n = 2m, m = 0,1,, 2..., because of sin(2m -|- l)7r/2 = (—I)™-, the last 
equation implies 

(_l)m ^ cos (= 4”^(-l)™n^=i cos^ ^ 


2m -|- 1^ 

where in the last step we use the fact 


2m + ir 


cos 


fcvr 


= — cos TT — 


fcvr 


= — cos 


(2m — k + l)7r 


2 m -|-1 / \ 2 m -|-1 / \ 2 m -|-1 

for k = m + l,m + 2,, 2m. Thus we obtain the identity 


2m -h 1 / 4™ 


Other identities can be obtained by substituting 9 = vr/G, 7r/4, tt/S, etc. 
Recall also that 


coshx = 


and sinh x = 


2 2 
Let ri = e® and r 2 = e~^. Then (7) gives 

cosh(nx) = ^ ^ (—1)^ _^ ^ (2coshx)"^”^^ 

0<A:<[n/2] 


n — k\ k 


and 


sinh(nx) = sinh x 


sr^ 


(- 1 )* 


n 


0<k<[n/2] 


n — k 


n — k 
k 


(2 cosh X 


,71—2k 


Other applications of Girard-Waring identities to the product expansions of 
trigonometric functions similar to the results shown in [2] will be presented 
in the author’s further work. 


704 


HE-SHIUE 698-708 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Girard-Waring identities 8 

3 Girard-Waring Identities and linear recurrence 
relations of order 2 

Girard-Waring identities can be applied to construct the expressions of the 
linear recursive sequences of order 2. 

Note that = {x + y) [x'^~^ + — xy (n > 2). 

Let Wnix, y) = x"' + y^. Then 

Wn{x, y) = {x + y)wn-i{x, y) - xywn- 2 {x, y),n>2, (12) 

with the initial conditions wo{x,y) = 2 and wi{x,y) = x + y. The charac¬ 
teristic equation of the above recurrence relation is — {x + y)t + xy = t). 
Thus t = x,y 

Proposition 3.1. Letan{x,y) = p{x,y)an-iix,y)+q{x,y)an- 2 {x,y), n > 2, 
with given ao{x,y) andai{x,y). Then 

an {x, y) 

ai{x,y) - ld{x,y)aQ{x,y) „ ai(xy) - a(x,y)ao(x,y) 

= - 7 - 7 -XT- 7 -a {x,y) - - -r-—---/? (x,y), 

(^[x,y) - P[x,y) a{x,y) -/d{x,y0 

where a{x,y) ^ f3{x,y) are the roots of the characteristic equation t^ — 
P{x,y)t - q{x,y) = 0. 

By using this proposition 3.1, the solution of (12) is Wnix, y) = x^ + y^. 
Example 3.1 The generalized Lucas polynomials (Lucas 1891, see Swamy 
[16]) Vn{x,y) are defined by 

Vn{x,y) = xVn-i{x,y)+ yVn- 2 {x,y), Vo{x,y) = 2, Vi{x,y) = x. 

The characteristic equation is t‘^ — xt — y = 0. Thus 

X ± Y^x^ -|- 4y 

2 • 

By Proposition 3.1 and the Girard-Waring identity (1) 

Vnix,y) = a^{x,y) + P"-{x,y) = ^ 

0<fc<[n/2] 

Example 3.2 Dickson polynomials of the first kind of degree n (Dickson 
1897, see Lidl, Mullen, and Turnwald [10]) are defined by 

Dnix,a) = xDn-i{x,a) - aDn- 2 {x,a), Do(x, a) = 2, Di{x,a) = x. 


n 

n — k 


n — k 
k 


xn-2kyk^ 
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Thus from Proposition 3.1 and the Girard-Waring identity (1), 


Vn{x, -a) = Dn{x,a) 


E 


n fn — k 


0<fc<[n/2] 


n — k\ k 


{—afx 


k^n—2k 


Example 3.3 For the Lucas polynomials (see Bicknell [1]) {Cn{x) = Vn{x, 1)}, 
i.e., let y = 1 in { 14 (x,y)}, we have 


Cn{x) 


= E 

0<A:<[n/2] 


n 

n — k 




Note that Dn{x,—1) = Cn{x). For the Lucas numbers Cn = we 

have 


r — 


n 


^ n — k 

0<fc<[n/2] 


n — k 
k 


Example 3.4 The Chebysheve polynomials of the first kind (Chehysher 
1821-1894, see Rivlin [14] and Zwillinger [19]) are defined by 


Tn{x) = 2xTn-l{x) - Tn- 2 {x) U > 2, 


with the initial conditions Tq(x) = 1 and Ti(x) = x. Thus, from Proposition 
3.1 and the Girard-Waring identity (1), we have 


1 


n 


0<fc<[n/2] 


n — k 
k 


{2x 


\n—2k 


Note that from (2), we have 


_ yU+l 

x-y 


{x + y) 


X — y 
x-y 


xy- 


^n-l _ yu-l 

x-y 


n>2. 


Let Wn+i{x,y) = — y). Then 

Wn{x,y) = {x + y)Wn-iix,y) - xyWn- 2 ix,y), n > 2, (13) 

with the initial conditions Wo{x,y) = 0 and Wi{x,y) = 1. Thus 

Wn{x,y) = (-l)"^” " (x + y)-i-"(xy)^ 

Remark 3.1 From the expression of Wn{x,y) and noting the initial con¬ 
dition lLo(x, y) = 0, we know {Wn{x,y)} is a linear divisibility sequence. 
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More precisely, from authors’ recent work [9], if x and y be distinct real 
(or complex) numbers, then sequence {Wn{x,y)) is a second order linear 
homogenous recursive sequence with Wq = 0 and Wi = 1 and a linear di¬ 
visibility sequence of order 2. For instance, when r 7 ^ 1 and ai = 1, the 
geometric sequence = ai(l — r"')/(l — r) = (1 — r"^)/(l — r)}n>i is a 
linear divisibility sequence because Sn = Wn{l,r). 

Example 3.5 The Generalized Fibonacci polynomials Fn{x, y) ( see Swammy 
[17]) are defined by Fn{x,y) = xFn-i{x,y) + yFn- 2 {x,y) (n > 2) with the 
initial conditions Fo(x,y) = 0 and Fi{x,y) = 1. From Proposition 3.1 and 
the Girard-Waring identity (2), we have 

Fn{x,y) = 

0<k<[{n-l)/2] 

Thus, for the Fibonacci polynomials 
Fn{x) = Fn{x,l) = 

0<fc<[(n-l)/2] 

For Fibonacci sequence {Fn} 

r„ = F„(i)= E ("-(-"). 

0<A:<[(n-l)/2] ^ ^ 

For the Pell sequence {Pn} 

P„ = f„(2)= -1 -y-'-K 

0<A:<[(n-l)/2] ^ ^ 

References 

[ 1 ] M. Bicknell, A primer for the Fibonacci numbers VII, Fibonacci Quart. 
8 (1970) pp. 407-420. 

[2] G. Brouwer, A generalization of the angle doubling formulas for 
trigonometric functions. Math. Magazine, 90 (2017), No.l, 12-18. 

[3] L. Gomtet, Advanced Combinatorics, Reidel, Dordrecht, 1974. 

[4] N. A. Draim and M. Bicknell, Sums of n-th powers of roots of a given 
quadratic equation, Fibonacci Quart. 4 (1966), no. 3, 170-178. 

[5] P. Filipponi, Some binomial Fibonacci identities. Fibonacci Quart. 33 
(1995), no. 3, 251-257. 


n — 1 — A: 
k 


x 


,n—l—k 


n — 1 — k 




707 


HE-SHIUE 698-708 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Girard-Waring identities 


11 


[6] H. W. Gould, The Girard-Waring power sum formulas for symmetric 
functions and Fibonacci sequences, Fibonacci Quart. 37 (1999), no. 2, 
135-140. 

[7] R. P. Grimaldi, Fibonacci and Catalan numbers, An introduction, John 
Wiley k, Sons, Inc., Hoboken, NJ, 2012. 

[8] T.-X. He and L. W. Shapiro, Row sums and alternating sums of Rior- 
dan arrays. Linear Algebra Appl. 507 (2016), 77-95. 

[9] T.-X. He and P. J.-S. Shiue, An approach to the construction of linear 
divisibility sequences of high orders, J. Integer Sequences, 20 (2017), 
Artical 17. 9. 3. 

[10] R. Lidl, G. L. Mullen, and G. Turnwald, Dickson Polynomials, Pitman 
Monographs and Surveys in Pure and Applied Mathematics, Vol. 65. 
Longman Scientific k Technical and John Wiley k Sons, Inc., 1993. 

[11] X. Ma, A generalization of the Kummer identity and its application 
to Fibonacci-Lucas sequences, Fibonacci Quart. 36 (1998), no. 4, 339- 
347. 

[12] R. W. D. Nickalls, Viete, Descartes and the cubic equation. Math. 
Gazette, 90 (2006), July, 203-208. 

[13] J. Riordan, Combinatorial identities, John Wiley k Sons, Inc. New 
York-London-Sydney, 1968. 

[14] T. J. Rivlin, Chebyshev Polynomials, New York: Wiley, 1990. 

[15] M. Saul and T. Andreescu, Symmelltry in algebra, part 111, Quantum, 
8 (1998), no. 6, July/August, 41-42. 

[16] M. N. S. Swamy, On a class of generalized polynomials, Fibonacci 
Quart. 35 (1997), no. 4, 329-334. 

[17] M. N. S. Swamy, Generalized Fibonacci and Lucas polynomials and 
their associated diagonal polynomials, Fibonacci Quart. 37 (1999), no. 
3, 213-222. 

[18] N. Vasil’ev and A. Zelevinskii, Ghebyshev polynomials and recurrence 
relations [Kvant 1982, no. 1, 12-19], Kvant selecta; algebra and anal¬ 
ysis, H, 51-61, Math. World, 15, Amer. Math. Soc., Providence, RI, 
1999. 

[19] D. Zwillinger (Ed.), CRC Standard Mathematical Tables and Formu¬ 
lae, Boca Raton, FL: GRG Press, 1995. 


708 


HE-SHIUE 698-708 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Local Fractional Taylor Formula 

George A. Anastassiou 
Department of Mathematical Sciences 
University of Memphis 
Memphis, TN 38152, U.S.A. 
ganastss@memphis.edu 


Abstract 

Here we derive an appropiate local fractional Taylor formula. We 
provide a complete description of the formula. 
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1 Introduction 

In [3], [4] was first introduced the local fractional derivative and presented an 
incomplete local fractional Taylor formula, all done by the use of Riemann- 
Liouville fractional derivative. Similar work was done in [1], but again with 
some gaps. The author is greatly motivated by the pioneering work of [l]-[4] 
and presents a local fractional Taylor formula in a complete suitable form and 
without any gaps. 


2 Main Results 


We mention 


Definition 1 ([5], pp. 68, 89) Let x,x' G [a, 6], f & C ([a, 6]). The Riemann- 
Lioville fractional derivative of a function f of order q (0 < q < 1) is defined 
as 


Difix') 


Df^fix'), 
Dl_fix'), x'<xj 


1 

r(i-q) 


^ T T - 0 V (t) dt, x' > X, 
- ^ Ix' / (^) dt, x' < X. 


( 1 ) 


1 
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We need 


Definition 2 ([3]) The local fractional derivative of order q (0 < q < 1) of a 
function f G C ([a, b]) is defined as 

V^f {x) = lim Dl (/ {x') -fix)). (2) 

x'—^x 

More generally we define 


Definition 3 (see also [1]) Let N G 0 < q < 1, the local fractional deriva¬ 
tive of order (N + q) of a function f G ([o, 5]) is defined by 

ix) = lim Dl(fix')-f2 ■ (3) 

If = 0, then Definition 3 collapses to Definition 2. 

We need 


Definition 4 (related to Definition 3) Let f G i[a,b]), N G Set 


F (x, x' — x; q, N) 




n—0 



Let x' — X ■.= t, then x' = x -\-t, and 


(4) 


Fix,t;q,N) 


^X 


(^f (x +1) 


N 


E 

n—O 


n! J ■ 


(5) 


We make 


Remark 5 Here x',x G [a, b], and a < x + t < b, equivalently a — x <t <b — x. 
From a < X < b, we get a — x <0 <b — x. 

We assume here that F {x,-;q, N) G {[a — x,b — x]). Clearly, then it holds 

V^+yix) = Fix,H,q,N), ( 6 ) 

and (x) exists in M. 

We make 


Remark 6 We observe that: 

I) Let x' > X (x' — X > 0) then 


N 




n=0 


2 
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V n=0 ). 

D-‘> {F {x, x' - X] q, N)) = J {x' - F{x,z- x\ q, N) dz 


1 r Fix,t;q,N) 
r (q) Jo {x' — x — 


(integration by parts) 


p 1 x' — X 

F{x,t;q,N) / {x' — x — ty ^ dt + 

J Jo 


dF {x, t; q, N) [x' — x — 


FI^Tlli lorZ>x. (8) 

N e z+. 

II) Let x' < X (x' — X < 0): We have similarly, 

-x) = 

n—0 

D,:« = 

D-’i (F {x,x'- x;q,N)) = J {z - x'Y~^ F {x,z - x-,q,N) dz = (9) 

[ {x - x'+ty~^ F{x,t;q,N)dt = 

r (g) Jx'-x 


(integration by parts) 


f _ 1 ° 

F{x,t;q,N) / {t + x — x'Y ^ dt 

^ J x'- 


dF (x, t; q,N) (t + x — x')‘^ 
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1 


r(g) I 

1 

r(<z + i) 


F{x,0;q,N) 


(x — x'y 


1 




■pN+qf _|_ 


r(9) 

1 


r (<z +1) 7o 


dF {x, t; q,N) (t + X — x') 
dt 

dF (x, t; q, N) 
dt 


-dt = 


{t — X + xY dt. 

( 11 ) 


Conclusion: 

We have proved that (N € Z _|_) 

I) 

N 


= ^1 (a^ - a;) + {x -x) + 

n=0 


r(<z + i) 


^ —rc 

r (9 +1) Jo 


- ^ ^ {x — x — tY dt, when x > x, (12) 


and 


II) 


/ (X-) = V CM (X- -»:)”+ (»-- »') V 

n! 


1 

r (<? + 1 ) X 

We have derived 


n—0 

nx' — X 


dF {x, t; q, N) 
dt 


r(g + i) 


{t — x' + xY dt, when x' < x. (13) 


Theorem 7 Let f G ([a, b]), N G 1^+. Here x, x' G [a, h], and F (x, •; q, N) G 
{[a — x,h — x\). Then 


N 


/ {x') = Y, 


n—O 


n! 


(x -x) + 


r(<7 + i) + 


(14) 


1 


r +1) Jo 

In particular we get 


dt 


Corollary 8 (to Theorem 7, N = 0) Let f G C{[a,b]); x,x' G [a,b], and 
F {x, •; q, 0) G C^ ([o — x, b — x]). Then 


f{x') = f{x) + ^^^w-x\'^ + 


r (<? +1) Jo 


Tiq + l) 

dF{x,t;q,0) , 

dt 


(15) 


— x) — dt. 
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ON VORONOVSKAJA TYPE ESTIMATES OF BERNSTEIN-STANCU 

OPERATORS 

RONGRONG XIA AND DANSHENG YU* 


Abstract. In the present paper, we obtain the Voronovaskaja-type results of approximation by 
a type of Bernstein-Stancu operators with shifted knots. 


1. Introduction and The Main Results 


For any / (x) G C'fo,!]) the corresponding Bernstein operators Bn{f,x) are defined as 
follows: 

Bn if] X) = '^f f Pn,kix), 

where Pn,kix) = (t “ x)"'~^ , k = 0,1, ■ ■ ■ ,n. The approximation properties of Bern¬ 

stein operators for continuous functions or functions of smoothness have been investigated 
extensively. Among them, many authors have studied the Voronovaskaja-type asymptot¬ 
ical estimates (see [5]-[7], [13] ). 

Stancu ([11]) generalized the Bernstein operators to the following so called Bernstein- 
Stancu operators: 

Bn,a,f}if]x) = ^f Pn,kix). (1.1) 

tXo v^+/?y 

It was showed that if]x) converges to continuous function /(x) uniformly in [0,1] 

for a,f3 satisfying 0 < a < (3. 

Recently, Gadjiev and Ghorbanalizadeh ([4]) further generalized Bernstein-Stancu op¬ 
erators by using shifted knots as follows: 


Sn,aAf’^) = 


n + (32 
n 


n n 


E/ 

fc =0 


A: -|- cii 
n + I3i 


qn,kix). 


( 1 . 2 ) 


where x G 


n+a2 


Q2 _ 

n+/32 ’ n+/32 


, qn,kix) — X (^X 


( n+a .2 _ 

V «.+42 


n—k 


, k = 0,1, ■ ■ ■ ,n, and 


OikAkA = 1,2 are positive real numbers satisfying 0 < ai < f3i, 0 < 0:2 < /I 2 . They 
estimated the approximation rate of approxiamtion by Sn^a,i3 if, x) for continuous functions 


in An- In fact, they established the following: 


2010 Mathematics Subject Classification. 41A25, 41A35. 

Key words and phrases. Bernstein operators with shifted knots, Voronovaskaja-type results. 
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Theorem 1.1. Let f be continuous function on [0,1] . Then the following inequalities 
hold: 


\Sn,a,l3{f,x) - f{x)\ < I 



if {132 - /3i) > (02 - Oi), 


if {132 - I3i) < (o2 - oi). 


In Theorem 1.1, the approximation properties of Sn,a,i 3 {f, x) in ;= 
considered. As we know, Sn,a,i3 is positive and linear in the set An. Although, Sn,a,is is still 
definable on [0,1]\A„, but it is not positive in this case. Then, a natural problem is whether 
Sn,a,i 3 {f,x) can be used to approximate the continuous functions on the whole interval 
[0,1]. Wang, Yu and Zhou ([14]) give a positive answer by establishing the following: 


n+/32 


n+a2 

n+f}2 


are 


Theorem 1.2. Let f be a continuous function on [0,1] , A G [0,1] be a fixed positive 
number. Then there exists a positive constant C only depending on A,oi,02,/3i and (32 
such that 

\Sn,a,g {f,x) -f{x)\ < (^/, , (1.3) 

where (p{x) = \/x{l — x), Sn{x) := (p{x) + and 


(/, t) 


sup sup 


/ 




Many authors have generalized Sn^a,g{f-,x) in many ways (see [1], [3], [8]-[10], [12]). 
Our purpose of the paper is to give the Voronovskaja type estimates of approximation 
by Sn,a,l3{f,x) on An. 


Theorem 1.3. Let f G C‘^{An), A G [0,1] be a fixed positive number. Then there exists a 
positive constant C only depending on \,ai,a 2 , (di and (32 such that 


Sn,a,g{f,x) - f{9n{x)) - ^f”{x)Mn{x) 


.3l{ 


X 




n 


Si ^{x) 


n 


(1.4) 


where Sn(x) = 4.{x) + [x - (Sf -i). 


A/„W + 


n \n + (3i 


+ 




X — 




02 


n + (32 


+ 


(n +/32) (1 + 202 ) ‘loL\ 


{n + (3iy ra + /32 / V n + (32 


X — 


02 


(n + /3i)2 (n + /32)^’ 

0n{x) := Sn,a,l3{t,x) = 


X — 


02 ~ Ol 


n + /?2 
n + (3iJ \n + (3i 


When ai = a 2 = (3i = (32 = 0, we get the results of [7] for Bernstein operators. Noting 


that \0{x) — x\ < 


(/32-/3i)x-a2+ai 

n+/3i 


, we have 
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Corollary 1. Let f G C‘^{An), A G [0,1] be a fixed positive number. Then there exists a 
positive constants Ci and C 2 only depending on X,ai,a 2 ,fii and (32 such that 


Sn,a,p{f,x) - f (x) - -f''{x)Mn{x) 


< Cl 


'sl{ 


X 


n 


f , 


^{x) 


n 


+w / 


{/32 - /3l)x -02 + 01 
n-\- fil 


,(1.5) 


where uj{f,t)A„ is the usual modulus of continuity of f on An. 


Throughout the paper, C denotes either a positive absolute constant or a positive 
constant that may depend on some parameters but not on /, x and n, their values may 
be different at different occurrences. The symbol x ~ y means that there exists a positive 
constant C such that C~^ < x < Cy. 


2. Auxiliary Lemmas 

Lemma 2.1. ({3], Lemma 3) For any given 'y > 0, we have 


^n^ix) ■— 

k=0 


k + ai 


n + /3i 


— X 




7 1 

712 


G Af, 


( 2 . 1 ) 


Lemma 2.2. If g ^ Dx := {g ■ g' ^ ACioc, < 00 , ||y'|| < 00 }, then for any x G 

we have 


Sn,a,i3\ / {t - u){g{u) - g{x))du,x 


< ^ ^njx) f ^jx) 

~ n \ y/n 



( 2 . 2 ) 


Proof. We need the following inequality: 



1 

4>^{u) 


du < C 


\t — x| 


for any x,t G An. 


(2.3) 
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In fact, when A = 1, (2.3) is obvious. When 0 < A < 1, we have (by using Holder’s 
inequality for 0 < A < 1) 


1 


4>^{u) 


du < 


1 


du 


X 4>iu 

< C\t-x\^-^ 

< C\t — x\^~^ 

< C\t — X 


du 


l-A 


+ 


u — 


02 

n+/92 


du 


n+a2 

n+/32 


— U 


a2 / a2 

t -^- \ X — 


n + (32 

1 


t — 


Oi2 


n + (32 

+ 


+ 


n + a 2 ^ n + 02 
n + (32 \ n + (32 

1 


+ ^ X - 


02 


n+a2 


n+a2 


n+p, -i+ 


< C\t — x\ 
M-x\ 


+ 


n+P2 


n+a2 

n+P2 


— X 


< C'- 


(()^{x) ’ 

which proves (2.3). 

Now, we prove (2.2) by considering the following two difference cases; x G Bn = 
and xGB(, = [^, U ^], respectively. 


When X e Bn = 


02+1 n+a2 —1 
n+P2 ’ n+P2 


n+P2 ’ n+P2 J ^ n+P2 ’ n+A ^ 
, we have 


4>ix) > min (j) 


02 + 1 
n + (32 


n + 02 — 3 
n + (32 


> 


C 


n 


which means that 


Then, by Lemma 2.1, we have 


Snix) ~ 0(x), X G Bn- 


< 


Sn,a,p (^j {t - u){g{u) - g{x))du,x 




A /| 


< cu^g‘ 


5, 


n,a,l3 




X — u 


(f)^{x) 


ds du, X 


du, X 


< 


= 


b^g'\ 


k\ 


X) 
A + l 


Sn,a,P (|i - 


5 II ( n + (32 


(j)^{x) 


n 


E 

k=0 


k + oi 


n + (3i 


— X 


\qn,k{x)\ 


< c++3+i1u>-9'\ 


n 


n 


(2.5) 


( 2 . 6 ) 


717 


XIA-YU 714-723 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


ON VORONOVSKAJA TYPE ESTIMATES OF BERNSTEIN-STANCU OPERATORS 

When xeB^ = [^, U ^], we have 6nix) ~ Then, 


n 




< C 


n y ^Jn 

^Ijx) fdi-^{x) I 

n I 






n 


'n 


n 


By Lemma 2.1 again, we get 


(2.7) 


Sn,a,i3 (^j {t - u){g{u) - g{x))du,x 
< C\\5^g'\\ Sn,a,li (^Ijt - u) (^£ du, 

ilj* ~ («lk 

Sn.c.ll (^ it - uf-^^du 
” / 1 1 


< C\\5^lg' 

< CWSilg' 


k + ai 


n + /3i 


qn,k{x) 




5^{x) 


X — 


k + ai 


k=0 

( rl-A/ 


< c 


n 


n 


n + /3i 

9 \\ + 


qn,k{x) 


d'i{x) ( < 5 ^ ^(a;)||j,A„/|| , f ^(x)y-# 11^, 


n 


( 2 . 8 ) 


We prove Lemma 2.2 by combining (2.6), (2.7) and (2.8). □ 

Lemma 2.3. Under the conditions of Lemma 2.2, we have for x G An = 


dSn,o.,l3{t,x) 


{Sn,a,p{t, x) - u){g{u) - g{x))du 




n 


n 


n 


Proof, ll x G Bn = [y^, n+\ k by (2.3) and the fact (see, 

/n + /32\ y2 - ai 

^n,a,p[t,x) = I -^ 1 X - 


we have for any 7 > 0 that 


n + /?! / \ n + Pi 


C 


\Sn,a,l3it,x) -Xp < — 
n' 


( 2 . 10 ) 


( 2 . 11 ) 
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By (2.3) and (2.11), we get 

rS„,c,f3it,x) 


iSn,a,i3it, x) - u){g{u) - g{x))du 


< 




< cu^g' 


«)(/ g'{s)ds j du 


{Sn,a,l3{t,x) - U) 


1 




ds du 


< C 

< C 


4Vl 


1 II^Vl 


\Sn,a,l3{t,x) - x\ 




n \/n 


( 2 . 12 ) 


If X G = 


(y.2 

02-1-1 

U 

n+Q2 —1 n+Q2 

n+l32 ' 

n+l32 

n+/32 ’ n+132 


Sn,a,p{ti x) — , I o I 

\n + /3ij 
It is easy to observe that 


n 


+ P2 \ 


X — 


<T 2 ~ Ctl 

n + (3i 


, we have 

Gl (Yl “1“ 1 

_n + /l2’ n + /32 


U 


n + ai — 1 n + ai 
n + (32 ’ n + /32 


dniSn,a,l3iti x)) — ^ 


n + (32 a 2 - ai 

- X — - 

n-h (3i n + (3i 


n + (32 a 2 — cxi a 2 

■X — 


n + (3i n + (3i n + (3i 


n + (32 2 a 2 - ai 

- X — - 

n + (3i n + (3i 
5n(x) ~ 

In 


n + 02 n + /32 02 - «! 

- — - X “h - 

n + (3i n + (3i n + (3i 

1 


+ 


n 


n + 2 q ;2 — Oil n + (32 
n + (3i n + (3i' 


+ 


n 


Therefore, by (2.11) again, we get 

rS^,a,,l3it,x) 


< C\\6^ig^ 

< C\\6^lg\\ |5„,„,/3(t,x) - x|^ 


{Sn,a,/iit, x) - u)(g(u) - g(x))du 

Sn,c.,f>{t,x) 


('S'n,«,/3(T ^) ^) 

1 


1 1 

+ 


+ 


^nix) d^(u) 
1 


du 


^nix) S^{Sn,aA*^x)) 


n A/n 

We get Lemma 2.3 by combining (2.7), (2.12) and (2.13). 


(2.13) 

□ 
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3. Proof of Results 

Define the auxiliary operators S, x) as follows: 

Sn,a,l3 (/) T:) (/; ®) “1“ (/; ®) > 

where Ln,a,^if,x) = f{x) - /( 6 »„(x)), and 6 »„(x) = Sn,a,is{t,x). 

It follows from the facts Sn,a,i 3 i^,x) = 1 and (2.10) that 

'S'n,«,/?(!) x') — 1, <5n,Q:,/3((f x'), x) — 0. 

For any f{x) G C{An)^ 0 < A < 1, define the K-functional: 

inf {\\f-9\\+t 
geA.Claa [ 

Then ([2]) 

if, t) ~ (/, t ). 

Then, by taking t = > there is a g £ ACioc such that 

(x) 


(3.1) 


(3.2) 




I J. 1- A / 

+ D 2 g 


\r-g <cu;.. r, 


si 


-A 


n 




< f, 


n 
l-A 


A. 
(x) 


ix)\^ uA 


n 


llff'll < Cojs^ f, 


n 

l-A 


(x) 


n 


(3.3) 

(3.4) 

(3.5) 


By (3.1), we have 


Sn,aAf^^) - fi^nix)) - -f"{x)Mn{x) 


Sn,aAf^x) - f{x) - -f”{x)Mn{x) 


Hence, we only need to prove the following inequality; 


5 'n,a,/ 3 (/,a:) - f{x) - ^f”{x)Mn{x) 


S o- J , 

n ' 


Sn (x) 


n 


(3.6) 


'S'n,a ,/3 { / {t-u)du,x] = Sn,aS\ / {t-u)du,x]- 

1 


It follows from (3.1) that 

t \ / rt \ i>S„,c,f}(t,x) 

{Sn,a,l3{t,x) -u) du 

X’J X J Jx 

2 |_‘S'n,a,/3 {{t - xf,x) - iSn,a,g{t, x) - xf^ 

~ 2 ’ ^) ~ ^n,a,x)] 

It was proved in ([4]) that 


Sn^a,(3i^ ; — 

+ 


n + /32 
n + /3i 
n + /32 \ 1 


X — 


0'2 


1 f n + fd 2 


n + (32 J n \n + (3i 


X — 


0'2 


n + (32 


X — 


02 


+ 


n + /32\ 2 a 2 


n + (3ijn + (3i\ n + (32j \n + (3i J n +/3i \ n + / 32 / (n + /3i)2 


X — 


02 


+ 


a 
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8 RONGRONG XIA AND DANSHENG YU* 

By (2.10), we can rewrite x) as follows: 


‘S*n,Q;,/3(^) x) 


n + (32 
n + /3i 
n + /?2 
n + I3i 


X — 


X — 


02 - \ _ n + /32 

n + /3i / n + /?! 

0:2 Oi\ 


+ 


n + (32 n + (32 


X — 


0'2 — Ol\ 

n + (32 


which means that 


{Sn,a,l3{t,x)f = 


n + (32 
n + (3i 
n + (32 
n + (3i 


X — 


X — 


0:2 


+ 


Oil 


n + (32 n + (32 
2 


0:2 


n + (32 


+ 


Oil 


n 


■h 


+ 


2q;i 

n + (32 


X — 


Oi2 


n + (32 


Then 


^n,a,l3 (j' ) ^, 




+ 


+ 


n + (32 
n + (3i 
n + (32 


X — 


a 2 


n + (32 


' l/n + /32^" 


n \n + Pi 


X — 


Oi2 


1 


n + Pi J n + Pi 
af Pn + P 2 

(n + /3i)2 V^ + /?i 

2q;i / 02 


X — 


02 


n + P2 


X — 


+ 


02 


n + P 2 

2 q:i 


n + P 2 

n + Pi J n + Pi 
2 / \ 2 

ai 


X — 


012 


n + P 2 


n + P 2 


n + P 2 


n + P 2 \n + P 2 
1 f n + P 2 


+ 


n \n + Pi 
n + P 2 2ai 


X — 


02 


n + Pi n + Pi 


X — 


n + P 2 

a2 


+ 


1 


n + P 2 
n + Pi J n + Pi 


X — 


02 


n + P 2 


at 


2 ai 


(n + P 2 ) n + P 2 
1 f n + P 2 

' ' X — 


n + P 2 

0:2 


+ 




[n + Pi)^ 


n \n + Pi 
0:2 


X — 


02 


n + P 2 


n + P 2 
2 

+ 


n + P 2 2ai(n + P 2 ) 


2 ai 

{n + PiY ' {n + PiY n + P2 


X — 


+ 


at 


at 


n + P2j {n + PiY {n + P2Y 


1 f n + P 2 


n \n + Pi 
02 


X — 


02 


n + P 2 


+ 


(n +/ 32)(1 + 2 ai) 2 ai 


(n + /3i)2 


n + P 2 


af of 

n + P 2 ) ^ {n + PiY (n + P 2 Y 


=: Mn{x) 
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ON VORONOVSKAJA TYPE ESTIMATES OF BERNSTEIN-STANCU OPERATORS 


Sn,a,liif,x) - f{x) - f / {t-u)du, 


By Taylor’s formula: f{t) = f{x) + f'{x){t — x) + — u)f''(u}du, we have 

Sn,a,0(f,x) - f(x) - ^f"(x)Mn(x) 


< 


< 


< 


< 


5 'n,a ,/3 / (t-u)f (u)du,X - Sn,a,/3 { / (t - u)f (x)du,X 


Sn,a,0 { (i- U){f'{u) - f''{x))du, X 


+ 


Sn,aS\ / {t - u)\f {u) - g{u)\du,x 


Sn,a,l3\ / {t-u)\f [x) - g{x)\du,x 


+ 


Sn,a,iiyJ {t - u)\g{u) - g{x)\du,x 
= ■ Ii + I 2 + l2- 

For /i, by (2.11), (3.1) and Lemma 2.1, we have 


h < 


+ 


Sn,a,f3 (^J {t-u){f{u) - g{u))du,x 


rSn,a,fiit,x) 


< c\\r-g\\ r-^ + 


{Sn,a,0it, x) - u)\f"{u) - g{u)\du 
S^(x) 1 


n 


< C^-^\\f-g\\. 

n 

Similarly, we also have 

n 

For Is, by Lemma 2.2 and Lemma 2.3, we have 

ft 


h < 


+ 


Sn,a,p {^j {t-u){g{u)-g{x))du,x 


cSn,o,,l3{t,x) 


< c 


{Sn,a,p{t, x) - u){g{u) - g{x))du 


-s 11 ^, 


n 


n 


n 


We finish the proof of (3.6) by combining (3.3)-(3.5), (3.7)-(3.10) . 
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Double-sided Inequalities of Ostrowski’s Type and Some 

Applications 

Waseem Ghazi Alshanti and Gradimir V. Milovanovic 


Abstract 

We construct a new general Ostrowski type inequality for differentiable mappings whose 
first derivatives are bounded in terms of pre-assigned continuous functions. Applications to 
composite quadrature rules are also given. 


1 Introduction 


In 1938, A. Ostrowski [14] introduced the following interesting and useful integral inequality for 
differentiable mappings with bounded derivatives: 

Theorem 1.1 Let / : [a, 6 ] ^ M be continuous mapping on [a,b] and differentiable on {a,b), 
whose derivative f : {a,b) —>■ M zs bounded on {a,b), i.e., ||/^||oo = sup \f'{t)\ < oo, then for all 

t^[a,b] 

X G [a, 6] 


f{x) - 


h-> 


f{t)dt 


< 


1 bufJT 

4 (6 - af 


(b-a) II/'IL- 


( 1 . 1 ) 


The constant 4 is sharp in the sense that it can not be replaced by a smaller one. 


Ostrowski’s inequality is one of the most famous inequalities in the integral calculus. It measures 
the deviation of a function from its integral mean. Also, an estimation of approximating area under 
the curve of a function by a rectangle can be obtained in this case. 

In 1975, Milovanovic [10] (see also [12, pp. 26-29]) proposed a generalization of (1.1) for a 
function / of several variables as follows: 


Theorem 1.2 Let f : 


be a differentiable function defined on D and let 


dl_ 


dxi 


< Mi in D, 


where Mi > 0 for each i = 1,..., m. Then, for every X = (xi,..., Xm) G D, we have 

bi br, 

\f{xi,...,Xm) - - 


n (bi - (li) 


j ' j / (2/1. ■ • ■ > J/m) dyi • • • dy„ 




^ E 


2=1 


1 ^ (x.-^) 

4 ( 6 * - Uif 


21 


{bi - Oi) Mi. 


1 
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One year later, in 1976, Milovanovic and Pecaric [11] presented the following generalization 
when ^ ^ G (O)^))) and n > 1: 

Theorem 1.3 Let / : M —>■ M &e n (> 1) times differentiable function such that |/(”)(a;)| < M 
(Vx € {a, 5)). Then, for every x € [a, h] 


1 

n 


f{x) + ^ 




1 

b — a 


b 


j /(y)dy 


< 


M 

n(ji + 1)! 


(x - a)”+i + {b- x)"+i 
b — a 


where is defined by 


Fk = Fk{f;n-,x]a;b) = 


n — k 
k\ 


f'^^-^\a){x - af - /(^-^)(6)(x - hf 
b — a 


For n = 2, Theorem 1.3 gives 


1 

2 


fix) 


< 


(x 


a)f(a) + (b 

b — a 



1 

b — a 


b 


J /(y)dy 


M{b-af 

4 


1 

12 


(b-a)^ 


2 Preliminaries 


Associated with differentiable mappings, there has been extensive research in the literature on 
related results. Over the past few decades, many studies on obtaining sharp bounds of Ostrowski’s 
tpye inequalities have been conducted. Most of the calculations within these sharp bounds depend 
mainly on the magnitudes of Lebesgue norms of derivatives of given functions. 

In [5]-[8], Dragomir and Wang obtained the following bounds on the deviation of an absolutely 
continuous mapping /, defined over the interval [a, 6], from its integral mean 


fix) 




< < 


^ [(x - a)«+i + {b 


l|/'l 


- x)«+i] 


lA ll/'l 

b—a ’ 


r b—a _i_ I™ _ a-\-b 11 11'^ lli 

L 2 n 2 IJ b-a ’ 


/' G L^[a,b]] 
f G Lp[a,b], 

p q ' n 

f G Li[a,&]. 


In [9], Masjed-Jamei and Dragomir provided the following analogues of the Ostrowski’s inequal¬ 
ity for a differentiable function / whose first derivative f is bounded, bounded from below, and 
bounded from above in terms of two functions a, fd € C[a, b] as follows: 


O 


Theorem 2.1 Let / : / M, where L is an interval, be a function differentiable in the interior L 

O 

of I, and let [a,b] C /. For any a, fd € C[a,b] and x G [a,b], we have the following three cases: 


2 
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1° If a{x) < f'{x) < Pfx), then 
1 


b — a 


( X b \ b 

J {t-a) a{t)dt + y (t - 6) l3{t)dt j < /(x) - J f{t)dt 

a X / a 

X ^ \ 

J {t — a) P{t)dt + J {t — b)a{t)dt \ ; 


2° If a{x) < f'{x), then 


b-, 


O 

{t — a)a{t)dt y “ b)a{t)dt 

X 

— max{x — a,b — x} (f{b) — /(o) — J a{t)dt 

b 

- 

a 

X b 

y (i — a)a{t)dt J ~ b)a{t)dt 

a X 

+ max{x — a,b — x} (f{b) — /(o) — J a{t)dt 


b — a 


3° If f'{x) < f3{x), then 
1 


5-1 


{t — a)f}{t)dt + y ~ b)j3(t)dt 

X 

— max{x — a,b — x}ij /3(i)di — f{b) + f{a) 

'a ^ 

b 

- -bhj 

a 

X b 

y (t — a)(3{t)dt y “ b)fi{t)dt 

a X 

+ max{x — a,b — x}ij (3{t)dt — f{b) + f{a) 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


726 


Alshantl-Mllovanovic 724-736 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


The listed inequalities in Theorem 2.1 are significant as they improve all previous results in 
which the Lebesgue norms of f' come into play when handling the bounds calculations. In this 
case, the required computations in bounds are just in terms of pre-assigned functions. For other 
related general results, the reader may be refer to [3], [15], [16], [18], [1], and [2]. 

In this paper, motivated by [9], new integral inequalities of Ostrowski type are obtained. 
Namely, under certain conditions on /', we give the lower and upper bounds for the difference 

b 

^ 1/ (“) + f (^)] + (1 - M fix) - J fit)dt, (2.4) 

a 

where h G [0,1] and x G [a+h^^,b—h^^]. Our results provides range of estimates including those 
given by [9] and [5]-[8]. Utilizing general Peano kernel, we recapture the three inequalities (2.1)- 
(2.3) obtained by [9]. Some special cases of our result and applications to numerical quadrature 
rules are also given. 


3 Main Results 

In order to formulate our main results, we need a kernel K(t; ■) : [a, 6] ^ R defined by 

t-[a + h^^), t€[a,x], 


K{t; x) = 


t - (b- h^) , t G {x,b], 


(3.1) 


for all h G [0,1] and x G [a + 6 —/i^-^]. Also, for two functions a, f3 G C[a,b], such that 

a(f) < /5(f) for each t G [a, b], we define the functions A{t; •) : [a, 6] R and B{t; •) : [a, 6] —>■ R 
by 

Mb a;) = 2 { [1 - sgn a:( t; a;)] /3{t) + [l + sgn K{t; a;)] a 


and 

B{t-, a;) = 2 ! [l “ sgn K{t;x)]a{t) + [l + sgn K{t;x 
respectively. We note that 

— 1, t G [a, a + fe ^ 2 ° ) 5 
1, f G (a + h^^,x] , 

sgnA:(t;a;) = <^ 

-1, f G {x,b- h^-^) , 

^ 1, fG(6-/i^,6], 


(3.2) 

(3.3) 


(3.4) 


and t = b — h^-^. 

Obviously, (2.4) provides range of estimates including those introduced by [9] and [5]-[8]. For 


and equal to zero at t = a + and t = b — h^-^. 


4 
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instance, when h = 0, h = 1/2, and h = 1, (2.4) can be, respectively, reduced to 

b 

E{f;0) = f{x) - J fit)dt {x € [a,b]), 

a 

b 

Eif; 1/2) = i [/(a) + fib) + 2f{x)] - j /(t)dt G 

a 
b 

Eif;l) = /Wdi- 


3a+ b 0 + 35 
4 ’ 4 


(3.5) 

, (3.6) 

(3.7) 


Theorem 3.1 Let /:/—)■ M, where I is an interval, he a function differentiable in the interior 

O O 

/ of I, and let [o, 5] C I. Also, let E{f;h), Kit;x), A{t]x), and Bit;x) be given by (2.4), (3.1), 
(3.2), and (3.3), respectively. 

For any a, ft G C[a,b\, h € [0,1], and a; G [o + hE^,b — h^^], we have the following three 
cases: 

1° If aix) < fix) < Pix), then 


1 


b — a , 


Kit]x)Ait]x)dt<Eif]h)<-^ — [ Kit]x)Bit-,x)dt-, 


b — a 


(3.8) 


2° If aix) < fix), then 


b-> 


where 


a ^ a ' ' 

-f^\j Kit-,x)aif)dt +Lix,h) (fib)-fia)-J a(t)dt'j j 


7 -/ 7 \ it^/ \i I 1 .b — a.b — a 

L(x, a) = max IA (t; x) \ = max — a — a — ^ —, o — x — a — ^ —, h — -— 


3"^ If f'{x) < /3(x); then 

y b 


(3.9) 


(3.10) 


1 


5-, 


b — a 

where Lix,h) is defined by (3.10). 


J Kf x)mdt - Lix, h) I ^ /3(t)dt - fib) + fia) j I < £(/; h) 

a ^ ^ ' 

J Kit;x)l3it)dt + Lix,h)(j /3(t)dt -/(5) +/(a)'j j, (3.11) 


5 
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Proof. By considering the kernel K(t; x) in (3.1), we have 

b b b 


J K{t;x) j = j K(t;x)f{t)dt J K{t;x){a{t) + l3{t))dt 

a a a 

b 

= {b- a)E{f;h) J K{t;x){a{t) + I3{t))dt, (3.12) 


because of 

b 


J K{t;x)f'{t)dt = J 


t — { a-\- h 


b — a 


f{x)dt + 


t- [ b-h 


b — a 


f{x)dt 


b 

= J tfit)dt - (fix) - /(a)) - (b - (/(&) - fix)) 


= (b-a) 


i°-) +f ib)] +i^-h) fix) 


O 

- j fit)dt 


= ib-a)Eif;h). 

Now, for the first inequality (3.8), the given assumption aix) < f'ix) < /3(a;) yields 


a it) + 13 it) 


fit)- 

Therefore, from (3.12) and (3.13), we get 

b 


< 


Pit)- a it) 


(3.13) 


{b-a)E{f;h)-^ J Kit-,x){ait) +I3it))dt = J K [t; x) (^f (t) - 


a{t) + /3(t) 


dt 


Kit;x)\{l3it) - ait))dt, 


^ J Kit;x){ait)+l3it))dt<ib-a)E{f;h) 

a a 

b b 

^ J Kit;x){ait) + Pit))dt. 

a a 

Since |iir(t;a;)| = Kit; x) sgnK[t; x), and Ait;x) and Bit]x) are defined by (3.2) and (3.3), 
respectively, the previous inequalities reduce to (3.8). 


6 
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For the second case, when a{x) < f'{x), we have 


O 0 0 

j K{t;x){f'{t)-a{t))dt = J K{t;x)f'{t) - J K{t;x)a{t)dt 

a a a 

b 

= {b — a)E{f;h) — J K{t;x)a{t)dt. 


Hence, 


0 

{b — a)E{f;h) — J K{t; x)a{t)dt 


K{x,t) - a{t))dt 

< f \K{t]x)\{f{t) - a{t))dt 
J a 

- ( [ (fit)-a{t))dt 

= L{x, h) ^/(6) - /(a) - J a(t)d^ , 


where L{x,h) is defined by (3.10). Then, (3.14) gives (3.9). 
Finally, for the third case, when f'{x) < (3{x), we have 


’ O O 

K{t]x){f'{t) - P(t))dt = J K{t;x)f'{t) - J K{t-,x)l3{t)dt 

a a 

b 

= {b-a)E{f;h) - J K{t;x)l3{t)dt, 


from which, as before, we obtain 

b 


(6 - a)E{f; h) - J K (t; x)l3{t)dt 


K(x,t) {f{t) - I3{t))dt 
< ( \K{t]x)\{P{t) - f'{t))dt 

J a 

- - f{t))dt 

\te[a,6] / 

= I3{t)dt - f{b) + f{a)^, 


i.e., (3.11). 

The proof of this theorem is completed. □ 


(3.14) 
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Remark 3.1 According to (3.10) and maxju, r;} = ^ (u + ?; + |m — ii|), we can see that 


L{x,h) = ^-^(1 -h) + 


if h < —. 
- 2 


This expression holds also for h > ^, but only when \x\ > 2h — 1. However, for |a;| < 2/i — 1, the 





Figure 1: The function x M- L{x, h) for h = 0, 0.25, 0.5, 0.65, 0.8, and 1. 


function x i—;> L{x, h) is a constant, i.e., 

L{x,h) = 

This function on [a, 6] = [—1,1] for different value of h is presented in Figure 1. 


Now, we consider cases with constant functions a and /S, i.e., when a{x) = ao and P{x) = (3 q 
on [a, b]. 

According to (3.2), (3.3), and (3.4), we get 


{A{t]x),B{t]x)) = < 


(/3oj ao), 
(ao,/3o), 
(/3o, ao), 
, (ao,/3o), 


t € [a, a + , 

t € {a + h^^,x] , 
t e {x,b — , 

t e {b-h^,b] , 
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SO that the corresponding bounds in (3.8) become 

b 


and 


Also, 


= 


1 


b — a , 


2(6 — a) 


K(t; x)A{t; x)dt 


[6^/3o - a^ao - 2{b/3o - aao)x + (/3o - Q!o)a:^ 


+ i [aao + b/3o - (oo + Mx] h-^{b- a){/3o - ao)h'^ 


SW = ^ 


b-a J 

a 

1 

2(6 — a) 


K{t; x)B{t; x)dt 

[a^Po - b^cto + 2{bao - a/3o)x + (/3o - o:o)x‘^ 


+ i [6ao + a/3o - (ao + Mx] 6, + i(6 - a)(/3o - ao)h'^. 


6 -, 




t — [ a-\-h 


b — a 


rb r 


dt ■ 


t — { b — h 


b — a 


(3.15) 


(3.16) 


dt , 


= 2^^ “ -a-b), 


so that we can find the corresponding lower and upper bounds in the inequalities (3.9) and (3.11): 

^( 2 ) ^ _ ^^(2cc - a - 6) - L{x, h) ( ~ , (3.17) 

2 \ b — a J 

^( 2 ) ^ -a-b) + L{x, h) ( - ao) , (3.18) 

2 \ b — a J 

bA) = ^(1 _ h){2x - a - 6) - L{x, h) (^/do - > (^.19) 

■^(3) ^ - a - 6) + Lix, h) (^/3o - . (3-20) 

where L{x,h) is defined by (3.10). 

Thus, for constant functions a and j5 on [a, 6], we get the following result: 

Corollary 3.1 Under the assumptions of Theorem 3.1 with a{x) = oq and (3(x) = Pq, we have: 
1° Ifao < fix) < Po, thenB^^^ < Eif-h) < B^^'^; 

2° //oo < fix), then < A(/; h) < B^^\- 

3° If fix) < Po, then B^^^ < A(/; h) < B^^\ 

where the bounds are given in (3.15)-(3.19). 
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4 Some Applications in Numerical Integration 

Inequalities of Ostrowski’s type have attracted considerable interest over the years. Many authors 
have worked on this subject and proved many extensions and generalizations, including applications 
in numerical integration (cf. [4]). These inequalities can be considered as error estimates of certain 
elementary quadrature rules in some classes of functions. 

Beside the bounds of (3.5)-(3.7), in this section we consider also ones for h = 1/3, 1/4, 2/3, 
and 3/4, i.e., 

b 

= ^[f{a) +f{b)+Af{x)]- j f{t)dt e (4.1) 

a 

b 

E{f;l/4) = ^[f{a) + f{b)+6f{x)]-j^^Jf{t)dt e 

a 

b 

E{f; 2/3) = i[/(a) + f{b) + f{x)] - J f{t)dt e ^ , 

a 

b 

E{f;^/d) = ^[3f{a) + 3f{b) + 2f{x)]-j-^Jf{t)dt G 5o + 3b ^ 3a + 5b ^ ^ 

a 

respectively. 

For a; = (a + b)/2, E{f;l/3), given before by (4.1), represents the error in the well-known 
Simpson formula (cf. [13, pp. 343-350]). 

In order to get the corresponding estimates of (2.4), i.e., 

b 

E{f;h) = ^[f{a) + f{b)]+{l-h)f{x)-j^^Jf{t)dt G a + , b - ^ , 

a 

for different values of h, we use here Corollary 3.1 (Case 1°). 

Case h = 0. Here, the value of x can be arbitrary in [a, 5]. Then, and B ^ reduce to 

= -7T7T -—- 2(6/3o - aao)x + (/?o - ao)x^] 

2[b — a) ■' 

and 

= — -- - b‘^ao + 2{bao - a/3o)x + {po - ao)x ^], 

2[b — a) ^ ■' 

so that, under the condition ao < f'{x) < l3o, for each x G [a, b], we have 

b 
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For the symmetric bounds of the first derivative /' {\f'{x)\ < /3o), i-e., if ao = (4-2) reduces 

to 

1 f Tl (x — 

■fW - Fvi; //(«•** s 

a *- -* 

which is, in fact, the original Ostrowski inequality (l-l). 

Otherwise, (4.2) for x = {a + b)/2 gives the error estimate for the midpoint rule, 

b 

a 

while for x = 6 it gives the error estimate for the so-called endpoint rule 

b 

- a)ao < fib) - j /(t)dt <\ib- a)Po- 

a 

Case h = 1. Here x must be (6 — a)/2! Taking /i = 1 in (3.15) and (3.15), for the trapezoidal 
rule (3.7), we obtain the same bound as for the midpoint rule, 

b 

^ [/(a) + fib)] - J fit)dt < i(6 - a)i(3o - ao)- 

a 

Case 0 < h < 1. Now we take x = ia + b)/2 in (3.15) and (3.15). Since, in that case, 

= i(6_a)(l-2/i + 2/i")(/3o-ao). 


we get 




O 

y/(t)dt < -/i-L/i^)(/3o-ao), (4.3) 


provided that oq < fix) < Po for x € [a, b]. 

For h = 1/2, 1/3, 1/4, 2/3, and 3/4, the inequality (4.3) reduces to 


\ /(a) + 2/-P/(5) --j^^Jfit)<it < ^^(/3o-ao), 

a 

i [fia) + 4/ + /(5)] - ^ / mdt < ^^^(/3o - ao) 

a 

^ fia)+ df + fib) -ao) 


5(6 —a), , 

< ——iPo - ao), 

/ 5(6 - a) , 


i [fia) + f (^) + /(5)] - ^ y fmt < - «o), 
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and 

- 3/(o) + 2/^ 2 ^+3/(6) 

respectively. 


5-1 


f{t)dt 


< — ^ —(/3o - ao), 


5 Conclusion 

Inspired and motivated by the work of Masjed-Jamei and Dragomir [9], new integral inequalities of 
Ostrowski type are obtained with bounds are just in terms of pre-assigned functions. Our results 
provides a generalization of error bounds that is independent of Lebesgue norms including those 
given by [9] and [5]-[8]. We utilize general Peano kernel to recapture the three inequalities (3.8), 
(3.9), and (3.11), obtained in [9]. Some special cases and applications to numerical quadrature 
rules are also proposed. 
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ITERATES OF CHENEY-SHARMA TYPE OPERATORS ON A 
TRIANGLE WITH CURVED SIDE 


TEODORA CATINA§*, DIANA OTROCOL** 


Abstract. We consider some Cheney—Sharma type operators as well as their 
product and Boolean sum for a function defined on a triangle with one curved 
side. Using the weakly Picard operators technique and the contraction princi¬ 
ple, we study the convergence of the iterates of these operators. 

Keywords: Triangle with curved side, Cheney-Sharma operators, contrac¬ 
tion principle, weakly Picard operators. 

MSC 2010 Subject Classification: 41A36, 41A25, 39B12, 47H10. 


1. Cheney-Sharma type operators 


We recall some results regarding Cheney-Sharma type operators on a triangle 
with one curved side, introduced in [ 6 ]. Similar operators were introduced and 
studied in [3], [4], [5] and [9]. 

We consider the standard triangle with vertices Vi = (0,h), V 2 = (h,0) and 
V 3 = (0,0), with two straight sides Ti, r 2 , along the coordinate axes, and with 
the third side Ta (opposite to the vertex V 3 ) defined by the one-to-one functions / 
and g, where g is the inverse of the function /, i.e., y = f{x) and x = ^(y), with 
/(O) = 5(0) = h, for h > 0. Also, we have f{x) < h and g{y) < h, for x,y G [0, h]. 

Let f be a real-valued function defined on Th and (0,?/), (g{y),y), respectively, 
(x, 0 ), {x,f{x)) be the points in which the parallel lines to the coordinate axes, 
passing through the point {x, y) € T),, intersect the sides Lj, i = 1, 2, 3. (See Figure 
1 -) 

In [ 6 ], we have obtained the following extensions of Cheney-Sharma operator of 
second kind, to the case of functions defined on Th'. 

( 1 - 1 ) {QmF){x,y) = f^qm,i{x,y)F (i^,y) , 

iQlF){x,y) = 'Eqn,jix,y)F (x,j^) , 

with 


y ) - ( i ) + */ 3 )' ^(1 9(y) + 0 ^ 1 ™ 


*Babe§-Bolyai University, Faculty of Mathematics and Computer Science, M. Kogalniceanu 
St. 1, RO-400084 Cluj Napoca, Romania, E-mail: tcatinas@math.ubbcluj.ro. 

**T. Popoviciu Institute of Numerical Analysis, Romanian Academy, Cluj Napoca, Roma¬ 
nia; Technical University of Cluj Napoca, Memorandumului St. 28, RO-400114, Cluj Napoca, 
Romania, E-mail: Diana.Otrocol@math.utcluj.ro. 

1 


737 


CATINAS-OTROCOL 737-744 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


2 
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Figure 1. Triangle T/j. 


where 


Af, = 


{• 


_ i A 9{y) 


i = 0 




and = -I 


{i 


J =0 


,n| 


are uniform partitions of the intervals [0, g{y)] and [0, f{x)] and m,n € N, P,b € 




Remark 1.1. As the Cheney-Sharma operator of seeond kind interpolates a given 
function at the endpoints of the interval, we may use the operators and Qlf as 
interpolation operators on Th- 

Theorem 1.2. [6] If F is a real-valued function defined on Th then the following 
properties hold: 


(i) g^F = Fonriur3 ; 

(ii) g^F = Fonr2Ur3 ; 

(iii) {x, y) = x^y^, i = 0,1; j e N; 

(iv) (Q^Cy) {x,y) = x'-y^, t € N; j = 0,1, where dj {x,y) = x'-y^, i,j € N. 

Let respectively, = QnQfn be the products of the operators 

Q%, and Qlf. We have 

m n .giy) 

( 1 - 2 ) {Pl^nF) {x,y)='^'^qm,i {x,y)qn,j ” ^ ), 

i—0 j—0 

respectively, 

m n f{^) 

(PumF) {x,y) = '^'^qm,i qn,j 


Theorem 1.3. If F is a real-valued function defined on Th then 

(i) (P^„P)(F.) = F(F.), * = 1,...,3; 

(p^„F)(r3) = F(r3), 

(ii) {PI^F){Va) = F{Va), * = 1,...,3; 

(p2^F)(r3) = F(r3). 


We consider the Boolean sums of the operators Q™ and Qlf, 

( 1 - 3 ) := Qf^(BQl = Ql^ + Ql- 

Slrn ■■= Ql®Qfn = Ql + Qfn- QlQlr- 
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ITERATES OF CHENEY-SHARMA TYPE OPERATORS ON A TRIANGLE WITH CURVED SIDE 

Theorem 1.4. If F is a real-valued function defined on Th, then 

cl p ~ — F 

OTn - ^ 
c2 p ~ = P 

STfe ^ ■ 

2. Weakly Picard operators 

We recall some results regarding weakly Picard operators that will be used in 
the sequel (see, e.g., [21]). 

Let {X, d) be a metric space and A : X ^ X an operator. We denote by 
Fa ■= {x G X \ A{x) = a;}-the fixed points set of A; 

I {A) := {Y C X I AiY) <ZY, Y 0}-the family of the nonempty invariant 
subsets of A; 

A° := lx, := A 24 "+^ :=AoA", n€ N. 

Definition 2.1. The operator A ■. X ^ X is a Picard operator if there exists 
X* G X such that: 

(i) Fa = {t*}; 

(a) the sequence (^"(a;o))neN converges to x* for all xg G X. 

Definition 2.2. The operator A is a weakly Picard operator if the sequence (A"(a;))„gN 
converges, for all x G X, and the limit (which may depend on x) is a fixed point of 
A. 

Definition 2.3. If A is a weakly Picard operator then we consider the operator 
A°°, A°° : X ^ X, defined by 

A°°{x) := lim T”(x). 

n—¥oo 

Theorem 2.4. An operator A is a weakly Picard operator if and only if there exists 
a partition of X, X = IJ X\, such that 
AeA 

(a) Xa e I (A), VA e A; 

(b) A\^^ : X\ -G X\ is a Picard operator, VA G A. 

3. Iterates of Cheney-Sharma type operators 

We study the convergence of the iterates of the Cheney-Sharma type operators 
(1.1) and of their product and Boolean sum operators, using the weakly Picard 
operators technique and the contraction principle. The same approach for some 
other linear and positive operators lead to similar results in [1], [2], [7], [8], [22]- 
[24]. 

The limit behavior for the iterates of some classes of positive linear operators 
were also studied, for example, in [10]-[20]. In the papers [10]-[12] were introduced 
new methods for the study of the asymptotic behavior of the iterates of positive 
linear operators. These techniques enlarge the class of operators for which the limit 
of the iterates can be calculated. _ 

Let F be a real-valued function defined on T^, h G M+. First we study the 
convergence of the iterates of the Cheney-Sharma type operators given in (1.1). 
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Theorem 3.1. The operators Qm Qn weakly Picard operators and 
(3.1) 


{x, y) = ^^3{y),y) + p y-^ ^ 


giy) 

( 3 . 2 ) {x, y) = ^ f(^)) - ^ {x,0) ^ ^ ^ 

fix) 

Proof. Taking into account the interpolation properties of and Qj) (from The¬ 
orem 1 . 2 ), let us consider the following sets: 

(3.3) 

^ I = p\r, - F(g{y),y) = v^lrj}, for y G [0,h], 

^ ^ I ^(^>0) = V-Irs ’ ^i^, fix)) = f’lrj, for a: G [0,h], 

and for ifjip G C{Th) we denote by 

p ( i ) ( \ p\t3 ~ t\ti I 

I (x,y) = -- Lx p in\ 

vln.vlra^ q(y) ^ ’ 


F 


giy) 

(2) ..N ^Its “ V'lr^ 


ix,y) = 


- f{x) 


J/+ V-l 


Ts 


We have the following properties: 


di) 

' vln-vlr 
dl) 


(i) x'-f andX 


( 2 ) 

dirafoira 


are closed subsets of C{Th); 

d 2 ) 


(ii) ^1 is an invariant subset of and X)^l ^1 is an invariant 

subset of Qlf, for ip,if G C{Th) and n, m G N*; 

(iii) C{fh)= I axvdC{fh)= x'^^'l , are partitions 

¥> 6 C(Tfe) .^(zC{Th) 

oiCifh)- 

(iv) I G X^V I n Fnx and F^f) ,, G X^f} ,, n Fn», where 

'■ ’ vln.'^ha dlra’dlrg dlra’dlrg 

and Fqv^ denote the fixed points sets of and Q^. 

The statements (i) and iiii) are obvious. 

(ii) By linearity of Cheney-Sharma operators and Theorem 1.2, it follows that 
VF^V I G X^V I c y(2) 

V’lri-vlra 






( 1 ) 


, ^1,^ (a^. v) = , ^1,^ (a^. v) ■ 

So, X^V I and X^f) ,, are invariant subsets of and, respectively, of 

Flr]^’‘rlr3 v2|r2’Flr3 

Qlf, for ifyi) G C{Th) and n, m G N*; 

(iv) We prove that 


( 2 ) 




:X 


( 1 ) 

‘pIti ’ ‘^Ir 3 




' v’Iti > ‘»®lr3 

are contractions for G C{Th) and n, m G N*. 


diro.dir 


X 


( 2 ) 

dlr2.dlr3 
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Let F,G G I . From (1.1) and (3.3) we get 

’ ‘^Ir3 

\Qf^iF){x,y)-QUG)ix,y)\ = 

= mF-G)ix,y)\< 

< \q^,o {x;y) [F(0,0)-G(0,0)]| 


+ 


'^qm,i{x]y) P -G (x,^-^^ 

m 

iFy)\\p - G\\^ 


2=1 


<?m,i {x; y) - q-mfi (x; y) 


T-GII, 


-| m—1 


< 


l-(l-I5b) 


m— 1 


g(y)(l+rn/3) 






where H-HgQ denotes the Chebyshev norm. 
Hence, 


(3.4) \\QUF){x,y)-QUG){x 


) y/lloo — 


< 


l-(l-I+b) Iir-GID.VF,G£X3>_,^I^_, 


i.e., Qml^ci) is a contraction for (p G G{Th). 


v^lri > 


Analogously, we prove that Q^\^( 2 ) is a contraction for ip G G{Th). 


On the other hand, + V^lpi ^ ^ 


X 


( 2 ) 

^^2 ’ 


g(y) 

are fixed points of and Qj), i.e.. 


(1) .nnd ^Ic3-’^lr2 n I i/.-l C 


« (%#^0 + *lr,) = + *lr,. 


From the contraction principle, ^1 (x, y) := is the 


unique fixed point of in and Q%P\^ 

with 


(1) 


is a Picard operator, 


{Q^^^F) (x, y) = + F (0, y ), 
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and, similarly, ^1 {x,y) := + V'lr, unique fixed point of 


and Q^l „( 2 ) is a Picard operator, with 

Vlra ’ Vlrg </'lr2 • "^Irj 

{Qy^^F) (x, y) = + F {x, 0). 

Consequently, taking into account (ii), by Theorem 2.4, it follows that the operators 
and are weakly Picard operators. □ 

Further we study the convergence of the product and Boolean sum operators 
given in (1.2) and (1.3). 

Theorem 3.2. The operator is a weakly Picard operator and 
(3.5) 

Proof. Let 




Xa = {F e C{Th) I F{g{y),y) = a), a G 


and denote by 


a 


Fa{x,y) := -yx-a;. 

9 {y) 


We remark that: 

(i) Xa is a closed subset of C{Th)', 

(ii) Xa is an invariant subset of P^n, for a G M and n,m € N*; 

(iii) C{Th) = UXa is a partition of C{Th); 

Ct 

(iv) Fa G Xa n Fp^^, where Fp^^ denote the fixed points sets of Ffm- 
The statements (i) and (iii) are obvious. 

(ii) Similarly with the proof of Theorem 3.1, by linearity of Cheney-Sharma 
operators and Theorem 1.3, it follows that Xa is an invariant subset of fo'' 
a G IR and n,m G N*; 

(iv) We prove that 


P 


mn\x^ 


:Xa 


Xa 


is a contraction for a G M and n,m G N*. Let F,G G Xa- From [2, Lemma 8] and 
(3.4), it follows that 

\P^niF){x,y) - Pin(G)(x,y)\ = \Pl^(F - G)(x,y)\ 


< 


1 _ f _p^0_y 

l+m/3 J 




so, P^„ ^ is a contraction for a G 


From the contraction principle we have that Fa is the unique fixed point of P^„ 
in Xa and P^nlx ^ Picard operator, so (3.5) holds. Consequently, taking into 
account (ii), by Theorem 2.4, it follows that the operators P^^^ is a weakly Picard 
operator. □ 

Remark 3.3. Similar results can be obtained for the operator P^n- 
Theorem 3.4. The operator is a weakly Picard operator and 

(Sh^F) (x, y) = + ^(^./(y )-F(..o) ^ + f(x,Q) + F (0, y). 
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ITERATES OF CHENEY-SHARMA TYPE OPERATORS ON A TRIANGLE WITH CURVED SIDE 


Proof. The proof follows the same steps as the proof of Theorem 3.2, using the 
following inequality 


\\SmniF){x,y) - Smn{G){x, 


< 1 - 


I oo 
> n—1 


\ m—1 / \ n—i / ^ \ m—i / \ ? 

m0 \ , f nb \ _ / ml3 \ / nb \ 

J ' y 1+nfc J Y 1+'^/? J \ l+n6 J 

for proving that is a contraction. 

Remark 3.5. We have a similar result for the operator 


\F-G\\^, 


□ 
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Abstract 

In this paper, we introduce the concept of neutrosophic fuzzy soft translations and neutrosophic 
fuzzy soft extensions of neutrosophic fuzzy soft SCA-submodules and discusse the relation between 
them. Also, we define the notion of neutrosophic fuzzy soft multiplications of neutrosophic fuzzy 
soft iJCA-submodules. Finally, we investigate some resultes. 

Keywords: iJUA-algebras, SUK-modules, soft sets, fuzzy soft sets, neutrosophic sets, neu¬ 
trosophic soft sets, neutrosophic fuzzy soft RCA-submodules, neutrosophic fuzzy soft translations, 
neutrosophic fuzzy soft multiplications and neutrosophic fuzzy soft extensions. 

1 Introduction 

Fuzzy set theory which was developed by Zadeh [23] is an appropriate theory for dealing with vague¬ 
ness. It is consedered as the one of theories can be handled with uncertainties. Combining fuzzy set 
models with other mathematical models has attracted the attention of many researchers. Interval¬ 
valued fuzzy sets [24], hesitant fuzzy sets [21] , intuitionistic fuzzy sets [3, 4], Intutionistic Fuzzy 
SCA-submodules [5] and (e, e V g)-fuzzy RCiF-submodules [2] are some of the researches that have 
dealt this subject. 

Neutrosophic algebraic structure is a very recent study. It was applied in many fields in order 
to solve problems related to uncertainties and indeterminacy where they happens to be one of the 
major factors in almost all real-world problems. Neutrosophic set is a generalizations of the fuzzy set 
especially of intuitionistic fuzzy set. The intuitionistic fuzzy set has the degree of non-membership 
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as introduced by K. Atanassov [3]. Smarandache in 1998 [19] has introduced the degree of indeter¬ 
minacy as an independent component and defined the neutrosophic set on three components; truth, 
indeterminacy and falsity. 

The concept of SCAT-algebra was first initiated by Imai and Iseki [8]. In 1994, the notion of BCK- 
modules was introduced by H. Abujable, M. Aslam and A. Thaheem as an action of BCK-dlgehias, 
on abelian group [Ij. ilCAT-modules theory then was developed by Z. perveen, M. Aslam and A. 
Thaheem [18]. Bakhshi [6] presented the concept of fuzzy BC'A'-submodules and investigated their 
properties. Recently, H. Bashir and Z. Zahid applied the theory of soft sets on RCAT-modules in [12]. 

Translations, multiplications and extensions are very interested mathematical tools. They are 
types of operations that researchers like to apply with fuzzy set theory. In this paper, we introduce the 
concept of neutrosophic fuzzy soft translations and neutrosophic fuzzy soft extensions of neutrosophic 
fuzzy soft RC'A'-submodules and discusse the relation between them. Also, we define the notion 
of neutrosophic fuzzy soft multiplications of neutrosophic fuzzy soft RCAT-submodules. Finally, we 
investigate some resultes. 

2 Preliminaries 

In this section, some preliminaries from the soft set theory, neutrosophic soft sets, RCR-algebras and 
RC'A'-modules are induced. 

Definition 2.1.[17] Let U be an initial universe and E he a, set of parameters. Let P (U) denote 
the power set of U and let A be a nonempty subset of E. A pair Fa = (T, A) is called a soft set over 
U, where APE and F : A ^ P (U) is a set-valued mapping, called the approximate function of the 
soft set {F,A). It is easy to represent a soft set {F,A) by a set of ordered pairs as follows: 

- xeA} 

Definition 2.2. [20] A neutrosophic set A on the universe of discourse U is defined as A = 
{{x,Ta (x), Ia{x) , Fa (x)) ,x G U} where Ta '■ X ^ ]“0,1'''[ is a truth membership function, I a '■ 
U —7- ]“0, !■*“[ is an indeterminate membership function, and Fa '■ X —)■ ]“0, l'’'[ is a false membership 
function and ~0 < Ta{x) + Ia{x) + Fa{x) < 3^. 

From philosophical point of view, the neutrosophic set takes the value from real standard or non¬ 
standard subsets of ]“0, l+[. But in real life application in scientific and engineering problems it is 
difficult to use neutrosophic set with value from real standard or non-standard subset of ]“0, l''“[. 
Hence we consider the neutrosophic set which takes the value from the subset of [0,1]. 

Definition 2.3.[13] Let U be an initial universe set and E he a set of parameters. Consider 
A C E. Let P (U) denotes the set of all neutrosophic sets of U. The collection {F, A) is termed to be 
the neutrosophic soft set (NSS) over U, where F is a mapping given by F : A —)■ P (U). 
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Definition 2.4. [8, 9] An algebra {X, 0) of type (2,0) is called BCK-algehra if it satisfying the 

following axioms: 

(BCK-l) {{x * y) * {x * z)) * (z * y) = 0, 

{BCK-2) {x * {x * y)) * y = 0, 

{BCK-3) X * x = 0, 

{BCK-A) 0 * X = 0, 

{BCK-b) X * y = 0 and y * x = 0 imply x = y, for all x,y,z G X. 

A partial ordering “< ” is defined onXbyx<y44>x*y = 0. A BCK-algehia X is said to be 
bounded if there is an element 1 G X such that x < 1, for all x G X, commutative if it satisfies the 
identity x A y = y A x, where x A y = y * (y * x), for all x, y G A and implicative if x * (y * x) = x, for 
all x,y G X. 

Definition 2.5.[1] Let A be a BCK-algehra. Then by a left A-module (abbreviated A-module), 
we mean an abelian group M with an operation X x M ^ M with (x, m) i—)■ xm satisfies the 
following axioms for all x, y G A and m,n G M: 

(i) (x A y)m = x{ym), 

(ii) x(m + n) = xm + xn, 

(hi) Om = 0. 

If A is bounded and M satisfies Im = m, for all m G M, then M is said to be unitary. 

A mapping /x : A —)• [0,1] is called a fuzzy set in a BCK-algehra X. For any fuzzy set ^ in A and 
any t G [0, 1], we define set = y* = {x G A|y(x) > t}, which is called upper f-level cut of y. 

Definition 2.6.[6] A fuzzy subset ^ of M is said to be a fuzzy ilCA-submodule if for all m,mi, 
m 2 G M and x G A, the following axioms hold: 

(FBCKMl) y(mi -\-m 2 ) > min{/x(mi), y(m 2 )}, 

(FBCKM2) y(-m) = y{m), 

(FBCKM3) y{xm) > y{m). 

Definition 2.7. [6] Let M, N be modules over a BCA-algebra A. A mapping / : M —)■ A is 
called BCA-module homomorphism if 

(1) / (mi + m 2 ) = / (mi) + / (m 2 ), 

(2) / (xm) = xf (m) for all m, mi, m 2 G M and x G A. 

A BCA-module homomorphism is said to be monomorphism (epimorphism) if it is one to one 
(onto). If it is both one to one and onto, then we say that it is an isomorphism. 

Definition 2.8.[12] Let {F, A) and (G, B) be two soft modules over M and N respectively, 
f : M ^ N, g : A ^ B he two functions. Then we say that (/, g) is a soft BCA-homomorphism if 
the following conditions are satisfied: 

(1) / is a homomorphism from M onto N, 
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(2) g is a mapping from A onto B, and 

(3) f{F{x)) = G{g{x)) for all x G A. 

3 Neutrosophic fuzzy soft ^CiC-submodules 

Definition 3.1. A neutrosophic fuzzy soft set {F, A) over a BCK-m.od\x\e M is said to be a neutro¬ 
sophic fuzzy soft SCAT-submodule over M if for all m, mi, m 2 G M , x G A and e G A the following 
axioms hold : 

(NFSSl) Tp(£)(mi +m2) > min{rp(£)(mi), rp(e)(m2)}, 

lFie){'mi + m 2 ) > mm{lF,^^){mi),lFi^^){m2)}, 

FF{e)imi +m2) < max{Fp(£)(mi),Fir(£)(m2)}, 

(NFSS2)r^(,)(-m) = ri.(,)(m), 

lF{e){-m) = lF{e)i'm), 

F'Fie)i-'m) = FF^eiim), 

(NFSS3) T^(,)(xm) > r^(,)(m), 

lF(e){xm) > 

FF(e){xm) < FF(e){m). 

Example 3.2. Let X = {0, a, b, c, d} be a set along with a binary operation * defined in Table 1, 
then (A, 0) forms a commutative iJCA-algebra which is not bounded (see [16]). Let M = {0, a, b, c} 

be a subset of A along with an operation -|- defined by Table 2. Then (M, -|-) forms a commutative 
group. Table 3 explains the action of A on M under the operation xm = x Am for all x G A and 
m G M. Consequently, M forms an A-module (see [11]). 

+ 0 a 6 c 

0 0 a 6 c 

a a 0 c 6 

b b c 0 a 

c c b a 0 

Table 2 

Let A = {0, a}. Define a neutrosophic fuzzy soft set (T, A) over M as shown in Table 4 

Consequently, a routine exercise of calculations show that {F, A) forms a neutrosophic fuzzy soft 
BCA-submodule over M. 

4 


A 

0 

a 

b 

c 

0 

0 

0 

0 

0 

a 

0 

a 

0 

a 

b 

0 

0 

b 

b 

c 

0 

a 

b 

c 

d 

0 

0 

0 

0 


Table 3 


* 0 

a 

b 

c 

d 

0 0 

0 

0 

0 

0 

a a 

0 

a 

0 

a 

b b 

b 

0 

0 

b 

c c 

b 

a 

0 

d 

d d 

d 

d 

d 

0 


Table 1 
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{F,A) 

0 

a 

b 

c 

Tf(o) 

0.9 

0.7 

0.8 

0.7 

If{o) 

0.8 

0.5 

0.6 

0.5 

Ff{o) 

0.1 

0.1 

0.1 

0.1 

TF{a) 

0.5 

0.2 

0.3 

0.2 

lF{a) 

0.3 

0.1 

0.3 

0.1 

FF{a) 

0.1 

0.5 

0.4 

0.5 


Table 4 


For the sake of simplicity, we shall use the symbols NFS{M) and NFSS{M) for the set of all 
neutrosophic fuzzy soft sets over M and the set of all neutrosophic fuzzy soft SCiF-submodules over 
M, respectively. 

Theorem 3.3. A neutrosophic fuzzy soft set {F,A) G NFSS{M) if and only if 

(i) TF[e){xm) > TF(e){m), lF{e){xm) > lF{e){m), FF(e){xm) < FF{e){m), 

(ii) 7>(£)(mi - m 2 ) > min{TF(e){mi),TF(e){m 2 )}, 

lF(e){mi - m2) > mm{lF{e){mi),lF{e)(.m 2 )}, 

PFie){mi - m2) < max{F^(^)(mi),Fp(£)(m2)}. 

for all m, mi, m 2 £ M , x G X and e £ A. 

Proof. Let (F, A) be a neutrosophic fuzzy soft SCAT-submodule over M then by the definition(3.1) 
condition (i) is hold. 

(ii) TF(e){mi - m 2 ) = Tp(£)(mi + (-m 2 )) > min{rp(e)(mi),rp(e)(-m 2 )} = min{Tp(e)(mi),rp(£)(m 2 )}, 
lF{e){mi - m 2 ) =/F(£)(mi + (-m 2 )) > min{lF(e){mi), lF{e){-m 2 )} = mm{lF(e){mi), lF{e){m 2 )}, 

- rn 2 ) = F>(£)(mi + (-m 2 )) < max{Fp(£)(mi), TF’(£)(-m 2 )} = max{FF(e){mi), FF{s){m 2 )}- 
Conversely suppose {F, A) satisfies the conditions (i),(ii). Then we have by (i) 

TF{s)i-m) = rp(£)((-l)m) > rp(£)(m), 

and 

TF{e){m) = rp(£)((-l)(-l)m) > TF(e)i-m). 

Thus, rp(£)(m) = Tp(£)(-m). Similarly for /^(£)(-m) = lF{£){m) and Fp(£)(-m) = FF(e){m). 
rp(£)(mi +m2) = Tp(£)(mi - (-m2)) > min{rp(£)(mi),rp(£)(-m2)} = min{rp(£)(mi),rp(£)(m2)}, 
lF{e){mi +m2) = lF{e){mi - (-m2)) > m\i\{lF{^e){mi),lF{e){-m2)] = min{/^(e)(mi),/j 7 ’(£)(m 2 )}, 
FF{e){mi +m2) = Fp(e)(mi - (-m2)) < max{Fp(£)(mi), Fir(£)(-m2){= max{Fp(£)(mi), Fir(£)(m2)}. 
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Hence {F, A) is a neutrosophic fuzzy soft HC'ii'-submodule over M. 

Theorem 3.4. A neutrosophic fuzzy soft set {F, A) G NFSS{M) if and only if for all m, mi, m 2 G 
M , x,y ^ X and e G A the following statements hold: 

(i) Tf(s) (0) > Tf(s) (m), If{s) (0) > If{ 6) {m), Ff(s) (0) < Ff{s) (m), 

(ii) TF(e){xmi -ym2) > min{rp(£)(mi),rp(£)(m2)}, 
lF{e){xmi -ym2) > min{lF(e){'mi), lF{e){m2)}, 

FF{s){xmi - ym2) < max{Fi;’(j)(mi), Fp(e)(m2)}. 

Proof. Let (P, A) G NFSS{M) then by theorem ( 3 . 3 ) and since Om = 0 for all m G M,we have 


(i) TF(e)iO) = rp(£)(0m) > rp(£)(m), 

^FL)(0) = lF{e)i0m) > lF{e){m), and 
^f(£)( 0) = FF(e)(0m) < FF(s){m). 

(ii) TF(s)ixmi -ym2) > min{rp(£)(xmi),rp(£)(ym2)} 

> min{rp(£)(mi),rp(e)(m2)}. 


Similarly for 


lF[e){xmi -ym2) > m.m{lF(e){'ITT'l)JF{e){'m2)}, 


and 

FF(e){xmi -ym 2 ) < max{Fp(e)(mi),Fir(£)(m 2 )}. 
Conversely suppose {F,A) satisfies (i),(ii), then we have 


Then 


Similarly for 


Also, 


Tp(£)(0) > rp(^)(m), lF(s)i0) > lF{e)i'm)and FF(e){0) < i^F(£)("i) 


TF{e){xm) = rp(£)(x(m - 0)) > mm{TF(^e)i'm),TF(e){0)} = TF{^^){m) 


lF{e){xm) > lF{e){'m) and Fp(£)(xm) < Fp(£)(m). 


TF(e){mi - m2) = rp(£)(lmi - lm2) > min{rp(£)(mi),rp(e)(m2)}. 


Similarly for 


lF{e){mi - m2) > mm{lF{s){mi),lF{e)(.m2)} and Fp(£)(mi - m2) < max{Fir(£)(mi), Fp(£)(m2)}. 
Hence {F, A) is a neutrosophic fuzzy soft HCiL-submodule over M. 
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Definition 3.5. Let {F, A) be a neutrosophic fuzzy soft set over a BCK-raodvle M and a G [0, _L] 
such that _L= 1 — sup {-^F(e) (^) • ^ ^ s G .Then Ta [(T, yl)] = (G, yl^) is called a neutrosophic 
fuzzy soft a-translation of {F, A) if it satisfies: 

G (e) = {{TF{e))i M > {PF{e))i M) , 

for all e G yl, m G M where; 

= '^F(e) ("l) + 

(-^F(e))^("l) = Ipie) {fi), 

{^F{e))'i M = Fpie) {Ffl) - a. 

Theorem 3.6. A neutrosophic fuzzy soft set {F, A) is said to be a neutrosophic fuzzy soft BCK- 
submodule over M if and only if the a-translation neutrosophic fuzzy soft set Tq, [{F, A)] is a neutro¬ 
sophic fuzzy soft SCiL-submodule over M for all a G [0, T]. 

Proof. Let {F, A) be a neutrosophic fuzzy soft i?CiL-submodule over M and a G [0, T] , then by 
Theorem (3.3) 

{Tp{s))l {xm) = {xm) + a> T^(^) {m) + a = {TF{e))l ’ 

{Ppie))l (xm) = Ff^s) (xm) -a< FF(^e) (m) - a = {Ff{s ))1 ('^(> ’ 
for all m G M, x G X. Also, for all mi, m2 G M we have 

i'^Fie))'^ (mi - m2) = Tf{s) (mi - m2) + a 

> min {TF{e) (mi) , TF(e) (m2) } + « 

= min {Tf(s) (mi) + a, Tf{s) (m2) + a} 

= min I (TF(e))l ("^ 1 ) ’ i^Fie))l (m 2 )], 

and 

i^F{6))1 (mi - m2) = Tf(£) (mi - m2) - a 

< max{Fp(g) (mi) (m 2 )} - a 

= max {Fp(£) (mi) - a, (m 2 ) - a} 

= max I (Fp(^)) ^ (mi), (m 2 )} . 

Hence Tq, [(T, A)] is a neutrosophic fuzzy soft HCiL-submodule over M. 

Conversely, assume that [{F, A)] is a neutrosophic fuzzy soft HGAT-submodule over M for some 
a G [0, T] . Then for all m G M, x G X 

Tf{s) (xm) + a= {TF{e))l (™') = “ 

^ TF{e) (xm) > TF(e) (m ). 
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Also, 


Fpie) {xm) -a = (xm) < (i^F(£))„ (m) = (m) - a 

Fpie) (xm) < (m). 


Now let mi, m2 G M, then 


Tp(e) {mi - m2) + a = {Tp(^e))'l (mi - m2) 

> min {{Tp{s))l{mi),{TF^s))l{m 2 )} 
= min {Tpie) ("ii) + «, (m2) + a} 

= min{rp(£) (mi) ,rp(£) (m2)} + a 

^ Tp(e) {mi - m2) > min {Tp(£) (mi), Tp(£) (m2)} , 


and 


Fp{e} {mi - m2) - a= {Fp(^e))'l {mi - m2) 

< max 

= max {FF(e) {mi) - a, Fp(^) (m 2 ) - a} 

= max (FpCe) {mi), (m 2 )} - a 

^ Fp{e) {mi - m 2 ) < max {Ff(£) (mi), FF(e) (m 2 )} . 

Hence by Theorem (3.3), {F,A) is a neutrosophic fuzzy soft HCi^-submodule over M. 

Definition 3.7. Let {F,A) and {G,B) be two neutrosophic fuzzy soft sets over a HCiL-module 
M. If A C H and rp(e) (m) < Tc^e) {m), Ip(e) {m) < lG(e) {m), Fp(e) (m) > FG(e) {m), Ve G A and 
m G M. Then we say that {G, B) is a neutrosophic fuzzy soft extinsion of {F, A). 

Definition 3.8. Let {F, A) and {G, B) be two neutrosophic fuzzy soft sets over a HCiL-module 
M. Then {G,B) is a neutrosophic fuzzy soft s-extinsion of {F,A) if the following assertions hold: 

(i) (G, B) is a neutrosophic fuzzy soft extinsion of {F, A). 

(ii) If {F,A) is a neutrosophic fuzzy soft HCAT-submodule over M, then so {G,B). 

Theorem 3.9. Let (F, A) be a neutrosophic fuzzy soft HCAT-submodule over M and a G [0, T] . 

Then the neutrosophic fuzzy soft a-translation Ta [(T, A)] is a neutrosophic fuzzy soft s-extinsion of 
(F,A). 

Proof. Since rQ,[(F, A)] is an a-translation, we know that (Tp(£))^(m) > Tp(£) (m), 

{^F{e))'^{m) = Ip(^s){m) and (Ff(£))^("i) < ^f(£) ("i) for all m G M,e G A. Hence fa[{F,A)] is 
a neutrosophic fuzzy soft extinsion of {F,A). According to Theorem (3.6), Tq,[(T’, A)] is a neutro¬ 
sophic fuzzy soft s-extinsion of {F, A). 
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The converse of Theorem (3.9) is not true in general as seen in the following example: 

Example 3.10. Let X = {0,a, 6, c} along with a binary operation * defined in Table 5, then 
(X, *,0) forms a bounded implicative BCiL-algebra (see [16]). Let M = {0, a} be a subset of X with 
a binary operation + defined hy x + y = (x * y) V {y * x). Then M is a commutative group as shown 
in table 6. Define scalar multiplication (X, M) —)■ M by xm = x Am for all x G X and m G M that 
is given in Table 7. Consequently, M forms an X-module (see [11]). 



0 

a 

b 

c 

0 

0 

0 

0 

0 

a 

a 

0 

a 

0 

b 

b 

b 

0 

0 

c 

c 

b 

a 

0 


A 

0 

a 

0 

0 

0 

a 

0 

a 

b 

0 

0 

c 

0 

a 


+ 

0 

a 

0 

0 

a 

a 

a 

0 


Table 5 


Table 6 


Table 7 


Let A = M. Define a neutrosophic fuzzy soft set {F, A) over M as shown in Table 8. 


{F,A) 

0 

a 

Tf(o) 

0.9 

0.5 

iFiO) 

0.8 

0.6 

Ff{0) 

0.1 

0.3 

TF(a) 

0.3 

0.3 

lF(a) 

0.2 

0.2 

Fpia) 

0.3 

0.5 


Table 8 


Then (T, A) is a neutrosophic fuzzy soft BCX-submodule over M. Let {G, B) be a neutrosophic fuzzy 
soft set over M given by Table 9. 

Then {G,B) is also a neutrosophic fuzzy soft SCX-submodule over M. Since Tp(£) {m) > (m), 

If{s) {^) ^ ^G{s) (m) < (m) for all m G M and e G A C B, hence {F, A) is a 

neutrosophic fuzzy soft s-extension of (G, B), but since If{o) (0) = 0-8 ^ ^G{o) (0) = then (F, A) is 
not a neutrosophic fuzzy soft a-translation of {G, B) for all a G [0, T] . 
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{G,B) 

0 

a 

Tg{o) 

0.5 

0.3 

Ig{o) 

0.7 

0.6 

Fg(o) 

0.1 

0.4 

Tcia) 

0.2 

0.2 

lG{a) 

0.1 

0.1 

FG{a) 

0.4 

0.5 


Table 9 


Definition 3.11. Let (F, A) be a neutrosophic fuzzy soft set over a BCK-iaodvle M and v £ [0,1] . 
A neutrosophic fuzzy soft u-multiplication of {F,A) denoted by My [(F, A)] = {G,my (A)) is defined 
as; 

G (e) = (my (rp(£)) (m),my {lF(e)) (m) ,my (Fp(e)) (m)) , 

where 

mv (Tpie)) i'm) = Tpf^e) i'm) -v, 

mv (iFie)) (m) = lF(e) (m), 

mv (FF{e)) (m) = Fir(£) (m) .v, 

for all e G A and m G M. 

Theorem.3.12. If {F,A) G NFSS{M), then the neutrosophic fuzzy soft u-multiplication 

My [(F, A)] G NFSS{M) for all v G [0,1]. 

Proof. Assume that (F, A) is a neutrosophic fuzzy soft FCF-submodule over M and let 
m, mi, m 2 £ M , x £ X and e £ A. Then 

mv (TFie)) (xm) = rp(g) (xm) .v > (m) .v = my {Tp(^e)) (m), 

mv {lF{e)) (xm) = Ip(^^) {xm) > Ip(^^) (m) = my {lF(e)) (m), 
mv (Fp(e)) {xm) = Fp(^^) {xm) .v < Fp(^^) {m) .v = mv (T>(e)) {m). 

Moreover, 

mv {Tf( 6)) {mi - m 2 ) = Tp(^^) {mi - m 2 ) -v 

> min{rp(£) (mi) ,rp(e) (m 2 )} .v 
= min {Tp(e) (mi) .v, Tp(^^) {m 2 ) -u} 

= min{m„ {Tp(^)) (mi) ,m^ (^^(e)) ("^ 2 )} , 
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{Ipie)) (mi - m2) = lF{e) {rni - m2) 

> min (mi), Ipi^e) ("^ 2 )} 

= min{m„ {Ipie)) (mi) (/f(£)) (m 2 )} , 

m« {Fpie)) (mi - m 2 ) = Fp(£) (mi - m 2 ) -v 

< max {-Ff(£) (mi), (m 2 )} .v 

= max {Fp^e) (mi) .v, Fp(^^) (m 2 ) .v} 

= max{m„ (-Ff(£)) (mi) ,m„ (-^^(e)) (m 2 )} • 

Therefore by Theorem (3.3), [(T, yl)] is a neutrosophic fuzzy soft SCiiT-submodule over M. 

The converse of Theorem (3.12) is not true in general as seen in the following example: 

Example 3.13. Consider a BCK-algehra X = {0,a, 6, c} and X-module M = {0,a} that are 
defined in Example 3.10. Table 10 defines a neutrosophic fuzzy soft set {F,A) over M 


{F,A) 

0 

a 

Tp(o) 

0.3 

0.4 

Ipio) 

0.7 

0.5 

Fp{o) 

0.1 

0.5 

Fp{a) 

0.1 

0.1 

Ip{a) 

0.1 

0.1 

Fp(a) 

0.5 

0.6 


Table 10 


If we take v = 0, then the u-multiplication is a neutrosophic fuzzy soft SCiiT-submodule over M since 

mo (?>(£)) (xm) = 0 = mo (Tp(s)) (m), 
mo (^f(£)) (xm) > mo {lp(e)) (m), 
mo (^F(e)) (xm) = 0 = mo (i^F(e)) (m), 

and 

mo {Tp(e)) (mi - m2) = 0 = min {mo (Tp(£)) (mi) ,mo {Tp(s)) (m2)} , 
mo {Ipie)) (mi - m2) > min {mo {lp{e)) (mi) ,mo {lp{e)) (m2)} , 
mo {Fp(e)) (mi - m2) = 0 = min {mo (T>(£)) (mi) ,mo (i^F(e)) (m2)} , 
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for all m, mi, m 2 G M and x G X. But if we take mi = 0, m 2 = a and e = 0 then 

2f(o) (0 + a) = TV(o) (a) = 0.4 ^ min {7 f(o) (0), 7V(o) (a)} = 0.3. 

Hence (F, A) is not a neutrosophic fuzzy soft HCiiT-submodule over M. 

Theorem.3.14. A neutrosophic fuzzy soft set {F,A) is said to be a neutrosophic fuzzy soft 
HC'A'-submodule over M if and only if the u-multiplication neutrosophic fuzzy set [(F, A)] is a 
neutrosophic fuzzy soft HC'A'-submodule over M for all v G (0,1] . 

Proof. Let (F, A) be a neutrosophic fuzzy soft HCiL-submodule over M then by Theorem (3.12) 
[{F, A)] is a neutrosophic fuzzy soft HCiL-submodule over M for all v G (0,1] . 

Now let V G (0,1] be such that M„ [{F, A)] is a neutrosophic fuzzy soft HCiL-submodule over M 
and let m, mi, m 2 G M , x G A and e G A. Then 

TF(e) {xm) .V = (?>(£)) (xm) > m^ (?>(£)) {m) = TF(^e) {m) -v, 

Ipie) (xm) = {lF(e)) (xm) > (/fd) (m) = /^(e) (m), 

Ff(s) (xm) .V = (Tfd) (xm) < (T>(£)) ("i) = Fpie) (m) -v, 

and since u / 0, then Tp(e) (xm) > Tf(s) (m) and Ff(s) (xm) < Tf(£) (^) • Now 

Tp{e) ("ii - "^- 2 ) -v = m„ {Tf{s)) {fni - m 2 ) 

> min {m„ {Tp{e)) {mi),m^ {Tpie)) {m 2 )} 

= min {Tp{e) (mi) .V,TF(e) {m 2 ) -v} 

= min {TF(e) {mi), TF(e) (m 2 )} .v, 

which means that 

Tp{e) (w-i - m 2 ) > min {?>(£) (mi), rp(£) (m 2 )} . 

Similarly, 

Fp{e) {^1 - "I 2 ) < max (mi), FpL) (m 2 )} • 

Hence {F, A) is a neutrosophic fuzzy soft HCiL-submodule over M. 

4 Ismorphism Theorem Of Neutrosophic Fuzzy Soft BCK- 
submodules 

Definition 4.1. Let M and N be two HCiL-modules over a BCK-dlgehia. X. Let / : M —)■ N 
be a HCiL-submodule homomorphism and let {F,A), {G,B) be two neutrosophic fuzzy soft BCK- 
submodule over M and N respectively. Then the image of {F, A) is a neutrosophic fuzzy soft set over 
N defined as follows for all x G M, y G N and e G A. 

/ {F {e)) (x) = (T^(F)(y), //(F)(y), i"/(F)(y)) = (/ {Tp) {y), f {Ip) {y), f {Ff) {y)), 

12 

756 AlghamdI-Alshehrl 745-762 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


where 


fiTF){y) = 


f{lF){y) = 


sup Tp (x) if X G / ^ (y) 


0 


otherwise 




sup Ip (x) if X G / ^ (y) 
0 otherwise 

if X G /“^ (y) 
otherwise 


and the preimage of (G, B) is a neutrosophic fuzzy soft set over M defined as 


/-I {G {5)) (y) = {Tf-i^G){x),If-i(^G){x),Ff-i^G){x)) = {Tg (/ (x)), Ig (/ (x)), Fg (/ (x))), 


where 5 GB. 

Theorem 4.2. Let (X, *,0) be a BCK-algehia, M and N are modules of X. A mapping / : 
M —7- is a i^CiL-submodule homomorphism and {F,A) G NFSS{N), then the inverse image 
(/-1(F), A) G NFSS{M). 

Proof. Since (F, A) is a neutrosophic fuzzy soft FCF-submodule over N. Let m G M, e G A then 
by Theorem (3.4) 


rj-i(p)(0) = TF{e){f (0)) = Fp(e)(0) > TF(e){f {fi)) = Tj-i(p)(m), 
//-1(P)(0) = lF{e){f (0)) = ^F(£)(0) > lF{e){f i'Fl)) = If-i(F){'Fl), 
Fj-i(p)(0) = Fp(£)(/ (0)) = Fp(£)(0) < FF(e){f (m)) = Fy-i(p)(m). 

Now let mi, m 2 G M, x,y G X, and e G A, then 


Tf-^F){xmi - ym 2 ) = Tp(g)(/ (xm - ym 2 )) 

= TF{e){xf {mi) - yf (m2)) 

> min {TF(e){f {mi)), TF(e){f {m 2 ))} 

= min{rj-i(p)(mi),rj-i(p)(m2)} . 

Similarly for 

/j-i(P)(xmi - ym2) > min {/j-i(p)(mi),/j-i(p)(m2)} , 

and 

Fj-i(p)(xmi - ym 2 ) < max {Fj-i(p)(mi), Fj-i(p)(m 2 )} . 

Hence {f~^ (F), A) is a neutrosophic fuzzy soft FGF-submodule over M. 

Theorem.4.3. Let (X, *,0) be a FGF-algebra, M and N are modules of X. A mapping / : 
M —)• X is a FCF-submodule epimorphism. If (F, A) is a neutrosophic fuzzy soft set over N such 
that (/-i (F), A) G NFSS{M), then (F, A) G NFSS{N). 


13 


757 


Alghamdi-Alshehri 745-762 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 

Proof. Assume that (/“^(F),A) is a neutrosophic fuzzy soft SCAT-submodule over M. Let 
n £ N then there exist m £ M such that / (m) = n. Then for all e £ A 

Tpie) (.n) = (/ (m)) = Tf-i(^p){m) < Tf-i(^p){0) = Tp(^^) (/ (0)) = Tp(^^) (0), 

^F(e) {n) = Ip(^^) (/ (m)) = If-i(^p){m) < lf-i(^p^{0) = Ip(^^) (/ (0)) = Ip(^^) (0), 

-^f(£) {n) = Fp(^^) (/ (m)) = Ff-i(^p^{m) > Ff-i(^p-^{0) = Fp(£) (/ (0)) = Fp(£) (0). 

Let m,m £ M, n,h £ N such that / (m) = n and / (m) = h and x,y £ X then 

Tpie) {xn - yh) = Tp^^) {xf (m) - yf (m)) 

= ^FL) if{xm-ym)) 

= Tf-i(p){xm - ym) 

> min{rj-i(F)(m),Tj~i(p.)(m)} 

= min {rp(£) (/ (m)), rp(£) (/ (m))} 

= min {rp(£) (n), rp(£) (h)} . 

Similarly for 

/f(£) - yn) > min {ip(^) (n), Ip(^) (h)} , 

and 

Fpie) {xn - yh) < max (n), Fp^^^) (h)} . 

Hence according to Theorem (3.4), {F,A) is a neutrosophic fuzzy soft HCA-submodule over N. 

Theorem.4.4. Let {X, 0) be a BCK-algehra, M and N are modules of X. A mapping / ; M —)■ 

A^ is a HCA-submodule epimorphism and let {F, A) be a neutrosophic fuzzy soft HCA-submodule 
over M. Then the homomorphic image (/ (F) ,A) is a neutrosophic fuzzy soft HCAT-submodule over 
N. 

Proof. Assume that {F, A) is a neutrosophic fuzzy soft HCA-submodule over M. Let n £ N then 
there exist m £ M such that / (m) = n. Then 

Tf{P){n) = f{Tp) (n) = supTp (m) < supr(O) = f {Tp) (0) = T/-(p)(0), 

If{F){n) = f{Ip) (n) = sup Ip (m) < sup/(0) = f {Ip) (0) = //(p)(0), 

^/(F)(«) = / {Fp) {n) = inf Fp (m) > inf F(0) = / (Fp) (0) = F^(p)(0). 
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Let mi, m 2 G M, ni,n 2 G N such that / (mi) = ni and / (m 2 ) = n 2 and x,y £ X then 


- 2 /^ 2 ) = /( 7 >) {xni - yn2) 

= supTp (xmi — ym 2 ) 

> sup{min{Tp(mi),Tp(m 2 )}} 

= min {sup Tp (mi), sup Tp (m 2 )} 
= min {/(Tp) (m), /(Tp) ( 712 )} 
= min{Tj(p) {ni),Tf(^F) ( 712 )}. 


Similarly for 

//(P) (x77i - yn2) > min{/j(p) (ni) ,/j(p) ( 772 )}, 

and 

Ty(P) (xni - yn2) < max{Ty(p) (ni) ,Tj(p) ( 772 )}. 

Hence by Theorem (3.4), {f{F),A) is a neutrosophic fuzzy soft TCiL-submodule over N. 

Corollary 4.5. Let / : M —)• be a homomorphism of TCiL-submodules and (T, H) is a 
neutrosophic fuzzy soft set over N. If (T, A) is a neutrosophic fuzzy soft TCiL-submodule, then so is 
(/“^ (T), for any a-translation Tq, [(T, H)] of (T, H) with a G [0, T]. 

Proof. Directly by Theorem(3.6) and Theorem(4.2). 

Joining Theorems (3.6), (4.3) and (4.4) we have the following corollaries: 

Corollary 4.6. Let / ; M —)■ N be an epimorphism of TCiL-submodules and (T, A) is a 
neutrosophic fuzzy soft set over N. If the inverse image of a neutrosophic fuzzy soft a-translation of 
(T, A) is a neutrosophic fuzzy soft TCiL-submodule for some a G [0, T], then so is (T, A). 

Corollary 4.7. Let / ; M —)■ N be an epimorphism of TCiL-submodules and {F,A) is a 
neutrosophic fuzzy soft TCiL-submodule over M, then the homomorphic image of a neutrosophic fuzzy 
soft a-translation of (T, A) is a neutrosophic fuzzy soft TCiL-submodule over N for any a G [0, T] . 

Using Theorems (3,14), (4.2), (4.3) and (4.4), we deduce the following results; 

Corollary 4.8. Let / : M —)• be a homomorphism of TCiL-submodules and (T, A) is a 
neutrosophic fuzzy soft TCAT-submodule over N, then the inverse image of a neutrosophic fuzzy soft 
p-multiplication of (T, A) is a neutrosophic fuzzy soft TCAT-submodule over M for any u-multiplication 
of (T, A) with V G [0,1] . 

Corollary 4.9. Let / : M —)■ N be an epimorphism of HCAT-submodules. If the inverse image 
of a neutrosophic fuzzy soft u-multiplication of (T, A) is a neutrosophic fuzzy soft TCiL-submodule 
over M for some v G (0,1] , then (T, A) is a neutrosophic fuzzy soft TCiL-submodule over N. 

Corollary 4.10. Let / : M —)■ N be an epimorphism of TCiL-submodules and {F,A) is a 
neutrosophic fuzzy soft TCAT-submodule over M, then the homomorphic image of a neutrosophic 
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fuzzy soft u-multiplication of {F, A) is a neutrosophic fuzzy soft SCi^-submodule over N for any 

UG (0,1], 

5 Conclusion 

Translations, multiplications and extensions are very interested mathematical tools. They are types 
of operations that researchers like to apply with fuzzy set theory. In this paper, the concept of 
neutrosophic fuzzy soft translations and neutrosophic fuzzy soft extensions of neutrosophic fuzzy soft 
i^C'ii'-submodules were introduced and the relation between them were discussed. Also, the notion 
of neutrosophic fuzzy soft multiplications of neutrosophic fuzzy soft SCAT-submodules was defined. 
Finally, some results were investigated. 
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ON HARMONIC MULTIVALENT FUNCTIONS DEFINED BY A 
NEW DERIVATIVE OPERATOR 

ADRIANA CATAgi*, ROXANA gENDRUTIU^ 


Abstract. In the present paper, we define and investigate a new class of mul¬ 
tivalent harmonic functions in the open unit disc U = {z £ C : \z\ < 1}, under 
certain conditions involving a new generalized differential operator. Coefficient 
inequalities, distortion bounds and a covering result are also obtained. 

Keywords: differential operator, harmonic function, coefficient bounds. 

2000 Mathematical Subject Classification: 30C45. 

1. Introduction 

A continuous complex-valued function f = u + iv defined in a simply connected 
complex domain D is said to be harmonic in D if both u and v are real harmonic 
in D. In any simple connected domain we can write f = h + g, where h and g are 
analytic in U. A necessary and sufficient condition for / to be univalent and sense 
preserving in D is that \h'{z)\ > \g'{z)\, z £ D. (See [J] for more details.) 

Denote by S'«(p, n), {p,n £ N = {1, 2, ...}) the class of functions f = h + g that 
are harmonic multivalent and sense-preserving in the unit disc U for which /(O) = 
fziO) — 1 = 0. Then ior f = h + g £ Snip, n) we may express the analytic functions 
h and g as 

OO OO 

(1.1) h{z) = zP + ^ akZ^, g{z) = ^ bkZ^, |&p+„_i| < 1. 

k—p-\-n k—p-\-n—l 

Let S-h{p, n, m),{p,n £ N,m £ NoU{0}) denote the family of functions fm = h+gm 
that are harmonic in D with the normalization 

OO OO 

(1.2) h{z) = zP- ^ |afc|z^ g^{z) = {-ir Y . I^P+n-i|<l. 

k—p-\-n k—p-\-n—l 

2. Coefficient bounds for the new classes AL'u{p,m,S,a, X,l) and 

AL-h {p,Tn,6,a,X,l) 

We propose for the beginning a new generalized differential operator as follows. 

Definition 2.1. Let H{U) denote the class of analytic functions in the open unit 
disc U = {z £ <C : | 2 :| < 1} and let A{p) be the subclass of the functions belonging 

1 


775 


CATAS-SENDRUTIU 775-780 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


2 A. Cata§, R. §endru^iu 

to H{U) of the form h{z) = + J2T=p+n ■ For m S Nq, A > 0, <5 G Nq, / > 0 we 

define the generalized differential operator I^g{p,l) on A{p) 

OO 

(2.1) IT,s{p,l)h{z) = {p + irzP+ [p + Hk-p)+irC{6,k)akz\ 

k—p-\-n 


( 2 . 2 ) 


C{S,k) = 


fc + (5 — 1 
d 


T{k + 5) 

r{k)r{s + 1 )' 


Remark 2.2. When A = 1, p = 1, Z = 0, 5 = 0 we get Salagean differential operator 
[in]; p = 1, m = 0 gives Ruscheweyh operator [n];p=l,Z = 0, <5 = 0 implies Al- 
Oboudi differential operator of order m (see [T]); A = 1, p = 1, Z = 0 operator (2.11 
reduces to Al-Shaqsi and Darns differential operator |2] and when p = 1, Z = 0 we 
reobtain the operator introduced by Darus and Ibrahim in |S] . 


Definition 2.3. Let / G S'-h(p, n), p G N. Using the operator (2.1) for / = Zi + p 
given by (1.1) we define the differential operator of / as 

(2.3) 


(2.4) 


4™ (p,0/W = iTApJMz) + {-iriTAp^i)g{z) 

OO 

IT,s{p,l)hiz) = {p + irzP+ ^ [p + x^k-p) + irC{S,k)akz'^ 


k—p^n 


(2.5) 


ITApMz)= E [P + Kk-p) + irC{5,k)huzK 

k—p-\-n — l 


Remark 2.4. When A = 1, Z = 0, i5 = 0 the operator (2.3) reduces to the operator 
introduced earlier in |7] by Jahangiri et al. 

Definition 2.5. A function / G S'H{p,n) belongs to the class AL-u{p,m,STQ:AJ) if 


( 2 . 6 ) 


p + Z 


Re 


iTAP’i)f{z) 


> a, 0 < a < 1, 


where is defined by (2.3), for m G Nq. Finally, we define the subclass 

(2.7) ALHip,m,5:Oi,\J) = AL«(p, to, 5, a, A, Z) n S'H{p,n,m). 

Remark 2.6. The class ALu{p, rn, 8, a, A, Z) includes a variety of well-known subclasses 
of S'H{p,n). For example, letting n = 1 we get AL'h( 1, 1,0, a, 1, 0) = HK{a) in 
for n = 1, AL^(1, to — 1, 0, a, 1,0) = Snit, u, a) in [TT], AL'u{p, n + p,0, a, 1,0) = 
SHp(n, a) in [^ and n = 1, AL^(1, to, <5, a, 1,0) = M-uim, 8, a) in [3|. 

Theorem 2.7. Let f = h + g be given by 0. // 

[(p -I- Z)(l - a) + \{k - p)]dp^k{rn, A, l)C{8, k) 


( 2 . 8 ) 


E 

k—p-\-n 


(p-LZ)™+i(l-a) 


■|afc| + 
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I [{p + + o:) + \{k — p)]dp^k{m, X,l)C{S, k) ^ i 

+ ^ (p + Z)-+i(l-a) 

k=p+n-l \ ) 

with Xn > a(p + 1), where 

(2.9) dp^k{m,X,l) = [p+X{k - p)+ 1]"^ 
then f G AL-pi{p,m,6,a,X,l). 

Proof. Using the fact that ^Re w > a if and only if |(p + Z) — (p + l)a + w| > 
|(p + Z) + (p + Z)q; — w|, it is sufficient to show that 

(2.10) |(p + ;)(i_«)j™(p,|)/(^)+j-+i(p,;)/(^)|_ 

-\{p + i){i + a)iTAp, 0/(^) - izrip^ 0/(^)l > 0. 


Substituting I^g{p,l)f{z) and I^J {p,l)f{z) in ( |2.10[ ) yields by ( |2.8[ ) 

\{p + l){l-a)IT,s{P,l)fi^)+IT.riP,l)fiz)\- 

-\{p + l){l + a)IT,s{p, l)fiz) - IT,rip, l)fiz)\ > 

> 2(v + - a) Jl -V [(P + 0(1 - q) + A(fc - p)]dp,k{m, A, l)C{6, k) 

^P > i > \ 2^ tr, /'im+in - rvi 


- E 

k—p-\-n — l 


[{p + 0(1 + q) + A(fc - p)\dp,k{m, A, l)C[5, k) 
(p + 0“+Hl-a) 




\bk\ 


The last expression is nonnegative by (2.8) and therefore the proof is complete. □ 
Remark 2.8. The harmonic function 


(2.11) f{z) = z^+ Y. 


{p + Z)'"+^(l — Of) 


k—p-\-n 


[{p + Z)(l - a) + X{k - p)]dp,k{rn, X, l)C{5, k) 


XkZ 


E 


(p + 0”‘+^(l - a) 


rVkZ'^ 


r [{p + 0(1 + a) + A(fc - p)]dp,k{m, X, l)C{S, k)' 

rC —— X 

where Y.T=p+n + E^p+n-i IVkl = 1, 0 < a < 1, m € Nq, An > a(p + 0, A > 0 
and dp,k{m, X,l) is given in (2.9), show that the coefficient bound expressed by (2.8| 
is sharp. 


Theorem 2.9. Let fm = h + gm he given by (1.2). Then fm G ALf^(p,m, S, a, X, 1) 
if and only if 


( 2 . 12 ) 


^ [(p + 0(1 - q) + X{k - p)\dp,k{m,XT)C{5,k) ^ 


k—p-\-n 


(p + Z)™+i(l-a) 


I {{p+ I)T + a) + X{k — p)\dp,k{rn,X,l)C{5,k) ^ i 

+ r - ^... , -U- \hk\<l, 


(p + Z)'"+i(l - a) 

where Xn > a{p + l),0<a<l, mG No, A > 0 and dp,k(jn, A, 1) is given in (2.9). 


k—p+n— 1 
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Proof. Since AL-^(p,m,S,a, X,l) C AL-H{p,m,S,a, X,l), we only need to prove the 
’’only if’ part of the theorem. For this part we consider that fm € ALu{p, m, 6, a, X, 1). 
Then 




y{p + l) > = 


Re < 


{p + l)'^+'^{l - a)zP -^[{p + 1){1 - a) + X{k - p)]^{m,XJ;S, k)akz'" 

k—p-\-n 


{p + l)^zP-^i{m,X,l]5,k)akz'" + (-1)^"*^ f,{rn,XJ;S,k)bkZ>^ 

k—p-\-n k—p-\-n—l 


(_j) 2 m ^ [{p + l){l + a) +X{k-p)]£,{m,X,l]S,k)bkz'^ 

k—p-\-n— 1 


> 0 , 


{p + l)^zP - ^^(m, A, 1; 6, k)akZ^ + (-1)^™ ^ ^(m, A, /; 5, k)bkZ^ 

k—p-\-n k—p-\-n—l 


where ^(m, A, 1; S, k) = dp,k{m, A, l)C{5, k). 

The above required condition must hold for all values of z in U. Upon choosing the 
values of z on the positive real axis where 0 < |z| = r < 1, we must have 


(2.13) 


{p + l)'^+^{l-a)[{p + l){l-a) + X{k-p)]^{m,X,l]S,k)\ak\r’^ ^ 

k—p-\-n 

oo oo 

{p + l)”^-Y ^{m,X,l-,6,k)\ak\r''~P + Y ^{fn,X,l;6,k)\bk\r'^~P 

k—p-\-n k—p-\-n—l 


oo 

Y [(1^ + 0(1 + a) + X{k-p)]^{m,X,l-,6,k)\bk\r'"~^ 

k—p-\-n—l 

oo oo 

(p + -Y ^(m,X,l;S,k)laklr''~P+ Y ^(”^, A,/; <5, 

k—p+n k—p+n—1 


> 0 . 


If the condition (2.12) does not hold, then the numerator in (2.13) is negative for r 
suffici ently close to 1. Hence there exists a zq = Tq in (0,1) for which the quotient in 
(2.13) is negative. This contradicts the required condition for / G AL-^{p,m,S,a, X,l) 
and so the proof is complete. □ 


3. Distortion bounds 

The following theorem gives the distortion bounds for functions in 
AL-h{p, rn, S, a, A, 1) which yields a covering result for this class. 


778 


CATAS-SENDRUTIU 775-780 

















J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


On harmonic multivalent functions defined by a new derivative operator 


5 


Theorem 3.1. Let f S AL-^ (p, to, (5, a, A, 1), with 0 < a < 1, Xn > a{p + 1), to S Nq, 
A > 0. Then for = r < 1 one obtains 

(3.1) |/(z)| < + + + 

[[p + l)[l - a) + Xn\dp^n+p{m, X,l)C(d,n + p) 

li [{p + l)il + a) + X{n-l)]dp^n+p-iim,\J)C{6,n + p-l)^^ d 

■\ (p + ;)m+i(i_a) \t>p+n-i\jr 


and 


|/(z)| > (1- |6p+„-i|r" ^)rP - 


(p + O^+dl-a) 


1 - 


[{p + 0(1 - a) + An]dp,„+p(TO, A, l)C{6, n + p) 
[{p + 1){1 + a) + A(n- l)]rfp^,^+p_i(TO, A,0C((5,n+p- 1), 


(p + 0™+dl-a) 


'|6p+„_i||r"+^ 


Proof. We only prove the left-hand inequality. The proof for the right-hand inequality 
is similar and will be omitted. 

Let / G AL-h{p, to, (5, a, A, 1). Taking the absolute value of / we have 

OO OO OO 

\f{z)\ = \zP -Y^auz'^ + (-1)™^ bkz^\ > (1 - -^(|ad + M)rP+^ 

k—p-\-n k—p-\-n—l k—p-\-n 


= (i-iWir-'K- 


{p + l)"^+^il - a) 


[{p + /)(1 - a) -I- Xn]dp^n+pirn,X,l)C{S,n + p) 

^ Up + 0(1 - «) + An]dp,p+„(TO, A, l)C{S,p + n) \ ,\u\\P+n^ 
2^ (p-^;)m+i(l-Q,) uafcl + lfclj 


k—p-\-n 

(l-|6p+„_i|r"-dr^’- 


(p-L0“+^(1 - a) 


1 - 


[(p-L 0(1 - a) + An](ip,„+p(TO, A, 0C'(<5, n -Lp) 
[(p -I- 0(1 + a) + - ^)]dp,n+p-i{m, \,l)C{5,n+p- 1) 


(p-L0™+dl-a) 




The bounds given in Theorem |3.1| for the functions / of the form (1.2) also hold 
for the functions of the for m (|1.1[ ) if the coefficient condition (2.8) is satisfied. The 
upper bound given for / G AL-u{p,m,d,a,X,l) is sharp and the equality occurs for 
the function 

^ {p + l)'^+\l - a) 

f(z) — Z + \bp^n-l\z + . .W. I \ lu ( \ _L 

[(p -I- 0(1 - a) -I- AnJo!p,„+p(TO, X,l)C{d,n + p) 

[{p + l)il + a) + X{n-l)]dp^n+p-iim,X,l)C{S,n + p-l)^j^ d „+p 
(p + 0™+dl-a) \(^P+n-i\jr , 

where |5p+„_i| < [(p+q(i+a)+A(„?i')]dp_„l_i(l,A.0C(5.n-i-p-i) 


1 - 


The following covering result follows from the left-hand inequality in Theorem 3.1 
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Corollary 3.2. If the function f G AL-^{p,m,S,a, X,l), then 

^ [(P + 0(1 ~ Q^) + An]dp,n+p(m, A, l)C{S,n+p) - {p + - a) 

[{p + 1){1 — a) + Xn]dp^n+p{'m, X, l)C{5, n+p) 

[{p + 0(1 - a) + Xn]dp^n+p{m, X, l)C{6, n + p) - A, 1) 

[p{l - a) + An + l]dp^n+p(TTi, X,l)C{6,n+p) 
where Epg{m, A, 1) = [{p + 0(1 + a) + A(n — l)]dp^n+p-ii'm, X, l)C{S, n+p — 1). 
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Abstract. Based on the results of the weakly Picard operators theory, in this 
paper we study the good and special convergence of the iterates of a general 
class of positive linear operators of discrete type introduced by O.Agratini and 
LA. Rus ([!]). 
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1. Introduction and Preliminaries 

The study of the convergence of the sequence of successive approximations is 
realized in metric spaces. That is, for {X, d) metric space and A : A —)■ A an 
operator, for any x € X can be considered the sequence: 

(1) xGX 

where A° = lx and A™ = A™”^ o A for m € N*. 

Investigating the properties of sequence (1), L. d’Apuzzo introduced in 1976 
(see [3]) the good and special convergence, giving necessary and sufficient condi¬ 
tions for this kind of convergence (see [2]). In paper [3], she considers the good 
and special convergence of type M, as a particular case, in which the sequence 
(d (A'" (x), A“ (x)))„g„, (respectively, (d (A™ (x), A™-i (x)))^^^ ) is strictly de¬ 
creasing for any x. LA. Rus introduced, in paper (see [8]), the good and special 
weakly Picard operators . 

In what follow, let (A, d) be a metric space and A : A —> A an operator. In this 
paper we will use the following notations: 

P(A) := {Y C A|r 7^ 0}; 

Eh := { X G A| A (x) = x} - the Hxed point set of A; 

/ (A) '■= {Y G P (A) I A (Y) C Y} - the family of the nonempty invariant subsets 
of A. 

Definition 1. (LA. Rus - [6], [7], [8]^ Let (A,d) be a metric space. 

1) An operator A : X ^ X is weakly Picard operator (briefly WPO) if the sequence 
of successive approximations (A™ (a;o))meN converges for all xq G X and the limit 
(which may depend on xq) is a fixed point of A. 

2) If the operator A : A —)■ A fs WPO and Fa = {x*}, then by definition the 
operator A is Picard operator (briefly PO). 

3) If the operator A : A —)■ A is WPO, then can be considered the operator A°° 
defined by A°° : A —)• A, A°° (x) := lim A™ (x). 

m—¥OQ 
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The basic result in the WPO’s theory is the following: 

Theorem 1. (Characterization theorem - [6], [7], [8]^ An operator A : X ^ X is 
WPO if and only if there exits a partition of X, X = IJ Xx, such that: 

AeA 

(a) XxeI{A), VAe A; 

(b) : ATa ^ is PO, VA G A. 

Definition 2. Let {X, d) be a metric space and A : X ^ X a WPO. 

OO 

1) A : X ^ X is good WPO, if the series ^ (x), A™ (x)) converges, for 

m—l 

all X G X (see [8]j. In the case that the sequence {d (x), A™ is 

strictly decreasing for all x G X, the operator A is good WPO of type M (see [3]J. 

OO 

2) A : X ^ X is special WPO, if the series d (A"* (x), A°° (x)) converges, 

m—l 

for all X G X(see [8]j. When the sequence (d (A'" (x), A°° (x)))^gj^, is strictly 
decreasing for all x G X, A is special WPO of type M (see [3]J. 

In 2015, S. Mure§an and L.F. lambor obtained the following result regarding to 
good and special weakly Picard operators. 

Theorem 2. ([b]) Let {X,d) be a metric space and A : AT —> AT a WPO. If A is 
special WPO then A is good WPO. 

In the paper [4], A.Bica and L.F. Galea(Iambor) introduced the notions of uni¬ 
form good and special weakly Picard operators like this: 

Definition 3. (A.Bica, L.F. Galea - [A\) Let (AT, d) be a metric space and F C 
{A|A:Ar—^AT} a family of operators on X. We say that F is a family of uniform 
special (good) WPO’s if for any A G F, A is special (good) WPO and there exist 
the functionals ip : X ^ IR+ and : F ^ IR_i_ such that p is continuous and 

OO 

Y) d (A™ (x), A°° (x)) ^ Ip (A) ■ p{x), y X G X, y A G F 

m—l 

OO 

(respectively, Y ^ (x)) ^ tp' (A) ■ p (x), V x € AT, VAe F). 

m—l 

In what follow, we present the general class of linear positive operators of discrete 
type and some properties of these operators investigated by O. Agratini and LA. 
Rus in [1]. 

At first they construct an approximation process of discrete type acting on the 
space C'([a, 6]) endowed with the Chebyshev norm ||.||. 

For each integer n ^ 1 they consider the following: 

(i) A net on [a, b] named A„ is fixed (a = Xn,o < Xn,i < < Xn,n = b). 

(ii) A system {'ipn.k)^^-^ is given, where every %pn,k belongs to C{[a,b]). 

They assume that it is a blending system with a certain connection with A„, 

more precisely the following conditions hold: 

_ n n 

V’n./c ^ 0, {k = 0,n), Y'>Pn,k = eo, Y ^n,k1pn,k = ei 
fc=0 k=0 

Definition 4. (0.Agratini, LA. Rus - [1] j The operators L^ : C {[a, 6]) —)■ C ([a, 5]) 
defined by 

n 

Ln if) (x) = Y V'n.fc (a:) / (x„,fc) 

k=0 
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are called the operators of discrete type. 

The operators of discrete type have the following properties: 

1 ) n G N are positive linear operators; 

2 ) Tn (eo) = eo and L„ (d) = ei. 

Theorem 3. (O.Agratini, LA. Rus - [1]J Let L„, n € N, such that ipnfiio) = 
ipn.n (b) = 1- Let US denote Un := min i^) + ^n,n (a:)]- 

x^[a,b] 

If the Un > 0 the iterates sequence verifies 

lim (T™/) (x) = / (a) + {x-a), f gC ([o, b]) 

m—>-oo 

uniformly on [a, 6 ]. 

Theorem 4. (O.Agratini, L.A. Rus - [1]J Let L„, n G N, such that ipnflio) = 
ipn.n (b) = 1- Then the operator L„ is weakly Picard operator for every n G N and 

if) = Cl (/) ei + C 2 (/) ”= r{x), fGC ([a, b]) 
where ci (/) = and ci (/) = 

The convergence exists on the space (C [a, b], IMIoo)- 

In the application of Characterization theorem of weakly Picard operator, it was 
considerate the partition of C ([o, 6 ]): 

Ci[a,b]):= U ^o,/3 

where = {/ G C ([a, b]) : f (a) = a, f (5) = /?} , a, /? G M. 

Proposition 5. (O. Agratini, LA. Rus - [l]j The operators of discrete type satisfied 
the following contraction property relative to above partition: 

( 2 ) \\Ln{f) - Ln{g)\\^ ^ (l-Mri)||/-g||^, V f,gGXa,p, a,/3GM 

where = min [$„_o (x) - (x)], Un > 0 . 

[o,&] 

2. Main results 

In this section, we will investigate some properties of the iterates of discrete type 
of operators in sense of good and special convergence. 

Theorem 6. The operators of discrete type Ln, n G N are special WPO and good 
WPO of type M on C {[a, b]). 

From Theorem 3, we have that L„, n G N is weakly Picard operator. 

Let / G C {[a,b]). Then / G Xf(^a)j{b) and according to (I) we infer that L„ is 
contraction on Xf(^a),f{b)- So, the operator L„, n G N is special WPO of type M on 
Xf(^a),f(b)- Finally, we get that L„, n G N is special WPO of type M on C ([o, 6 ]). 

From Theorem 2, any special WPO is good WPO. Then we have that L„, n G N 
is good WPO of type M on C ([a, &]). 

Theorem 7. The family of the operators of discrete type {Ln : n G N*} is family 
of uniform special and good WPO’s on C[a,b]. 

Proof. Using the inequality (1), we obtain the estimation: 

\Li if) ix) - if) (x)| = \Li if) ix) - Li (L“ if)) (x)| < 

< (1 - Un) 1 / ix) - if) (x)| = (1 - Un) \f (x) - Ci (/) 61 - C 2 (/)| ^ 
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4 LOREDANA-FLORENTINA lAMBOR, ADRIANA CATA§ 

< (1 - M„) • C, V a; e [a,b], 

where C = diam (Im/) + 2max{|/ (a)|, \f (6)|}, with 
diam{lmf) = max{|/(x) - f {y)\ :x,yG [o,5]}. 

The constant C was obtained using the following technique: 

• If a; = a then: 

1/ (a:) - £- (/) (a:)| < \f (x) - ■ a - = 

= / (x) - =\f{x)-f{a)\^diam{lmf) 

• If X = b then: 

1/ (x) - £- (/) (x)| < |/ (x) - ■ b - (^) = 

= / (x) - = |/(x) -/(5)| < dmm(Im/) 

• If X G [a, b] then: 

1/ (x) - £” (/) (x)i ^ |/ (x) - • X - = 

= /(^)-f5f-/W + lEf-/(a)!^ 

^ 1/ (x) -fib)\ + 1/ (6)1. |l - I + 1^1 . 1 / (a)| ^ 

< diam (Im/) +2max{|/(a)|, |/(6)|}. 

By induction, for m G N*, we have: 

|L™ (/) (x) - (/) (x)| = \Li (L--1 (/)) (x) - Li (L“ (/)) (x)| < 

< (1 — M„)™ • C, V X G [a, 6]. 

OO 

Then, E \Lii{f){x)-L^if)ix)\^ 

m—1 

^ lim C (1 - M„) + (I - u„)^ + ... + (I - ■u„)’” = 

m—¥oc) L 

= lim [C(l-i4„)- (2) 

m—>-00 L tin J u-Ti 

On the other hand, we have: 

n 

\Liif)ix)-Li{f){x)\= E lAn.fc (x)/(x„,fc) - / (x) = 

fc =0 

n n 

= E i’n,k (x) If (Xn,k) - / (a;)] < c" E i’n,k (x) = C'cq, V X < [o, 6], where 

C" = diam (Im/) = max{|/(x) - f (y)l : x,y G [a,6]}. 

By induction, for m G N, we have: 

\Lff if) (x) - if) (x)| = \Li if)) (x) - Li (L--2 (/)) (x)| < 

< (1 - «„)"* ^ • C"eo, V X G [a, b] 

OO 

Then, E \Li:if)ix)-Lii-^if)ix) \ < 

m=l 

< lim C'eo 1 + (1 - m„) + (1 - u„)^ + ... + (1 - < 

m—¥oo L 

^C'eoj^, y f€C[a,b] (3). 

Now, the property of uniform and special WPO follows from the estimations (2) 
and (3). For instance, for the property of uniform special WPO we have: 

if : C [a,b] ^ IR+, ip if) = diam (Im/) + 2max{|/ (a)|, | / (5)|} and 

1/ : {L„ : n G N*} ^ K+, (T„) = 1^, V n G N* 

and for the property of uniform good WPO we have: 
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GOOD AND SPECIAL WEAKLY PICARD OPERATORS PROPERTIES FOR A CLASS OF DISCRETE LINEAR OPERATORS 

: C [a, b] —)• IR_|_, p' (/) = diam (Im /) and 

'4’’ • {Ln : n € N*} —)■ M_|_, (L^) = V n € N*. 

It is easy to prove that : C [a, b] —)• IR+, p (/) = diam (Im/)+2 max{| / (a)| , | / (6)|} 
and Lp' (/) = diam (Imf) are seminorms on C [a, b] and 
Pif-g)^ 2||/-6f||(;, + 2||/||(^, p'if-g) < 2\\f - g\\(. 
since \p if) - p {g)\ ^ p {f - g), 4 f,gec [a, b] and 
\p'if) - p' ig)\ ^p'if -g), 4 f,g€ C[a,b] 
we infer the p, p' are continuous. □ 
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Abstract 

Here we present general Iyengar type inequalities with respect to Lp 
norms, with 1 < p < oo. The method is based on the generalized Taylor’s 
formula. 
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1 Introduction 

We are motivated by the following famous Iyengar inequality (1938), [2]. 
Theorem 1 Let f be a differentiable function on [a, 6] and \ f' (x)| < M. Then 

M{b-af {f{b)-f{a)f 


J f{x)dx-^{b-a) (/ (a) + / (&)) 


< 


AM 


( 1 ) 


2 Main Results 


We present the following Iyengar type inequalities: 

Theorem 2 Let n G N, / G AC” ([a, 6]) (i.e. G AC ([a, &]), absolutely 

continuous functions). We assume that G Loo ([a, 6]). Then 


/ {x) dx 


V t G [a, &] , 


E 


1 

(fc + l)! L' 


& 


(a) {t - + (-l)V^''^ {b) {b - 


(n + 1)! 


( 2 ) 


1 
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ii) at t = the right hand side of (2) is minimized, and we get: 


n—1 


f (a;) dx-Y^ 


k=0 


1 {b — a) 
(A: + l)! 2^+1 


fe+i 


/W (a) + (_i)'=/(fc) (6) 


< 


luI^M) (b-a) 


n+1 


(n+l)! 2" 

Hi) if f^^^ (a) = [h) = 0, for all k = Q,1,n—1, we obtain 


f (x) dx 


< 


Too([a.b]) (b-a) 


n+l 


(n + 1)! 


(3) 


(4) 


which is a sharp inequality, 

iv) more generally, for j = 0,1,2 ,N it holds 


n—1 


f (x) dx-Y 


1 


k^O 


(A: + l)! V N 


6-1 


fc+i 


++1/W (a) + (_i)fc (AT - +1 /« (b) 


Too([a,b]) 


(V) 


n+l 


r^^ + iN-j) 


■ Nra+l 


(n + 1)! 

v) if (a) = (fe) = 0, /c = 1,n — 1, /rom we (;el. 


J f{x)dx-(^^)^^[jf{a) + {N-j)f{b)] 


< 


Too([a,6]) fb - a 


n+l 


(n + 1)! 

/orj = 0,1, 2,..., iVGN, 

vi) when N = 2 and j = 1, (6) turns to 




■ Nn+l 


J f (x) dx - (/(a)+ /(&)) 


< 


< 


(5) 


( 6 ) 


lToo([a.b]) jb-aY^ 

(n+l)! 2" 

vii) when n = 1 (without any boundary conditions), we get from (7) that 


(7) 


J f (x) dx - (/(a)+/(6)) 


< 


jb-aY 

oo,[a,fc] ^ 


( 8 ) 


a similar to Iyengar inequality (1). 


2 
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Proof. Here n G N and is absolutely continuous on [a, b]. 

sumed that 


(n) 


,,b] 


fin 


Tcx=([o,&]) 


< + 00 . 


By [1], we have the following generalized Taylor’s formulae: 

C-a) = (x -t) f > (t) dt 


and 


n—1 








y (x - t)”- {t)dt, 


V X G [a,b]. 
Then we get 




fe =0 


fc! 


< 


cxD,[a,fc] 


d 


(x-a)”, 


V X G [a, 5], 
and 


n—1 




1 


(n- 1)! 


fc =0 


1 

(n — 1)! 


r (x -1)”-' /(") (t) dt 
Jb 




n! 




that is 


V X G [a,b]. 
We call 


So we have 


n—1 


/(fc) (6) 






(5:= 


< 


oo,[a,b] 


n! 


^{b-xf, 


d 


n—1 


—(5 (x — a)" < / (x) — ^ ^ (x — a)^ < (x — 


k=0 


3 


We as- 

(9) 

( 10 ) 

( 11 ) 

dt < 

( 12 ) 

(13) 

(14) 
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-(5 (6 - x)” < / (x) - ^ (x -bf <5 {b- x)" , (1! 

fc =0 

V X G [a, 5]. 

Therefore it holds 




V X G [a, 5]. 

Let any t G [a, 6], then 


(a) fe+i (5 „+i j ^ 

-(TTI)'*"”’ 

(a) . ^fe+l <5 , ,„+i 

f^(A: + l)! (n+1) 


^(fc+l)!' ^ fnJ- 


(n + 1) 


pb 

(6 —J f{x)dx< (19) 


^(fc + 1)! (n + 1) 


Adding (18) and (19), we obtain: 


|e («) (^) } - 

—^ [(t-a)”+V(6-t)”+^j < / f{x)dx< 

(«+1) L J da 

|E (fc^iyi [/“’ (“) (* - <<>) (* - *>‘*‘11 + 


(n + 1) 


y t e [a, b]. 
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Consequently we derive: 
rb n-l ^ 


k=0 


f (x) dx-Y, [/('=) (a) it - (6) (6 - 


< 


(n + 1) i 


{t-aY^ + ib-tY^ 


( 21 ) 


\/ t G [a, b]. 

Let us consider 


g (t) := {t — + (6 — , W t G [a, b]. 


( 22 ) 


Hence 

g' (t) = (n + l) [it-ar-ib-tr]=0, 

giving (t — a)" = (b — t)” and t — a = b — t, that is t = the only critical 
number here. 

We have gia) = gib) = (6 —a)"''"^, and g —, which is the 

minimum of g over [a, b]. 

Consequently the right hand side of (21) is minimized when t = with 

value (n+T)’;"’'’’ —• Assuming (a) = (&) = 0, for k = 0, l,...,?i — 

1, then we obtain that 


/ ix) dx 


< 


/•(") /, Nn+l 

^ oo,[a,&] O') 

(n+1)! 


(23) 


which is a sharp inequality. 

When t = then (21) becomes 


n—1 


/ (a:) dx-Y 


fc=0 


1 ib — a) 
ik + iy. 2'=+! 


fe+i , 


/W (a) + i-i)kfik) (fo) 


< 


/•(") /, s.n+1 

^ oo,[a,b] o) 


(n+l)! 2" ■ 

Next let G N, j = 0,1, 2,..., N and tj = a + j (^^), that is to = a, ti = 
a+ = b. 


N 

Hence it holds 

f b — a 


{b-ts) = (N-j) 


b — a 
N 


, j = 0,l,2,...,N. (25) 


We notice that 


/. Nii+l I /L J- ^n+l I ^ ® 

itj-a) +ib-tj) = ( 


n+l 


+ (iV - j)"++ (26) 
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j = 0,l,2,...,iV, 

and {k = 0,1,n — 1) 


/('=) (a) [tj - (b) {b - 


f{k) 

kb — a 

[~w~ 

j = 0,1,2,..., N. 

By (21) we get 


b — a 


N 

fc+i 


fc+i 


(-l)fe/W (5) ^N-j) 


;\k+l 


b — a 
N 


k+l' 


= (27) 


/(fc) (a)/+i+ (-!)'=/('=) (b) (N-j) 


• \ A;+1 


/ i.x) dx-Y^ 


Tl i. / L \ AJ“|~1 

1 fb-a^ 


k=0 


(k + iy. V N 


/W (a)/+i + (_i)fc/W (6) 


|/(n)| 


b-, 


(n + 1)! V N 


,,b] 


n+1 


r^^ + iN-j) 


■NK + l 


(28) 


j = 0,l,2,...,iV. 

If (a) = (b) = 0, k = 1,..., n — 1, then (28) becomes 


J f{x)dx-(^^^--^^[jf{a) + {N-j)f{b)] 


< 


f(^) /, \ n+1 ^ 

oo,[a,6] I 0 (Z \ r . 


N 


{n + 1)! 

for j = 0,1,2, 

When N = 2 and j = 1, then (29) becomes 




■ Nn+l 


(29) 


J f (x) dx - [/(a)+ /(&)] 


< 




D,[a,f)] 


(n + 1)! 


b-, 


n+1 


2 = 


/•(") /, s,n+l 

oo,[a,fc] U) 

(n + 1)! 2^ ' 


And, if n = 1 (without any boundary conditions), we get from (30) that 


J f (x) dx - {f (a) + f (b)) 


- 11/ lloo,[a,6] ^ ’ 


(30) 


(31) 


which a similar inequality to Iyengar inequality (1). 
We give 


< 


6 
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Theorem 3 Let f G AC” {[a,b]), n G N. Then 




/ (x) 


1 




(fc + 1)! L' 


/« (a) + {b) {b-t) 


fe + 1 


< 

(32) 


Li{[a,b]) 


7 ,! 


[it-ar + ib-tr], 


V t G [a,b] , 

a) at t = the right hand side of (32) is minimized, and we get: 


I Tl 1 ^ /j \/c-l-l 


k=0 


(A: + l)! 2^+1 


/W (a) + 


< 


Li([a,6]) (6- g)" 

n! 2”-i ’ 

*/ (®) = (b) = 0> for all k = 0,1,..., n — 1, we obtain 


f {x) dx 


< 


Li([a,b]) {b-af 
nl 2"-i 


(33) 


(34) 


which is a sharp inequality, 

iv) more generally, for j = 0,1,2,TV G N, zi holds 


n—1 


/ i.x) dx-Y^ 


/c=0 


1 

/6- 

(fc + l)! 

V ^ 


.([a,h]) 

n! 


/(C (6) = 

= 0, k 

/ (a:^) da; 



.([a,h]) 

n! 


fc+1 


jk+ifik) („) + fik) 


< 


6-c 


ir + iN-jr], 


(35) 


TV 


6- 


b7 (a) + (A^ - j) / (&)] 

[r + (iv-jr], 


< 


/orj = 0,l,2,...,iVGN, 

vi) when N = 2 and j = 1, (36) turns to 


f (x) dx - if (a) + f (5)) 


(36) 


< 
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Li([a,b]) jb-aY 

yn—l 


(37) 


nl 2 

vii) when n = 1 (without any boundary conditions), we get from (37) that 


J f (x) dx - (/(a) + /(6)) 


<ll/'llL,([a,b])(^-a)- (38) 


Proof. Here n G N and is absolutely continuous on [a, h\. Hence 

exists almost everywhere and € Li ([a, 6]). By (9) we get 


n—1 


/('=) (a) 


ki (^ - “) 


fc=0 


(n — 1)! 


r (a; - t)"- {t)dt 

J a 


< 


1 


(n- 1)! 


r [x-tT-^ f^-Ht) 

J a 


dt < 


(x — a) 


n—1 pb 


{x — a)” 
(n — 1)! 


/(. 


(n- 1)! 


Li([o,&]) 


/ \&Ht) 

J a 


dt (39) 


That is 


n—1 


f ^ ^ (®) f \k 

z (^) - fci -«) 


fc=0 


< 


_ a)"-i, (40) 


(n- 1)! 


V X G [a, 5]. 

By (10) we get 




fc =0 


1 


(n — 1)! 


r (^ _ i)"-i/(") 

Jb 


(n- 1)! 


[\t-xr-^f^-Ht)dt [\t-xr-^ /(")(t) 

Zo; («-l)!Z^ 


(6-x) 


n—1 />6 


(n — 1)! 


/ |z^”^(t) 

J a 


dt = 


{b-x) 


n—1 


dt < 
(41) 


(n — 1)! 


Z(« 


Li([o,6]) 


That is 


n—1 




fc=0 


< 


Ti(M]) (^_^)n-l^ (42) 


(n- 1)! 


V X G [a, 6]. 
Set 
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Hence 


and 


n—1 




n—1 


/('=) (a) 
kl 


{x — a)' 


fik) (^) 




k=0 


< p{x — a) 


< p{b — xf 


n—1 


(43) 


(44) 


V a; e [a,b]. 

As in the proof of Theorem 2 we get: 


/ (x) dx-J2 (a) (t - + (-1)V^'=^ (^) (^ - t)"+' 


fc =0 


< 


^[(t-a)” + (5-t)”] 


(45) 


V t G [a, 6]. 

The rest of the proof is similar to the proof of Theorem 2. ■ 

We continue with 

Theorem 4 Let f G AC" {[a,b]), n G N; p, g > 1 : ^ + ^ = 1, and G 
Lq{[a,b]). Then 


n—1 


f (x) dx-J2 (fcipY)! + (-1)'/^'=^ (b) (b - t)'=+i 

f(f _„)"+!+(6-t)"+l 


< 

(46) 


L,([a,&]) 


(n - 1)! (n + (p (n - 1) + 1) p 


V t G [a, 6], 

at t = , the right hand side of (46) is minimized, and we get: 


n—1 


f (a;) dx-Y^ 


1 {b — a) 


fe+i 


k=0 


(A) + l)! 2^+1 


/W (a) + (_i)'=/(fc) (6) 

L,([a,b]) (5-a)"+^ 


< 


(n-1)! (^n+(p(n-1) + l)p 2" 

Hi) if f^^^ (a) = (6) = 0, /or all k = 0,1,..., n—1, we obtain 

llL,([a,6]) (6-a)"+^ 


(47) 


/ (a:) dx 


< 


(n-1)! (^n+(p(n-1) + 1)’’ 2" 


(48) 
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which is a sharp inequality, 

iv) more generally, for j = 0,1,2,TV G N, holds 


) n 1 ^ / L \ k-\-l 

f{x)dx-Y^ “ 


k=0 


{k + iy. V N 


L,([a,6]) 


/+1/W (a) + (_i)fc (iv - +' /« (6) 


< 


6 — a 
TV 


, (49) 


(n- 1)! (^n+ (p(n- 1) + l)p 

v) if (a) = (b) = 0, k = 1 ,n — 1, /rom (49) we get: 

'b — a 


J f (x) dx - [j f (a) + {N - j) f (b)] 


< 


_ 'Lq{[aM) _ 

(n- 1)! (n+ (p(n-l) + l)i 


b — a 
N 




•\n+i 


(50) 


for j = 0,1,2,..., N 

vi) when N = 2 and j = 1, (50) turns to 


J f{x)dx- ifia) + f{b)) 


L,([a,6]) 


{b-a) 


< 


^+h 


(51) 


(n-1)! (^n+(p(n-1) + l)p 2” i 
vii) when n = 1 (without any boundary eonditions), we get from (51) that 

'h,(la,b]) (&-a)^+p 


J f (x) dx - if {a) + fib)) 


< 


f-l) 


2v 


(52) 


Proof. Here € ig ([a, 5]), where p,q> 1, such that ^ ^ = 1. By (9) 

we get 




k=0 


k\ 


1 


(n — 1)! 


(n — 1)! 

, r ix-t)-^ f^-Ht) 

• J a 


/"(x-t)”-'/^”^ it)dt 

J a 


< 


dt < 


(n- 1)! V7a 


(x - dt 


/(") (t) 


q \ 9 

dt < 
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{x — a) 


p(n-l) + l 


(n - 1)! (p(n - 1) + l)p 


c(n) 


That is 






k! 


L,([a,6]) 


< -^T (a: - ar 

(n - 1)! {p (n - 1) + l)p 


(53) 


(54) 


y X € [a,b]. 

By (10) we get 




k—0 


fc! 


(n- 1)! 


(n — 1)! 

- j\t-xT-^ 

• J X 


f {t - x)”-' /(") it) dt 

J X 


< 


dt < 


1 


(n- 1)! 



/(") (t) 


L,([a,6]) 


dt < 


That is 


n—1 




fc=0 


A:! 


< 


L,([a,b]) 


(n - 1)! {p (n - 1) + l)p 


y X G [a,b]. 

Set 


and 


So, we can write 


7 := 


Lqi[aM) 

(n — 1)! (p (n — 1) + l)p 


m := n ->0. 

q 


n—1 




/('=) (a) 


fc=0 


A:! 


and 


y X G [a, 5]. 






jb) 
k\ 


{x — a) 


(x-b) 


< 7 (x — aY 


< 7 (6 — xY' 


(55) 


— (6- x)” ” , (56) 


(57) 

(58) 

(59) 

(60) 
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As in the proof of Theorem 2 we obtain: 

ph n—1 


f (x) dx-J2 


fc =0 


1 

(fc + 1)! 

7 

(m + 1) L 


(n - 1)! (p (n - 1) + 1) p (n+ 


(a) (t - (b) (6 - 

{t-ar+^ + {b-tr+^ 




V t G [a, &] . 

The rest of the proof is similar to the proof of Theorem 2. 


(61) 

(62) 
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Abstract. By using the Caratheodory approximation method, the current article presents the 
analysis of exact and approximate solutions for stochastic differential equations (SDEs) in the 
framework of G-Brownian motion. In view of the non-linear growth and non-Lipschitz condi¬ 
tions, the boundedness of the Caratheodory approximate solutions 5 > 1 in the space 

MQ([to,T];R") has been determined. Estimate for the difference between the exact solution Y{t) 
and the Caratheodory approximate solutions Y'^it) has been derived. 

Keywords: G-Brownian motion, non-linear growth and non-Lipschitz conditions, Caratheodory 
approximation procedure, bounded solutions, stochastic differential equations 
MSC: 60H20, 60H10, 60H35, 62L20. 

1. Introduction 

Stochastic differential equations (SDEs) are employed by several and diverse scientific disciplines 
such as chemistry, statistical physics, biology and engineering. In finance and economics, they 
are utilized to find out the risk measures and stochastic volatility problems. SDEs describe heavy 
traffic behavior of communication networks and control systems [16]. Mathematics use the concept 
of SDEs to incorporate random fluctuations in the model when one investigates the evolution of 
the number of cells in an organism infected by a virus. The weather and climate can be modeled 
by these equations. The clarification of fluid through porous structures and water catchment can 
be modeled by SDEs [17]. They are used to describe the motion of wildlife [4]. SDEs play an 
important role to study the animal’s swarm, such as schooling of fish, flocking of birds or herding 
of mammals, to find resource of food in noisy and obstacle environment [30]. In physics, SDEs are 
used to study and model the effect of random variations on distinct physical processes. A large 
literature is available on the applications of SDEs in numerous fields of engineering such as computer 
engineering [16, 22], mechanical engineering [26, 28, 29], random vibrations [3, 24], stability theory 
[25] and wave processes [27]. In general, one can not find the explicit solutions for non-linear 
SDEs, so we have to present and study the analysis for the solutions of these equations. Moreover, 
the developments of computational techniques are very important for solving several demanding 
problems, for instance to find the optimal construction of a design and to determine input data from 
fundamental principles. Therefore it is valuable to know computational accuracy, which leads us 

to convergence results and estimates for the difference between exact and approximate solutions. 

1 
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The aim of the current article is to investigate estimates for the difference between exact and 
approximate solutions for SDEs driven by G-Brownian motion with Caratheodory approximation 
procedure. In view of growth and Lipschitz conditions, the existence-uniqueness results for G-SDEs 
was studied by Peng [20, 21] and Gao [15]. Later, Bai and Lin [1] established the existence theory 
for G-SDEs with integral Lipschitz coefficients. Subject to some discontinuous coefficients, the said 
theory was generalized by Faizullah [11]. Let 0 < to <t <T <oo. Gonsider the following SDE in 
the framework of G-Brownian motion 

dY{t) =K{t, Y{t))dt + X{t, Y{t))d{W, W){t) 

+^i{t,Y{t))dW{t), 


with initial value Y{to) G M”. The given coefficients g{.,x),h{.,x) and w{.,x) belong to space 
MQ([fo, T]; M"'), for all x G M”. SDE (1.1) in the integral form is expressed as the following 


( 1 . 2 ) 


Y{t) = Y{to)+ [ K{s,Y{s))ds+ j X{s,Y{s))d{W,W){s) 
Jto J tQ 

+ [ Ks,y{s))dW{s), 

Jta 


ontG [to, T], Its solution is a process Y G M^([to, T]; M"") and satisfying SDE (1.2). The rest of the 
current paper contains three sections. Building on the previous notions of G-expectation, section 2 
presents the fundamental definitions and results of G-Browinian motion, sub-expectation, Grown- 
wall’s inequality, Doobs martingale inequality, G-Ito’s integral and Holder’s inequality etc. Section 
3 reveals the Garatheodory approximate solutions procedure for SDEs driven by G-Brownian mo¬ 
tion. This section give an important result, which shows that the Garatheodory approximate 
solutions are bounded. Section 4 derives estimates for the difference between approximate and 
exact solutions to SDEs driven by G-Brownian motion. 


2. Preliminaries 

We present some basic results and notions required for the subsequent sections of the current 
article. We don’t give detailed literature on basic notions of G-expectation, so readers are suggested 
to consult the more depth oriented papers [9, 13, 18, 20, 21]. Let D be a given basic non-empty 
set. Assume 7i he a space of linear real functions defined on D so that {i) 1 G TC {ii) for every 
n > 1, Yi,Y2,...,Yn G 7i and (p G Cb,Lip{^^) it satisfies (p{Yi,Y2, ...,Yn) G TL i.e., subject to 
Lipschitz bounded functions, 7i is stable. Then (0,,7i,E) is a sub-expectation space, where E is a 
sub-expectation defined as follows. 

Definition 2.1. A functional E : 7i ^ M. satisfying the below four features is known as a sub¬ 
expectation. Let X,Y G 7i, then 

(1) Monotonicity: E{X) < E{Y) if A < T. 

(2) Gonstant preservation: E{Mi) = Mi, for all Mi G M. 

( 3 ) Positive homogeneity: E{NiY) = NiE{Y)^ for all Ni G M+. 

(4) Sub-additivity: E{X) + E{Y) > E{X + Y). 
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Moreover, let Q be the space of all M’^-valued continuous paths {wt)t>o starting from zero. In 
addition, assume that subject to the below distance, 17 is a metric space 


p{w^.^ 


OO 


1 


= > -T 


, . ( max \w} 

"^2* te[o,fc]' * 

^=l 


u;?|Al)- 


Fix T > 0 and set 


L^inr) = : m > G [0,r],</> G Cb.LipC^^^n)}, 

where W is the canonical process, L^p{^t) ^ for t < T and L^p{^) = 

The completion of L?p(17) under the Banach norm Fi[|.|P]p, p > 1 is denoted by L^(17), where 
C Lq{Qt) C Lq{Q) for 0 < t < T < oo. Generated by the canonical process {IF(t)}t> 0 ) 
the filtration is represented as J^t = it{II4,0 < s < t}, .F = {J^t}t>o- Suppose ttt = 

0 < to < ti < ... < tN < OO he a. division of [0,T]. For p > 1, Mq^{0,T) denotes a set of the 
processes given by 

7V-1 

(2-1) Vt{w) = 

i=0 

where G 7 = 0,1, ...,N — 1. Furthermore, the completion of Mq^{0,T) with the below 

given norm is indicated by M^(0,r), p > 1 

M={r E[\rj,\P]dsYP. 

Jo 

Definition 2.2. An n-dimensional stochastic process {IF(t)}i>o is called a G-Brownian motion if 

(1) IF(0) = 0. 

(2) For any t, m > 0, Wt+m—Wt is G-normally distributed and independent from Wt ^, Wt 2 ,.IFt„, 

for n G N and 0 < ti < t 2 <,..., <tn<t, 

Definition 2.3. Let rjt G T) having the form (2.1). Then the G-quadratic variation process 

{(IT)t}t>o and G-Ito’s integral I{r]) are respectively defined by 

{W)t = W^-2 f WsdW{s), 

Jo 

,.T N-1 

1 ( 7 ?) = / TJsdWis) = Y - Wu). 

■^0 i=0 

The following two lemmas can be found in the book [19]. They are known as Holder’s and 
Gronwall’s inequalities respectively, . 

Lemma 2.4. Assume m,n> 1 such that ^ ^ = 1 O'^d /3 G then afd G and 
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Lemma 2.5. Let a{t) > 0 and (3{t) be eontinuous real funetions defined on [a, b]. If for all t G [a, b], 

(5{t) < K + f a{s)f3{s)ds, 

J a 

where K >t), then 

Pit) < 

for all t G [a, b]. 

The following lemma, known as Doob’s martingale inequality, is borrowed from [15]. 

Lemma 2.6. Assume [c,d] be a bounded interval o/M+. Consider an M” valued G-martingale 
{Xp) : t > 0}. Then we have 

E( sup \Y{tr} < (JL-)P£{|r(d)|f). 

c<t<d P - 1 

where p > 1 andY{t) G Lq{LI,R‘^). In partieular, if p = 2 t/ien i?(supc<j<^ |y(f)P) < 4£'(|y((i)p). 

3. CarATHEODORY approximate SOLUTIONS 

We now present the Caratheodory approximation procedure for equation (1.2). Let g > 1 be any 
positive integer. For t G [to — l,io]) we set y'^(t) = yo and for t G [to)^"]) 

y«(t) = yo+ [\is,Y'i{s--))ds+ [\is,Y‘i{s--))d{W,W)is) 

(3.1) ^ ^ ^ 

+ [ pis,Y‘iis--))dWis). 

Jto 1 

The approximate solutions can be determined step-by-step on the intervals [to,to + ^], (to + 

to -|- |] and son on with the following procedure. For t G [to, to -|- ^], we have 

y'?(t) = yo+ f\is,Yo)ds+ f\is,Yo)d{W,W)is) 

Jto Jto 

+ f Pis, Yo)dW is), 

Jto 

and for t G (to -h ^,to -h |], 

y9(t) = y'?(to + ^) + r Kis, y‘?(s - ^))ds + r A(s,y‘?(s - ^))diw, iy)(s) 

I Jto+I I I 

+ f pis,Y\s--))dWis), 

I to+J I 

etc. All through this article, we assume two conditions, described as follows. Let M he a positive 
constant. For any t G [to,T] and K(t, 0), A(t, 0),/r(t, 0) G L^, 

(3.2) |K(t,0)|2 + |A(t,0)|2 + |^(t,0)|2<M, 
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which is weakened linear growth condition. Let t G [to;^]- For every u,v G M”, there exists a 
concave non-decreasing function '!'(.) : M'*' ^ M"*" with il'(O) = 0 and for s > 0, 'I'(s) > 0 such that 

(3.3) |k(L u) — K{t, + |A(t, u) — X{t, + |/u(L u) — fi{t, v)\‘^ < f |^), 

where /q_|_ = oo and for all s > 0, C, D > 0, 'I'(s) < C + Ds. Assumption (3.3) is a non- 

uniform Lipschitz condition. Subject to conditions (3.2) and (3.3), we assume that problem (1.1) 
has a unique solution Y{t) G M^([to, F]; M”) [1]. 

Lemma 3.1. Let assumptions (3.2) and (3.2) are satisfied. For every q > I and any T > 0, 

(3.4) sup .E(|y«(t)|2) <iVi, 

to^t^T 

where iVi = Hi = AE\Yii\^ + ST{T + 2)(2M + C), H 2 = 8(T + 2)D and M, C, D are 

arbitrary positive eonstants. 

Proof. In view of the inequality | J2i=i < 7|cip, from (3.1) we derive 

\Yi{t)\^ < 4|yoP + 4| r k{s, y''(s - -))ds\^ + 4| r A(s, y'?(s - -))d{W, W){s)f 

Jto <1 JtQ Q 

+ 4| [\{s,Y<^{s--))dW{s)\^. 

Jto 9 

Apply G-subexpectation on both sides. Then by virtue of the Doob’s martingale, Holder’s and 
BDG [5] inequalities we have 

H( sup \Y^{s)f) <4E{\Yof) + 4T [ E\k{s,Y^{s - -))fds + 4T [ E\X{s,Y^{s - -))fds 

'Jto ^ 'Jto ^ 

+ 16 f E\fi{s,Y^{s--))fds 
Jto d 

< 4E{\Yo\^) + 8T [ £;[|K(s,y«(s- ^))-K(s,0)|2 + |^c(s,0)p]ds 
Jto Q 

+ 8T [ E[|A(s,y‘?(s--))-A(s,0)|2 + |A(s,0)|2]ds 
Jto Q 

+ 32 f EMs, Y<^{s - -)) - Ms, 0)|2 + IM+ 0)1 
Jto 9 

Using (3.2) and (3.3), we derive 



<4L;(|yop) + 16r2M + 32rM + 8T(r + 2)C + 8(r + 2)Zl / E[ sup |y‘?(r)p]ds 

Jto to<r<s 
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By virtue of the Grownwall’s inequality, we derive 

E{ sup |F«(s)|^) < Fie^ 2 (t-to)^ 

to<S<t 

where Hi = AE\Yd\'^ + 8T(r + 2){2M + C) and H 2 = 8(T + 2)D. Consequently, supposing t 
we obtain 

E{ sup |y'?(s)P) < i?ie^ 2 (r-to) ^ 

tQ<s<T 

The proof stands completed. 

In a similar way as lemma 3.1, we can prove the following result. 

Lemma 3.2. Subject to the growth condition (3.2), for any T > 0, 

(3.5) sup E{\Y{t)\^)<Ni, 

where Ni is a positive constant. 

4. Estimates for the difference between exact and Caratheodory approximate 

SOLUTIONS 

We first give an important result. Then in view of weakened growth and non-uniform Lipschitz 
conditions, we derive an estimate for the difference between the approximate and exact solutions 
to problem (1.1). 

Lemma 4.1. Let 0 < r < t < T. Suppose that the assumptions of lemma 3.1 are satisfied. For all 

q> 1 

(4.1) E[\Z‘^{t)-Z<^{u)\^]<Gi{t-u), 

where Gi = 12(r -|- 2)(M + G + DNi), M, G, D and Ni are positive constants. 

Proof. In view of the fundamental inequality | X]i=i kiP) Q ^ ^ s-iid 0 < r < 

t <T, from (3.1) we derive 

\Y^{t)-Y‘i{u)f < 3| f\{s,Y‘i{s--))ds\^ + 3\ f\{s,Y‘>{s --))d{W,W){s)f 
Ju q Ju q 

+ 3| l\{s,Y<i{s--))dW{s)\\ 

Ju q 

6 
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Apply G-subexpectation on both sides. Then by virtue of the Doob’s martingale, Holder’s and 
BDG [5] inequalities we have 

|y^(t)-y‘?(r)p < ST / E\K{s,Y^{s--))fds + 3T [ H|A(s,y‘?(s --))|2ds 

Ju Q Jta Q 


/ U 

+ 12 [ \^{s,Y‘i{s-^))\‘^ds 
Ju Q 


ft I 

< 6T / E[\k{s,Y‘^{s -)) — k(s, 0)1^ + |k(s, 0)p]ds 

Ju Q 

+ 6T f E[\X{s, Yi{s - -)) - A(s,0)|2 + |A(s, 0)1^^ 
Ju Q 


+ 24 f E[\n{s,Y'^{s- n{s,0)\^+ \fi{s,0)\‘^]ds. 
Ju Q 


Using (3.2) (3.3), we derive 


1 , 


|y'?(t) - y‘?(ii)|^ < 6TM{t -u)+ 6TM{t -u) + 2AM{t - u) + 12(r + 2) / H[^(|y'?(s - -)r)]ds 

Ju Q 

/■* 1 

< 12rM(t - n) + 24M(t - u) + 12C(T + 2){t - u) + 12D{T + 2) E[\Y^{s - - 

Ju Q 

< 12TM{t -u) + 24M(t -u) + 12C{T + 2){t - u) 

+ 12D{T + 2) j E[ sup \Y^{r)\^\ds 
Ju to<r<s 


In view of lemma 3.1, we have 

\Y^{t) - Y^{u)\^ < 12rM(t - u) + 24M(f - m) + 12C'(r + 2){t - u) 
+ 12D{T + 2)Ni{t-u) 

Gonsequently, 

|y'?(t)-y‘'(u)|2<Gi(t-n), 

where Gi = 12(r + 2)(M + C + DNi). The proof is complete. 

Next lemma can be proved by using similar arguments as used in lemma 4.1. 
Lemma 4.2. Let 0 < r < t < T. Subject to conditions (3.2) and (3.3), 

E[\Z{t)-Z{u)\^]<Gi{t-u), 

where Gi is a positive constant. 

Theorem 4.3. Assume (3.2) and (3.3) holds. Then 

E{ sup |y(s) -y^(s)|2) < 6r(r + 2)[c+ — 

to<s<T Q 

where G and D are positive constants. 


□ 
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Proof. By using the inequality | from (1.2) and (3.1) we obtain 

\Y{t) - y'?(t)|2 < 3| [\k{s,Y{s)) - k{s,Y'^{s - -))]ds|2 + 3| [\x{s,Y{s)) - X{s,Y^{s - -))]d{W,W){s){^ 

Jto 9 Jto Q 

+ 3| [\f,(s,Y{s))-^{.s,Y^{s-k)]dW{.s)\^. 

Jto Q 

Apply G-subexpectation on both sides. Then by virtue of the Doob’s martingale, Holder’s and 
BDG [5] inequalities we derive 

/■* 1 

E( sup \Y{s)-Yi{s)\‘^)<3T E[\k{s,Y{s)) - k{s,Y<i{s--))\‘^] ds 

to<S<t Jto J. 

+ 3T f .E[|A(s, Y{s)) - X{s, Y^{s - -))|2]ds 
Jto Q 

rt 


/ to 

Using the non-uniform Lipschitz condition we get 

rt 


+ 12 [ EMs,Y{s)) - ^i{s,Y^{s --))f]ds. 

Jto ^ 


E{ sup |y(s)-F^(s)p) < 6(r + 2) / E[^{\Y{s)-Y‘i{s--)f)]ds 
to<s<t Jto 9 

ft I 

< 6T(r + 2)C + 6(T + 2)D / E[\Y{s) - Y’^{s - -)\‘^]ds 

Jto d 

ft 1 

= 6T(r + 2)C + 6(T + 2)D / E[\Y{s) - Y^{s) + y‘?(s) - Yi{s - -)| 

Jto 9 

< 6r(r + 2)C + 12(T + 2)Zl [ E[\Y{s)-Y'^{s)\‘^]ds 

Jto 

ft 1 

+ 12{T + 2)D I E[\Yi{s)-Y'lis--)\'^]ds 

Jto ^ 


Utilizing lemma 4.1, we determine 

H( sup |y(s)-F'?(s)p) < 6T(r + 2)C + 12(r + 2)Zl / E( sup |y(r) - y'?(r)p)(is + 12T(r + 2)11 
to'^s<t Jto to'^r<s 


Finally, the Grownwall’s inequality gives 


1 , 


E{ sup |y(s) - Yi{s)f) < [6T{T + 2)C + 12T(r + 

to<s<t Q 


Gonsequently, by letting t = T, we get 


2D. 


E{ sup |F(s) -y‘?(s)p) < 6T(r + 2)[C+ —]ei2(T+2)D(T-to)_ 

to<s<T Q 


The proof stands completed. 
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5. Conclusion 

This paper opens several new research directions with arising the following open problems. What 
will be the estimates for the difference between exact and Caratheodory approximate solutions to 
G-SFDEs under non-linear growth and non-Lipschitz conditions? How can one solve the stated 
problem for G-NSFDEs? Gan one gives estimates for the difference between exact and Garatheodory 
approximate solutions to backward stochastic differential equations in the framework of G-Brownian 
motion? Under what conditions, can we develop the mentioned theory for stochastic pantograph 
equations [2, 12, 31, 32]? We hope the current paper will play an essential role to establish a 
foundation for the concepts briefly discussed. 
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Behavior of a system of higher-order difference equations 


M. A. El-Moneam* A. Q. KhaB E. S. Aly^ M. A. Aiyashi^ 


Abstract 

We study the local stability about equilibria, periodicity nature of positive solutions and existence of 
unbounded solutions of higher-order system of rational difference equations. The results presented here 
are considerably extended and improve some existing results in the literature. Finally theoretical results 
are verified numerically. 

Keywords: difference equations; local stability; periodicity; unbounded solutions 
AMS subject classifications: 39A10, 40A05 


1 Introduction 


In 1^, Bajo and Liz have investigated the global behavior of the difference equation: Xn+i = a+bx~\x ’ 
where a, b, xq, X-i G Aloqeili has investigated the stability and semi-cycle analysis of the difference 
equation: Xn+i = „ , n = 0,1, • • • , where a, xq, x_i G Mi. For systemic study of difference equations 

and systems of difference equations, we refer the reader [3]-[^ and references cited therein. Motivated by 
the above studies, our aim in this paper is to investigate the local stability about equilibria, periodicity 
nature of the positive solutions and existence of unbounded solutions of the following higher-order system 
of difference equations: 


^n+l 


k 

/3i - 71 n 

i=0 


0^2yn—k p, 

Vn+I = ■ n = 0,1,' 


^2 - 72 n 


^n—i 


2=0 


( 1 ) 


where a*, for z = 1, 2 and x-j, y-j for j = 0,1, • • • , A: are belong to M^. The rest of the paper is 

organized as follows: Existence of equilibria and local stability are studied in Section 2. Section 3 deals with 
the study of periodicity nature and existence of unbounded solutions of system Q. In Section 4, numerical 
simulations are presented to verify theocratical discussion. A brief conclusion is given in last Section. 
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2 Existence of equilibria and local stability 


In this section, we will study the existence of equilibria and local stability of system 0. The results about 
the existence of equilibria are summarized into following Lemma: 

Lemma 1 . System 0 has two equilibria in the interior o/M^. More precisely 

(i) V parametric values, system 0 has a unique boundary equilibrium point 0(0,0); 


(a) If ai < /?! and a 2 < (32, then A 
of system 0- 


72 


132—012 ' ''+1 f /3i—ai i ''Tl 


7i 


is the unique positive equilibrium point 


Hereafter we will study the local stability of system 0 about boui^ary equilibrium (0,0) and the unique 

'^) , (^) j of system dl]). 


positive equilibrium point A 


Lemma 2 . For local dynamics about 0 ( 0 , 0 ) and A 
hold: 


132—02 j / fii—ai \ fc+i 

12 J ’ V 7i 


the following statements 


(i) For equilibrium 0(0,0), the following holds: 

(1.1) 0(0,0) is locally asymptotically stable if ai < (3i and a 2 < (32', 

(1.2) 0(0,0) is a unstable if ai > (3i or a 2 < (32- 

(it) H unstable. 

Proof, (i.l) The linearized system of 0 about (0,0) becomes: Xn+i = J(o,o)-^n where 

( Xn \ 

^n—1 


Xn = 


Xn—k 

Un 

Vn-l 


, <^(0,0) — 


V Un-k / 

J(0,0) about (0,0) is 


I ° 

0 

... 0 

ai 

0 

0 . 

.. 0 

0 

I 

0 

... 0 

0 

0 

0 . 

.. 0 

0 

• • 0 

0 

... I 

0 

0 

0 . 

.. 0 

0 

0 

0 

... 0 

0 

0 

0 . 

.. 0 

Q 2 

/^2 

0 

0 

... 0 

0 

1 

0 . 

.. 0 

0 

• • 0 

0 

... 0 

0 

0 

0 . 

.. 1 

0 ; 


The characteristic equation of 


x2fc+2 f ai a2\ , fc+i aia2 _ „ 


(2) 


If < (3i and 0:2 < (32 then all roots of 0 lie inside unit disk. So 0(0,0) of system 0 is locally 
asymptotically stable. 

(i.2) It is easy to show that if ai > (3i or 0:2 > [32 then 0(0,0) is unstable. 

(ii). The linearized system of (1) about A ^'j becomes: Xn+i = JaXu where 
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Ja — -E'(2A:+2)x(2A:+2) 


/ 0 

0 

0 

1 

71XJ/'* 

01 

71 xy* 

«i 

71 xy'' 

ai 

71 xy'" \ 
01 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

72 

Ct2 

72j/x'' 

012 

72 yx'® 
012 

725x'= 

Ct2 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

V 0 

0 

0 

0 

0 

0 

1 

0 / 


Let Ai, A 2 , •.., A 2 A :+2 denote the 2k+ 2 eigenvalues of matrix E. Let D = diag{di, d 2 , ■ ■ ■, d 2 fc+ 2 ) be 
a diagonal matrix, where di = dk +2 = 1, d* = dk+i+i = 1 — ie, i = 2 , 3, • • • , A: + 1 for 0 < e < 1. Clearly, 
D is invertible. In computing DED~^, we obtain that 


/ 0 

0 

0:2 

0 


0 

0 

0 

72j7s'‘dfc+2dJ^ 

0:2 

0 


0 

0 

dk+idj. ^ 

O 2 

0 


didk+1 

0 


0 

72 yx'°dk+2d'^l-^^ 
O 2 
0 


DED-^ = ^ 

0 

0 

0 

0 

'nxy'‘did~^2 


'yixy ^i*^2fc+i 

7i^y ^i^2fc+2 


Ol 

Ol 

Ol 

Ol 


0 

0 

0 

0 


(3) 


j-i 


dfe+3(ij._|_2 


d2k+2d2k+l 


dk+2d2k+2 


From di > d 2 > ■ ■ ■ > dfc+i > 0 and dk +2 > dk +3 > ■ ■ ■ > d 2 fc +2 > 0 it implies that d 2 d^ ^ < 1, <^ 3^2 ^ 
• • • , dk+id^^ < 1 and dfc+ 3 d ^^2 < dfc+ 4 d ^+3 <1, • • • , d 2 A:+ 2 d 2 fc'+i < 1- Furthermore, 

«i«i. 1 1 H-1- 

ai a-i 




Also 


1 


1 - 


(k + 1)1 


■ + 


■ + 

lixy^ 

Oi\ 


^ ^ 7iXj/^did2fc+i ^ iixy^did^l^^ 

CX\ 


' 1 1 


1 


1 — Ae 1 — (A + l)e 


> 1 . 


722/x*'4+2di , 72yx^4+2d2 , , l2yx’‘dk+2df, 722/2^^4+24+1 , , ,-l 

-1-1-1-1-h aA:+2«2fc+2 = 

02 02 0(2 0(2 ^ 

^ 1 

1 + 


■ + 

72p^ 

a2 


/I 1 1 A 1 

\ ~*~1 — 2e~*~ — A:e~*~l — (A: + l)e/ 1 — (A: + l)e ^ 
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It is well-known fact that E has the same eigenvalues as DED Hence, we obtain 

max \Xm\ < \\DED~^\\oo = max{(i2d^^ ' ' ' > , <i 2 fc-L 2 d 2 fc+l> - n , 

l<m< 2 fc +2 i — -p ije 

1 \ 1 






7ixy^ 

(Yl 

72^ 

02 


^ 1 1 

1 + :^-^ + --- + L-^ + 


1 - 2e 


1 — fee i — (A; -|- i)e/ 1 — (/c -|- l)e 
1 


This implies that A 




72 


7l 


1 1 

~*~1 — 2e~*~ — fce~*~l — (fc-|- l)e 

of system (111) is unstable. 


}> 1 . 


□ 


3 Periodicity nature and existence of unbounded solutions 

In this section, we will study the periodicity nature and existence of unbounded solutions of system ([^. Let 
us denote oi = '-yiy^kVi-k " 'yo, 02 = l 2 X-kX\-k ■ ■ ■ xq to study the periodicity nature of positive solution 
of system (§. 

Theorem 1. //oi = /3i — oi and 02 = /32 — 02 , then system ([^ has prime period-(k+l) solutions. 

Proof. From system 0 and ai = /3i — oi, 02 = /32 — 02 , we have 

aix^k oix-k 02y-k ot2y-k 

xi = -^-= 7 ^-- = x-k, yi = -r-= ^-= y-k- 


k Pi-ai 

Pi - 'yi[[y-i 

i=0 


k ^2 — 02 

/32 - 72 I _[ X-i 
i=0 


X2 = 


aixi-k 


aixi-k 


aixi-k 


aixi-k 


2/2 = 


/?! - 71 n y^- 

i =0 

02yi-k 


Pi - 712/12/02/-1 • • • 2/1-fc Pi - 712/02/-1 • • • yi-ky-k Pi - oi 


Xl—k^ 


02yi-k 


02yi-k 


P2-I2W Xl- 
i=0 

By induction, one has 


_ _ _ _ «22/l-fc 

P 2 - '^ 2 XlXoX-l ■ ■ ■ Xi_k P 2 - '^ 2 XqX -1 ■ ■ ■ Xi_kX-k P 2 “ 02 


= yi-k- 


Xk+2 — 


yk +2 = 


OlXl 


aixi 



aixi 


aixi 

k 

/ 3 l - 71 n yk+i-i 

i=0 

Pi 

- 7 l 2 /fc-|-l 2 /fc 2 /A:-l • 

• - 2/1 

Pi 

- 712/02/-1 • • 

1 

1 

Pi - 01 

022/1 


022/1 



022/1 


02 yi 

k 

P 2 - 


■■Xl 

P 2 

- 72 X 03^-1 • • 

* ^1—k^—k 

P 2 - 02 


= Xl, 


= yi- 


/32 - 72 0 Xk+l 
i=0 


□ 


Theorem 2. Assume that /3i < ai, P 2 < 02 - Then, every positive solution {{xn,yn)} of system a tends 
to 00 as n —)■ 00 . 
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Proof. From system Q, it follows that 

^l^n—k 


^n +1 — 


aiXrn-k 

> -^- > Xn-k, Vn+l = 


^2yn—k 


/3i - 71 n 

i =0 


Pi 


^22/n—fc 

> -^- > Vn-k- 


/32 - 72 n 


P2 


^n—i 


(4) 


i =0 


From first equation of we have x^k+i)n+i > X(^k+i)n-k, and xi^k+i)n+{k+ 2 ) > X(^k+i)n+i- Hence, the 
subsequences {x(fc+i)„_|_i}, • • •, {x(fc_|_i)„_|_(fc+i)} are increasing, i.e., the sequence {xn} is increasing. So, Xn —>■ 
oo as n cx). Similarly, from second equation of Q one gets: y(^k+i)n+i > y{k+i)n-k and y(^k+i)n+ik+ 2 ) > 
y{k+i)n+i- Hence, the subsequences {y(k+i)n+i},' ■ ■ , {y{k+i)n+{k+i)} are increasing, i.e., the sequence {y^} 
is increasing. So, —)> oo as re —>■ oo. □ 


4 Numerical simulations 


In this section we will present numerical simulations to verify theoretical results. 

Example 1. If ai = 50,/3i = 68,71 = 4, 02 = 90 ,/32 = 122,72 = 2 then system ^ with x _5 = 3.9, x _4 = 
1.5, x _3 = 12.4, x _2 = 11.9, x_i = 1.6, xo = 2.9, y _5 = 2.6, y_4 = 3.8, y _3 = 5.8, y _2 = 3.5, y_i = 3.1, yo = 
0.9 can he written as: 


hOXn—5 


90yn—5 


Xn +1 — — 1 5 y-n+l — 777^ - • ( 5 j 

^ynyn—iyn—2yn—3yn—Ayn—b ±22 2X'fiX'fi—\X'fi—2^n—'^^n—AXn—b 

Moreover, in Fig. the plot of Xn is shown in Fig. la, the plot ofyn is shown in Fig. and global attractor 
of system 0 is shown in Fig. [T^ 


Example 2 . If ai = 15.5,/3i = 17 ,71 = 27,02 = 11-2 ,/32 = 12,72 = 23, then system ^ with X-g = 
1.9, x _7 = 1.7, x _6 = 2.5, x _5 = 0.9, x _4 = 1.5, x _3 = 10.4, x _2 = 6.9, x_i = 0.6, xq = 2.9, ys = 2.8, y _7 = 
1.6, y _6 = 1.8, y _5 = 2.6, y _4 = 2.8, y _3 = 2.8, y _2 = 3.5, y_i = 2.1, yo = 1.6 can be written as 

15.5x^—8 

( 6 ) 


Xn+l — 

2 /n+l = 


17 ‘2Iynyn—iyn—2yn—3yn—Ayn—5yn—(>yn—7yn—8 
_ll- 2 yn -8 _ 

12 23XnXji—lXn—2Xn—3Xn—4:Xn—5Xn—6Xn—7Xn—8 


Moreover, in Fig. the plot of Xn is shown in Fig. the plot of yn is shown in Fig. ^ and global 
attractor of system & is shown in Fig. 
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5 Conclusion and future work 


This work is related to the qualitative behavior of a system of higher-order rational difference equations. 
We have proved that under some restrictions to parameters, system ([^ has a boundary equilibrium 0(0,0) 

and the unique positive equilibrium point A ^the closed first quadrant 
We have analyzed the local stability about equilibria, periodicity nature of positive solutions and exis¬ 
tence of unbounded solutions of system (§. Finally, theoretical results are verified numerically. Besides 
the local properties, the global stability of under consideration system which is our further aim to study. 


Acknowledgements 

A. Q. Khan research is supported by the Higher Education Commission(HEC) of Pakistan. 


References 

[ 1 ] I. Bajo, E. Liz, Global behaviour of a second-order nonlinear difference equation, Journal of Difference 
Equations and Applications, 17(10)(2011):1471-1486. 

[2] M. Aloqeili, Dynamics of a rational difference equation. Applied Mathematics and Computation, 
176(2)(2006):768-774. 

[3] E. A. Grove, G. Ladas, Periodicities in nonlinear difference equations, Ghapman and Hall/GRG Press, 
Boca Raton, (2004). 

[4] H. Sedaghat, Nonlinear difference equationsdheory with applications to social science models, Kluwer 
Academic Publishers, Dordrecht, (2003). 

[5] V. L. Kocic, G. Ladas, Global behavior of nonlinear difference equations of higher-order with appli¬ 
cations, Kluwer Academic Publishers, Dordrecht, (1993). 

[6] E. Camouzis, G. Ladas, Dynamics of third-order rational difference equations:with open problems and 
conjectures, Ghapman and Hall/HRC, Boca Raton, (2007). 

[7] V. L. Kocic, G. Ladas, Global attractivity in a second order nonlinear difference equations. Journal 
of Mathematical Analysis and Applications, 180(1993):144-150. 


813 


M. A. El-Moneam etal 808-813 

















J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


ON APPROXIMATING THE GENERALIZED 
EULER-MASCHERONI CONSTANT* 

TI-REN HUANG^, BO-WEN HAN^, XIAO-YAN MA^, AND YU-MING 


Abstract. In the article, we provide several sharp bounds for the the general¬ 
ized Euler-Mascheroni constant, which are the generalizations of the previously 
results on the Euler-Mascheroni constant. 


1. Introduction 


It is well known that the sequence 

( 1 - 1 ) 7n = l + x + xH-+ t-logn 

2 6 n 

is convergent towards the Euler-Mascheroni constant 
(1.2) 7 = 0.57721566490115328 • • • . 


The Euler-Mascheroni constant has been involved in a variety of mathematical 
formulas and results [1-6], many special functions are closely related to the Euler- 
Mascheroni constant [7-63]. Recently, the bounds for 7 „ — 7 have attracted the 
attention of many researchers. 

Alzer [64] proved that the double inequality 


1 

2ti -\~ 1 


< In 


7 < 


1 

2n 


holds for n > 1 . 

In [65], Toth proved that the two-sided inequality 


(1.3) 


1 

2n -I- i 


< In 


7 < 


1 

2n+\ 


takes place for n > 1 . 

Chen [ 66 ] proved that a = (27 — 1)/(1 — 7 ) and /3 = 
constants such that the double inequality 


(1.4) 


1 

2n + a 


< In- 1 < 


1 

2n + 13 


1/3 are the best possible 


holds for n > 1 . 
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2 TI-REN HUANG\ BO-WEN HAN^, XIAO-YAN MA^, AND YU-MING CHU^-’ 

In [67], Qiu and Vuorinen proved that the double inequality 
(1.5) 


_ <A_ii 

2n 7n 7 — 2 ^ ^2 


holds for n > 1 if and only if A > 1/12 and /i < 7 — 1/2. 

Let a > 0. Then the generalized Euler-Mascheroni constant 7 (a) is defined by 


( 1 . 6 ) 7 (a) = lim ( - + 


n->oo \a a -|- 1 


a + n — 1 


- log 


a + n — 1 


which was introduced by Knopp [ 68 ]. We clearly see that 7 ( 1 ) = 7 . Recently, 
the generalized Euler-Mascheroni constant 7 (a) has been the subject of intensive 
research [69-71]. 

In [70], Sintamarian introduced the sequences 


(1.7) 


( 1 . 8 ) 


1 


Xn= - 
a 

1 

yn = - + 


a T 1 
1 


H-h 


1 


a + n — 1 
1 


- log 


a + n 


a a +1 a+n —1 

and proved that the double inequalities 

1 


(1.9) 


( 1 . 10 ) 


2{n + a) 

1 


< 7(a) -Xn< 


<yn- 7 (a) < 


- log 


1 


a 

a + n — 1 
a 


2 (n -(- a — 1 ) ’ 
1 


2(n + a)-^^‘ ''^-2(n + a-l) 

hold for n > 1 . 

In [71], Berinde and Mortici established Theorems 1.1 and 1.2 as follows. 


Theorem 1.1. The double inequalities 

( 1 . 11 ) ^ 


( 1 . 12 ) 


2 (n + a) - T 


1 


j < 7 (a) - Xn < 


1 


2 (n + a) — 


<yn- 7 (a) < 


1 


2 (n + a)-| - 2 (n + a)-| 


hold for a > 0 and n >2. 
Theorem 1.2. (a) The inequality 

(1.13) 


1 


0 / , ^ - 1 , 1 < 7(a) - Xu 

2(n + a) - 3 + 

holds for a> 13/30 and any integer n > 1. 

( 6 ) The inequality 

(1-A ^ 5 , — —<yn-i{a) 


2 (?t- + g) — 3 


18n 


holds for a> 17/30 and n > 1. 


The main purpose of this article is to generalize inequalities (1.4) and (1.5) to 
the generalized Euler-Mascheroni constant 7 (a). Our main results are the following 
Theorems 1.3 and 1.4. 
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Theorem 1.3. Let a > 0, n > 1. Then one has 
( 1 ) the double inequality 

1 


(1.15) 


2 (n + a) — oi 
holds with the best possible constants 


< 7(a) - Xn < 


2 (n + a) — Pi 


(1.16) 


, X 1 „ 1 

oil = 2(1 + a)-———r— - ————r, Pi = 

■i/'(l + a) - log(l + a) 3 


(1.17) 


( 2 ) the two-sided inequality 
1 


<yn- 7(a) < 


2{n + a) — 02 
is valid with the best possible constants 

02 = 2(1 - d), 


2ln + a) - P 2 




(1.18) 
where 

d = max{/ 2 (a), / 2(1 + a), / 2(2 + a)}, ^ix) = 


1 


2 ('i/'(a: + 1 ) - log(a;)) 
Theorem 1.4. Let a > 0, n > 1. Then the double inequalities 

1 1 . Pz 


— X. 


(1.19) 


2 (n + a) (n + a)^ 


< 7 (a) - Xn < 


2 (n + a) (n + o)^’ 


, , 1 0:4 , , 1 P 4 

^ ^ 2 (n + a- 1 ) ^ (n + a- 1)2 ^ - 2 (n + a- 1 ) ^ (n + a - 1)2 

hold with the best possible constants 

(1.21) 03 = (l + a) 2 [log(l + a)-' 0 (l + a)]- ^3 = ^, 

( 1 . 22 ) 0^4 = -^, /34 = a 2 [ 7 />(a) - log(o)] + |. 


2. Lemmas 


In order to prove our main results, we need the following formulas and lemmas. 
For a; > 0, the classical gamma function r(a:) and psi function p’{x) [72-84] are 
defined as 

r(a;) = f t^-^e-*dt, xpix) = 

do r(a;) 

respectively. 

The psi function 'ip{x) has the following recurrence and asymptotic formulas [85] 


( 2 . 1 ) 'p{n-\-x) 


1 

(n — 1) -f X 


1 

(n — 2) X 


1 

2 X 


1 

1 -I- X 


1 

X 


+ tp{x), 


( 2 . 2 ) 


tp{x) ~ log(x) 


1 

2 x 


1 

1 ^ 


1 

120x4 


1 

252x6 


(x —>■ 00 ) 
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According to (2.1) and the definitions of and given in (1.7) and (1.8), we 
clearly see that a;„ and j/„ can be rewritten as 

n -I- a 


(2.3) 


Xn = i’{n + o) - V’(a) - log 
yn = -ipin -I- a) - 'ip(a) - log 


a 

n + a — 1 


a 


(2.4) 

It follows from (1.6) and (2.2) that 

(2.5) 7(a) = lim 

n—¥oo 

— lim (^/;(n + a) — log(n -I- o — 1) -f log(o) — ip{a)) = log(a) — ip{a). 

n—^oo 

Therefore, 

(2.6) 7(a) — = log(n + a)— ■!/'(« +a), 

(2.7) - 7(a) =-0(n + a) - log(n + a - 1). 

Lemma 2.1. The function 


( 2 . 8 ) 


fiix) = 


1 


— 2x 


log{x) - ij){x) 

is strictly decreasing from (1, oo) onto (—1/3, 1/7 — 2) 
The function 

1 


(2.9) 


h{x) = 


ifix + 1 ) - log(a;) 
is strictly decreasing from [2, 00 ) onto (1/3,/ 2 ( 2 )]. 
Proof. Differentiating fi{x) gives 


— 2x 


(log(a;) - -ifix)f f[{x) = fj'ix) - - - 2 (log(a;) - fj{x)) 


1 


It follows from the inequalities 


1 


,1 J_ J_ 1_ _ 

X 2x'^ 6a;3 30x^ 42a;^ ’ 

log(a;) - i;{x) > 7 ^ + ^ ^ 


2x 12 a ;2 120x4 


(log(x) - i;{x)f f[{x) < 


given in [ 86 ] that 
( 2 . 10 ) 
where 

(2.11) Fiix) = -207-3840(x-1)-6580(x-1)2-3640(x-1)3-700(x- 1)^ < 0 
for X G (1, 00 ). 

Therefore, the monotonicity of fi{x) follows easily from (2.10) and (2.11). 
Clearly, /i(l) = I /7 — 2. The limiting value lima;_>oo fi{x) = —1/3 follows from 
the asymptotic formula ( 2 . 2 ). 

Differentiating / 2 (x) leads to 

2 {ifix + 1 ) - log(x))^ f^ix) = - + \ - tp'{x) - 2{tp{x) + ^ - log(x))^ 

X X^ X 
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It follows from the inequalities 

1 ^ ^ _L 1 

x~^ ^ ^ 2x‘^ 6x^ 30a:^ ’ 

for x > 0 given in [86] that 

2 Wx + 1) - lnW)ViW <-jjIgL. 

where 

F2{x) = 3217636 + 17887632(x - 2) + 39443124(a; - 2)^ 

+47009928(a; - 2)^ + 33797841(a; - 2)^ + 15180480(x - 2)® 

+4189500(a; - 2)® + 652680(a; - + 44100(a; - 2)® > 0 

for X > 2. 

Therefore, f 2 {x) is a strictly decreasing function on [2, oo). The limit lima;_>oo f 2 {x) = 
1/6 follows from the asymptotic formula (2.2). □ 

Remark 1. Qi et. al. [87] proved that the function f 2 {x) defined by (2.9) is strictly 
decreasing on (12/5,oo). 

The following Lemma 2.2 can be found in [88, 89]. 

Lemma 2.2. The function 

( 2 . 12 ) f3{x) = x^{f;{x)-\og{x)) + ^ 

is strictly decreasing from (0,oo) onto (—1/12,0) and completely monotonic on 
(0,oo). 


3. Proof of Theorems 1.3 and 1.4 


Proof of Theorem 1.3. From (2.6) we clearly see that inequality (1-15) can be 
rewritten as 

—0 < ^^-TO —^—7 — 2(n + a) < —a. 


log(n + a) — 'i[{n + a) 
It follows from Lemma 2.1 that the sequence 

/i (n + a) = 


— 2(n + a) 


log(n + a) — -([{n + a) 
is strictly decreasing, which leads to the conclusion that 

= lim /i(n) < /i(n) < /i(l) = -— . \ 

3 n-)-oo log(l + a) — 'ip{l + a) 


— 2(1 + a). 


Therefore, 


cx\ — 2(1 T — 


■0(1 + a) - log(l + a) ’ 3 


are the best possible constants such that inequality (1.15) holds. 

From (2.7) we clearly see that inequality (1-17) is equivalent to 

1 / . cr 

- (n + a- 1) < 1 - 


i-?< 


2 2(7/(n + a) — log(n + a — 1)) 
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It follows from Lemma 2.1 that the sequence 
/2(n-Pa-l) = 


— (n -|- a — 1) 


2('ip{n -I- a) — log(n -I- a — 1)) 
is strictly decreasing for n > 2, which leads to the conclusion that 

1= lim / 2 (n) </ 2 (n) < max|/ 2 (a),/ 2 (l + a),/ 2 ( 2 -Pa)| =d. 
o n^oo L J 

Therefore, 




(3.1) a2=2(l-d), 

are the best possible constants such that inequality (1.17) holds. 


Proof of Theorem 1.4. From (2.6) and (2.7) we know that inequalities (1-19) 
and (1-20) can be rewritten as 


as < {n + a)^ (log(n -I- a) - 'tp{n + a)) - 


{n + a) 


< h, 


04 < (n -L a — 1)^ (■i/'(n -I- a — 1) — log(n -|- a — 1)) -P 
respectively. 

It follows from Lemma 2.2 that the sequence 


(n -P a — 1) 


</ 34 , 


fs{n -P a - 1) = (n -P a - 1)^ (■i/'(n + a - 1) - log(n -P a - 1)) -P 

is strictly decreasing for n € N. 

Note that 


(n -P a — 1) 


Therefore, 


lim fs{n) = - — . 

n—>-oo iz 


03 = (1 + a)^[log(l + a) - V'(l + a)] - 


1 T Cl 


^^-l2’ 


04 = = (a)^[V'(a) - log(a)] -P ^ 

are the best possible constants such that inequalities (1.19) and (1.20) hold. 


Remark 2. (1) Let a = 1. Then Theorem 1.3(2) leads to inequality (I.)) with the 
best possible constants a = (27 — 1)/(1 — 7 ) and j3 = 1/3. 

(2) Let a = 1. Then inequality (1.20) becomes inequality (1.5) with the best 
possible constants o = 1/12 and [3 = 7 — 1/2. 

(3) From Theorem 1.3 we know that both the upper bounds l/[2(n-Pa) — 1/3] for 
7 ( 0 ) — Xn and l/[2(n -P a) — 5/3] for ?/„ — 7 (a) given in (1-11) and (1-12) are sharp 
for any a > 0 . 
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Abstract 


This paper is devoted to present a new and simple algorithm to prove that the function (pn{x) 
is a good approximation to the solution ^p{x) for Volterra integral equations (VIEs) of the second 
kind in the space [0, 2ti] with weight function p{x). This approximation is discussed in details 
with help of the ValleAPoussin’s and Fejer’s, operators. Special attention is given to study the 
convergence analysis and estimation of an upper bound for the error of the approximated solution. 
Key-Words: Volterra integral equations; ValleAPoussin’s and Fejer’s operators; Convergence analysis; 

1. Introduction 


In this paper, we present the approximate solution for Volterra integral equations (VIEs) of the 
second kind in the space 27r] with weight function p{x) > 1 where p{x) is a summable function 

on [ 0 , 27r] 

rx 

ip{x) = f{x) + X k{x,y)ip{y)dy, 0<x,y<2TT, ( 1 ) 

Jo 

where the functions /(x), k{x,y) belong to Lp^^^[0,27r] and are 27r-periodic functions, ^ is a regular 
value of the kernel k{x,y) and the kernel k{x,y) satisfies the following conditions 

1 - {fo Piy)\Hx,y)\‘^dy}^ =x{x) G Tj(^)[0,27r]; 

2. |A|||/c(x,2/)||i,2 < 1, 


where 


X, 


\Ll - 


Il2 

p{x) 


[0,27r] 


t*27r 


Uo 


p{x)p{y)\k{x,y)\‘^dydx 


The simplicity of finding a solution for Fredholm integral equations (FIEs) of the second kind with 
degenerate kernel naturally leads one to think of replacing the given equation (1) by FIE with degenerate 
kernel, see [1, 2, 8 , 9]. The solution of the new equation is taken as an approximate solution of the 
original equation. The study employs Dzyadyk’s method which is based on the linear polynomial 
operator ([3]-[5]). 

Eq.(l) can be written in the new form 


rx 

ip{x) = /(x) + A / fe(x, y)ip{y)dy, 
Jo 


(2) 
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where 

{ 1, for y X y 

0, lor y > X. 

From (3), it is found that the kernel k{x,y) in (2) satisfies the following conditions {A* 
1- P{y)\Hx,y)\‘^dy}l = p{x) G 27r]; 

2. \X\\\k{x,y)\\L 2 < 1, 


( 3 ) 


where 


y) IIl^[ 0 , 27 r] 


r*27r /*27r 


p{x)p{y)\k{x,y)\'^dydx 


LJo 


Now, instead of Eqs.(l) and (2), let us solve the following equations 


r27T 


iPn{x) = Un{f;x) + X J Un[k{.,y);x]ipn{y)dy, 


0 < X, y < 27r, 


(4) 


The notation Un[k{.,y);x] will mean that the operator Un acts on k{x,y) as a function of x and at the 
same time, the variable y plays the role of the parameter. 

Now, since the functions Un{f',x) and Un[k{.,y);x] are both trigonometric polynomials of order n 
with respect to x, the solution (pn{x) of the Eq.(4) will also be trigonometric polynomial of order n in 
X. It is well known that the problem of determination of the solution of Eredholm integral equation of 
the second kind with degenerate kernel is reduced to the solution of corresponding system of algebraic 
equations [11]. In this study, it will be proved that the function (pn{x) is a good approximation to 
the solution p{x) of Eq.(l) on the space [0,27r]. This approximation is discussed in details for 
Vallee-Poussin’s and Fejer’s operators. 


2. Preliminaries 


Starting from the known linear polynomial operators Un{g',x) which are good approximation to the 
function g{x) in the space L,p(^x)’ ^^*4 have the form: 

■y r27Z r27T 

Unig]x) = - g{t)Un{x-t)dt= - I g{x - t)Un{t)dt, (5) 

Jo Jo 

where 

1 ^ 

Unix) = ^ + cos{kx), (6) 

k=l 
(n) 

Xj^ ' are constants which define the method of approximation. 


Theorem 1. [6] 

For k{x,y) belongs to Lp[0,27r], such that |A|||A:(x,y) 11^2 < 1, and /(x) belongs to then the 

integral equation 

r2TV 

ip{x) = fix) + A / kix,y)ipiy)dy, 

Jo 

has an unique solution (fix) in [0, 27r]. 
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Now, with the help of the following theorem we will find the condition by which the equation (4) 
has an unique solution. 

Theorem 2. [ 6 ] 

If A and B are two bounded linear operators in Banach space E, while A has an inverse and 
IIBile 11^“^ 11^ < 1, then the operator (A + B) has also an inverse and 

II(yl + B)~^\\e < ||y1“^||_b(1 - \\B\\e\\A~^\\e)~^. 

To find this condition, we write both of Eqs.(2) and (4) in the operator form 

{I-XK)ip = f, {I - XUn{K))ipn = fn, 

where 

/ TT /*7r 

Hx,y)(p{y)dy, UniK)^Pn= x](pniy)dy. 

-TT J —TT 

It is obvious that I — XK = A, X{K — Un{K)) = B, are two bounded linear operators in the space 
L2 

p{x) 

It is well-known that the operator I — XK has an inverse for each A such that ^ is a regular value of K 
[6]. So Eq.(2) has an unique solution and we can write 

ip = {I + XR)f = f + XRf, 

where {I — XK)~^ = {I + XR) and R is the resolvent of the operator K. From theorem 2 if |A|||(/ — 
Ai^)“^||£;||i^ — Un{K)\\E < 1, then (/ — XUn{K)) has also an inverse, thereby Eq.(4) has an unique 
solution and can be written in the form 


— (-^ 4 “ XRn)fn — fn 4 “ XR^fn, 

where (I — XUn{K))~^ = I + XRn and is the resolvent of the operator Un{K). 

Now, we return to the functional representation of resolvents R{x,y; X)] Rn{x,y, X) and equations 
(2) and (4). Knowing the resolvent R{x,y]X), we at once obtain the solution of the original equation 
(2) with an arbitrary right hand side f{x) in the following form 

f‘2TV 

ip{x) = f{x) + X R{x, y; X)f{y)dy. 

Jo 

Also, the solution of Eq.(4) can be represented through the resolvent as follows 

r27V 

J^n{x) = fn(x) + X Rn{x, y, X)fn{y)dy. 

Jo 
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Theorem 3. 


For any kernel k{x, y) G Tp[0, 27r], if the linear polynomial operator Un of order n is defined in 
and if the function f{x) G ^p(x)^ then 


Ur,. 


= j Un[k{.,y);x\f{y)dy. 

J a 


H-,y)f{y)dy,x 

The proof of this theorem is very similar to the proof of a theorem in [4], 

3. Auxiliary definitions and theorems 
Definition 1. 

The averaged-modulus of continuity of the kernel k{x,y) G Lp[0,27r] is defined as follows 


wMht) = wMt) = — sup 


27r 


f* 27 r rx—s 


|s|<t Uo Jo 


p{x)p{y)[k{x — s,y) — k{x,y)]‘^dxdy 


( 7 ) 


Lemma 1. 

The function Wi 2 {t) has the following properties: 

1. Wi 2 {t) —)■ 0 for t —)■ 0; 

2. W]^ 2 {t) is positive and monotonic increasing; 

3. WL2{ti+2) < WLjiti) + WL2{t2); 

4. wi 2 {t) is continuous; 

5. for any positive real number y, the following inequality holds Wi 2 {rit) < (1 -|- y)wi 2 {t). 

Also, by the averaged-modulus of continuity with respect to x and y of a function k{x, y) = e(x, y)k{x, y) 
defined in [0,27r], we mean the following function Qi 2 (t) 


1 


^Ll{k-,t) = VlL 2 {t) = — sup 


^ 27r 


f*27r /*27r 


|5|<t Uo Jo 


p{x)p{y)[k{x,y)[e{x - s,y)- e{x,y)]fdxdy 


( 8 ) 


It is evident that the function satisfies the above properties of the modulus of continuity (1-5). 

Definition 2. 

The value of the following norm 


Snik) = S{k-,Un) = \\Un{k{;y)',x) - k{x,y)\\L2 = 


f‘2'K /*27r 


L^o Jo 


p{x)p{y)[Un{K-^y)'^x) - k{x,y)fdxdy 


( 9 ) 


will play an important role in estimating the error arising from replacement of Eq.(l) by Eq.(4). 
The following theorem provides an estimate of 5{k, Un). 
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Theorem 4. 

For any kernel k{x,y) G Lp[0, 27r], and for any linear polynomial operator Un{g',x), we always have 
the following inequality 


5 n{k) < 2 


p n p n 


[n\t\ + l]\Un{t)\dt. 


Proof. Using Minkowski inequality and equalities (5) and (7), we obtain 


( 10 ) 


Sn{k) = \\Un{k{.,y);x) - k{x,y)\\L 2 = 

_ 1 

TT 


1 

TT 


[k{x -t,y) - k{x, y)]Un{t)dt 

/ TT 

p{x)p{y) 


LI 


' —TV J —77 


p77 

2 

/ Un{t){k{x-t,y)-k{x,y)) 

_J —77 

dydx 


1 r 

< - / \Un{t)\ 

^ J — 77 

1 r 

< - / \Un{t)\ 

J — 77 

1 r 

< - / \Un{t)\ 

’TT ./ — ^ 


n 27r 

n 27r 

n 27r 


p{x)p{y) [k{x -t,y) - k{x, y)]‘^dydx 


dt 


p{x)p{y) [e{x -t,y)k{x- t, y) - e{x, y)k{x, y)]‘^dydx 


p{x)p{y)k{x, y) [e{x -t,y)- e(x, y)fdydx 


+ 


c 277 p277 


p{x)p{y)e{x - t,y)[k{x -t,y)- k{x,y)fdydx 


LJO ^0 


dt 


1 

< 

TT 


\Unit)\ 


c 277 p277 


p{x)p{y)k{x, y) [e(x -t,y)- e{x, y)fdydx 


L^o ^0 


+ 


C277 r277 


p{x)p{y)e{x - t,y)[k{x -t,y)- k{x,y)fdydx 


L^o JO 

<2/ \Un\[wL2{t) + ^}L2{t)]dt < 


dt 


p n r n 


[n\t\ + l]\Unit)\dt. 


< 2 

Definition 3. 

We define the error of approximation of k{x,y) as follows 

K,m(k)Ll = \\Kx-,y) - T*,m{x,y)\\Ll 

77 p77 

/ p{x)p{y)[k{x,y)-Tn ,m(^? y)fdxdy 


= inf 

'^n,7n 


> —77 J —77 


K,oo{k)Ll = \\k{x,y) -r*_^(x,y)||i 2 


= inf 

Tn,oo 


n,oo v 

p77 P77 

\_J —77 J —77 


p{x)p{y)[k{x, y) - T„,oo(x, y)fdxdy 


dt 


□ 
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E*oo,m{k)Ll = \\k{x,y) -T;^,m{x,y)\\Ll 

TT pTT 

/ pix)piy)[kix, y) - Too,mix, y)fdxdy 


= inf 


' —TT t/ —77 


where T*^{x,y) denotes the trigonometric polynomial in x of order n and in y of order m of best 
approximation of k{x,y) in the metric Lp[0,27r], T*,^ix,y) denotes the trigonometric polynomial in x 
of order n of best approximation of k{x, y) in the metric 27r], T^^^{x, y) denotes the trigonometric 
polynomial in y of order m of best approximation of k{x,y) in the metric Lp[0, 27r]. The estimates of 
how rapidly the quantities E^^^{k)j^ 2 , E* ,^ik)i 2 and E^ j^ik)i 2 tend to zero as n —)■ oo,m —)• oo are 
given in [10], where 

n,m-^oo, 


then 


,oo(^)l2i 

El^ik)Ll > Elo,mik)Ll 


ik)Ll 0, 

as 

n —)• oo. 

(11) 

{k)Ll 0) 

as 

m —)■ oo. 

(12) 


Now, we will mention the bounds of the norm (9) for various linear polynomial operators Un as the 
following cases: 

Case 1: Vallee-Poussin’s method [5]: 

Un = Vn, we have 

' . ' (13) 


TT 


\Vnit)\dt<l + ‘^^ 


from Eq.(lO) and definition 3, we get 

E:,ooCk)^ < 127r 


TT 


WL^i-) +^Ll,i-) 

p n p n 


(14) 


By using the inequality (13) and considering that the method of Vallee-Poussin’s Vn leaves trigono¬ 
metric polynomial of order n invariant, then 

dnihUn) = \\k{x,y) - yn{K^y)':X)\\Ll 

= \\kix,y) -T*ooix,y) -Vn[ki.,y)-Tn,ooi;y)--,x]\\Ll 

< Elooi^Ll + l r 

1 


• —77 J —77 


< 


1 + 


TT 


\Vn{t)\dt 


p{x)p{y)[k{x -t,y)- T* ooix - t, y)fdydx 
E:^^ik)L2^2AmE:^^Ck)L2, 




and from (14) we get 


dnik', Vn) < 29.2327r[r(;£2 ( —) -|- n£,2 ( —)]. 

p n p n 


( 16 ) 
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Case 2: Fejer’s method [5]: 

Un = Fn, we have 

-[ \Fnit)\dt = l, (17) 

/ TV 

(1 + n\t\)\Fn{t)\dt < 6(1 + Inn), Vn > 3. (18) 

■TV 

We let n' = ^,ai{y),bi{y),a*{y) and b*{y) denote the corresponding coefficients of Fourier series in 
the variable x of the functions k{x,y) and Vn'[k{.,y)] x]. Then, 

\\Vn'{k{.,y);x) - Fn[Vn'ik{.,y)-,x)]\\L 2 

2n' . 

= ^ - [a* (y)cos ix + b* (y)sin ix] 


2n' / . \ 2 "| 2 r 2n 

f l\ N— 


El a* {y)cos ix + b* (y)sin ix] 


2n' / . \ 2l 2 r 2n' 

sr^ / hr- 


ElTlal + ifte)] 


2n' 1 2 


ix,y)\\Ll, < -^(2n')2||fc(x,y)||i2 


rlFla;,yj||i2. 

7rn4 


Thereby 

6{k;Fn) = \\Hx,y) - Fn{k{.,y);x)\\L 2 

= \\k{x,y) - Vn'{H.,y)-,x) + Vn'{k{.,y)]x) - y); x)) + - fc);x)||£,2 

< \\k{x,y) - Vn'{k{.,y)]x)\\L 2 + \\Fn{Vn' - k);x)\\L 2 + ||K'(^(->2/);a;) “ n(K'(K-> 2/); a:))||L2 

< (i + ^ / \Fn{t)\dt] (2.5)£;;,^^(fe)i2 + ^ i \\Hx,y)\\L2, 


from Eqs.(17) and (19), we get 


d{k;Fn) < 5El,^^{k)L2 + -—^\\k{x,y)\\L2 


Also, from Eqs.(18) and (10), we have 

dihFn) < 12(1+ lnn)[u;i2(l) +11^2(1)]. (21) 

Now from (16), (20) and (21) it is clear that 5n{k) —)■ 0 as n —)• oo for Vallee-Poussin’s and Eejer’s 
methods for every periodic function k{x,y) G Lp[0, 27r], wi 2 {F) = o(l/lnre) and Q]^ 2 {^) = o(l/lnn). 
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Definition 4. 


The following quantities will play an important role in estimating the error of our approximation 


^{k] Un] ‘-p) — Cn — 


f‘2'K 


Kx,y)[p>{y) - Un{'P]y)]dy 


LI 


( 22 ) 


7m ~ JmjUn', ^ I f ^ I 


(23) 


2=1 


where 


En{y^)Ll = inf \W{x) - Tn{x)\\L2 

-L n 


Tn{x) is a trigonometric polynomial of order n m x, m < n. 

Theorem 5. 


For any kernel k{x, y) G Tp[0, 27r] and for linear polynomial operator Un{g] x) the following inequality 


holds 


^nik) — Cn(k', Un] 'p) — 


t*27r 


Kx,y)[p{y) - Un{p]y)]dy 


LI 


< E*^,m{k)Ll\\p{y) - Un{p]y)\\Ll + \J-'y^iUn] p) 


for any positive integer m < n. 


c27T 


p{x)dx 


1 

2 r 


(x,y)h^ + ^^,m(k)L2 


(24) 


Proof. For any function p{x) G Lp with Fourier coefficients Ci and di in view of Bunyakovskii inequality 
and p{x) > 1, we obtain 


Icjcosix + djsinixl = inf — 

T_i(t) TT 

< — inf 
TT r,_i(t) 


< \l — inf 
TT Ti_ip) 


[p{t) — rj_i(t)]cos(i(x — t))dt 

r 

p{t)[p{t) - Ti_i{t)dtf 

K 

[ pit)\pit)-Ti_i{t)\^dt 


[cos(i(x — t))]^ 
p{t) 


dt 


therefore 


Letting 


<\I-eU{p)li, 


\ci(zo^ix -\- dism.ix\\i ^2 < \ 1^2 / p{x)dx 

r> M ^ n \ I 


E ai{x)cosiy + bi{x)siniy, 

i=0 
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Elo,m{k)Ll = inf 


k{x,y) - E ai{x)cosiy + bi{x)smi 


ly 


i=0 




and taking into consideration (23) and using Bunyakovskii inequality, we obtain 


— ^n(^) Un'i ‘f) — 


f‘2TT 


Kx,y)W{y) - Un{i^]y)]dy 


LI 


r*27r 


/O 


p{x) 


r‘27r 


Uo 


k{x,y)Vp{y) - Un{p;y)]dy 


dx 


< 


+ 


r27T 


/ p{x) inf 

1 0 '^oo,mi3^iy) 

f‘2'K 


f*27V 


\k{x,y) 

Too^rn {x,y)\\p{y) - Un{y:>]y)\dy 


10 


{k{x,y) + 

^oo,m {x, y) - k{x, y))i(p{y) - Un{p; y))dy 


l2 


dx 



r2n 

■ /*27r 

2 

< 

/ p{x) inf 

/ \Hx,y) - Too,m{x,y)\\p{y) - Uniip;y)\dy 

dx 


Jo ^oo,m(^?y) 

Jo 



+ 


r27r 


p{x) inf 


JO 

m 


^oo,m {x,y) IJq 


f‘27T 


{k{x, y) + Too,m{x, y) - k{x, y)). 


\ 2 

Ed - A) (cjcos iy + djsin iy) dy c 


dx 


v2=l 


< E^,mik)L?,\My) - Unip;y)\\L^ 


\ 'ImiUn'i V^) 

TT 


c27V 


p{x)dx 


P 

1 

2 r 


(x,y)h2+^^,m(k)L2 


□ 


4. The approximate solution and its error bounds 


The following theorem shows that for sufficiently good linear methods Un{g',x), the difference be¬ 
tween the polynomials (pn{x) and the original solution (p(x} is sufficiently small. 

Theorem 6. 


If the kernel k{x,y) in Eq.(2) satisfies the assumptions (A*), all functions appearing in (2) are 
27r—periodic in x and y, then any linear polynomial operator Un{g] x), if \X\RS{k] Un) < 1 and if Eq.(l) 
is replaced by Eq.(4), the following inequality holds 


in which 


an{k) = |A|ii 


\\p{x) - iPnix)\\L 2 < (1 + an{^)\\p{x) - Unip] x)\\ l 2 , 

i{k;Un-,p) 


S{k; Un) + 


/[l-\X\R6{t,Un)], 


(25) 


(26) 


||V9(rc) - C/n((/2;x)||i2 

where 6{k]Un) and ^{k]Un',ip) are defined in (9) and (22), respectively, and R = 1 + |A|||i?(x, ?/)|| 2 , 2 , 
where R{x,y) denotes the resolvent of the kernel k{x,y). 
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Proof. Using theorem 3, and Eq.(2), we represent the solution of Eq.(4) in the form 


— Un(^f,x') + XUfi 


= Unif;x) + XUn 


f‘2'K 


r*27r 


H-,y)Pn{y)dy]x 


f‘2'K 


c2n 


K,y)[Pniy) - p{y)]dy + / k{.,y)(pn{y)dy,x 


= X Un[k{.,y)]x][ipn{y) - (p{y)]dy+ Un 


f*27T 


f{.) + X k{.,y)(p{y)dy,x 


f‘2'K 


= X Un[k{.,y)-,x][yn{y) - (p{y)]dy+ Unip]x) 


it follows that 


where 


r27r 


ipn{x) -Un{p;x) = X / k{x,y)[ipn{y) -Un{p;y)]dy + Qnix), 
JO 


t*27r 


gn{x)=X / [Un{k{.,y);x)-k{x,y)][ipn{y)-p{y)]dy + X / k{x,y)[Un{p;y) - p{y)]dy. 

Jo J-TT 

Thus, by Eqs.(9), (10) and (22) we get the estimate 


\\9n{x)\\L2 < |A| 


+ |A| 


r*27r 


[Un{k{., y)]x)- k{x, y)] [(Pn{y) - p{y)]dy 




c2tt 


k{x,y)[Un{p]y) - p{y)\dy 




< \X\5{k]Un) \\Pn{x) - Un{p;x)\\L 2 + \\Un{p;x) - (p{x)\\l 2 + \X\^{t, Uy, p) ■ 

In view of |A| ||A:(x, y)||j ;,2 < 1, Eq.(28) has an unique solution given by 

r27v 

(Pnix) - Un{p; x) = gn(x) + X R{x, y)gn{y)dy. 

Jo 


Therefore 

\Wn{x)-Un{(p-,x)\\L2 < ||ffn(x)||z ,2 1 + | A| || i?(x, y) || ^2 | = i?||y„(x) ||i 2 

< ii|A| 5{k] Un)[\\p{x) - Uni^p; x)\\l 2 + \\ipn{x) - Un{p; x)\\l 2 ] + Uy p) 

Taking into consideration |A|i?(5(A;; Un) < 1, we obtain 

\X\R[5{k-,Un)\\Un{p]x) - p{x)\\l 2 +i{k;Uyp)\ 


\\pn{x) - Un{p;x)\\L2 < 


1 - \X\R5(k-,Un 


Therefore 


||(/?(x) - Pn{x)\\Ll < \\P{X) - Un{p;x)\\L2 + \\pn{x) - Un{p;x)\\L2 

\X\R[ 5 {k-,Un)\\Un{p;x) - p{x)\\L2 +i{k;Uyp)] 

< Ibw- - 

< {I + an{k))\\p{x) - Un{p;x)\\L2, 

where an is given by (26). Thus, the inequality (25) is proved. 
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5. The results 


It is well-known that in [7], one cannot achieve an error less than the corresponding to the best 
approximation. The error estimate in (25) with rate of convergence an{k), means that, the rate of 
convergence of (pn{x) to (p{x) is comparable with the rate of convergence of the best approximate, 
which means that the error estimate (25) is optimal. Applying theorem 6, and also the corresponding 
results from section 3, we obtain the following results: 

In the case of the application of Vallee-Poussin’s method: 

From [10] and (25) we obtain 

\\<f{x) - (pnix)\\L 2 < (1 + an{k)){^ + < {1 + anik)){2.5)El{ip)^ 2 , 


where by (15) we have 


an{k) <|A|i? 


‘^■^^n,oo(k)L2 + Elo,m(k)Ll 


l-\R{2.h)El^^{k)L2 ’ 

then an{k) 0 as n oo for all ip{x) £ k{x,y) £ [0, 27r]. 


In the case of the application of Fejer’s method: 

The quantity an{k) in the relation (25) will not tend to zero for any solution (p{x), but will tend to zero 
only under the condition that ’’the solution yp{x) belongs to some subclasses of integrable functions”. 
Restricting ourselves to the Holder classes where r is a non-negative integer and 0 < /? < 1, 

we obtain the following case; 

In order that an{k) —)■ 0 as n —)■ oo considering (20), (21) and [10], it is sufficient that the following 
conditioned be satisfied 

<f{x) £W^°'^H>^{LI), i.e. r = 0, 0 </? < 1, w{-)l 2 = o{l/lnn), ll(-)i 2 = o(l/lnn). 

F nr nr 

6. Conclusion and remarks 


In this article, we presented the approximate solutions of the Volterra integral equations of the 
second kind in the space -^^^^^[0, 27r] with weight function p{x) with the help of the Vallee-Poussin’s and 
Fejer’s operators. In the same time, we proved that the function ipn{x) is a good approximation to the 
exact solution ip{x) for the Volterra integral equations. From the obtained approximate solutions using 
ADM, we can conclude that the proposed approach is easy to implement and computationally very 
attractive. A good agreement between the theoretical study with the obtained approximate solutions 
have been obtained. 
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A Modified SSDP Method for Nonlinear Semidefinie Programming* 

Jianling Li^ Chunting Lu Hui Zhang 
College of Mathematics and Information Science, Guangxi University, 

Nanning, Guangxi, 530004, China 


Abstract In this paper, we investigate nonlinear semidefinite programming and propose a 
modified sequential semidefinite programming (SSDP for short) algorithm without a penalty 
function or a filter. At each iteration, the search direction is yielded by solving a linear semidef¬ 
inite programming subproblem and a quadratic semidefinite programming subproblem. The 
nonmonotone line search ensures that the objective function or constraint violation function is 
sufficiently reduced. Under some appropriate conditions, the global convergence of the proposed 
algorithm is shown. Some preliminary numerical results are reported. 

Key words nonlinear semidefinite programming; sequential semidefinite programming; non¬ 
monotone line search; global convergence 


1 Introduction 

Consider the following nonlinear semidefinite programming (NLSDP): 

min f{x) 
s.t. G{x) :< 0, 

where / : —)• M is assumed to be a smooth and real value function, G : M” —)• S™ is a smooth 

and matrix value function. S™' represents the set of all real symmetric matrices. The symbol A< B 
means that A — B \s & negative semidefinite matrix. 

Nonlinear semidefinite programming has many real-world applications, such as engineering de¬ 
sign, optimal structure design, optimal robust control and robust feedback control design (see 
[l]-[4]). In recent years, the investigation of NLSDP has attracted much attention. The main solu¬ 
tion methods for NLSDP are augmented Lagrange method [5]-[10], interior point method [11]-[15], 
SSDP method [16]-[21]. In this paper, our focus is on SSDP method. Correa and Ramirez in 
[16] proposed an SSDP algorithm. At each iteration, the search direction is generated by solving a 
traditional quadratic semidefinite programming (QSDP for short) subproblem. A subdifferentiable 
penalty function is used as a merit function to design line search. Under some conditions, the 
algorithm is globally convergent. However, it is not easy for the choice of an appropriate penalty 
parameter. Gomez in [17] proposed a filter-type SSDP algorithm for nonlinear semidefinite pro¬ 
gramming problem. For each iteration point, by solving a trust-region type QSDP subproblem 

‘Project supported by the National Natural Science Foundation (No. 11561005), the National Science Foundation 
of Guangxi (No. 2016GXNSFAA380248 

^ Gorresponding author. E-mail: jianlingli@126.com 
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to get search direction. When objective function value or the constraint violation function is im¬ 
proved, the trial point is accepted by filter. Chen in [21] proposed a trust region SSDP method 
without a penalty function or a filter. The search direction is obtained by solving trust region QS- 
DP subproblem. Whether the trial point is accepted or not depends on the decline of the objective 
function or constraint violation function. 

In all above SSDP algorithms, the traditional QSDP subproblem, which generated the search 
direction, may be incompatible. Motivated by the idea of modified SQP methods for nonlinear 
programming, in this paper, we proposed a modified SSDP algorithm for NLSDP (1.1). At each 
iteration, the search direction is yielded by solving a linear semidefinite programming (LSDP for 
short) subproblem and a modified QSDP subproblem. Nonmonotone line search technique is used 
to determine step size. 

The paper is organized as follows. In the next section, the algorithm is described in detail. 
The global convergence is shown in Section 3. Some preliminary numerical results are reported in 
Section 4 and some concluding remarks are given in the final section. 


2 Description of Algorithm 


In this section, we first restate some concepts and notations about nonlinear semidefinite pro¬ 
gramming, and then describe the proposed algorithm. 

Let G{x) : —)• be a matrix value function, we use the notation 

for its differential operator evaluated at x. For any d = (di, • • •, n) G M”, DG{x)d is defined by 

dG{x) 


DG{x)d = Y,di 


2=1 


dxi 


( 2 . 2 ) 


The adjoint operator DG{x)* of the linear operator DG{x) satisfies 

DG(x)W= (^< ^^,y>,< >,•••,< ,vyGS”^. (2.3) 

where < A, B > means the inner product of the matrix A and B. 

Definition 2.1 Let x G M” be a feasible point of NLSDP (1.1), if there exists Y G 
S™ satisfying the following KKT conditions 

V^L(x, Y) = V/(x) + DG{x)*Y = 0, (2.4) 


where L : 


tn ^ gm 


y^o, <G(x),y>=o, 

is the Lagrangian function of NLSDP (1.1), that is, 


(2.5) 


L(x, A, y) = f{x)+ < y, G{x) >, 

then X is called a KKT point of NLSDP (1.1), the matrix Y is called a Lagrangian multiplier 
associated with x. 
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Let G be the current iterate point. In order to generate search directions, we borrow the 
ideas in [22] and construct the following linear semidefinite programming (LSDP {x^) for short): 

min z 

s.t. G{x^) + DG{x^)d < zim, (2-6) 

z > 0, 

where Im is the m order identity. Obviously, the feasible set of LSDP(x^)(2.6) is not empty, so 

- T 

there exists an optimal solution of (2.6). Let (# , be an optimal solution of (2.6), then we 
construct a quadratic semidefinite programming (QSDP {x^,Hk) for short) as follows; 

min Vf(x^)'^d + Id^Hkd 

deM" ^ ^ ^2.7) 

s.t. G{x^) + DG{x^)d ■< Zkim- 

If H}^ is a symmetric positive definite matrix, then the solution of QSDP(x^,LIfc) (2.7) is unique. 

To measure the degree of feasibility at the iterate point, we define the degree of constraint 
violation as follows: 


h{x) = (Ai(G(x)))+, (2.8) 

where Ai(-) is the largest eigenvalue of a matrix, (a)+ = max{0,a}. Obviously, h{x) = 0 is equiva¬ 
lent with that X is a feasible point of NLSDP (1.1). 

Let d^ be the solution of QSDP(x^ , Hj.) (2.7). Similar to the idea of filter method, we hope that 
the search direction d^ can improve the feasibility of the iterate point or the value of the objective 
function. In other words, if d^ satisfies 

Vfix’^fd^ < -^{d’^fHkd^ (2.9) 

and t satisfies 

/(x^-|-fd^)< max {f{x’^~^)} — ta{d’^)"^ Hkd'^, (2.10) 

0<j<m{k) 

hix^ + td^) < jd max {h{x^~^)}, (2.11) 

0<j<m{k) 

where a G (0, g), m(0) = 0, m{k) = min{m(A: — 1) + 1, M}, M is a positive integer, then the 
corresponding trial step x^ + td^ is accepted. 

If d^ does not satisfy (2.9), that is, 

Vfixkfd^^ >-^^{d>^fHkd^ ( 2 . 12 ) 

then let f = 1. If the following inequality 

h{x^ + d^) < I3 max {h{x^~^)} (2.13) 

hold, then the corresponding trial step x^ + d^ is accepted. 

Based on the above strategy, we now present the new algorithm in detail. 
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Algorithm A 

50. Given G M”, Hq = Im, ct G (0, g), a G (0,1), /? G (j, 1), m(0) = 0, apositiveinteger M . Let 
k := 0. 

51. Solve LSDP(x^) (2.6) to get a solution (# ,Zk)'^. If = 0 and Zk 7 ^ 0, stop. 

52. Solve QSDP {x^^Hk) (2.7) to get the solution If = 0, stop. 

53. If d^ satisfies (2.9), then let tk be the first number in the sequence of {1 ,cj, cr^, • • •} satisfying 
the following inequality 

f{x^ + td^)< max {f{x^~^)} — ta{d^)'^Hkd^, (2.14) 

and go to S4; otherwise, let ffc = 1 and go to S4. 

54. Let x^^^ = x^ + tkd^. If the following inequality 

h(x^~^^) < (3 max {hix^~^)}, (2.15) 

0 <i<m(fc) 

holds, then set m{k + 1) = mm{m{k) + 1, M}. Update Hk such that Hk+i is a positive definite 
matrix. Let k = k + 1 and go to SI; otherwise, go into the restoration phase to obtain a new 
point Let k = k + 1 and go to SI. 

Remark. In the restoration phase, our aim is to decrease the value of h{x). The restoration 
algorithm is similar to the one given by Long et al. [23]. 

3 Global Convergence 

In this section, we first show that Algorithm A is well-defined, and then show the global con¬ 
vergence. To this end, the following assumptions are necessary. 

A 1 The iterate {x^} remains in a closed, bounded subset X. 

A 2 The objective function f{x) and the constraint function G{x) are twice continuously 
differentiable in 

A 3 There exist two constants 0 < a < 6 such that a||(i|p < Hkd < h\\d\\‘^ for any d G M”. 

In what follows, we analyze the feasibility of Algorithm A. To this end, it is necessary to extend 
the definition of infeasible stationary point for nonlinear programming [24] to nonlinear semidefinite 
programming. 

Definition 3.1 Let x G M” be an infeasible point of NLSDP (1.1), if 

mm max{Ai(G(x) + DG{x)d),0} = max{Ai(G(x)), 0} = h{x), (3.1) 

then X is called an infeasible sationary of NLSDP (1.1). 
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Lemma 3.1 Supposed that the assumptions A1-A3 hold, if Algorithm A terminates at 
then is either an infeasible stationary point or a KKT point of NLSDP (1.1). 

Proof. The proof is divided into two cases. 

Case A. If Algorithm A terminates in SI, then = 0 and ^ 0. We know from 
LSDP{x^) (2.6) that Zk = h{x^), so h{x^) / 0, which implies is an infeasible point of 
NLSDP (1.1). 

In the following, we prove that x^ is an infeasible stationary point of NLSDP (1.1), namely, 
x^ satisfies; 


min max{Ai(G(x^) + DG(x^)d),0} = max{Ai(G(x^)), 0} = h(x^). 
deM" 


By contradiction, suppose that the conclusion is not true. So there exists d^’^ G M” such that 


T := max{Ai(G(x^) + DG{x^)d^'^),0} < h{x^). (3.2) 

Clearly, , zj^ is a feasible solution of LSDP{x^) (2.6). Note that Zk is a solution of LSDP{x^) (2.6), 

so we obtain 


Zk < h{x^), (3.3) 

this contradicts Zk = h{x^). Therefore, x^ is an infeasible stationary point of NLSDP (1.1). 

Case B. If Algorithm A terminates in S2, then the solution d^ of QSD{x^, Hk) (2.7) is zero, 
i.e., d^ = 0. Further, d^ = 0 satisfies KKT condition of QSDP{x^, Hk) (2.7), that is to say, there 
exists Yk G S™, such that 


Vf{x^) + DGix^YYk = 0, (3.4) 

G{x^) ^ Zkim, (3.5) 

YkhO, < G(x^) - ZkIm, Yk >= 0. (3.6) 

In what follows, we prove that Zk = 0. By contradiction, supposed that Zk / 0, obvious¬ 
ly, (O"*",Zfc)"*" is a solution of LSDP{xY (2.6) from (3.5). Therefore, x^ is an infeasible point of 
NLSDP (1.1). Since Algorithm A does not stop in SI, Zk < h{x^). 

On the other hand, it follows from (3.5) that 

Ai(G(x'^)) < zfc. 

In view of Zk > 0, we obtain h{x^) = max{Ai(G(x^)), 0} < Zk- This contradict Zk < h{x^). 
Therefore, Zk = 0. 

Substituting Zk = 0 into (3.5), and conbining with (3.4) and (3.6), we know that x^ is a KKT 

point of iVL5T)P (1.1). □ 

Lemma 3.2 If d^ satishes the inequality (2.9), then the line search (2.14) is performed. 

Proof. It is sufficient to show that there exsits t G (0, 1) such that (2.14) hold. 
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In view of Vf{x^)'^d^ < , so in combination with the positive definiteness of Hj^, 

we know that there exists d^ ^ 0 such that \/f{x^)'^d^ < 0. For convinence, denote 

= max {/(x^“^)}. ( 3 , 7 ) 

By contradiction, if the conclusion is not true, then for all f G (0,1), we have 

f{x^ + td^) - > -ta{d^)^Hkd^ > 2taVf {x^ f d’^. (3.8) 

From (3.7), it is obvious that /(x^^^^) > /(x^), so combining with (3.8), we have 

f{x^ + td^) - f{x^) > /(x^ + td^) - /(x'(^)) > 2^aV/(x^)Td^ (3.9) 

equivalently, 

^ 2aVf{x^fdK (3.10) 

Let f — 7 - O"*", taking the limit for the both sides, it follows that 

V/(x^)^d*^ > 2aVf{x^fd’^. 

This implies a € [ 5 , 0 c) due to Vf{x^)^d^ < 0,. This contradicts a G (0, ^). Hence, the desired 
result holds. □ 

Lemma 3.3 Supposed that the assumptions A1-A3 hold, then there exists t > 0 such that 
tk >i for k sufficiently large,. 

Proof. According to Algorithm A, without loss of generality, suppose that the search direction 
d^ satisfies ( 2 . 10 ), that is, 

Vfix'^fd^ < -]^{d^)^HkdK 

By Taylor expansion, (3.7) and the assumptions A1-A3, we have 
/(x^ + tkd!^) — /(x^(^)) + tka{d^y- Hkd!^ 

= f{x^) + tkVf{x’^)^d'^ + ltlid>^fV^fiy^)d'^ - /(x'W) + tkaid'^)^Hkd^ 

< f{x^) + tkVf{x^)^d^ + \tl{d'^)^V^f{y^)d^ - /(x^) + tkaid^fHkd’^ 

= 4V/(x^)Tdfc + ft2(^fc)Tv2j(yfc)^fc + 4a(d^)Ti7fcdfc ^ • > 

< -ltk{d’^)^Hkd^ + it|(d^)Tv2/(y^)dfc + tka{d'^)^Hud^ 

< - 04(5 - a)||(i^|P + \t\M\\d^\\^, 

where y^ is between x^ and x^ + tkd^, M is a positive integer such that ||V2/(x)|| < M. 

Let i = > 0, so (2.10) holds for tk > i and a G (0, j)- D 

Lemma 3.4 Supposed that the assumptions A1-A3 hold, {x^} is an infinite sequence generated 
by Algorithm A, then lim h{x^) = 0. 

k—^OD 
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Proof. Since m{k + 1) < m{k) + 1, we have 

= max < max = max{/i(x^+i), 

0<j<m(k-\-l) 0<j<7n{k)-\-l 

this implies that the sequence is not increasing for k. Combining with > 0, we 

conclude that {h{x^^^^)} is convergent. 

By Algorithm A, we have 

h{x’^+^) < P max {h(x^-^')} = (3.12) 

0<j<7n{k) 

Replace k hy l{k) — 1. we obtain 

/i(x^W) < /3 /l(x^('W-i)), (3.13) 

which together with /3 G ( 5 , 1 ) gives lim = 0. Further, by (3.12), we can conclude 

^ k^oo 

that lim h(x^) = 0 . □ 

k^co 

Theorem 3.1 Supposed that the assumptions A1-A3 hold, {x^} is an infinite sequence gener¬ 
ated by Algorithm A, is the solution of QSDP{x^, Hk) (2.7). If the multiplier corresponding 

to is uniform bounded, then there exists /C C { 1 , 2 , • • •} such that lirn d^ = 0. 

keic 

Proof. By the assumption Al, we know that {x^} is bounded, so there exists an infinite index 

set /C C {1, 2, • • •}, such that {x^}a: is convergent. Let lim x^ = x*. 

keic 

We consider the following two cases: 

Case 1. The index set /Cq = {/c G /C | Vf{x^)"^d^ < —^{d^)'^Hkd^} is infinite. 

By (2.14), we obtain 

/(x^+^) = /(x^ -|- tfcd^) < /(x^(^)) — tka{d^)'^Hkd!^ < f{x^^^'>), V A: G /Cq. (3.14) 

Since m{k + 1) < m{k) -|- 1, we obtain 

j(xKfc+i))< max {/(x^+^-^')} = max{/(x^+^),/(x'(^))} = /(x'('=)). (3.15) 

0<i<m(fc)+l 

This implies that the sequence {/(x^^^^)} is not increasing. Combining with the boundedness 
of {/(x^(^))}, it follows that {fix’'^’^^)}iCo is convergent. 

For {l{k) — 1, k £ /Cq}, we obtain 

/(x'W) < /(x'('W-i)) - (3.16) 

Since {/{x’’^^^)} is convergent, we have 

A-0 

By Lemma 3.3, we know that there exists t > 0 such that > t > 0, so by the assumption 

A3, we obtain 

limd^^^)”^ = 0 . (3.17) 

ICo \ ■ J 
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The uniform continuity of f{x) implies that 


lim = lim f{x^^^^). 

Ko fCo 


(3.18) 


Let l{k) = l{k + M + 2), it is not difficult to prove by induction that for any given j > 1 , 


lim = 0, 

fCo 

lim f{x^^^'^~^) = lim 
Kq ICo 


(3.19) 

(3.20) 


i{k)-k-l 

For any k G /Cq, we obtain x^~^^ = • Note that i{k) — k — l<M + 

i=i 

1 and (3.19), we get lim || = 0. So it follows from the convergence of {/(x^^^^)} and 

K-o 

the uniform continuity of /(x) that 

lim /(x^"*"^) = lim /(x^^^^). 

A^o K.0 


So let k (g /Co) —)• oo, taking the limit in (3.14), we have 

lim tka{d^)^Hj-d^ = 0. 
!Co 


(3.21) 


Similar to the proof of (3.17), we obtain lim d^ = 0 . Hence, let /C = /Cq and the conclusion 

K-o 

follows. 

Case 2 . The index set JCq = {k £ 1C \ Vf{x^y-d^ < —\{d^)'^Hkd^} is finite, which implies 

that /Cl = {/c G /C I Vf{x^y^d^ > —\{d^y-H^d!^} is infinite. 

By contradiction, supposed that the conclusion is not true, then lim d^ / 0. So there exist 

K\ 

/C 2 C /Cl and a constant e > 0 , such that ||d^|| > e for k £ /C 2 . 

Since is the solution of QSDP{x^, Hk) (2.7), by KKT condition of QSD{x^, Hk) (2.7) , it 
follows that there exists a positive semidefinite matrix Yk such that 

Vf{x'^) + Hkd’^ + DG{x^yYk = 0, (3.22) 

Tr((G(x'=) + DCix^d^ - ZkIm)Yk) = 0, (3.23) 

According to the assumption of Theorem 3.1, there exists M > 0 such that ||F).||i 7 ’ < M. 

By Lemma 3.4, we know lim h{x^) = 0, hence there exists ko > 0, such that 

k^oo 

h{x^) < — ae^, for k (g /C 2 ) > ko, (3.24) 

2Mm 

combining with ||d^|| > e and the assumption A3, we obtain 


(3.24) 


h{xy<^{dy^Hkd^ 

2Mm 


(3.25) 


It follows from (2.2) that 


= tk(X;4^)U) = ±'a(?^Y,)4 = E < U > 4 . 


(3.26) 
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It follows from (3.23) that 


Tv{{DG{x^)d’^)Yk) = Tv{{G{x’^) - ZkIm)Yk), 
so (3.26) and (3.27) give rise to 

^ - ^kIm)Yk). 


2=1 


By (3.22) and (3.28), we have 


Vf{x'^)^'d^ = -{d'^YHkd^ - {DG{x^)*Ykf d!^ 

r jk\T TT ik dG{x^) p. 

= -{dl^YHkd!^ - 2^ < o . g Yu > dt 


2=1 

= -{dJ^YHkd^ + YY{G{xY - ZkIm)YY. 
By Neumann Inequality, we obtain 

m 

Tt{{G{xY - ZkIm)Yk) < Y.Xi{G{xY-ZkIm)Xi{Yk) 

2=1 

m 


dxj 


2 = 1 
m 


< J2Xi{G{xY-ZkIm)M 
2 = 1 
m 

Y,X,{G{xY)M, 


< 


i=l 


(3.27) 


(3.28) 


(3.29) 


(3.30) 


the last inequality above is due to Zk > 0. According to the dehnition (2.8) of h{x^) and (3.30), 
we obtain 

Tv{{G{xY - ZkIm)Yk) < Mmh{xY<l{dY^HkdK (3.31) 

Substituting (3.31) into (3.29), it follows that 

vfixY^d^ < -^{dY^HkdY 

which contradicts the definition of /Ci. Hence, the conclusion is true. □ 


Theorem 3.2 Supposed that {x^} is an inhnite sequence generated by Algorithm A, and 
the assumptions in Theorem 3.1 hold, then any accumulation point of {x^} is a KKT point of 
NLSDP (1.1). 

Proof. Supposed that x* is an accumulation point of {x^}, then there exists /C C {1, 2, • • •} , 
such that lim x^ = x*. In view of the assumption A3, without loss of generality, we suppose 

that lim Hk = H^. 
k&K 
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By Lemma 3.4, we have lim h{x^) = h{x*) = 0, which means that x* is a feasible point of 
NLSDP (1.1). 

By Theorem 3.1, there exists /C C {1,2,-■■} such that lim = d* = 0. By the proof of 

_ IC 

Theorem 3.1, we know that 1C P 1C. 

According to KKT conditions of QSDP (2.7), we obtain 

Vf{x^) + Hkd^ + DGix^YYk = 0 , 

Yk h 0, Tr((G(x'^) + DG{xYd^ - ZkIm)Yk) = 0. 

Let /c(g /C) —)• oo, taking the limit, we obtain 

Vf{x*)+DG{x*yY^ = 0, 

L;^0, <G{x*),Y^>=0. 

This implies that x* is a KKT point of NLSDP (1.1). □ 


4 Numerical experiments 

In this section, preliminary numerical experiments of Algorithm A is implemented. Algorithm 
A was coded by Matlab (2014a) and run on the computer with Windows 7 (64 bite), Intel(R) 
Core(TM) i7-4790 CPU @ 3.60GHz 3.60GHz, RAM: 4.00GB. 

In the numerical experiments, the parameters are chosen as follows: a = 0.25, fd = 0.85, a = 
0.5, M = 3. And the termination criteria of Algorithm A is: || dY ||< 10“^. 

The test problem is chosen from [11]. 

Problem 1. Nearest Correlation Matrix (NCM) Problem: 

min fiX) = l\\X-G\\l 

s.t A ^ e/, (4.1) 

Xii — l,i — 1,2,..., ?7T, 

where G G S™ is a given matrix, X G S™, e is a scalar. 

In the implementation, e = 10“^, G is generated randomly, which diagonal elements are 1. We 
test ten times for every fixed dimensionality. 

We compare Algorithm A with the ones in [11] (denoted by Algo. YYH) and [14] ( denoted 
by Algo. YYY ). 

The numerical results are listed in Table 1. The meaning of the notations in Table 1 are 
described as follows: 


n : the dimensionality of independent variable; 
m : the dimensionality ofG{x)-, 

A — Iter : the average number of evaluation of iterations. 

Table 1. Numerical results of NCM 
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n 

m 


Algorithm 

A-Iter 




Algorithm A 

15 

10 

5 

(0.5,...,0.5)T 

Algo. YYY 

8 




Algo. YYH 

9 




Algorithm A 

15 

45 

10 

(0.5,...,0.5)T 

Algo. YYY 

8 




Algo. YYH 

10 




Algorithm A 

17 

105 

15 

(0.5,...,0.5)T 

Algo. YYY 

10 




Algo. YYH 

11 




Algorithm A 

17 

190 

20 

(0.5,...,0.5)T 

Algo. YYY 

11 




Algo. YYH 

12 


5 Concluding remarks 

In this paper, we have presented a new SSDP algorithm for nonlinear semidefinite programming. 
Two subproblems, which are constructed skillfully, are solved to generate the search directions. 
The nonmonotone line search ensures that the objective function or constraint violation function is 
sufficiently reduced. The global convergence of the proposed algorithm is shown under some mild 
conditions. The preliminary numerical results show that the proposed algorithm is effective. 
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Abstract 

Here we consider quantitatively using convexity the approximation of a 
function by general positive sublinear operators with applications to Max- 
product operators. These are of Bernstein type, of Favard-Szasz-Mirakjan 
type, of Baskakov type, of Meyer-Koning and Zeller type, of sampling 
type, of Lagrange interpolation type and of Hermite-Fejer interpolation 
type. Our results are both: under the presence of smoothness and without 
any smoothness assumption on the function to be approximated which 
fulfills a convexity property. 

2010 AMS Mathematics Subject Classification: 41A17, 41A25, 41A36. 

Keywords and Phrases: positive sublinear operators, Max-product oper¬ 
ators, modulus of continuity, convexity. 

1 Background 

We make 

Remark 1 Let f € C{[a,b]), xq G (a,b), 0 < h < min (xq — a, b — xq), and 

1/ (t) — f (xq)! is convex int€ [a, b]. 

By Lemma 8.1.1, p. 243 of [1] we have that 

|/(t) -/(xo)| < |t - a;o| , ytG[a,b], (1) 

where 

Wi(/,/i):= sup \f{x)-f{y)\, (2) 

[a,b] 

\x-y\<h 

the first modulus of continuity of f. 
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We also make 


Remark 2 Let f £ ([a, b]), n gN, Xq & {a, b), 0 < h < min (xq — a,b — xq), 

and |/(") (xo)| is convex in t £ [a, b]. We have that 


/w = E 


/'*> (so) 


k=0 


k\ 


{t - Xq) + It, 


where 


It = 


f {f ' (I 

J Xn Xq Xq 


- (xn)") dt 


dt\. 


Assuming (xq) =0, fc = 1, n, we get 

(xo) = It 

By Lemma 8.1.1, p. 243 of [1] we have 

w, (/("),/i) 


|/(”) (xo) 

Furthermore it holds 


< 


\t-xo\, y te [a, b]. 


\It\< -;-^—TTC-. yte[a,b]. 


[n + 1)! 


Hence we derive that 


\f [t) - f {xo)\ < --- 0 , ytG[a,b]. 

h (n + 1)! 

We have proved the following results: 


(3) 

(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 


Theorem 3 Let / G C{[a,b]), x G {a, b), 0 < h < min (x — a, 6 — x), and 
1/ (•) — / (x)| is convex over [a, b]. Then 

\f(.-)-f{x)\ < h-a^l, over [a,b]. (9) 


Theorem 4 Let f £ ([a, b]), n G N, x G {a,b), 0 < h < min {x — a,b — x), 

and |/(”)(-)-/^”U^)| convex over [a, b]. Assume that (x) = 0, k = 
l,...,n. Then 


\f{-)-f{x)\< 


{&\h) \--xr+^ 

h (n + 1)! ’ 


over [a, b]. 


( 10 ) 


We give 
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Definition 5 Call C+ ([a, &]) := {/ : [a, b] M+ and continuous} . Let Lpf from 
6 ]) into C+([a, 6]) be a sequence of operators satisfying the following 
properties (see also [6], p. 17): 

(i) (positive homogeneous) 

Ln (af) = aLN (/), V a > 0, V / G (7+ ([a, b]) , (11) 

(a) (Monotonicity) 

if f,g & C+ ([a, b]) satisfy f < g, then 

LNif)<LNig), VIVgN, (12 ) 

(Hi) (Subadditivity) 

Ln (/ + S') ^ (/) + Lpf (g), V /, s G C+ ([a, b]). (13) 

We call Ln positive sublinear operators. 

We make 

Remark 6 As in [6], p. 17, we get that for f,g& C+ ([a, b]) 

\Ln if) {x) - Ln (g) {x)\ < Ln {\f - g\) (x) , \/x€[a,b]. (14) 

From now on we assume that Ln (1) = 1, V iV G N. Hence it holds 

\Ln if) (x) - f (a:)| < Ln (|/ (•) - / (x)|) (x), V x G [a, 6 ], V TV G N, (15) 
see also [6], p. 17. 

We obtain the following results: 

Theorem 7 Let f G C+{[a,b]), x G {a,b), 0 < h < min{x — a,b — x), and 
\f {■) — f {x)\ is a eonvex function over [a,b]. Let {iArjjvgN positive sublinear 
operators from C+ ([a, 6]) into itself, such that Ln (1) = 1, V G N. Then 

\LN{f){x)-f{x)\<^^LM^LN{\--x\){x), ViVGN. (16) 

Proof. By (9) and (15). ■ 

Theorem 8 Let f € C™ ([a, b], ffi+), n G N, x G {a,b), 0 < h < min {x — a,b — x), 
and 1/*-"^ (•) — (a:)| is convex over [a, 5]. Assume that f^^'> (x) = 0, k = 

l,...,n. Let {Ln}n^-m positive sublinear operators from (7+([a, 5]) into itself, 
such that Ln (1) = 1, V TV G N. Then 

\Ln if) (x) - / (x)| < Ln (I- - xr+^) (x) , ViVGN. (17) 
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Proof. By (10) and (15). ■ 

We continue with 

Theorem 9 Let f G C'_|_ ([a, b]), x G (a, b), 0 < Lj^ (|- — a;|) {x) < min {x — a,b — x), 
y N gN, and \f (•) — / (a;)| is a convex function over [a, b]. Here Lpf are pos¬ 
itive sublinear operators from C+{[a,b]) into itself, such that Tat (1) = 1, V 
G N. Then 

\LN{f){x)-f{x)\<u;i{f,LN{\--x\){x)), VNgN. (18) 

If Ln (|- — a:|) (x) ^ 0, then Ln (/) (x) f {x), as N ^ +oo. 

Proof. By (16). ■ 

Theorem 10 Let f G ([a, b], ffi+), n G N, x G (a, b), 0 < L^ ^|- — (x) 

< mm{x — a,b — x), \/ N G N, and (•) ~/^"^ (2^)1 *■5 convex over [a, 6]. 

Assume that f^^^ {x) = 0, k = l,...,n. Here are positive sublinear 

operators from C+ ([a, 6]) into itself, such that Ln (!) = 1, \/ N G N. Then 

(/("), Ljv (i-- xr+') (x)) 

\LNif)ix)-f{x)\<^ - ^ViVGN. (19) 

If Lm ^|- — {x) 0, then Ln (/) (x) -i- f (x), as N —>■ +oo. 

Proof. By (17). ■ 

Next we combine both Theorems 7, 8: 

Theorem 11 Let f G C'^ ([a, b], ffi+), n G Z_|_, x G {a,b), 0 < h < min (x — a,b — x), 
and 1/*-"^ (•) — (x)| is convex over [a, 5]. Assume that f^^'> (cc) = t), k = 

l,...,n. Let positive sublinear operators from (7+([a, 5]) into itself, 

such that Ln (1) = 1, V iV G N. Then 

\Ln if) ix) - f (x)| < (l- - , V iV G N; n G Z+. 

(20) 

The initial conditions (x) = 0, k = 1, are void when n = 0. 

In this article we study under convexity quantitatively the approximation 
properties of Max-product operators to the unit. These are special cases of pos¬ 
itive sublinear operators. We present also results regarding the convergence to 
the unit of general positive sublinear operators under convexity. Special empha¬ 
sis is given to our study about approximation under the presence of smoothness. 

Our work is inspired from [6]. 

Under our convexity conditions the derived convergence inequalities are el¬ 
egant and compact with very small constants. 
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2 Main Results 

Here we apply Theorem 11 to Max-product operators. 
We make 


Remark 12 We start with the Max-product Bernstein operators ([6], p. 10) 


4 ^) (/)(^)= 


\lk=oPN,k (x) 


( 21 ) 


(1 — x)^ ^, X € [0,1], V stands for maximum, and f G 

C+ ([0,1]) = {/ : [0,1] ^ M+ is continuous} , where M+ := [0, oo). 

Clearly is a positive sublinear operators from C+ ([0,1]) into itself with 

( 1 ) = 1 . 

By [6], p. 31, we have 

(|. - x|) {x) < V X G [0,1], V iV G N. (22) 

And by [2] we get: 

bT (I- - (x) < V X G [0,1], m, TV G N. (23) 

Denote by 


PN,k (x) = 


Cf. ([0,1]) = {/ : [0,1] ^ M+, n-times continuously differentiable} , n G 


We present 


Theorem 13 Let f G (^"([0,1]), n G x G (0,1) and N* G N : 0 < 
< min (x, 1 — x), and |/^"^ (•) — (x)| is convex over [0,1]. Assume 

that (x) = 0, fc = 1,..., n. Then 


B^'n "’ if) i^) - f i^) 


< 


(/<">. Tlfe) 


(n -I-1)! 


V G N : > TV*. 


It holds lim Bi^^ (/) (x) = / (x). 
Proof. By (20) we get 


b\^^ if) ix) - f (x) 


< ..^1 (/("), A ) 


h{n +1)1 ^ 

h{n+1)1 y/WTl 


) ix) 


( 23 ) 

< 


(24) 
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(setting h := ^ 7 ^) 


proving the claim. 
We make 




1 )! 


(25) 


Remark 14 Here we focus on the truncated Favard-Szdsz-Mirakjan operators 
VfcO SN,kix)f{^) 


if) (x) = 


Vfc=0 (x) 


xG [0,1], iVGN, /gC+([0,1]), (26) 


SN,k [x) = , see also [6], p. 11. 

By [6], p. 178-179 we have 


T^“)(|--x|)(x)< VxG [0,1], VIVgN. 


(27) 


And by [2] we get 


T^J^\\.-xn{x)<^, VxG [0,1], Vm,iVGN. 


(28) 


The operators are positive sublinear from C+ ([0, Ij) into itself with (1) 
= 1, V G N. 

We give 

Theorem 15 Let f G (^"([0,1]), n G x G (0,1) and N* G N : 0 < 
< min (x, 1 — x), and \ {■) — f^^'^ ix)\ is convex over [0,1]. Assume 

that {x) = 0, fc = 1,..., n. Then 


if) ix)-fix) 


< 




(n + 1 )! 


V G N : IV > iV*. (29) 


It holds lim (/) (x) = f (x). 

N^-\-oo 

Proof. By (20) we get 


if) ix)-fix) 


< (I- - 


A(n + 1 )! ^ 

coijf^^fh) 3 ^ 
/i(n + l)! y/N 


) ix) 


( 28 ) 

< 
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(setting h:= 


proving the claim. 
We make 


3"- (/'”*■ 7F 


(n + 1)! ’ 


(30) 


Remark 16 Next we study the truncated Max-product Baskakov operators (see 

ffi] 71 11) 


[6], p. 11) 

if) = :rG[0,l], /GC+([0,1]), TV G N, 

Vfc=0 ON,k[x) 


where 


( 31 ) 


( N k — 1 
ON,k (a^) = I ^ 


(1 + a;) 


Af+fc • 


(32) 


From [6], pp. 217-218, we get (x G [0, \]) 

(c/^f ^ (I- - xD) {x) < IV > 2, TV G N. 

And as in [2], we obtain (m gN) 

(I- - xD) {x) < TV > 2, TV G N, V X G [0,1]. (33) 

Also it holds u\^'^ (1) (x) = 1, and are positive sublinear operators from 

(7+ ([0,1]) into itself, V TV G N. 

We give 

Theorem 17 Let f G C” ([0,1]), n G x G (0,1) and TV* G N — {1} : 0 < 
< min (x, 1 — x), and |/^"^ (•) — (x)| is convex over [0,1]. Assume 

that {x) = 0, fc = 1,..., n. Then 


12 cci 


< 


( fin) 1 ^ 

y ’ yw+i J 


(n + 1)! 


V G N : TV > TV*. (34) 


if) (a;) - / (a;) 

It holds lim (/) (x) = f {x). 

N^-\-oo 

Proof. By (20) we get 

TTi^irnr \ \ ^ rrCM) /, \n-ei\ f N 

Un 'if)ix)-f{x) ^ (^|•-a:| J (a;) < 


( 33 ) 
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(setting h := ^ 7 ^) 


proving the claim. 
We make 


0^1 (/("), h) 12 
h{n+l)\ yiWFl 

(/'*’■ 7m) 

(n + 1 )! 


(35) 


Remark 18 Here we study Max-product Meyer-Koning and Zeller operators 
(see [6], p. 11) defined by 


4"^ if) i^) = 


vr=o sjv.fc ix)f[j^) 


V k=0 ^N,k (x) 


, y N eN, f ec+{[0,l]), (36) 


SN,k (x) = 2 ;'=, X e [0,1]. 

By [6], p. 253, we get that 


8(1 + Vb) ,/x (1 — x) 
3 y/N 


vxg[ o,i],iv> 4 . (37) 


And by [2], we derive that 


z 4 (|.-xr)(x)< 


8 (l + v^) y/x (1 — x) 

3 Viv ' 


(38) 


V a; e [0,1], > 4, V m G N. 


The ceiling 


8(l+v^) 


= 9, and using a basic calculus technique (see [4]) we 


get that g (x) := (1 — x) ^fx has an absolute maximum over ( 0 , 1 ] : g (|) = 
That is (1 — x) -^/x < V x G [0,1]. 

Consequently it holds 


z 4 )(|.-xr)(x)< 


6 

VsVn' 


(39) 


V X G [0,1], V G N : > 4, V m G N. 

Also it holds ^4^ (1) = positive sublinear operators from 

C+ ([0,1]) into itself, V A^ G N. 


We give 
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Theorem 19 Let / G C" ([0,1]), n G Z_|_, x G (0,1) and iV* G N : TV* > 4 
with 0 < ^ 7 = < min (x, 1 — a:), and |/^"^ (•) ~ ( 2 ;)| is convex over [0,1]. 

Assume that (x) = 0, fc = 1, ...,n. Then 


if) {x) - / (x) 


< 


V3 (n+ 1)! 


Vn 


wi , yNeN:N>N*. 


It holds (/) (x) = / (x). 


(40) 


A^—^+00 


Proof. By (20) we get 


(/) {x) - f (x) 


< 


aai (/(”),/i) 


h{n +1)1 ^ 

uJi{&\h) 6 

h{n+l)\ VsViV 


4^) (x) 


( 39 ) 

< 


(setting h:= ^) 


proving the claim. 
We make 


V3{n + l)l 




Vn 


(41) 


Remark 20 Here we mention the Max-product truncated sampling operators 
(see [6], p. 13) defined by 


\iN sin{Nx—kTT) j / fc-n-\ 
(Af) / 2 •^ ^ ^ k—0 Nx—k7T \ N ) 


f ■ [0 , tt] 
and 


f ■ [0 , tt] 


w^a;^(/) (^) := 

R+, continuous, 

4“^ (/) (^) := 


\ /A^ sin(ATic —/ctt) 

V fc=0 Nx—kir 


X G [0, tt] , 


(42) 


\/A^ sin^jNx-kTT) r (k'iT\ 
V fc—0 (A^a:—fc7r)^ ^ V A^ / 

\/N sin'^{Nx—k7r) 
v k—0 (Nx — kir)^ 


X G [0, tt] , 


(43) 


I+, continuous. 

By convention we take 51£M = which implies for every x = k € 
{0,1,..., N} that we have “ 1- 

We define the Max-product truncated combined sampling operators (see also 

[ 51 ) 

\ Vfc=o Pjv.fc (2;) / (if) . , . , 

Mn (/) (x) := --—-, X G [0, tt] , (44) 

Vfc=0 PN,k [x) 
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/ e C+ ([0, tt]) , where 


if) ix) 




(M) 


K 


N 

(M) 

N 




By [6], p. 34-6 and p. 352 we get 



and by [3] (m€N) we have 


(a:) < 1^, V X G [0,7r], V TV G N. 


(45) 


(46) 


(47) 


Also it holds (1) = 1, and are positive sublinear operators from 

([0,7r]) into itself, \/ N gN. 


We give 


Theorem 21 Let f G ([0,7r] ,ffi+), n G Z+, x G (0,7r) and N* G : 0 < 
< min(x,7r — x), and (•) — (x)| is convex over [0,7r]. Assume that 

(x) = 0, A: = 1, n. Then 


if) ix) - f (x) 


< 



(48) 


V G N : > TV*; n G Z+. 

It holds lim if) ix) = / (x). 

A^—^+oo 


Proof. By (20) we have: 


if) ix) 


fix) 


< 


A (n + 1)! 



(setting A := i) 


proving the claim. 
We make 


{&\ h ) ^"+1 

A(n+1)! 2N 


7r”+i 
2 (n + 1)! 


LVl 




(47) 

< 


(49) 
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Remark 22 The Chebyshev knots of first kind XN,k ■= cos ^ ^ 

(—1,1), k € {0,1,A^}, —1 < xn,o < xn,i < < xn^n < 1, axe the roots 
of the first kind Chebyshev polynomial T/v+i (x) := cos {{N + 1) arccosx), x € 
[- 1 , 1 ]- 

Define (x G [—1,1]^ 


hN,k (x) := (1 - X • XN,k) ^ 


<-N+l 


(x) 


{N + 1) (x - XN,k) 


(50) 


the fundamental interpolation polynomials. 

The Max-product interpolation Hermite-Fejer operators on Chebyshev knots 
of the first kind (see p. 12 of [6]) are defined by 


<I.(/)W= VJVeN, 


Vfc=o hN,k{x) 


(51) 


/or/GC+([-l,l]), VxG [-1,1], 
By [6], p. 281, we have 




2tt 

ivTi’ 


2“7r 


2N+1 M -I ^ — JY + 1 ’ 


And by [3], we get that 


Hi^,\A\--xr){x)< 


V X G [-1,1], V IV G N. 


V X G [—1,1], V TO, iV G N. 


(52) 


(53) 


Notice -^ 2^+1 (1) = ^ 2 N+i xnaps C+ ([—1,1]) into itself, and it is 


AM) 


a positive sublinear operator. Furthermore it holds V^o (x) > 0, V x G 
[—1,1]. We also have hN,kixN,k) = 1, and hN,k{xN,j) =0, if k ^ j, and 
^2N+l if) (xNj) = f ixN,j), for all j G {0,1, ...,1V}, see [6], p. 282. 

We give 

Theorem 23 Let f € C^ ([“!) 1])®+)) xi G x G (—1,1) and let N* G N : 

is convex over [—1,1]. 

(54) 


0 < < cnin (x + 1,1 — x), and |/("^ (•) — (x)| i 

Assume that f^^^ (x) = 0, fc = 1, ...,n. Then 


H^2Nllif) ix)-f{x) 


V > IV*, iV G N; n G Z+. 


2n+i, 


^ ' (n+l)!j‘^^ ’lV+1 


1 


It holds lim H^n+i if) i^) ~ f i^) • 

A^—^+oo 


AM) 

'2JV+ 

Proof. By (20) we get 
HT+i if) ix)-fix) 


/ (/("),/l) (M) 

- h in+ 1)1 2W+1 


in+l 


) ix) 


(53) 

< 
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(setting h := 


proving the claim. ■ 
We make 


/2"+i7r\ 
h{n + l)\ \N+l) 


/ 2"+i7r \ 
V(n + l)!y 



1 


iV + 1 


(55) 


Remark 24 Let f € C+([—1,1]). Let the Chebyshev knots of second kind 
XN,k = COS ^ k = 1,N, N gN — {!}, which are the roots 

of to N (x) = sin (N — l)t sinl, x = cost € [—1,1]. Notice that a:jv,i = —1 and 
Xn,N = 1- 
Define 


lN,k {x) := 


(-1)'' ^UJNix) 


(1 + + Sk,N) {N —l){x — XN,k) ’ 

rN 


(56) 


> 2, A: = 1,..., N, and lon (a;) = nfe=i (x ~ xiv,k) and Sij denotes the Kro- 
necher’s symbol, that is 6ij = 1, if i = j, and Sij =0, ifi^ j. 

The Max-product Lagrange interpolation operators on Chebyshev knots of 
second kind, plus the endpoints ±1, are defined by ([6], p. 12) 


T (M) , _ Vfci Vfc (a;) / (a^JV.fe) 

\Jl\X)— ,,N, / , ’ 

V k^l ^N,k ( 2 ;) 


X e [-1,1]. 


(57) 


By [6], pp. 297-298 and [3], we get that 

riM) n l™^ / ^ / 2 ™+l 7 r 2 

Ln {\--x\ ) (a:) < (58) 

y X G (—1, 1 ) and \/ m € N; W N € N, N > A. 

We see that L^^'^ if) (x) > 0 is well defined and continuous for any x € 
[—1,1]. Following [6], p. 289, because '^^^ilN,k (x) = 1, V x G [—1,1], for 
any x there exists k G {1, : l^^k (x) > 0, hence V^i ^N,k (x) > 0. We 

have that lN,k ixN,k) = 1, and lN,k (xnj) = 0, if k ^ j. Furthermore it holds 
if) ixN,j) = f ixN,j), all j G {1,..., TV} , and (1) = 1. 

By [6], pp. 289-290, are positive sublinear operators. 


Finally we present 


Theorem 25 Let f G ([~1) 1])®+)) n & x G (—1,1) and let N* G N : 
N* > 4, with 0 < < min (x + 1,1 — x), and |/^"^ (•) — (a:)| is convex 

over [— 1 , 1 ]. Assume that f^^^ ix) = 0, k = 1, ...,n. Then 


AM) 


if) ix) - f ix) 


< 



(59) 
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N en : N > N* >4.; nez+. 

It holds lim (/) (x) = f {x). 


Proof. Using (20) we get: 


if) (x) - f (a:) 


(setting h := 


/ (/("\/l) (M) 

- h{n + l)\ ^ 


('■ 


in+l 


wi(/(”\/i) f 2"+V 


h{n+ 1)1 \3{N-1) 


\ (58) 

)(a^) < 


2«+2^2 
3(n+ 1)! 


wi / 


p(n) 


iV- 1 


(60) 


proving the claim. 
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Symmetric identities for Carlitz’s generalized twisted 
g-Bernoulli numbers and polynomials associated with j9-adic 

invariant integral on 
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Department of Mathematics, Hannam University, Daejeon 34430, Korea 


Abstract : In this paper, we study the symmetry for the Carlitz’s generalized twisted q-Bernoulli 
polynomials Pn,x,q,ci^)- obtain some interesting identities of the power sums and the Carlitz’s 
generalized twisted q-Bernoulli polynomials Pn,x,qx(^) using the symmetric properties for the p-adic 
invariant integral on Zp. 

Key words : Symmetric properties, power sums, Bernoulli numbers and polynomials, Carlitz’s 
generalized twisted q-Bernoulli numbers and polynomials, p-adic invariant integral on Zp. 

2000 Mathematics Subject Classification : 11B68, 11S40, 11S80. 

1. Introduction 

Bernoulli polynomials, g-Bernoulli polynomials, the second kind Bernoulli polynomials, Euler 
polynomials, tangent polynomials, and Bell polynomials were studied by many authors( see [1, 
3, 4, 5, 6, 7, 8, 9, 10]). Recently, Y. He obtained several identities of symmetry for Carlitz’s q- 
Bernoulli numbers and polynomials in complex field(see [1]). D. Kim et al.[3] studied some identities 
of symmetry for generalized Carlitz’s g-Bernoulli numbers and polynomials by using the p-adic 
integrals on Zp in p-adic field. The purpose of this paper is to obtain some interesting identities 
of the power sums and Carlitz’s generalized twisted q-Bernoulli polynomials /?n,x,g,c(^) using the 
symmetric properties for the p-adic invariant integral on Zp. 

Let p be a fixed prime number. Throughout this paper we use the notation: 

1 - o"’ 1 - (-qY 

N, = ■ 

Hence, limq_>i[a;] = x for any x with \x\p < 1 in the present p-adic case. Let 

g G UD{Zp) = {g\g : Zp —>■ Cp is uniformly differentiable function}. 

For g G UD{Zp) the p-adic invariant integral on Zp is defined by Kim as follows: 

r 1 

hig) = / g{x)dgi{x) = lim ^ g{x), (cf. [2, 3, 4]) . (1.1) 

Let a fixed positive integer d with (p, d) = 1, set 

X = Xd = ^(Z/dp^Z), Ai = Zp, 

N 

X* = ad- dpLp, 

Q<a<dp 
(a,p) = l 

a + dp^Zp = {xGX\x = a (mod dp^)}. 


861 


Ryoo 861-864 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


where o G Z satisfies the condition 0 < a < dp^. It is easy to see that 

J^g{x)dpg{x) = g{x)dpq{x). 


( 1 . 2 ) 


Let Tp = UN>iCpN = liniAr-s-oo CpN, where CpN = {C|C^ = 1} is the cyclic group of order p". For 
C G Tp, we denote by (j)Q :Zp ^ Cp the locally constant function x i—>■ ^^(cf- [6, 10 ]). 

2. Symmetric identities for Carlitz’s generalized twisted g-Bernoulli numbers and 

polynomials 

Mathematicians investigated interesting properties of symmetry for special polynomials using 
p-adic invariant integral on Zp(see [1, 3, 4, 5]). If we take = 1, then [5] is the special case of 
this paper. Let x be Dirichlet’s character with conductor d G N with {d,p) = 1. For q G Cp with 
\q — Ijp < p~p^, the twisted g-Bernoulli polynomials Pn,q,ci^) defined by 

Pn,qxi^) = [ My)d^i^ + y]qd^J'l{y)■ 

JZp 

We introduce the Carlitz’s generalized twisted ( 7 -Bernoulli polynomials /3n,x,q,c(^) attached to y. 
The Carlitz’s generalized twisted g-Bernoulli polynomials / 3 n,x, 9 ,c(^) attached to y are defined by 

/3n.x,g.c(a:) = / Xiy)(l)(iy)q^[x+ y]qdfj,i{y). 

Jx 

When a: = 0, (3n,x,qX ~ PrL,x,qxi^) called the n-th Carlitz’s generalized twisted q-Bernoulli numbers 
fin,x,qX- We note that 

4.n r 

/ x{y)C^q^e^^+y^^*dp,ix). 

Let Wi and W 2 be natural numbers. Then, by (1.1) and (1.2), we obtain 

wi Jx 


= lim 


1 1 


W-s-oo Wi dW2P^ 




wiy qWiy ^[wiW2X+W2j+wiy]qt ^^wiy 


q 


y=0 
dW2 — l 


= lim —-^ 

N^co dWiW2P^ 


Y, x(i)<r‘r‘‘ Y ^dwiW2y gdwiW2y ^['WiW2X-\-W2j-\-'Wii-\-dwiW2y]qt 
i—0 y—0 

From (2.1), we can derive the following equation (2.2): 

dwi—1 « 

7 /I 1 • ^ ' 


Wi 


i=o 


= lim 


1 


lx 


dw\ — ldw2 — ^p —1 


Af-s-oo dwiW2P^ 


E E E 

j—O i—O y—0 

^ ^[wiW2X^W2j-\-wii-\-dwiW2y)]qt^dwiW2yqdwiW2y 


By the same method as (2.2), we obtain 


( 2 . 1 ) 


( 2 . 2 ) 


W2 


dW2 — l 


j=0 


= lim 


1 


lx 


dw2 — ldwi — lp —1 


Af->oo dwiW2P^ 


E E E x(i)x(j)r^*r=*<z“^'9“^* 


j—O z=0 y—0 

^ ^WiW2X-\-W^j-\-W2i+dw^W2y]qtQdWiW2y^dWxW2y 


(2.3) 
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Therefore, by (2.2) and (2.3), we have the following theorem. 


Theorem 1. For wi,W 2 G N , we have 

dwi —1 


^ Jx 


wiy wiy [wiW2X+W2j+Wiy]gt 


df^iiy) 


= — E / x{y)C^^q^^^e 

7^0 


j=0 
dW2 — l 


(2.4) 


U12V „'W 2 y JwiW 2 X+Wij+W 2 y]qt 


lx 


dfiiiy). 


By substituting Taylor series of into (2.4) and after calculations, we obtain the following corollary. 


Corollary 2. For wi,W 2 G N,n > 0, we have 

dwi — 1 


Wi 


[W2 


W2 


E f xiy)r^^q^^^ 

Jx 

W2- 1 „ 

E x{j)C^^q^^^ / x{y)r^^q 

Jx 


j=0 

1„ dW2-l 


VJ2 . 

W2X H- J + y 

Wi 


Wix H-J + y 

W2 


dyiiy) 


dyi{y). 


By Corollary 2, we have the following theorem. 


Theorem 3. For wi, W 2 G N, n > 0, we have 


Wi 


z / \ 


Klq 

W2 


3=0 

d'W2 — l 


E x(j)C'^<7“’'^/?n,x.g"'2,c»2 ( WiX+ ) . 


3=0 


By (2.5), we can derive the following equation: 

f xiy)r^^q^^^ 


IX 


W2 . 

W2X H-J + y 

Wi 


dyi{y) 


Wi 

W 2 ' 


= E 


n\ f[w2] 


^0 VK] 


[j]' / Xiy)r^^q^^^[w2x + y]:-:dy,iy) 


lx 




2=0 


n\ f[w27 


[wi]^ 


b1o“2 9 


.■W2(n-i)j 


/3n-i,X,9”i,C“i {W2X) ■ 


Again, by (2.5), and Theorem 3, we have 

dwi — 1 


Fi 


Wi 


3=0 

dwi — 1 


E xij)C^^q^^^ [ xiy)C^^q^^^ 

Jx 


W2 . 

W2X-\ - J +y 

Wi 


dyiiy) 


n / ^ r 12 L., ln -2 

E x(j-)r^^<7“='' E ( J ' i^2x) 


3=0 


i=0 


ij 


i=0 --n 


[^ 2 ]* [Wl]” * / \Q /■W2 W2\ \ 

}A . -^^- Pn-i,x,q"X("^ [W2X) Sn,i[dWi,C \q CX), 

7^0 


(2.5) 


( 2 . 6 ) 


where 


201 — 1 


Sn,i{yJi,C,q\x)= E x(j)C'9^”-*+'^^''[i];- 

3=0 
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By the same method as (2.6), we get 


[w2Yq 

W2 


dw2 — l 




i=o 


to 

li'l . 

Wix -\ - J + y 

Jx 

W2 




2=0 ^ ^ 


Tl\ ['^l]o[‘^2]rt * 

/3n-*,X.9”2 ,C “2 (wix) Sn,i{dW 2 , lx). 


W2 


Therefore, by (2.6) and (2.7), we have the following theorem. 
Theorem 4. For wi,W 2 G N,n > 0, we have 


^ [n'2]g[wi]q * t \0 /-W2 W2\ \ 

( . j -^^-Pn-i.x.g-'i.C”! {W2X) SnAdwi.,C, "lx) 

i=0 ^*2 Wi 

= >, . -^^—P„-i,x,9“2,c“2 (■iria;)P„,*(dw; 2 ,C ,9 x)- 


(2.7) 


Remark 5. Let wi,W 2 G N,n > 0, and x be the trivial character. Then we have 

i=0 ^*2 Wi 

^ [rci]* [w;2]q * / ^c / iz-jui 

= 2^1 . I -^^-Pn-i.9“2,C“2 [WiX) Sn,2[W2\C 9 )• 


i=0 
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An efficient optimal algorithm for high frequency in 
wavelet based image reconstruction 

Jingjing Liu* Guoxi Ni’^ 

LCP, Institute of Applied Physics and Computational Mathematics,Beijing,China 


Abstract 

Wavelet algorithms for high-resolution image reconstruction has been shown effec¬ 
tively, it relies on the decomposition of low/high frequency, and hard/soft thresholding 
arguments are often used to denoise for high frequency. In this paper, instead of using 
this kind of thresholding arguments,, we apply the gradient based shrinkage thresh¬ 
olding optimization for high-frequency, in this way, we can keep the useful information 
in the original signal as much as possible, coupling the shrinkage thresholding op¬ 
timization with the wavelet algorithm, we get an efficient reconstruction algorithm. 
Numerical results show we obtain a higher resolution,better peak signal-to-noise ratios 
and lower relative errors. 

Key words: Wavelet; high-resolution; image reconstruction; shrinkage thresholding; 
high frequency. 


1 Introduction 

Increasing the resolution is important and necessary for many applications, lots of studies 
have been done on the high-resolution image reconstruction [13, 14, 18, 20, 21, 22, 23, 24, 27]. 

Among the methods in image processing, wavelet method is a well developed technology 
[6, 9, 10, 12, 26]. In this method, global patterns are represented by densely distributed co¬ 
efficients obtained from low-pass hltering, while local features are represented by coefficients 
obtained from high-pass hltering. This makes it easy for us to distinct between smooth and 
sharp image components. In this way wavelet frames can effectively separate smooth image 
components and non smooth ones, and the wavelet-based procedure is essentially to approx¬ 
imate iteratively the densely distributed coefficients folded by the given low-pass hlter. To 
overcome the incompatibility of symmetry and exact reconstruction, bi-orthogonal wavelet 
system is thus proposed in image processing, see [1, 8, 25]. 

*E-mail: liujingjing0618@126.com 
tE-mail: gxni@iapcm.ac.cn 
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The relatively complex hard/soft thresholding methods [11] are often used to denoise for 
high frequency information, but some useful information will lose in the processing because 
of its cut off action. Preserving useful high frequency part while removing noise is the 
main goal in image denoising, some techniques developed in the past years has shown their 
advantage than the hard- and soft-thresholding in the wavelet held, for example, the wavelet 
packet method,it is based on the further decomposition of wavelet coefficients by packets, 
and this leads to an essentially translation invariant wavelet packet system. 

To get an efficient algorithm while keep useful information in high frequency as much as 
possible, we consider the optimization strategy instead of hard/soft thresholding method for 
the high frequency components, this strategy is based on the classic variation technology, 
and has been previously used in image reconstruction, because of its computational complex, 
a fast iterative shrinkage-thresholding algorithms are proposed in [2, 4], this kind of method 
, which can be viewed as an extension of the classical gradient algorithm, is attractive due 
to its simplicity, it is adequate for solving large-scale problems even with dense matrix data 
in image reconstruction,to improve the convergence rate, a more fast iterative shrinkage¬ 
thresholding algorithm with a signihcantly better global convergence rate is introduced in 
[3, 28], this algorithm improves the convergence rate from 0{l/k) to 0(l//c^), it relies on 
computing the next iteration based on the values not only in the previous one, but also in 
two previously computed steps. 

In this paper, we are intent to improve the wavelet algorithm in image reconstruction. 
We begin with the bi-orthogonal wavelet systems, and obtain the decomposition formula, 
which represent a perfect reconstruction equation for the symbols of the low-pass and the 
high-pass hlters,theoretical analysis shows that the noise is contains in high-frequency part, 
and the hard/soft thresholding argument will inevitably delete some useful information, 
instead of using this kind of thresholding argument for high-frequency components of the 
original image, we take advantage of shrinkage thresholding algorithm for the optimization 
of high-frequency, it has been proved that it has notable effect in image denoising, to get 
the algorithm more efficient, we apply some accelerating iteration argument in shrinkage 
thresholding algorithm. 

The outline of the paper is as follows, the algorithms are derived in section 2. Numer¬ 
ical examples are given in section 3 to illustrate the effectiveness of the algorithms. Some 
concluding remarks are given in section 4. 


2 Reconstruction algorithm 

In this section, we construct a shrinkage thresholding optimization coupling with the wavelet 
based algorithm for high resolution image reconstruction. 
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2.1 Iterative scheme 

Refer to [5], we obtain that using the periodic boundary condition and ordering the dis¬ 
cretized values of / and g in a. row-by-row fashion, we obtain M1M2 x M1M2 linear system 
of the form: 

Lf = 9 (1) 

where / is original image, g low-resolution image, L = <8) is the blurring matrix which 

is made up from each sensor, and L^, have circulant structure as follow: 

= — ■ circulant{a), 

Jj 

where 

a= [I,--- ,1,^,0,••• 

where circulant{a) represents circulant matrix, and the first L/2 entries in a are equal to 1, 
the last L/2 — 1 entries are equal to 1. The matrix can be define similarly, these matrix 
are circulant matrices, then we get that the matrix L is a block-circulant-circulant-block 
(BCCB)matrix [17], 

By the biorthogonal wavelet theory [7, 19], the symbols of the rehnement masks and 
wavelet masks satisfy the following equation 

a<^a + ^ bib'l = 1 ( 2 ) 

where K is sensor size. 

The equation (2) is not only for the reconstruction of function but also for image recon¬ 
struction, the matrix representation of the perfect reconstruction from biorthogonal system 
can be written as 

L^L+ = (3) 

i^ez|,\{(o,o)} 

here denote by L, My the matrices generated by the symbols of the rehnement and 

wavelet masks a, ci'^, by, by, respectively. 

Since g = Lf is just the observed high-resolution image, and the other Myf, v ^ (0,0), 
represent the high-frequency components of /, from equation (3) we obtain an iterative 
algorithm 

/„+i = i''g + ( 5^ (4) 

^exi\{(o,o)} 

In the usual denoising procedure, the high frequency components are often penalized by 
a factor, this smoothes the original signals,so a nonlinear denoising scheme can be built into 
equation (4), and thus obtain an iterative algorithm 

U+i = L^g+ M^T{MyU). (5) 
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where T is a denoising operator, a hard/soft thresholding wavelet denoising algorithm is 
presented in [7], in which a further decomposition by the translation invariant wavelet packets 
is used, this can remedy the smoothing effect on the original signals in some sense, some 
useful information in high frequency is still lost, this motivates us to consider an efficient 
optimal method to keep information as much as possible. 

2.2 Shrinkage thresholding optimization for high frequency 

Let b = M^fn,we consider the following formulation: 

x* = min F (x), F{x) = \\Ax — , (6) 

X 

where A = L'^L,and L is the blurring matrix in the last section, the norm 11 ■ 11 is the inner 
product, and x is the vector we are looking for, this is the classical least square problem. 
The optimization problem (6) can be cast as a second order cone programming problem and 
thus could be solved via interior point methods. 

Usually this problem is not only in large scale but also involves dense matrix data, which 
often precludes the use and potential advantage of sophisticated interior point methods. 
This motivated a simpler gradient-based algorithms for solving it, the gradient algorithm 
generates a sequence {xk} via 

Xk = Xk-i - tkVF{xk-i), 

where > 0 is a suitable stepsize. It can be viewed as an approximal regularization of the 
linearized function F at Xk-i, and can be written equivalently as 

Xk = min{F(a;fc_i) + {x - Xk-i,VF{xk-i)) + - Xk-i 

X 2tk 

After ignoring constant terms, this can be rewritten as 

Xk = min{;^||a; - {xk-i - tkVF{xk-i))\\^}, 

X ztk 

the computation of Xk reduces to solving a one-dimensional minimization problem for each 
of its components, which produces 

Xk = Txt^{xk-i - tkVF{xk-i)), 

considering the expression of F{x) in (6), we get: 

Xk = Txtkixk-i - 2tkA^{Axk-i - b)), (7) 

where Fa '■ ^ is the thresholding operator dehned by 

Ta{xi) = (l^il - a)+sgn{xi). (8) 
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This algorithm (7) is a kind of iterative shrinkage thresholding algorithm similar as that 
in [15]. 

It has been proved that for large-scale problems this first order methods are only practical 
option, and the sequence Xk converges quite slowly to its solution, that is 

F{xk)-F{x*) = 0{l/k), 

namely, it shares a sublinear global rate of convergence. 

To improve the efficiency of the iterative shrinkage thresholding algorithm (ISTA) with 
better global rate of convergence. Beck etc. [3] consider an improved fast iteration, that is 
the Xk in (7) is not dependent on the previous point Xk-i, but rather on the point yk which 
is a linear combination of the previous two point {xk-i-,Xk- 2 }-, with this modification, they 
get a fast ISTA, and the convergence rate is 

F{xk)-F{x*) = 0{lie). 

In this way, we get x* from b according to the above iterative shrinkage thresholding 
algorithm. 


2.3 Summary of Algorithms 

For convenience,we call our shrinkage thresholding algorithm in wavelet based reconstruc¬ 
tion algorithm as STWL,to compare with the hard/soft thresholding wavelet reconstructed 
algorithm (abbr. TWL) in [7]. Now we embed the Shrinkage thresholding optimization 
algorithm into the iteration scheme (5), denote the previous two iterations as {/„_i,/„_ 2 }, 
then our algorithm for the model equation (5) can be summarized as following: 

(1) Choose an initial approximation /q (e.g., /o = L'^g)', 

(2) Iterate until convergence: 

Outer circulation: 

U, = L^g+ Y. (9) 

i^ez|\{(o,o)} 

Begin inner loop: 

To get optimal high frequency part T{M^fn)- Let bi, = Myfm yi,u = M^fn, = 1, = 

1, then a fast iteration for (7) is 

hk,u ‘2‘tk-A. (^Ayk^u bi,y^^ 


yk+i,u 


tk+1 — 


i + yr+Ttf 


hk,U T ( , hk—\^y)-, 


t 


k+l 
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where Tltj, is defined as in (8), A is estimated by the method given in [11] which uses the 
median of the absolute value of the entries in the vector M^fn- 

End inner loop. 

Return the optimized results ^ for high frequency T{M^fn), that is 

fn+l = L‘^g+ 

^ez|\{(0,0)} 

End outer circulation. 

Remark: When the operator T in (9) is realized by soft/hard thresholding operator 
T,then this reduces to the soft/hard thresholding wavelet reconstruction algorithm as that 
in [7], 


3 Experimental results 


In this part, we present the efficiency and accuracy of our shrinkage thresholding wavelet 
based reconstruction algorithm(abbr. STWL),and compare with the hard/soft thresholding 
wavelet reconstructed method (abbr. TWL). As usual,we evaluate the methods using the 
peak signal-to-noise ratio (PSNR),relative error (RE) and cpu time cost they are defined by 


RE 


Wf-fch 

Wfh 


and 


PSNR 


10 logio 


2 

2 


ll/-/clli 


for ID signals, while as 


PSNR = 10 logi 


255‘^NM 


ll/-/clli 

for 2D images, respectively, with the size of the signals (images) 
original image, and fc is restored image. 

In our tests, = 1 for ID signals while N = M for 2D images. 
4x4 sensor arrays in 2D. 


is X M. Where / is 
Here we take 2x2 and 


3.1 ID denoisy signal recovery 

We take the original signal data from the WaveLab toolbox at http://statweb. stanford.edu/ wave- 
lab/ developed by Donoho’s research group. Fig. 1(a) shows the original signal /. Fig. 1(b) 
depicts the contaminated signal with white noise at signal-to-noise ratio {SNR = 25), here 
we use matlab function awgn to add noise to the original signal. The results of denoising by 
the above two algorithms with periodic conditions are shown in Fig. 1(c) and (d), respec¬ 
tively. From the data results of experiments in table 1, it shows that our algorithm STWL 
has a better performance, and has a better time efficiency than TWL. 
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Fig. 1: (a) Original signal; (b) Contaminated by white noise at SNR = 25; (c) Reconstructed 
signal from the algorithm TWL] (d) Reconstructed signal from our algorithm STWL . 

Table 1: Corresponding PSNR, RE and timecost values using algorithm TWL in [7] and our 
algorithm STWL. 


Algorithms 

SNR = 25 

SNR = 30 

PSNR 

RE 

timecost 

PSNR 

RE 

timecost 

TWL 

47.1560 

0.0946 

0.7956 

48.0624 

0.0904 

0.9984 

STWL 

53.3382 

0.0695 

0.6396 

57.5931 

0.0562 

0.7332 


3.2 High-resolution image reconstruction 

In this section, we use the classical ’’boat”, the ’’Lena” and the ’’cameraman” images with 
size of 256 x 256 as the original images for our tests, and consider 2x2 sensor arrays and 
4x4 sensor arrays respectively, and the Gaussian white noise is added to these original 
images. 
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In the algorithm TWL, the thresholding value A is chosen to be log (MiM 2 ), 

where the variance an,v is estimated by the median of the absolute value of the entries in the 
vector Myfn named high frequency term. In our algorithm STWL, we have decomposed the 
image data into low and high frequency parts, and denoise the high frequency information by 
shrinkage thresholding method, the Lipschitz constant is computable in the examples since 
the eigenvalues of the matrix A can be easily calculated using the two-dimensional cosine 
transform [17]. For simplicity, we will only consider the matrices for the periodic case. 

3.2.1 2x2 sensor array 

For 2x2 sensor arrays, the corresponding rehnement mask m is the piecewise linear spine, 

m(-l) = ^,m(0) = 

and m{a) = 0 for all other a. The nonzero terms of the dual mask of m used in this paper 
are 

m-'(-2) = t m''(0) = ?,m''(l) = = -i. 

The dual pair of the wavelet masks are := (—— a) and A{a) := (—— a), 
see [12] for details. 

The tensor product dual pair of the rehnement symbols are given by d{u) = m{ui)m{u 2 ), 
A{uj) = m^(a;i)m^(a; 2 ), and the corresponding wavelet symbols are 6(o,i)(a;) = m(a;i)r(a; 2 ), 
= m^Ai)A{uj 2 ), &(i,o)(w) = r(a;i)m(a; 2 ), %,o)(^) = A{uji)m^{uj 2 ), &{i,i)(cv) = 
r(a;i)r(a; 2 ), = f'^(a;i)r‘^(a; 2 ), where u = {uji,uj 2 ). 

Although we give here only the details of the rehnable functions and their corresponding 
wavelets with dilation 21, the whole theory can be carried over to the general isotropic integer 
dilation matrices. 

The wavelet matrices are formed by the tensor product,and we consider 

Z2 = {(0,0),(0,1),(1,0),(1,1)}. 

In particular, we have 

L = L 2 0 L 2 , iVf(o,i) = 7/2 0 M 2 , iVf(i^o) = M 2 0 7/2, iV7(i^i) = M 2 0 M 2 , 

L^ = Li® Li, = Li® Mi, = M^ 0 L^ = M^ 0 M^. 


where 


7/2 

M 2 


, T 1 lx /f ,,311 11, 

circulant{-, -, 0, • • • , 0, -), L^ = circulant{-, -g, 0, • • • , 0, --, -) 

, ,13 11 /f , /I 1 lx 

circulant{-, g> , 0, -), M 2 = circulant{-, 0, • • • , 0, -, --). 
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Fig.2 demonstrate the reconstructed high-resolution image for the ’’boat” , the ’’Lena” 
and the ’’cameraman” images respectively, in these hgures, (al)-(cl) are the original images, 
(a2)-(c2) are with noise PSNR = 40dB, (a3)-(c3) are the denoisy images with the algorithm 
TWL, and (a4)-(c4) are obtained by our algorithm STWL. Table 2 gives the PSNR, RE, and 
the cputime of the reconstructed images for different levels of Gaussian noise, our algorithm 
shows less RE, less cputime and better PSNR, we can conclude that our algorithm STWL 
is better than the original algorithm TWL in [7]. 



(bl) (b2) (b3) (b4) 



Fig. 2: (al)-(cl) the original images; (a2)-(c2) the noisy images; (a3)-(c3) the reconstructed 
image by algorithm TWL; (a4)-(c4) the reconstructed images by our algorithm STWL. 
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Table 2: Comparison of PSNR, RE and cputime values using algorithm TWL and STWL 
for 2 X 2 sensor arrays with different kinds noise level. 


Image 

Evaluation 

TWL 

STWL 

SNR = 35 

SNR = 40 

SNR = 35 

SNR = 40 

boat 

PSNR 

RE 

timecost 

81.9938 

0.0166 

10.3585 

82.2142 

0.0164 

9.9529 

82.4965 

0.0162 

5.9280 

82.4724 

0.0162 

5.8344 

Lena 

PSNR 

RE 

timecost 

84.0785 

0.0149 

11.3881 

84.1040 

0.0149 

11.7157 

84.6254 

0.0145 

5.9436 

85.0012 

0.0143 

5.5380 

cameraman 

PSNR 

RE 

timecost 

85.8451 

0.0137 

11.2165 

86.1629 

0.0135 

9.7033 

86.1727 

0.0135 

5.9124 

86.8056 

0.0130 

5.6472 


3.2.2 4x4 sensor array 

In this case, we give the rehnable and wavelet masks with dilation 4/ that used to generate 
the matrices for 4x4 sensor arrays. 

For 4x4 sensor arrays, the corresponding mask is 


m{a) 


11111 
----- 0 =—2 

8’4’4’4’8’ 


, 2 , 


with m{a) = 0 for all other a. The nonzero terms of a dual rehnement mask of m is 

, 115 15 1 1 

^ ^ 16’ 8’ 16’4’ 16’ 8’ 16’ 

The nonzero terms of the corresponding wavelet masks are 

/ N 1111 

Ti(pi) —, 2,‘‘‘ ,2, 

/ N 115 15 11 

rola) =-, —, —, —, —, —,-,« = —2, • • • ,4, 

^ ^ 16’ 8’16’ 4’16’ 8’ 16’ ’ ’ ’ 

,,117711 

r-i[a) = —-,0, —, —,-,« = —2, • • • ,4. 

^ 16’8’ 16’ ’16’ 8’ 16’ 

The dual wavelet masks are 

(«) = (-l)^"“r3(l - a), r2(a) = (-l)^"“m(l - a),ri{a) = (-l)^"“ri(l - a) 


10 


874 


LIU-NI 865-878 






J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


The observed high-resolution image g is generated by applying the bivariate lowpass hlter 
on the true image /,again, we consider periodic boundary condition. The matrices 

can be generated by the corresponding hlters. 

Fig.3 shows the reconstructed high-resolution image for the ’’boat” , the ’’Lena” and 
the ’’cameraman” images, (al)-(cl) are blurred with noise PSNR = 40dB, (a2)-(c2) are 
obtained from the algorithm TWL, and (al)-(cl) are obtained from our algorithm STWL. 
From Table 3, we can also hnd that our algorithm shows less RE, less cputime and better 
PSNR, since the problem is more difficult than the 2x2 sensor case, we need more cpntime 
consnming, we can see that the performance of onr algorithm STWL is much better than 
the original algorithm TWL. 


Table 3: Comparison of PSNR, RE and cputime values using algorithm TWL and STWL 
for 4 X 4 sensor arrays with different kinds noise level. 


Image 

Evalnation 

TWL 

STWL 

SNR = 30 

SNR = 40 

SNR = 30 

SNR = 40 


PSNR 

67.3135 

67.4297 

68.3053 

68.5968 

boat 

RE 

0.0345 

0.0343 

0.0329 

0.0324 


timecost 

19.5157 

20.4673 

15.9277 

15.8809 


PSNR 

69.9279 

69.9769 

71.3131 

71.4538 

Lena 

RE 

0.0303 

0.0302 

0.0283 

0.0281 


timecost 

20.9041 

20.0773 

16.1773 

15.9745 


PSNR 

72.9596 

73.2392 

73.6651 

73.9353 

cameraman 

RE 

0.0260 

0.0257 

0.0251 

0.0248 


timecost 

19.8589 

20.9041 

14.8981 

15.6313 


4 Conclusions 

In this paper, we constrncted a shrinkage thresholding algorithm in wavelet based image 
reconstrnction, instead of using the hard/soft thresholding algorithm we apply the iterative 
shrinkage thresholding algorithm for the optimization for high freqnency. Onr new algorithm 
works effectively both in one-dimensional and two-dimensional sitnations, nnmerical tests 
show that this algorithm gives higher resolntion, larger signal-to noise ratios,lower relative 
errors and less cpntime. 


11 


875 


LIU-NI 865-878 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 



Fig. 3: (al)-(cl) is the noisy images,(a2)-(c2) is reconstructed from the algorithm TWL; 
(a3)-(c3) is reconstructed from our algorithm STWL. 
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Abstract 

This research is about inequalities in a local fractional environment 
over a negative domain. The author presents the following types of an¬ 
alytic local fractional inequalities: Opial, Hilbert-Pachpatte, comparison 
of means, Poincare and Sobolev. The results are with respect to uni¬ 
form and Lp norms, involving left and right Riemann-Liouville fractional 
derivatives. 
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1 Introduction 

Many sources motivate us to write this work. The first one comes next. It is 
the famous Opial inequality ([13]): 

^ W {x)y{x)\dx<^ \y'{x)\^ dx, (1) 

where y (x) is absolutely continuous function and y (0) = 0. The above inequal¬ 
ity is proved sharp. 

The well known Ostrowski ([14]) inequality also motivates this work and has 
as follows: 


1 

b — a 


f (y) dy- f (x) 



(b-af ) 


ib-a)\\f\\^, 


( 2 ) 


where f € {[a, b]), x € [a, b], and it is a sharp inequality. 

Next D^af indicates the left Caputo fractional derivative of order p > 0, 
anchored at a G K, see [10], p. 50. 
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The author in [7], pp. 82-83, proved the following left Caputo fractional 
Landau inequality: Let 0 < v < 1, f G AC^([0,6]) (i.e. /' G AC ([0,6]), 
absolutely continuous functions), V 6 > 0. Suppose ||/||ooR+ < +oo, G 

Loo (K+), and 


D 




< 


/ f N ^ 

'' lloo,[a,+oo) — 


|^ro+vi 


V a > 0. 


(3) 


Then 


ll/'ll 




(r(:. + 2))- 




^*0 J 


(4) 


that is ||/'||oo.R+ is finite. 

The last inequality is another inspiration. 

The author’s monographs [2], [3], [4], [5], [6], [8], motivate and support 
largely this work too. See also [1]. 

Under the point of view of local fractional differentiation the author examines 
the broad area of analytic inequalities and produces a variety of well-known 
inequalities in a local fractional setting over a negative domain to all possible 
directions. 


2 Background 

We mention 


Definition 1 ([11]) Let x,x' G [a,6], / G C([a,6]). The Riemann-Liouville 
(R-L) fractional derivative of a function f of order q (0 < q < 1) is defined as 


Dlf{x') 


Dl^fix'), x'>x,\^ 
Dl_f{x’), x'<xj 


1 

r(i-9) 


fx (^' - ^) V (0 dt, x’ > X, 

- ^ fx' f (*) dt, x' < X, 


the left and right R-L fractional derivatives, respectively. 


(5) 


We need 


Definition 2 ([11], [12]) The local fractional derivative of order q (0 <q <1) 
of a function / G C ([a, 6]) is defined as 

Dif (x) = lim (/ (x') - / (x)). (6) 

X —¥X 

More generally we define 


2 


880 


Anastassiou 879-891 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Definition 3 ([9]) Let 7V€Z+,0<g<l, the local fractional derivative of 
order {N + q) of a function f G ([a, b]) is defined by 


D^+if (x) = lim (fix') - ^ (x' - . 

\ n^O / 

If = 0, then Definition 3 collapses to Definition 2. 

We need 

Definition 4 (related to Definition S) Let f G ([a, &]), N G Set 
F (x, x - x; q, N) := Df (f (x) - Y ^. 


(7) 


( 8 ) 


n=0 


Let x' — X := t, then x' = x + t, and 


F{x,t;q,N) 


X 


(^f (x +1) 


N 


E 

n—O 




(9) 


We make 


Remark 5 Here x',x G [a, b], and a < x + t < b, equivalently a — x <t <b — x. 
From a < X < b, we get a — x<0<& — x. We assume here that F (x, •;q, N) G 
([o — X, 6 — x]). Clearly, then it holds 

D^+9/(x)=F(x,0;g,iV), (10) 

and (x) exists in M. 

We would need: 


Theorem 6 ([9]) Let f G i[a,b]), N G Here x,x' G [a,b], and 

F (x, •; q, N) G ([a — x, & — x]). Then 


r7' 


n—Q 


r(<? + i) 


( 11 ) 


1 r'-"dF(x,t;g,7V) 

r(v + i)io dt 


x) — dt. 


Corollary 7 (to Theorem 6, N = 0) Let f G C{[a,b]), x,x' G [a,b], and 
F (x, •; q, 0) G ([a — x, 6 — x]). Then 


f [x') = / (x) + \x' - x|® + 


r (^ +1) Jo 


r(g + l) 

dF (x, t; q, 0) 
dt 


t — x) — t|'^ dt. 


( 12 ) 
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We make 


Remark 8 Let f € {[a,b]), N G Here x,x' G [a,b] : x' < x, and 

F {x, •; q, N) G ([a — x,b — x]), 0 < q < 1. By Theorem 6 we get 


N 


f i^') = 




ix' -xy + 


n—0 


1 


L»^+9/ (x) 

r(<z + i) 


{x — x') — 


Tiq + l) 


dF {x, t; q, N) 
dt 


{t — x' + x'f dt. 


(13) 


Clearly then we get: 

Let f ([o, 0]), a < 0, N e Z+, F (0, •; q, N) G ([a, 0]), 0 < g < 1. 

Then, for any x G [a, 0] , we derive 


f{x) = Y. 




n—Q 


1 


r(g + l) 


{-xY- 


dF (0,i;g,iV) 


r (g +1) Jx dt 
In this article we will use a lot (14). 


{t — xY dt. 


(14) 


Remark 9 Let / G (^^([a, 0]), N G a < 0, a; G [a,0]; F(0, •;g,iV) G 
([a, 0]), 0 < g < 1. Then, by (14), we have 




^ /(")(0)^„ , 14^+V(0) , 


n—0 


r(g + l) 


{-xY 


(15) 


1 

'r(g + i) 


dF {0,t;q,N) 
dt 


{t — xY dt. 


Assume that (0) = 0, n = 0,1, ..., N, and (0) = 0 (= F (0,0; g, N) = 

Dvm. 

Then 


-f (x) = 


1 


dF{0,t-q,N) 

dt 


{t — xY dt, 


r (g +1) Jx 

V X G [a, 0]. 

Here it is 

FY),f,q,N)=Dl{f (t)) GCi([a,0]), 

where Dq is the right Riemann-Liouville fraetional derivative. 
Let a < X < w < 0, then 


(16) 


-f{w) = 


1 


r(g + l) 


dF{0,t-,q,N) 

dt 


{t — wY dt. 


(17) 
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Consider pi.qi > 1 : — + — = 1. Then 

X' -L 7 1-L 


l/(w^)l = 


\dFiO,t;q,N)\ 


Tiq + 1) 


{t — w)* dt < 


r(q + l) 


dF jO, t;q,N) \ - / /-o 


(t - dt 


9P1 +1 

1 { — w) PI 

r (? + 1) (gpj + 1)^ 


\dF (0,t;g,iV)|«^ \ - 


dt = 


gpi +1 

1 (—li') 


r (<7 + 1) {qpi + 1) PI 




z{w):= --- dt, 


all a < X < w < 0, and z (0) = 0. 
From 


-z{w)= r 

Jo 


\dF{0,t;q,N)\ 


we get 


, , dF{0,w;q,N) 

-z (w) = {-z(w)) = - — - 


\dF {0,w;q,N)\ 


= {—z' (w)) . 


Therefore we obtain 


dF(0.w,,,N) ^ 
dw 


1 9P1 -r-^ 1 _±_ 

-j- ( —w) PI (z(w))«i ( — 2 (w))’i . 

r (<? + 1) {qpi + 1)^ 


Hence it holds 


dF{0,w,q,N) 

i/(”')i —— ■;-»< 


r (g + 1) {qpi + l)pi Jx 


gpi+i 1 

{—w) PI {z {w) {—z {w)))dw < 


r (g + 1) {qpi + 1) PI \Jx 


{—w)^^^^^dw\ ( / z (w) {—z'(w)) dw ] = 


1 ^ \ / zHw) , 

r (g + 1) (gpi + 1)^ \ 9Pi + 2 y \ 2 
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1 iIPl+2 (z (x)) ’i 

-(— x) -—-——— 

r (gr + 1 ) (gpi + 1 )^ (gpi + 2 )m 2 ^ 


We have proved that 


dF{0,w;q,N) 

|/(,„)| -- dw< 


dF{0,w,q,N) \ 


2«i r (q + 1) [(gpi + 1) (gpi + 2)] PI \Jx I I / 

We have established the following negative domain Lp-Opial type local right 
fractional inequality: 

Theorem 10 Let pi,qi >l:^ + ^ = l;/e C''^([a, 0]), N G Z+, a < 0, 
X G [a, 0]; F{0,-]q,N) G (^^([ajO]), 0 < g < 1. Assume that (0) = 0, 
n = 0,1,...,7V, and (0) = 0 (= F(0,0;g,7V) = D^f (0)). [Here it is 

F (0, t; q, N) = Dq (/ (t)) G ([a, 0]), where Dq is the right Riemann-Liouville 
fractional derivative]. Then 

/”l/WI "^70^ 

.hr dt 


2^ir{q-\-l)[{qpi-\-l){qpi-\-2)]pi \dx 


\dFi0,t;q,N)\'^^ \ - 


it holds 




_ / r° dDi{f(t)) \ - 

2^r (g + 1) [(gpi + 1) (gpi + 2)]^ \Jx dt J 

V X G [a, 0]. 

The case pi = qi =2 follows: 

Corollary 11 All as in Theorem 10, with pi = qi = 2. Then 




2r {q + 1) dj{q+l) {2q + 1) 


dF {0,t;q,N) 
^ dt 


884 


Anastassiou 879-891 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


it holds 


l/WI 


dDUfit)) 


dt 


dt < 


(29) 


dt J , 


2r (g + 1) ^/(g + 1) (2g + 1) \Jx 

V X G [a, 0 ]. 

We make 

Remark 12 Let /i ,/2 according to the assumptions of Theorem 10. Then 


-fi (xi) = 

V xi e [oi, 0 ] , oi < 0 ; 

-/2 {X2) = 

V X 2 G [ 02 , 0 ] , 02 < 0 . 

Here it is 


1 


r (g + 1 ) Jx, 


dFi {0,ti;q,N) 
dti 


1 


r(g + i) 


dF2 {0,t2;q,N) 

dt2 


{ti - xi)‘‘ dti, 


{t2 - X 2 Y dt2, 


(30) 


(31) 


F, (0, U-q, N) = (/, iU)) G ([o„ Oj), z = 1, 2; 

where Dq is the right Riemann-Liouville fractional derivative. 
Consider pi, gi > 1 : ^ + ^ = 1. 

Hence 


\fiix^)\ < 


1 


r(g + l) 


dFi {0,ti;q,N) 


dU 


(^ti xfj dti^ 


(32) 


i = 1, 2; V Xi G [oi, 0]. 

We get by Holder’s inequality: 


r(g + l) 


{ti — XiY^^ dti 


1/1 {xi)\ < 

°'dFi{0,ti;q,N)\'^^ 


1 (-xi)" 


gpi + 1 


r (9 + 1) {qpi + l)pi 


dti 


dFi {0,ti;q,N) 


dti < (33) 


dti 


<?l,[ai.0] 


V Xi G [oi, 0 ] . 

Similarly, we obtain 


1/2 (2^2)I < 


1 (-a;2)" 


991+1 


(9 + 1 ) (ggi + I)’! 


dF2 ( 0 ,^ 2 ; 9, N) 


dt2 


(34) 


Pl,[a2,0] 
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V X 2 G [a2,0] . 

Therefore we have 


l/i (a;i)| 1/2 (3:2)1 < 


(r {q + l)y{qp, + l)^{qq, + l)^ 


(35) 


dFi (0,ti;g,iV) 


dF2 (0,t2;g, N) 

dti 

9l.[<il>0] 

dt2 


9P1 +1 991+1 

(-Xi) PI (-X2) 


— — h 

(using Young’s inequality for a,b > 0, b‘>i < ^ + —) 


< 


Pl,[a 2 , 0 ] 


(r {q + l)y{qp^ + l)^{qq, + l)^ 


(-x) 


gpi+i 


(- 3 : 2 ) 


991 + 1 


Pi 




dFi (0,ti;g,iV) 


dF2 {0,t2;q,N) 



dti 

<?i,[ai, 0 ] 

dt2 

V Xj G 

[tti, 0], 

i = 1,2. 



So far we have established 




l/i (a;i)| I /2 ( 3 : 2 )! 


1 


[(_a:)‘iPl+i , (_a:2)«i+il 

(r (g + l))" (gpi + 1)^ 


L Pi 

- 91 J 



dFi (0,ti;g,iV) 


dF2 {0,t2;q,N) 



dti 

91 , [“ 1 . 0 ] 

dt2 


qi 


Pl.[a2,0] 


(36) 


(37) 


Pl.[a2,0] 

V Xj G [Oj,0] , I = 1,2. 

The denominator of left hand side of (37) can he zero only when Xi = 0 and 
X 2 = 0. By integrating (37) over [ai,0] x [ 02 , 0] we get 


0 /.O 


1/1 (3:1)1 1/2 (x 2 )|dxidx 2 

Pi 91 


< 


0102 


(r (g +1)) [qpi +1) (ggi + 1) 


(38) 


Pl.[a2,0] 

We have proved the following negative domains local right fractional Hilbert- 
Pachpatte inequality: 


dFi (0,ti;g,iV) 


dF2 {0,t2;q,N) 

dti 

9l,[ai>0] 

dt2 


Theorem 13 Letpi,qi > 1 : ^ + ^ = 1; i = 1,2 for fi G C'^([oi,0]), N G Z+, 

Qi < 0; Fi (0, •; q, N) G ([o^, 0]), 0 < g < 1. Assume that f-^^ (0) = 0, n = 
0,1,...,iV, and D^+‘if,{0) = 0 , z = 1,2 (t.e. F,{0,0;q,N) = Dg/* (0) = 0). 
[Here it is Fi(f),ti,q,N) = D^^ifiiU)) G C'^([ai,0]), where Dq is the right 
Riemann-Liouville fractional derivative]. Then 



fl ( 3 : 1)1 1/2 (X2)| dxidx2 

Pi 91 


0102 

(r (g + 1))^ (gpi + l)^ (ggi + l)^ 

8 


(39) 
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it holds 


dFi (0,Ti;g,iV) 


dF 2 (0,T2;g,TV) 

dti 

91 , [“ 1 , 0 ] 

dt2 



fi (a:i)| 1/2 {x2)\dxidx2 

Pi 91 


0x02 

(r (g + 1))^ [qpi + 1)^ (qqi + 1)^ 


(40) 


dDl ih ih)) 


dD^o if2 it2)) 

dti 

9 l,[ai,0] 

dt2 


We make 


Remark 14 Let f G C''^([a,0]), o < 0, iV G Z+, F {0,-;q,N) G C^([a, 0]), 
0 < g < 1. Then for any x G [a, 0], we have 


n—0 


n! 


DN+qf ( 0 ) 

r(g + i) 




(41) 


1 

r(g + i) 


Jx dt 


Assume that /<") (0) = 0, n = 0,1,...,TV. Here D^+if{0) = F{0,0;q,N) = 
I?q/(0), where is the right Riemann-Liouville fractional derivative. 

So far we have 


fix) = 


D^+^f{0), 


r(g+l) 


i-x)^ + R{x), 


where 


R{x) := -- 


1 


r(g + i) Jx 

We also assume that D^f G ([o, 0]). 
We can rewrite 




dt 


R (x) = — 


1 


r(g + l) 




We notice that 


|i?(a;)| < 


1 

r(g + i) 


jnUit) 


1 


r(g + l) 




D,[a,0] 


(t — x)* dt < 

g + 1 


(42) 


(43) 


(44) 
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That is 


V X e [a, 0]. 

Hence, it holds 


|i?(x)|< 


(-x) 


9+1 


r(<z + 2) 




oo,[a,0] 


(45) 


/;/(x).x^^^:^/;(-x)^.x+/;i^(x).x^ 


r(g + l) 

jjN+q j (Q) (_a^9+l rO 


(46) 


r(<7+l) q + 

Therefore, we get 

rO 


— + i? (x) dx = (-a)^+' +J\ (x) dx. 


1° f (x) dx - (-a)^+^ =l\ (x) dx. (47) 


Consequently, we derive 

rO 


i ^(^12)^ \R{x)\dx< (48) 


dt^of (^)|loo,[a.O] 

r(g + 2 ) 


Ja r (g + 2) 9 + 2 


r(? + 3) 


9+2 


(49) 


We have proved the following negative domain local right fractional compar¬ 
ison of means results: 

Theorem 15 Let f G ([a, 0]), a < 0, G Z+, D^f G ([a, 0]), 0 < g < 1. 
Assume (0) = 0, n = 0,1, N. Then 




9+2 


< 




1 




< 


jPUit) 

r(g + 3) 


I (-a) 

We make 

Remark 16 All as in Theorem 10. Then 


r(<? + 3) 


(50) 


(51) 


-fix) = 


1 


r(g + i) 


dF{0,t;q,N) 

dt 


it — xY dt, 


(52) 
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y X G [a, 0] . 

Let pi, qi > 1 : = 1. Thus 


\f{x)\ < 


1 

r(g + i) 


dF{0,t;q,N) 

dt 


{t — xY dt < 


1 


r{q+l) 


'■°\dF{0,t;q,N)\‘‘^ - 


r(g + l) 


dt 

dF{0,t;q,N) 


That is 


\fix)\ < 


dt 


9P1 +1 

{—x) "1 


rO \ pT 

{t — dtj < 

X J 

9P1 +1 


(-x)' 


9i,[a.O] (gpi + 1)P1 

dF (0,i;g,iV) 


r(g + 1) {qpx + l)pi 


dt 


91, [“> 0 ] 


V X G [a, 0]. 
Therefore 




(-x) 


9l(9+l)-l 


(r (<z + i)r (9P1 + 1)- 


dF{0,t;q,N) 


dt 


91.[a,0] 


Consequently, it holds 


[ \f{x)rdx< 

J a 


(-a) 


9l(9'+l) 


T{q+l){qpi + l)»i qi{q + l) 


dF{0,t;q,N)\'^^ 

91 ,[a,0] 


dt 


That is 


Igijfa.O] — 


(-a) 


( 9 + 1 ) 


r (<? + 1) {qpi + 1) ”1 {qi {q + 1)) 


dF{0,t-,q,N) 

dt 


(53) 


(54) 


(55) 


(56) 


(57) 


91 ,[a,0] 


We have proved the following negative domain local right fractional Poincare 
inequality: 


Theorem 17 All as in Theorem 10. Then 

(-a)(«+^) 


I/ll 


91 ,[a,0] — 


r (g + 1) {qpi + 1) PI {qi {q + 1)) ’i 


(Dl if))' 


91 ,[a,0] 


(58) 


We make 
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Remark 18 All as in Theorem 10, plus r > 0. By (54) we have 
\f(.x)\ < 


9P1 +1 

(—x) "1 




dF i0,t;q,N) 
dt 


(59) 


<?!,[“,0] 


V X G [a, 0]. 

Hence it holds 


i/(^)r<T 




r (g + 1) {qpi + l)pi^ 


{Dl if))' 


(3i,[o,0] 


(60) 


Consequently, we get 


\f {x)C dx < 


' (q + 1) (qpi + 1)^ r(g+^)+l 


(Dl if))' 


(ji,[a,0] 

(61) 


We have proved the following negative domain local ritgh fractional Sobolev 
type inequality: 


Theorem 19 All as in Theorem 10, plus r > 0. Then 

(_a)9+5T + r 


lr,[a,0] — 


‘ (g + 1) (qpi + 1) PI r (^g + + 1 


iD(,if))' , „ . (62) 


(3i,[o,0] 
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Abstract 

This paper deals with the approximate controllability for a class of semilinear 
integro-differential functional control equations, which is provided under general suf¬ 
ficient conditions on the system operator, controller and nonlinear terms. Our used 
tool is applying results similar to Fredholm alternative for nonlinear operators under 
restrictive assumptions. Finally, a simple example to which our main result can be 
applied is given. 

Keywords: approximate controllability, semilinear control equations, integro-differential 
control equations, controller, Fredholm alternative. 
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1 Introduction 

In this paper, we deal with the approximate controllability for semilinear integro-differential 
functional control equations in the form 

= Axit) +s)g{s,x{s),u{s))ds +Bu{t), 0<t<T, 

\x{0) = xo 

Email: alanida@naver.com(A. park), *jmjeong@pknu.ac.kr(J. jeong), nabifiy@hanmail.net(E. Y. Ju) 
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in a Hilbert space H, where k belongs to L^(0, T)(T > 0) and is a nonlinear mapping as 
detailed in Section 2 . The principal operator A generates an analytic semigroup {S{t))t>o 
and H is a bounded linear operator from another Hilbert space U to H. 

The controllability problem is a question of whether is possible to steer a dynamic 
system from an initial state to an arbitrary final state using the set of admissible controls. 
Naito [13] was the first to deal with the range condition argument of controller in order 
to obtain the approximate controllability of a semilinear control system. In [3, 9, 17, 18], 
they have studied continuously about controllability of semilinear systems dominated by 
linear parts(in case 51 = 0) by assuming that S{t) is compact operator for each f > 0 as 
matters connected with [13]. Another approach used to obtain sufficient conditions for 
approximate solvability of nonlinear equations is a fixed point theorem combined with 
technique of operator transformations by configuring the resolvent as seen in [ 2 ] 

The controllability for various nonlinear equations has been studied by many authors, 
for example, see [5, 6 , 12] for local controllability of neutral functional differential systems 
with unbounded delay, [10, 14] for neutral evolution integrodifferential systems with state 
dependent delay. 

Sukavanam and Tomar [15] studied the approximate controllability for the general 
retarded initial value problem by assuming that the Lipschitz constant of the nonlinear 
term is less then 1, and Wang [17] for general retarded semilinear equations assuming the 
growth condition of the nonlinear term and the compactness of the semigroup. 

In this paper, authors want to use a different method than the previous one. Our used 
tool is the theorems similar to the Fredholm alternative for nonlinear operators under 
restrictive assumption, which is on the solution of nonlinear operator equations AT(x) — 
F{x) = y in dependence on the real number A, where T and F are nonlinear operators 
defined a Banach space X with values in a Banach space Y. In order to obtain the 
approximate controllability for a class of semilinear integro-differential functional control 
equations, it is necessary to suppose that T acts as the identity operator while F related 
to the nonlinear term of ( 1 . 1 ) is completely continuous 

In Section 2, we introduce regularity properties for (1.1). Since we apply the Fredholm 
theory in the proof of the main theorem, we assume some compactness of the embedding 
between intermediate spaces. Then by virtue of Aubin [1], we can show that the solution 
mapping of a control space to the terminal state space is completely continuous. Based 
on Section 2, it is shown the sufficient conditions on the controller and nonlinear terms 
for approximate controllability for (1.1) by using the Fredholm theory. Finally, a simple 
example to which our main result can be applied is given. 


2 Semilinear functional equations 

Let V and H be complex Hilbert spaces forming a Gelfand triple 

V ^ H = H* 
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by identifying the antidual of H with H. Therefore, for the brevity, we may regard that 
ll^^ll* < < IIl^II for all u gV, where the notations | • |, || • || and || • ||* denote the norms 

of H, V and V* , respectively as usual. Let a{u, v) be a bounded sesquilinear form defined 
m.V xV satisfying Garding’s inequality 

Re a(u, u) > co||u|p — ci|up, cq > 0, ci > 0. 

Let A be the operator associated with this sesquilinear form: 

{Au,v) = —a{u,v), u, V G V. 

Then 2 I is a bounded linear operator from V to R*. The realization of A in iL which is 
the restriction of A to 

D{A) = {uGV :AuGH} 

is also denoted by A. For the sake of simplicity we assume that ci = 0 and hence the 
closed half plane {A : Re A > 0} is contained in the resolvent set of A. It is known that A 
generates an analytic semigroup S{t) in both H and V* . As seen in Lemma 3.6.2 of [16], 
there exists a constant M > 0 such that 

\S{t)x\ < M\x\ and ||5'(t)x||* < M||x||*, (2-1) 

The following initial value problem for the abstract linear parabolic equation 

/ ^ = Ax{t)+ k{t), 0<t<T, 

\ x(0) = Xq. 

By virtue of Theorem 3.3 of [4](or Theorem 3.1 of [9]), we have the following result on 
the corresponding linear equation (2.2). 


Proposition 2.1. Suppose that the assumptions for the principal operator A stated above 
are satisfied. Then the following properties hold: 

1) For Xq G V and k G L‘^{0,T] H), T > 0, there exists a unique solution x of (2.2) 
belonging to 

l2(0, T; D{A)) n IT^’2(0, T; H) C C([0, T]; V) 

and satisfying 

lkllL2(o,T;D(A))nlVl.2(o,r;JT) < f^ldkoH + \\k\\L2{0,T-,H)): (2-3) 

where Ci is a constant depending on T. 

2) Let Xq G H and k G L‘^{0,T;V*), T > 0. Then, there exists a unique solution x of 
(2.2) belonging to 

L2(0,T;R)nIF^’2(0,r;R*) C C{[{),T]-H) 

and satisfying 

lkllL2(o,r;V)nivi.2(o,T;V'*) < Clida^ol + \\k\\L^{Q,T-y*))7 (2-4) 

where Ci is a constant depending on T. 
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By virtue of Proposition 2.1, we have the following lemma. 


Lemma 2.1. Suppose that k G L‘^{0,T; H) and x{t) = Jq S(t — s)k(s)ds for 0 < t < T. 
Then there exists a constant C 2 such that 


\\x\\l^{0,T-,H) < C'2P||^||L2(o,r;iT)) (2-5) 

and 

\\A\l'^{0,T-,V) < C'2\/r||/c||i2(o^r;JT)- (2-6) 

Consider the following initial value problem for the abstract semilinear parabolic equa¬ 
tion 

= Ax{t) +jl^k{t-s)g{s,x{s),u{s))ds + Bu{t), 

|x(0) =Xq. 

Let t/ be a Hilbert space and the controller operator H be a bounded linear operator 
from U to H. 

Let g : M"*“ x V x U ^ H he a nonlinear mapping satisfying the following: 

Assumption (F). 

(i) For any x G V, u G U the mapping g{-, x, u) is strongly measurable; 

(ii) There exist positive constants Lq,Li,L 2 such that 


(a) u I— )■ g{t, X, u) is an odd mapping {g{-,x, —u) = —g{-,x, u)); 

(b) for all t G x,x G V, and u,u G U, 

\g{t,x,u) - g{t,x,u)\ < Li||a;-x|| +L 2 \\u-u\\u, 
\g{t,0,0)\ < Lq. 


For x G L‘^{0,T;V), we set 

f{t,x,u) 

where k belongs to L‘^{0,T). 


k{t - s)g{ 


s, x(s),u(s))ds 


Lemma 2.2. Let Assumption (F) he satisfied. Assume that x G L^(0, T; V) for any T > 0. 
Then f{-,x,u) G Lf{h,T;H) and 

+ 11^11 L2(0,r)V^(Li 11 x| 12,2(0,T;y) + -^"2||Tt||L2(o,r;t/))- (2-8) 

Moreover if x., xG L‘^{0,T]V), then 

\\f{-,X,u) - /(•,X,ii)||L2(0,T;//) 

^ ll^llL2(o,r)V^(Li||x — ai||L2(o,T;y) + — 'l^llL2(o,r;C/))- (2-9) 
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The proof is easily from Assumption (F), and using the Holder inequality. 

By virtue of Theorem 2.1 of [8], we have the following result on (2.7). 

Proposition 2.2. Let Assumption (F) he satisfied. Then there exists a unique solution x 
of (2.7) sueh that 

X G L2(0,T;H)nlT^’2(0,r;H*) C C{[0,T];H) 
for any xq G H. Moreover, there exists a constant C 3 sueh that 

lkllL2(o,r;y)nivT2(o,T;V'*) < C^sda^ol + \ W\\l^{o,t-,u))- (2-10) 

Corollary 2.1. Assume that the embedding D{A) d V is eompletely continuous. Let 
Assumption (F) he satisfied, and Xu be the solution of equation (2.7) assoeiated with u G 
L^(0,T;t/). Then the mapping u Xu is completely continuous from L?‘{fi,T;U) to 
L2(0,T;H). 

Proof. If u is bounded in L^(0, T; U), then so is Xu in L'^{0,T; D{A)) n W^’‘^{0,T; H) by 
(2.8). Since D{A) is compactly embedded in V by assumption, the embedding 

l2(0, T; D{A)) n VF^’2(0, T; H) C L‘^{0, T; V) 

is completely continuous in view of Theorem 2 of [1], the mapping u 1 —)• is completely 
continuous from L^(0,T;17) to L^(0, T;H). □ 

3 Approximate controllability 

Throughout this section, we assume that D{A) is compactly embedded in V. Let x{T ; f, u) 
be a state value of the system (2.7) at time T corresponding to the nonlinear term / and 
the control u. We define the reachable sets for the system (2.7) as follows: 

RT{f) = {x{T-f,u)-.uGL\Q,T-U)], 

Rt{0) = {x{T;0,u) : u G L^(0, T; 7/)}. 

Definition 3.1. The system (2.7) is said to be approximately eontrollable in the time 
interval [0, T] if for every desired final state xi G H and e > 0 there exists a eontrol function 
u G L‘^{0,T; U) such that the solution x{T; f, u) of (2.7) satisfies \x{T; f,u) — xi\ < e, that 
is, if Rrif) = H where Rxif) is the closure of Rxif) in H, then the system (2.9) is called 
approximately eontrollable at time T. 

Let us introduce the theory of the degree for completely continuous perturbations of 
the identity operator, which is the infinite dimensional version of Borsuk’s theorem. Let 
0 G D be a bounded open set in a Banach space X, D its closure and dD its boundary. 
The number d[I — T]D,0] is the degree of the mapping I — T with respect to the set D 
and the point 0 (see Fucik et al. [7] or Lloid [11]). 
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Theorem 3.1. (Borsuk’s theorem) Let D be a bounded open symmetric set in a Banach 
space X, 0 £ D. Suppose that T : D ^ X be odd completely continuous operator satisfying 
T{x) 7 ^ X for X £ dD. Then d\I — T; D, 0] is odd integer. That is, there exists at least one 
point xq £ D such that (/ — T){xo) = 0. 

Definition 3.2. Let T be a mapping defined by on a Banach space X with value in a real 
Banach space Y. The mapping T is said to be a {K, L,a)-homeomorphism of X onto Y 

if 

(i) T is a homeomorphism of X onto Y; 

(a) there exist real numbers K > 0, L > 0, and a > 0 such that 

L||x||^<||r(x)||y <K||x||^, VxGX. 


Lemma 3.1. Let T be an odd {K, L, a)-homeomorphism of X onto Y and F : X ^ Y a 
continuous operator satisfying 


lim sup 





N £ M+. 


Then if \X\ ^ U {0} then 

lim ||AT(x)-F(x)||y = oo. 

||x||x-s>oo 

Proof. Suppose that there exist a constant M > 0 and a sequence {xn} C X such that 


||AT(x„)-F(x„)||y <M 
as Xn —?• oo. From (3.1) it follows that 

XT{Xn) F{xn) 


(3.1) 


0 . 


'"nWx 


'"nWx 


Hence, we have 


V |A|||r(x„)||y ,, 

lim sup-n-TTT^- = 


I'nl lx 


and so, |A|i^ > X > \X\L. It is a contradiction with |A| ^ 


iiT’ lJ- 


□ 


Proposition 3.1. Let T be an odd {K, L, a)-homeomorphism of X onto Y and F : X ^ Y 
an odd completely continuous operator. Suppose that for A / 0, 


lim ||AT(x)-F(x)||y = oo. 

|x||x^>oo 


(3.2) 


Then XT — F maps X onto Y. 
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Proof. We follow the proof Theorem 1.1 in Chapter II of Fucik et al. [7]. Suppose that 
there exists y £ Y such that \T{x) = y. Then from (3.2) it follows that FT~^ : Y ^ Y 
is an odd completely continuous operator and 

lim ||y-Fr-i(^)||y = oo. 

||y||y^>00 A 

Let yo gY. There exists r > 0 such that 

\\y-FT-\^)\\Y>\\yo\\Y>0 

for each y £ Y satisfying ||y||Y = r. Let Yr = {y £ Y : ||?/||y < r} be a open ball. Then 
by view of Theorem 3.1, we have d[y — FT~^{j);Yr, 0] is an odd number. For each y £Y 
satisfying ||y||Y = r and t £ [0,1], there is 

\\y-FT-\^)-tyo\\Y>\\y-FT-\^)\\Y-\\yo\\Y>0 

and hence, by the homotopic property of degree, we have 

d[y-FT-\j^y,Yr,yo] = d[y-FT-Hl);Yr,0]^0. 

Hence, by the existence theory of the Leray-Schauder degree, there exists a yi £ Yr such 
that 

yi-FT-\^)=yo. 

We can choose xq £ X satisfying AT(xo) = yi, and so, AT(xo) — F{xo) = yo- Thus, it 
implies that AT — T is a mapping of X onto Y. □ 

Combining Lemma 3.1. and Proposition 3,1, we have the following results. 

Corollary 3.1. Let T be an odd {K, L,a)-homeomorphism of X onto Y and F : X ^ Y 
an odd completely continuous operator satisfying 

limsup =N £R+. 

Ilxllx-s-oo IpIIx 

Then if \X\ ^ [^, ^] U {0} then XT — F maps X onto Y. Therefore, if N = 0, then for all 
A / 0 the operator XT — F maps X onto Y. 

First we consider the approximate controllability of the system (2.7) in case where the 
controller B is the identity operator on H under Assumption (F) on the nonlinear operator 
/ in Section 2. Hence, noting that Ff = U, we consider the linear system given by 

=Ay{t) + u{t), 

\y(0) =xo, 
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and the following semilinear control system 

I x{t),v{t)) + v{t), 

[x(0) = XQ. 


(3.4) 


Theorem 3.2. Assume that 

ll/(•)®«)^)llL2(o,T;iy) 
limsup-j-j—j-j- < 1. 

||u|Koo I F||l 2(0,T;iy) 


Under the Assumption (F) we have 


(3.5) 


Rt{0) C i?r(/). 

Therefore, if the linear system (3.3) with f = 0 is approximately controllable, then so is 
the semilinear system (3.4). 

Proof. Let x{t) be solution of (3.4) corresponding to a control u. First, we show that there 
exist a V & L‘^{0,T; H) such that 

r^;(t) = u{t) - f{t,x{t),v{t)), 0<t<T, 

l^u(O) =tt(0). 

Let us define an operator F ; L^(0, T; H) —L^(0, T; H) as 

Fv = -f{-,Xy,v). 

Then by Corollary 2.1, F is a compact mapping from to itself, and we have 

lim ||A/(u)-F(u)||i2(o,r;H) = oo, 

||d|Koo 

where the identity operator I on L‘^{0,T; H) is an odd (1,1, l)-homeomorphism. Thus, 
from (3.5) and Corollary 3.1, if A > 1 then XI — F maps L^{0,T] H) onto itself. Hence, 
we have showed that there exists a u G L‘^{0,T; H) such that v{t) = u{t) — f{t,y{t),v{t)). 
Let y and x be solutions of (3.3) and (3.4) corresponding to controls u and v, respectively. 
Then, equation (3.4) is rewritten as 

^x(t) = Ax{t) + /(t, x{t),v{t)) + v{t), 0 < t <T 

= Ax{t) + f{t, x{t),v{t)) + u{f) - f{t, y{t),v{t)) 

= Ax{t) + u{t) 

8 


899 


Yong Han Kang et al 892-902 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


with x(0) = xq, which means 

x{t) =S{t)xo+ [ S{t - s){f{s,x{s),v{s)) + v{s)}ds 
Jo 

=S{t)xo+ / S{t — s)u{s)ds = y{t), 

Jo 

where v be solution of (3.3) corresponding to a control u. Therefore, we have proved that 
RriO) c RTif). □ 

Corollary 3.2. Let us assume that 

\\k\\L^{0,T)'^{LlC3 + L 2 ) < 1, 

where C 3 is the constant in Proposition 2.2. Under the Assumption (F), we have 

Rt{0) C Rrif) 

in case where B = I. 

Proof. By Lemma 2.2 and Proposition 2.2, we have 
l|-^^llL2(o,r;iT) = \\fi'}Xu,u)\\L‘2(0,T;H) 

< Lo\\k\\L2{o,T)T/^ + ll^llL2(o,T)V^(Li||a;||L2(o,r;y) + L2\\u\\l2(o^t;U)) 

< J^o\\k\\L2(0,T)T /+ II^IIl2(0,T)V^{LiC'3(|xo| + \\u\\l2(0,T-,U)) + -^2||'w||L2(0,T;f/)}- 

Hence, we have 


,. l|-^(“)llL2(o,r;iT) 

hm sup —j-j—j-j- 

||n|Koo IfIIl2(o,T;L/) 


^ ll^llL2(o,r)V^(LiC'3 + L 2 ) . 


Thus, from Theorem 3.2, it follows that if A > 1 then XI — F maps L^(0, T ; H) onto itself, 
and so, by the same argument as in the proof of theorem it holds that Rt{0) C Rxif). □ 


From now on, we consider the initial value problem for the semilinear parabolic equa¬ 
tion (2.7). Let U be some Hilbert space and the controller operator H be a bounded linear 
operator from U to H. 

Assumption (B) There exists a constant fJ > 0 such that R(/) C R(H) and 

\\Bu\\>P\\u\\, Vu G L2(0,T;t/). 

Consider the linear system given by 

f| 2 /(t) = Ay{t) + Bu{t), 

l 2 /( 0 ) =xo. 
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Theorem 3.3. Under the Assumptions (3.5), (B) and (F), we have 

Rt{0) C RTif). 

Therefore, if the linear system (3.6) with / = 0 is approximately controllable, then so is 
the semilinear system (2.7). 

Proof. Let y be a solution of the linear system (3.6) with / = 0 corresponding to a control 
u, and let x be a solutions of the semilinear system (3.4) corresponding to a control v. Set 
v{t) = u{t) — B~^f{t,x{t),v{t)). Then, system (2.9) is rewritten as 

—x(t) = Ax{t) + f(t, x{t),v{t)) + Bv{t), 0 < t <T 

= Ax{t) + f{t, x{t),v{t)) + Bu{t) - f{t, x{t),v{t)) 

with x(0) = xq. Hence, we have 

x{t) =S{t)xo+ f S{t - s){f{s,x{s),v{s)) + v{s))}ds 
Jo 

=S{t)xo+ j S{t — s)u{s))ds = y{t). 

Jo 

Thus, we obtain that i?r(0) C RTif). □ 
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Abstract 

The objective of this paper is to determine a modified SP-iteration pro¬ 
cess for multi-valued mappings and to establish the convergence theorems for 
sequences generated by modified SP-iteration processes involving multi-valued 
Suzuki mappings converging to endpoints in uniformly convex hyperbolic spaces. 
The numerical example for supporting our main result is also presented. 

Keywords: modified SP-iteration; A-convergence theorem; strong conver¬ 
gence theorem; endpoint; hyperbolic space. 

MSC: Primary 47H10; Seconday 54H25. 


1 Introduction 

The distance from m in a metric space {X, d) to a nonempty subset if of V is 
defined by 

dist(u, if) := inf{(i(M, u) : v G if}. 

It is denoted by K{E) the family of nonempty compact subsets of E. The 
Hausdorff distance on K{E) is defined by 

E[{U,V) := max{sup dist(M, U), sup dist(u, [/)} for all [/, U € K{E). 

lief/ v£V 

* Corresponding author. 
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For an element x in E, ii x £ T(x), then x is said to be a fixed point of T. 
Moreover, if {a;} = T(x), then x is said to be an endpoint of T. It denote by 
Fix{T) the set of all fixed points of T and by End{T) the set of all endpoints 
of T. We can see that for every a multi-valued mapping T, End{T) C Fix{T) 
and whenever t is a single-valued mapping, End(T) = Fix(T). 

The notion of endpoints for multi-valued mappings is significant notion which 
put between the notion of fixed points for single-valued mappings and the notion 
of fixed points for multi-valued mappings. 

Aubin and Siegel [3] were first studied the existence of endpoints for special 
kind of contractive mappings on complete metric spaces. The endpoint results 
for several types of contractive mappings have been quickly developed and many 
of papers have showed (see, e.g.,[9],[18],[20],[21]). 

On the other hand, Panyanak [15] presented the existence of endpoints for 
multi-valued nonexpansive mappings in uniformly convex Banach spaces. Next, 
Kudtha and Panyanak [13] proved the existence of endpoints for Suzuki map¬ 
pings in uniformly convex hyperbolic spaces. 

Recently, Panyanak [16] established the convergence theorems to an end¬ 
point for modified Ishikawa iteration of multi-vaued nonexpansive mappings in 
uniformly convex Banach spaces. 

Motivated and inspired by above mention, we prove the convergence results 
to an endpoint for modified SP-iteration of multi-valued Suzuki mappings in 
uniformly convex hyperbolic spaces. The numerical example for supporting our 
main result is also presented. 

2 Preliminaries 

For this paper, we work in the setting of a hyperbolic space which is defined by 
Kohlenbach [12]. 

Definition 2.1 A hyperbolic space [12] is a metric space {X,d) together 
with a mapping W : x [0,1] —>■ A satisfying the following statements: 

(Wl) d(u, W{x, y, a)) < (1 — a)d{u, x) + ad{u, y); 

(W2) d{W{x,y,a),W{x,y,l3)) = \a - P\d(x,y); 

(W3) W{x,y,a) = Wiy,x,{l-a)y, 

(W4) d{W{x, z,a),W{y, w,a)) < (1 — a)d{x, y) + ad{z, w), 

for all x,y,u, z,w € A and a, j3 G [0,1]. 

If x,y G X and a € [0,1], then we use the notion {l — a)x(Bay for W{x, y, a). 
A hyperbolic space (A, d,W) is said to be uniformly convex [14] if for any r > 0 
and e G (0,2] there exists a d G (0,1] such that for all u,x,y G A, we have 

d{W(x,y, ^),u) < (1 - S)r, 

provided d(x, u) < r, d{y, u) <r and d{x, y) > sr. 

A mapping y : (0, oo) x (0, 2] —>• (0,1] which provides such S = r]{r, e) for 
given r > 0 and e G (0, 2] is well known as a modulus of uniformly convexity of 
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X. We call rj monotone if it decreases with r (for a fixed e), i.e., for any given 
e > 0 and for any r 2 > ri > 0, we have r]{r 2 ,e) < r]{ri,e). 

A nonempty subset if of a hyperbolic space X is convex if W (x, y,a) € E 
for any x,y G E and a G [0,1]. 

Obviously, uniformly convex Banach spaces are uniformly convex hyperbolic 
spaces, CAT(O) spaces are also uniformly convex hyperbolic spaces, [14]. 

Definition 2.2 [7] A multi-valued mapping T : if —>■ CB{E) is called to be a 
Suzuki mapping if 

idist(x,T(a;)) < d{x,y) implies H{T{x),T{y)) < d{x,y) (1) 

for all x,y G X. 

Definition 2.3 [1] A multi-valued mapping T : E ^ CB{E) is said to satisfy 
condition {E^^) provided that 

dist(a;, T{y)) < /xdist(x, T{x)) + d{x, y), for all x,y G E. 

We say that T satisfies condition (if) whenever T satisfies condition (if^) for 
some /X > 1. 

Lemma 2.4 [6] If E is a nonempty closed convex subset of X and T : E ^ 
CB{E) is a multi-valued Suzuki mapping, then T satisfies the condition (ifs). 

We need the following definition of convergence in hyperbolic spaces [5] which 
is called A-convergence. 

Let {xn} be a bounded sequence in a hyperbolic space X. Define a function 
{^n}) ■ X -G [0,oo) by 

r{x,{x„}) = limsup(i(a;,a;„), for all x G X. 

The asymptotic radius of a bounded sequence {x„} with respect to a nonempty 
subset iL of A is defined and denoted by 

rK{{x„}) = inf{r(x, {xn}) : x G K}. 

The asymptotic center of a bounded sequence {xn} with respect to a nonempty 
subset iL of A is defined and denoted by 

ACK{{xn}) = {xG X : r{x, {x„}) < r{y, {a;„}), for all y G K}. 

Recall that a sequence {a;„} in A is said to A-converge to a; G A if a; is the 
unique asymptotic center of {un} for every subsequence {m„} of {x„}. In this 
case, we write A-lim„_>oo Xn = x and call x the A-lim of {a;„}. 

The sequence {Xn} is called to be regular relative to E if r{E, {xn}) = 
r{E, {x„j }) for every subsequence {xn^} of {xn}- It is known that every bounded 
sequence in a Banach space has a regular subsequence (see [8]). The proof is 
metric in nature and carries over to the present setting without change. 
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Lemma 2.5 [4-] Let {X, d, W) he a complete uniformly convex hyperbolic space 
with a monotone modulus of uniform convexity rj and E is a closed convex subset 
of X if {xn} is a bounded sequence in E, then the asymptotic center o/{x„} is 
in E. 

Lemma 2.6 [10] Let {X, d, W) be a complete uniformly convex hyperbolic space 
with a monotone modulus of uniform convexity rj. Let x G X and {a„} be a 
sequence in [a, b] for some a,b G (0,1). //{x„} and {y-n} are sequences in X such 
i/ioi limsup„^oo d{x„,x) < c, limsup„^oc x) < c, lim„^oo d(W{xn,yn, 0 !n),x) = 
c for some c > 0, then 

lim d{xn,yn) = 0. 

n—>-oo 

Lemma 2.7 [11] Every bounded sequence in a complete CAT(0)(and hence 
hyperbolic) space has a A-convergent subsequence. 

Lemma 2.8 [7] Lf {x„} is a bounded sequence in complete uniformly convex 
hyperbolic space (X,d,W) with A{{xn}) = {p}, {un} is a subsequence of {xn} 
with A{{un}) = {m} and the sequence {d{xn,u)'\ converges, then p = u. 

Definition 2.9 [8] Let be a nonempty subset of a metric space {X,d) and 
x G X. The radius of E relative to x is defined by 

rx{E) ■■= snp{d{x,y) :y G E}. 

The diameter of E is defined by 

diam(if) := swp{d{x,y) : x,y G E}. 

Definition 2.10 [2] Let T : E ^ CB{E) be a multi-valued mapping. A 
sequence {x„} in E is called an approximate fixed point sequence (resp. an 
approximate endpoint sequence) for T if lim„_>oo dist(x„, r(x„)) = 0 (resp. 
lim„_>oo (r(x„)) = 0). A mapping T is said to have the approximate fixed 
point property (resp. the approximate endpoint property) if it has an approxi¬ 
mate fixed point sequence (resp. an approximate endpoint sequence) in E. 

Lemma 2.11 [15] Let E be a nonempty subset of X, {x„} be a sequence in E 
and T : E ^ K{E) be a multi-valued mapping. Then rx„{T{xn)) -G 0 if and 
only if dist{xn,T{xn)) —>■ 0 and diamlT(xn)) —>■ 0. 

Lemma 2.12 [13] Let E be a nonempty bounded closed convex subset of a com¬ 
plete uniformly convex hyperbolic space X with monotone modulus of uniform 
convexity and T : E ^ K{E) be a multi-valued Suzuki mapping. Then T has 
an endpoint if and only if T has the approximate endpoint property. 

Next, we also need the following definitions that will be used in the next 
section. 

A sequence {x„} in E is said to be Fejer monotone with respect to E if 
d(xn+i,q) < d(xn, q) for all g G if and n G N. 
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Definition 2.13 [13] Let E he a. nonempty subset of a hyperbolic space X. 
A mapping T : E ^ K{E) is said to satisfy condition (J) if there exists a 
nondecreasing function h : [0,oo) —>■ [0,oo) with h{0) = 0, h{r) > 0 for r G 
(0, oo) such that 


rx{T{x)) > /i(dist(a:, ifnfi(r))) for all x € E. 

The mapping T is called semicompact if for any sequence {xn} in E such that 

lim r^^{T{xn)) = 0, 

n—^oo 

there exists a subsequence {xn^} of {a;„} and q € E such that lim„_>,oo Xnj = <?• 

3 Main results 

For this part, we start by introducing the notion of the modified SP-iteration 
process for multi-valued mappings. Notice that it is an improvement of the 
one so called the SP-iteration process given in Phuengrattana and Suantai [17]. 
They [17] also showed that SP-iteration process is a generalized version and the 
sequence generated by the SP-iteration process converges faster than Ishikawa 
for the class of nondecreasing and continuous functions. 

Let A be a hyperbolic space and if be a nonempty convex subset of X, 
{an}, {Pn}, {in} be sequences in [0,1] and T : E ^ K{E) be a multi-valued 
mapping. The sequence generated by the modified SP-iteration is defined by 
Zi G E, 


{ yn = W{Un,Zn,ln) 

Wn = W{Vn,yn,Pn) ( 2 ) 

Zn+1 — kF {Xn, rCn, O^n) , 

where G T{zn) such that d(zn,Un) = r 2 ^(T(z„)), G T{yn) such that 
d{vn,yn) = ry^{Tiyn)) and Xn G T{wn) such that d{x„,w„) = r„„(r(w„)). 

We need the following important Lemmas that will be used in the sequel. 

Lemma 3.1 Let E he a nonempty hounded closed convex subset of a complete 
uniformly convex hyperholic space X with monotone modulus of uniform convex¬ 
ity and T : E ^ K{E) he a multi-valued Suzuki mapping. //{z„} is a sequence 
in E, then the following holds: 

Zn z, dist{zn,T(zn)) —>■ 0 and diam{T{zn)) —>■ 0 imply z G End{T). 

Proof. From Lemma 2.5, we obtain that z G E. For each n G N, we can choose 
Wn G T{zn) such that d{zn, Wn) = dist( 2 :„, T{zn)). By passing throught a subse¬ 
quence, we may assume that {z„} is regular relative to E. Let A{E, {z„}) = {z} 
and r = r{E, {Zn})- By similar way in the proof of Lemma 2.12, we obtain that 
0 G End{T). ■ 
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Lemma 3.2 Let E he a nonempty closed convex subset of a complete uniformly 
convex hyperbolic space X with monotone modulus of uniform convexity and 
T : E ^ K{E) be a multi-valued Suzuki mapping with End{T) ^ 0. Let 
{zn} be a sequence generated by the modified SP-iteration process (2). Then 
lim„_>oo d{zn,q) exists for each q € End{T). 


Proof. Let T be a multi-valued Suzuki mapping and q G End{T). Therefore, 

idist((?, T{q)) = 0 < d{q, j/„), (3) 

idist(g, T{q)) = 0 < d{q, w„), (4) 

and 

^dist(q,T(q)) = 0 < d(q,Zn), (5) 

for all n G N. This implies that 

H(T(q),T(y„)) < d(q,y„), (6) 

E(T(q),T(wn)) < d(q,Wn), (7) 

and 

H(T(q),T(Zr,))<d(q,Zn). (8) 

Using (2) and (8), we obtain that 

d(yn,q) = d(W(un,Zn,7„),q) 

< (l-7n)d(un,q)-h'ynd(zn,q') 

= (l-7n)dist(u„,T(q))-hjnd(z„,q') 

< (1 - 7n)E(T(zn),T(q))-hj„d(zn,q) 

< (ii-- 7n)d(z„,q)-l-Jnd(Zn,q) 

< d(zn,q). (9) 

Next, using (2), (6) and (9) 


= 

d(W(Vn,yn,/^ 

'n)) Q) 

< 

(1- 

/3n)d(Vn, 

q) + Pnd{yn,q) 

= 

(1- 

/3„)dist(i 

'Jn,T{q)) -P/3„d(y„,g) 

< 

(1- 

Pn)H{T{yn),T{q)) + Pnd{yn,q) 

< 

(1- 

ldn)d{yn, 

q) + /3ndiyn,q) 

< 

d(yn 

,q) < d{z 

'njq)- 


( 10 ) 
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Again, using (2), (7) and (10) 


d{Zn+l^<l) = 

< 

< 

< 

< 

< 


d{W{Xn,Wn,an),q) 

(1 - an)d{x„, q) + and(wn, q) 

(1 - Q;„)dist(a;„, T{q)) + q) 

(1 - an)H{T{wn),T{q)) + and{wn,q) 
(1 - an)d{wn, q) + and{wn, q) 
d{w„,q) 
d(Zn,q). 


( 11 ) 


This shows that sequence {d{zn,q)} is decreasing and bounded below. Thus 
lim„_>oo d{zn,q) exists for each q G End{T). 


Next, we prove A-convergence theorem for a multi-valued mapping in hy¬ 
perbolic spaces. 

Theorem 3.3 Let E be a nonempty closed convex subset of a complete uni¬ 
formly convex hyperbolic space X with monotone modulus of uniform convexity 
and T : E ^ K{E) be a multi-valued Suzuki mapping with End{T) ^ 0. Let 
{zn} be a sequence generated by the modified SP-iteration process (2). Then 
{z„} A-converges to an endpoint ofT. 

Proof. First we will prove that rz„{T{Zn)) —>■ 0. Let q G End{T). Since T is a 
multi-valued Suzuki mapping and 

^dist{q,T{q)) = 0 < d(g,2„) 


for all n G N, then 

H{T{q),T{zn)) < d{q,z„). 

From Lemma 3.2, we know that for each q G End(T), lim„_,.oo d{zn,q) exists. 
Let lim„_>oo d{zn, q) = t > 0. If t = 0, then 


d{Zn, Uji) 


< d{zn,q) + d{q,Un) 

= d{zn,q)-^d\st{T{q),Un) 

< d{zn,q) + H{T{q),T{zn)) 

< d{zn,q)d{zn,q). 


Taking n —>■ oo on above inequality, we have 


lim rz^{T{zn)) = lim d{zn,Un) = 0. 

n—^oo n—¥(X) 
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If i > 0, then 


= 

d(lT(u„,z„,7„) 

,q) 

< 

(1- 

ln)d{Un,q) 

+ Jnd{Zn,q) 

= 

(1- 

7 „)dist(w„, 

Tiq)) +7„(i(z„,g) 

< 

(1- 

7„)i7(r(z„ 

),Tiq)) +jnd{Zn,q) 

< 

(1- 

ln)d{Zn,q) 

+ lnd{Zn,q) 

< 

d{Zn 

,q)- 



Letting limsup as n —>■ oo on the both sides of above inequality, we have 

limsupci(y„, g) < limsup g) < t. (12) 

n—^oo n—^oo 

From (11), we have d(zn+i,q) < d{wn,q)- 
Then we obtain that 

t< liminf (i( 2 ;„_|_i, g) < liminf (i(w„, g). (13) 

n—^oo n—^oo 

From the proof in (10), we have d{wn,q) < d{yn,q)- 
Taking liminf as n —>■ oo on above inequality and using (13), 

t < liminf ci(y„,g). (14) 

n—>-oo 

Combine (12) and (14), we obtain that 

lim d{W{un,Zn,jn),q) = lim d(j/„,g) = t. (15) 

n—>-oo n—^oo 

Since 


d{un,q) = dist{un,T{q)) 

< H{T{Zn),T{q)) < d{zn,q), 


this implies that 


limsup(i(M„, g) < t. 

n—^oo 


By (15), (16), lim„_>oo d{zn, q) = t together with Lemma 2.6, we have 

lim d{Un,Zn} = 0. 


From the condition of the modified SP-iteration, so 

lim r 2 „(T(z„)) = lim d(un,Zn) = 0. 

n—^oo n—¥(X) 


(16) 


(17) 


(18) 


Hence by the both cases we can conclude that rz^{T{zn)) —>■ 0. It follows from 
Lemma 2.11, we have dist(z„, r(z„)) —>• 0 and diam(T(z„)) —>■ 0. 
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To show that {zn} A-converges to an endpoint of T. Now we prove that 
Wai{zn) ■= U{s„}c{z„}^C'(^') {sn}) C End{T) and W^{zn) consists of exactly 
one point. Let s £ Wa,(zn)- Therefore there exists a subsequence {s„} of 
{zn} such that AC{E,{sn}) = {s}- From Lemma 2.5 and Lemma 2.7, there 
exists a subsequence {t„} of {s„} such that A-lim„_>oo tn = t £ E. Since 
dist(t„, r(t„)) —>■ 0 and diam(r(t„)) —>■ 0 and it follows from Lemma 3.1, we 
have t £ End{T) and lim„_>oo d{zm t) exists by Lemma 3.2. Thus by Lemma 2.8 
we have s = t £ End{T). This shows that Wuj{zn) C End{T). Next, we prove 
that W^{zn) consists of exactly one point. Let {s„} be a subsequence of {zn} 
such that AC{E,{sn}) = {s} and AC(E,{z„}) = {z}. Since s G W^{zn) C 
End{T) and from Lemma 3.2, we know that {(i( 2 :„,s)} exists. By Lemma 2.8, 
z = s. Therefore the proof is completed. 

■ 

Next, we present the following key lemma for proving the strong convergence 
theorem. 

Lemma 3.4 Let E he a nonempty closed subset of a complete hyperbolic space 
X and {w„} he a Fejer monotone sequence with respect to E. Then {iCn} 
converges strongly to an element of E if and only z/lim„_>oo dist{wn, E) = 0. 

Proof. Assume that {w„} converges strongly to q £ E. Thus lim„_,.oo d{wn, q) = 
0. Because 0 < dist(w„,i?) < d{wn,q), therefore lim„_>oo dist('u;„, A) = 0. 
Conversely, suppose that lim„_>oo dist(w„, A) = 0. Since {w„} is a Fejer mono¬ 
tone sequence with respect to E, we have 

d{wn+i,q) < d{wn,q) for all q £ E. 

Thus iidq^Ed{wn+i, q) < infq^Ed{wn, q), which means that 
dist(w„+i, A) < dist{wn, E). Therefore lim„_,.oo dist(w„, A) exists. By hypoth¬ 
esis, we obtain that lim„_>oo dist('u;„, A) = 0. Next, we show that {iCn} is a 
Cauchy sequence in E. Let r > 0. Since lim„_>oo dist(r(;„, if) = 0, there exists 
no G N such that 

T 

dist(r(;„, if) < - for all n > ng. 

Inparticular, inf{(i(rt;„o,g) : q G if} < |. 

Therefore there exists qo £ E such that d{wno,qo) < §• For any n,m> no, we 
have 

d(,Wn-\-m^^n) A d{Wyi-\-mi qcf) E d(^qo,Wyi) 

< d{wno,qo) + d{qo,Wno) 
r r 

< —I— = r. 

“22 

This means that a sequence {wn} is a Cauchy sequence in E. Since if is a 
closed subset of a complete hyperbolic space X, we have E is also complete. 
Then {w„} must be convergent to a point in if. ■ 


9 


911 


Chuadchawna et al 903-916 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Theorem 3.5 Let E be a nonempty closed convex subset of a complete uni¬ 
formly convex hyperbolic space X with monotone modulus of uniform convexity 
and T : E ^ K{E) be a multi-valued Suzuki mapping with End(T) ^ 0. Let 
{zn} be a sequence generated by the modified SP-iteration process (2). Lf T 
satisfies condition (J), then {zn} converges strongly to an endpoint ofT. 

Proof. First, we will show that End{T) is closed. Let {zn} C End{T) such 
that Zn ^ z £ E. We will prove that 2 : G End(T). Since T is a multi-valued 
Suzuki mapping, therefore T satisfies condition {E 3 ). Then 

dist( 2 :„, Tz) < 3dist(2;„, T{zn)) -P d{zn, z) —>■ 0 as n —>■ 00 . 

This implies that z € T(z). Next, we show that {z} = T{z). Take any point 
w G T(z). Since T is a multi-valued Suzuki mapping, 

^dist(z„,T(z„)) = 0 < d{zn,z) implies that H{T{zn),T{z)) < d{zn,z). 

Since Zn G End{T), we have 

d{w,z) < d{w,Zn) -\- d{zn,z) 

= dist{w,T(zn))-\-d{zn,z) 

< H{T{z),T{zn))-\-d{zn,z) 

< d(zn, z) -P d(zn, z) —>■ 0 as n —>■ 00 . 

Hence w = z. Because w G T{z) is arbitrary, then T{z) = {z}, so z £ 
End{T). Thus End{T) is closed. Next, as in the proof of Theorem 3.3, we 
have rz^{T{zn)) -£ 0 and it follows from T satisfies condition (J), 

h{d\st{zn,End{T))) < r 2 „(T(z„)) 0. 

This implies that lim„_>oo h{d\si{zn, End{T))) = 0. Since h : [0, 00 ) —>■ [0, 00 ) is 
nondecreasing with h{0) = 0, h{r) > 0 for r G (0,oo), we obtain that 
lim„_>oo dist( 2 :„, End(T)) = 0. As in the proof of Lemma 3.2 implies that {zn} 
is Fejer monotone with respect to End(T). By applying Lemma 3.4, we obtain 
the desired result. ■ 

Theorem 3.6 Let E be a nonempty closed convex subset of a complete uni¬ 
formly convex hyperbolic space X with monotone modulus of uniform convexity 
and T : E ^ K{E) be a multi-valued Suzuki mapping with End(T) ^ 0. Let 
{zn} be a sequence generated by the modified SP-iteration process (2). Lf T is 
semicompact, then {zn} converges strongly to an endpoint ofT. 

Proof. As in the proof of Theorem 3.3, rz„(T{zn)) —>■ 0 and T is semicompact, 
we may assume a subsequence Zn^, -£ z for some z £ E. Again, as in the proof 
of Theorem 3.3, we obtain that {T{zn^)) —>■ 0. By Lemma 2.11, we also get 


10 


912 


Chuadchawna et al 903-916 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


dist(z„j,,T( 2 ;„j,)) —>■ 0 as A: —>■ oo. Since T is a multi-valued Suzuki mapping, 
therefore T satisfies condition (ifa). Because of 

dist( 2 ,T( 2 ;)) < d{z,Znk)+dist{znk,T{z)) 

< d(z,Znk) + 3dist(2:„j,,r(z„^)) -(- d{Znk,z) 0 as fc -!> oo, 

we obtain that 2 G T{z). Next, we show that {z} = T{z). 

Notice that |dist(z,r(z)) = 0 < d{zn^,z) for all fc G N. Since T is a multi¬ 
valued Suzuki mapping, we have 

H{T{zn^,T{z))) < d{Zn^,z). 

We now let u G T(z) and choose Wn^ G T{zn^) so that d(u, Wn^) = dist(t6, T{zn^)). 


For all fc G N, we obtain that 


VI 

d{z,Zn^] 

1 -I- d{Znk , Wuk ) + d{Wnk , u) 

< 

d{z,ZnJ 

1 (r(z„J) -Ldist(M,T(z„J) 

< 

d{z,ZnJ 

' + ^.„,m^nj) + i^(r(z),r(z„j) 

< 

d{z, Znf. ] 

1 {T{ZnP))+d{z,Zn^). 


Taking limit as fc —>■ oo, we get that z = u for all u G T{z) and so {z} = T{z). 
Hence z G End{T). By Lemma 3.2, lim„_>oo d(z„, q) exists for each q G End{T), 
it follows that z„ —>■ z as n —>■ oo. This completes the proof. ■ 


4 Numerical example 


In this section, we give an example shows that there exists a mapping which is a 
multi-valued Suzuki mapping but is not a nonexpansive mapping. Furthermore, 
we illustrate that a sequence generated by the modified SP-iteration process (2) 
converges to an endpoint of the multi-valued Suzuki mapping. 


Example 4.1 Let X = M with metric defined by d{x, y) = \x—y \ and E = [0, 3]. 
Define W : X'^ x [0,1] —>■ X by W{x,y,a) := ax + {1 — a)y for all x,y € X 
and a G [0,1]. Then (X, d, W) is a complete uniformly hyperbolic space with a 
monotone modulus of uniform convexity and if is a nonempty compact convex 
subset of X. Let T : E ^ K{E) defined by 


Tz = 



z 3; 
z = 3. 


By [19] showed that the mapping T is a Suzuki mapping. But T is not a 
nonexpansive mapping if we take x = 2.9 and y = 3. Moreover, End(T) = 

{0}. For initial point zq = 0.1 and an = Pn = In = , Therefore 

V3n -I- 7 

{an} , {Pn} T {in} C [0,1]. Set stop parameter to |z„ — 0] < 10“^^, where 0 is 
an endpoint of T. By using MATLAB, we compute the sequence generated by 
the modified SP-iteration process (2) converging to 0 as in Table 1 and Figure 1. 
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iterate 

the modified SP-iteration process 

zo 

0.1 


0.024068308483 

Z2 

0.006367770608 


0.001780515413 

Z4 

0.000516698713 

Z 20 

0.000000000008 

Z 2 I 

0.000000000003 

Z 22 

0.000000000000 


Table 1: Sequences generated by SP-iteration process 


10 ° -'-'-'-'- 

10-2 ■ 

10 ''* • 

10-6 - 

c 

N 

10 '® ■ 

10-10 . 

10-12 - 

10-14 -^^^^- 

0 5 10 15 20 25 

iteration 

Figure 1 Convergence of iterative sequences generated by SP-iteration 
process 
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SHARP INEQUALITIES BETWEEN TOADER AND NEUMAN 

MEANS* 

WEI-MAO QIANi, ZAI-YIN HE^, AND YU-MING 


Abstract. In the article, we prove that the double inequalities 
aiQ(a,b) + (1 - ai)NaA(a,b) < T(a,b) < /3iQ(a,b) + (1 - 0i)NoA(a,b), 

a 2 Q(a, 6) + (1 - a 2 )NQA(a, b) < T{a, b) < /32Q(a, b) + (1 - /32)NQAia, b), 

asC'ia, fe) + (1 - a3)NGA{a, b) < T(a, h) < jSsCia, b) + (I - fi 3 )NGA{a, b), 

a 4 C{a, b) + (1 — a 4 )NQAia, b) < T(a, b) < /34C(a, b) + (1 — li 4 )NQA{a, b) 

hold for all a, b > 0 with a b if and only if oi < 5/8, /3i > (16 — 7r^)/[(4\/2— 
7r)7r] = 0, 7758 • • ■, a2 < 1/4. > I - 2{V2tt - 4)/[(v% - log(l + V2))tt] = 

0.4708 ■ • •, 03 < 5/14 = 0.3571 • • •, > (16 - 7r2)/[(8 - 7r)7r] = 0.4016 ■ ■ ■, 

04 < 1/10 and 04 > 1 — 4(7r — 2)/[(4— \/2 — log(l + y^))'7r] = 0.1472 ■ ■ ■, where 
Q{a,b), C{a,b) and T{a,b) are respectively the quadratic, contra-harmonic 
and Toader means, and NGA{o-,b) and NQA{fl,b) are the Neuman means. 


1. Introduction 


Let p € R, r € (0,1) and a,b > 0 with a ^ b. Then the complete elliptic integrals IC{r) 
and £{r) [1-32] of the first and second kinds, geometric mean G{a,b), arithmetic mean 
A{a,b), quadratic mean Q{a,b), contra-harmonic mean C{a,b), second contra-harmonic 
mean C{a,b), centroidal mean C{a,b), Toader mean T{a,b) [33-36], pth power mean 
Mp{a,b) [37-43], and Schwab-Borchardt mean SB{a,b) ]44-48] of a and b are given by 

K.{r) = J (l —r^sin^t) dt, £(r) = J \Jl — sin^ 


G{a,b) = Vah, A(a,b)='^^, Q{a,b) = y . 

, , + b^ , a^ + b^ , 2(a^-(-ab-|- 

= = 3(a + b) ’ 

T{a,b) = — [ J cos^/t) -|- siv?{t)dt, 

TT Jo ^ 

{2a£ ^y/1 — {b/ay'^ /tt, a > b, 

^2b£ — {a/hy'^ /tt, a <b, 


( 1 . 1 ) 
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NGA{a,b) =: N[G{a,b),A{a,b)] = lA{a,b) , ( 1 . 2 ) 

2 I V 

NAQ{a,b)-N[A{a,b),Q{a,b)] = ^A{a,b) 1 + (1 + , 

NQA{a, b) =: N[Q{a, b), A{a, fe)] = ^A(a, b) \/l + ^ (1.3) 

where v = (a — b)/(a + b), tanh“^(a;) = log[(l + x)/(l — a;)]/2 and sinh“^(a;) = log(a; + 
Vx'^ + 1) are the inverse hyperbolic tangent and sine functions, respectively. 

It is well known that the power mean Mp{a,b) is continuous and strictly increasing 
with respect to p € R for fixed a,b > 0 with a ^ b and the inequalities 

G{a,b) = Mo{a,b) < A{a,b) = Mi{a,b) < d{a,b) (1.4) 

< Q{a, b) = M 2 (a, 6 ) < C(a, b) < C{a, b) 
hold for all a,b > 0 with a ^ b. 

Barnard, Pearce and Richards [84], and Alzer and Qiu [85] proved that the double 
inequality 

M3/2{<l,b) < T{a,b) < Miog2/log(7r/2)(tt, 5) 
holds all a,b > 0 with a ^ b. 

In [86], the authors stated that the double inequality 

aQ{a, 6) + (1 — Q;)24(a, 6) < T(a, b) < /3Q{a, b) + (1 — P)A{a, b) (1.5) 

is valid for all a,b > 0 with a yf 6 if and only if a < 1/2 and /3 > (4 — 7r)/[(\/2 — l)7r] = 

0.6596---. 

Neuman [83] presented the inequalities 

G(a, b) < NAoia, b) < NcAia, b) < A(a, b) (1.6) 

< NQA{a,b) < NAQ{a,b) < Q{a,b), 
aiA(a, fe) + (1 - Q;i)G(a, b) < NoAia, b) < l3iA(a, 6) + (1 - /3i)G(a, b), 

a2Q{a, b) + (1 — a2)A(a, b) < NAQ{a, b) < P2Q{a, b) + (1 — P2)A(a, b), 

03 ^( 0 , b) + (1 - Q; 3 )G(a, b) < NAG{a, b) < fiaA^a, b) + (1 - pz)G{a, b), 

a4Q{a,h) + (1 — a4,)A{a,b) < NQA{a,b) < P4Q{a,b) + (1 — p4)A{a,b) 
for all a,b > 0 with a / b if ai < 2/3, /3i > 7 r/ 4 , 02 < 2/3, /32 > (tt — 2)/[4(\/2 — 1)] = 

0.6890 • • •, 03 < 1/3, Pi > 1/2, 04 < 1/3, p 4 > (log(l + V2) + V2 - 2)/[2(^ - 1)[ = 

0.3568---. 
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Li, Qian and Chu [87] proved that the double inequalities 

aNAQ{a, 6) + (1 — a)A{a, b) < T{a, b) < PNAQ^a, 6) + (1 — p)A{a, b), 

Q[Xa + (1 — X)b, Afe + (1 — A)a] < T{a, b) < Q[ij.a + (1 — /i)fe, fib + {1 — fi)a] 
hold for all a,b > 0 with a ^ b A and only if a < 3/4 and (3 > 4(4 — 7r)/[7r(7r — 2)] = 
0.9753---, A < 1/2 +V2/4 = 0.8535-•• and p > 1/2 + ^16/7r2 - 1/2 = 0.8940 •• • if 
A,pe (1/2,1). 

Qian, Song, Zhang and Chu [88] proved that the two-sided inequalities 

AiC'(a, fe) + (1 — Ai)A(a, b) < T{a, b) < b) + (1 — fii)A{a, b) 

C'[A2a + (1 — X 2 )b, A26 + (1 — A2)a] < T{a, b) < C'[/i2a + (1 — M2)b, /i2b + (1 — (^ 2 ) 0 ] 
are valid for all a,b > 0 with a ^ b if and only if Ai < 1/8, /ii > d/rr — 1 = 0.2732 • • • , 
A2 < l/2 + ^/8 = 0.6767-•• and /12 > 1/2 + ^(4 - 7r)/(37r - 4)/2 = 0.6988--- if 
X2,fl2 G (1/2,1). 

In [89], Song, Qian and Chu found that the inequalities 

aiA(a, 6) + (1 - ai)d(a, b) < NQA{a, b) < l3iA{a, 6) + (1 - /3i)C(a, b), (1.7) 

A°‘^{a,b)C^-°‘^{a,h) < NQA{a,b) < A^^a,b)C^->^^a,b), 

C[a3a + (1 — 03 ) 5 , 036 + (1 — ct3)a] < NgA^a, b) < ClPsa + (1 — p3)b, fSsb + (1 — P3)a] 
take place if and only if ai > 4 — 3[\/2 + log(l + \/2)]/2 = 0.5566- --,/?!< 1/2, 02 > 
l-[log(^+log(l+^))-log2]/(21og2-log 3) = 0.5208 ---,;32 < 1/2, ^33 > l/2+^/4 = 
0.8535-- - and 03 < 1/2+ \J + log(l + V2)] - 12/4 = 0.8329- - - if a 3,/33 G (1/2,1). 

From (1.4)-(1.7) we clearly see that the inequalities 

NGA{a,b) < NQA{a,b) < ^A{a,b) + ^C(a,b) (1.8) 

< ^-4(a, b) + ^Q(a, b) < T{a, b) < Q{a, b) < C{a, b) 
hold for all a,b > 0 with a ^ b. 

Motivated by inequality (1.8), in the article we deal with the optimality of the param¬ 
eters ai, q; 2 , as, cti, /3i, P 2 , p 3 and /?4 such that the double inequalities 

aiQ(a, b) + (1 - ai)NGA{a, b) < T(a, b) < l3iQ{a, b) + (1 - Pi)NGA{a, b), 

oi 2 Q{a,b) + (1 - oi 2 )NQA{a,b) < T{a,b) < l32Q{a,b) + (1 - P 2 )NQA{a,b), 

a3C{a, b) + (1 - a3)NGA{a, b) < T{a, b) < jSsC'ia, b) + (1 - l33)NGA{a, b), 

a 4 C'(a, b) + (1 — a 4 )NQA{a, b) < T{a, b) < PiC{a, b) + (1 — P 4 ,)NQA{a, b) 

hold for all a, b > 0 with a ^ b. 


2. Lemmas 

In order to prove our main results, we need several formulas and lemmas which we 
present in this section. 

The following formulas for lC{r) and £{r) can be found in the literature [90]: 

dfC(r) _ S{r) — (1 — r^)K.{r) d£{r) _ £(r) — fC{r) 

dr r(l — r2) 'dr r ’ 

d [IC{r) - £{r)] _ r£{r) f 2vT A _ 2g(r) - (1 - r^)IC{r) 
dr 1 — r^’ kl + ry 1 + r ’ 

/C(0+)=£:(0+) = /C(l“) = oo, £:(!') = !. 
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Lemma 2.1. (See [90, Theorem 1.25]) Let —oo < a < b < oo, f,g : [a,b] —>■ R 6e 
continuous on [a,b] and differentiable on {a,b), and g'{x) ^ 0 on (a, 6). If f'(x)/g'{x) is 
increasing (decreasing) on {a,b), then so are the functions 

fix) - f{a) fix) - fjb) 

gix)-gia)' g{x)-gih)’ 

If f'ix)/g'ix) is strictly monotone, then the monotonicity in the conclusion is also strict. 

Lemma 2.2. The following statements are true: 

(1) The function r i—>■ [f (r) — (1 — r^)/C(r)] /r^ is strictly increasing from (0,1) onto 
(7r/4,1); 

(2) The function r i—>■ ICir) is strictly increasing from (0,1) onto (7r/2,oo); 

(3) The function r i—>■ [K-ir) — f (r)] /r^ is .strictly increasing from (0,1) onto (-tt/I, +oo); 

(4) The function r i—>■ ^(r) = [35(r) — 2(1 — r^)/C(r)] /x/T+T^ is strictly increasing 
from (0,1) onto (7r/2, 3\/2/2). 


Proof. Parts (l)-(3) can be found in [8, Theorem 3.21(1), (2) and Exercise 3.43(11)]. For 
part (4), it is not difficult to verify that 

0(0+) = f, 0(1+) = ^, (2.1) 


, _ £{r)-2r^£{r)-IC{r)+3r^IC{r) 

r(l + r2)3/2 


(l + r2)3/2 


£(r) — (1 — r‘^)K.{r) 


2r® \K.{r)-£{r) 


(l + r2)3/2 


It follows from (2.2) together with Lemma 2.2(1) and (3) that 

(['{r) > 0 (2.3) 

for r e (0,1). 

Therefore, part (4) follows from (2.1) and (2.3). □ 

Lemma 2.3. The function 

^ ^ 2r^ + l- [3£:(r) - 2(1 - r^)K.{r)] 

^(0 = -- 

is strictly decreasing from (0,1) onto (3 — 6\/2/7r, 3/4). 

Proof. Let </5i(?') = 2r^ + 1 — 2ffl + r'^ [3T(r) — 2(1 — r^)Al(r)] /tt, (p 2 ir) = r^. Then 
simple computations lead to 

^i(0+) = ^2(0+) = 0, (p(r) = ^, (2.4) 


VP(l-) = 3- 


r-i V j _ 2 — — 

ffffr) TV 


1 r 3£:(r) - 2(1 - r^)IC{r) 


+ V 1 + r2 


£{r) — (1 — r^)fC{r) 


+ IC{r) 


It is not difficult to verify that the function r i-A ffl + r^ is strictly increasing on (0,1). 
Then it follows from Lemma 2.2(1), (2) and (4) together with (2.6) that yTi{r)/(p 2 {r) is 
strictly decreasing on (0,1) and 

(p(0+) = lim (2.7) 

r^0+ T2i'^) 4 

Therefore, Lemma 2.3 follows from Lemma 2.1, (2.4), (2.5) and (2.7) together with the 
monotonicity of Ti{r)/ifi 2 {r). □ 
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Lemma 2.4. The function 


^{r) = 


3^2 + 1 - I [3g{r)-2{l-r^)fC{r)] 


is strictly decreasing from (0,1) onto (4 — O/tt, 9/4). 

Proof. Let 'ipiir) = 3r^ + 1 — 2 [3T(r) — 2(1 — r^)AI(r)] /tt, f) 2 {r) = r^. Then simple 
computations lead to 

V>i(r) 


M0) = M0) = 0, V>W = 


tp 2 {r)’ 


^ o _ i 
i>2ir) tt 


TT 

£{r) — (1 — r^)AI(r) 


+ /C(r 


( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 


From Lemma 2.2(1), (2) and (2.10) we know that '(pi{r)/if 2 {r) is strictly decreasing on 
(0,1) and 

tp[{r) _ 9 


V>(0+) = lim 


( 2 . 11 ) 


r-»0+ 'l/’2(’') 4’ 

Therefore, Lemma 2.4 follows from Lemma 2.1, (2.8), (2.9) and (2.11) together with 

the monotonicity of')/>i(r)/'!/)2(7’)- HI 


3. Main Results 


Theorem 3.1. The double inequality 

aiQ(a, 6) + (1 - ai)NGA{a, b) < T{a, b) < PiQ{a, 6) + (1 - Pi)NGA{a, b) 

holds for all a,b > 0 with a ^ b if and only if a\ < 5/8 and > (16 — 7r^)/[7r(4^/2 — tt)] = 

0.7758---. 


Proof. Since Q{a, b), NGAia, b) and T{a, b) are symmetric and homogenous of degree one. 
Without loss of generality, we assume that a > b. Let r = {a — b)/{a+ b) £ (0,1). Then 
from (1.1) and (1.2) one has 


T{a, b) = -A{a, b) [2£{r) - (1 - r^)K:{r)] 


NGAia,b) = ^Aia,b) 


VT^-72 + 


arcsin(r) 


It follows from (3.1) and (3.2) together with Q{a,b) — A(a, b)\/l + r2 that 

Tja, b) - NGAja, b) 

Q(a,b) - NGAia,b) 


f [2£:(r) - (1 - r^)/C(r)] - | 

x/1 - r2 + 

arcsin(r) 

r 

Vl + r2 - 1 

Vl — »'2 

1 arcsin(r) 
“r ^ 



(3.1) 

(3.2) 


= 1 - 


:= 1 - F{r 


(3.3) 


2rVl + r^ — ^r [2T(r) — (1 — r^)Al(r)] 

2r\/l + t2 — r\/l — r2 — arcsin(r) 

Let fi(r) = 2rVl + r2—4r [2T(r) — (1 — r^)Al(r)] /n and giir) = 2r\/l + r^—r\/l — r^ — 
arcsin(r). Then simple computations lead to 


/i(0+)=fli(0+) = 0, E(r) = ^, (3.4) 

fi(r) _ 2r^ + l- f ^/I+72 [3g(r) - 2(1 - r^)/C(r)] 
gi(r) ~ 2 r 2 - Vl - r^ + 1 


933 


WEI-MAO QIAN et al 929-940 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


6 


WEI-MAO QIAN\ ZAI-YIN HE^, AND YU-MING CHU^’** 


ifiir) 


(3.5) 


(2r2 - Vl - ’ 

where ^(r) is defined as in Lemma 2.3. 

It is easy to verify that the function r i-A (2r^ — \/l — + l)/r^ is positive and strictly 

increasing on (0, 1), then (3.5) and Lemma 2.3 lead to the conclusion that f\{r)/g\{r) 
is strictly decreasing on (0,1). Hence from Lemma 2.1 and (3.4) we know that F{r) is 
strictly decreasing on (0,1). Moreover, 

2r\/l + r'^ — [2£l(r) — (1 — r^)Af(r)] 3 


lim 

r—>-0+ 


lim 

r^l“ 


2r\/l + — r\/l — — arcsin(r) 8 ’ 

2rVl + [2£:(r) - (1 - r^)/C(r)] _ 4 (\/ 27 r - 4) 


(3.6) 


(3.7) 


2r\/l + — rVl — — arcsin(r) 7r(4\/2 — tt) 

Therefore, Theorem 3.1 follows from (3.3), (3.6) and (3.7) together with the mono¬ 
tonicity of F(r). □ 


Theorem 3.2. The double inequality 

a 2 Q{a,b) -I- (1 - a 2 )NQA{a,b) < T{a,b) < p 2 Q{a,b) -L (1 - p 2 )NQA{a,b) 

holds for all a,b > 0 with a ^ b if and only if a 2 < 1/4 and /32 > 1 — 2{-\/2tt — 
4)/ [(^^ - log(l -L ^))7r] = 0.4708 • • • . 

Proof. Since Q{a, b), NQA{a, b) and T{a, b) are symmetric and homogenous of degree one. 
Without loss of generality, we assume that a > b. Let r = [a — b)/(a-\-b) £ (0,1). Then 
from (1.4) we have 


NQA{a,h)^\A{a,h) [\/l + 


(3.8) 


It follows from (3.1) and (3.8) together with Q{a, b) = A{a, b)\/l -1- that 


sinh ^ (r) 1 


T{a, b) - NQA{a, 6) _ I “ (1 “ ^^)^W] - i ^1 + -p 

Q{a,b) - NQA{a,b) | j^^/l + r^ + j 

2rVl + r^ — -r [2£l(r) — (1 — r^)Al(r)l 

= 1-^^ - , :=1-G{r). (3.9) 

rvl + ?’ — smh (r) 

Let /i(r) = 2r\/l + r^—4r \2£{r) — (1 — r^)Al(r)] /tt a,ndg 2 {r) = r\/l + r^—arcsinh(r). 
Then simple computations lead to 

/i(0 


/i(0+) = ( 72 ( 0 +) = 0, G(r) = 


92 (r) 


fl(r) _2r^ + l- [3£:(r) - 2(1 - r^)Ki{r)\ 


= Tir), 


(3.10) 

(3.11) 


92ir) r‘^ 

where v?(r’) is defined as in Lemma 2.3. 

It follows from Lemma 2.3 and (3.11) that fi{r)/g 2 {r) is strictly decreasing on (0,1). 
Then Lemma 2.1 and (3.10) lead to the conclusion that G{r) is strictly decreasing on 
(0,1). Moreover, 

2r\/l + r^ — ^r [2£l(r) — (1 — r^)Al(r)] 3 

^4’ 


lim 

r—>■0+ 


rVl + — sinh ^ (r) 

2rVl + r^ - [2£{r) - (1 - r^)/C(r)] _ 2(\/2-7r - 4) 

ry/\ -P — sinh“^(r) [\/2 — log(l-P \/2)] e 

Therefore, Theorem 3.2 follows from (3.9), (3.12) and (3.13) together with the mono¬ 
tonicity of G{r). □ 


lim 

r— p1~ 


(3.12) 

(3.13) 
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Theorem 3.3. The double inequality 

azC{a, &) + (!- as)NGA{a, b) < T{a, b) < PzCia, fe) + (1 - P3)NGA{a, b), 

holds for all a,b > 0 with a ^ b if and only if < 5/14 and fis > (16 — 7r^)/[7r(8 — tt)] = 

0.4016---. 

Proof. Without loss of generality, we assume that a > b. Let r — {a — b)/{a + 6) G (0,1). 
Then it follows from (3.1), (3.2) and C(a, b) — A{a, b)(l + r^) that 

T(a, 6) - NGAia, b) _ I - (1 - r^Mr)] - ^ 


C{a,b) - NGA{a,b) 


1 + — 1 Vl — r'^ + 


arcsin(r) 


^ ., _ 2 r (1 + r^) - [ 2 g(r) - (1 - r^)JC{r)] ^ 

2 r(l + r^) — r\/l — — arcsin(r) 


(3.14) 


Let / 2 (r) = 2r(l + r^) — 4r [2T(r) — (1 — r^)Al(r)] /tt and 53 (r) = 2r(l + r^) — r\/l — r^ — 
arcsin(r). Then simple computations lead to 


/ 2 ( 0 +) = 53 ( 0 +) = 0, H{r) = 


/2(r) 

gair)’ 


fair) _ 3r2 + 1 - I [3£:(r) - 2(1 - r2)/C(r)] 


53 W 


3^.2 _ _ J'2 _|_ I 

V>(r) 


(3.15) 


(3.16) 


(3r2 - Vl - + l)/r2 ’ 

where 'ipir) is defined as in Lemma 2.4. 

It is easy to verify that the function r 1 —(3r^ — y/l — r^ + l)/r^ is positive and strictly 
increasing on (0, 1). Then from Lemma 2.4 and (3.16) we know that / 2 (r)/(?V’') 
strictly decreasing on (0,1). Hence Lemma 2.1 and (3.15) lead to the conclnsion that H{r) 
is strictly decreasing on (0,1). Moreover, 


lim 


lim 

r— 


2 r(l + V) - [ 2 g(r) - (1 - V)/C(r)] _ 

0 + 2r(l + r^) — rVl — r^ — arcsin(r) 14’ 
2 r(l + r^) - [ 2 £:(r) - (1 - V)/C(r)] _ 8(71 - 2) 


(3.17) 


(3.18) 


2 r(l + r^) — rVl — — arcsin(r) 7 r (8 — tt) 

Therefore, Theorem 3.3 follows from (3.14), (3.17) and (3.18) together with the mono¬ 
tonicity of H{r). □ 


Theorem 3.4. The double inequality 

aiCia, b) -I- (1 — aA)NQA{a, b) < T{a, b) < p 4 C{a, 6) -I- (1 — P 4 ,)NQA{a, b) 

holds for all a,b > 0 with a jb b if and only ifa^ < 1/10 and Pa > 1—4(7r—2) / [(4 — \/2 — log(l -|- \/2))7r] 

0.1472. 

Proof. Without loss of generality, we assnme that a > b. Let r = (a — b)/(a + b) G (0,1). 

Then it follows from (3.1), (3.8) and Cia, b) — A(a, b)(l + r^) that 

Tia,b) - NQAia,b) f [^^(0 - (1 - - I [VlT7^+ 

C{a,b) - NQAia,b) 1 + _ 1 pi _p -g s^h-Rr) j 

= 1 - 2r(l+V)-|r[2g(r)-(l-V)/C(r)] ^ _ 

2r(l + r^) — rVl + r'^ — sinh ^(r) 
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Let f 2 (r) = 2r(l+r^) —4r [2S{r) — (1 — r^)/C(r)] /vr and g 4 {r) — 2r(l+r^) —rVl + — 
sinh~^(r). Then simple computations lead to 

/2(0+) = 54(0+) = 0, J(r) = ^, (3.20) 

9i{r) 

/'(r) 3r" + 1 - f [3g(r) - 2(1 - r^)IC{r)] 

g'iir) 3r2 —vT+^+1 

= __ f3.2l) 

(3r2 - Vl + + 1)A2 ’ 

where 'ip{r) is dehned as in Lemma 2.4. 

It is easy to verify that the function r i—>■ (3r^ — Vl + + 1)/?'^ is positive and strictly 

increasing on (0,1)- Then from Lemma 2.4 and (3.21) we know that f 2 {r)/g 4 ,{r) is strictly 
decreasing on (0,1). Hence Lemma 2.1 and (3.20) lead to the conclusion that J(r) is 
strictly decreasing on (0,1). Moreover, 


2r(l + r^) - |r [2g(r) - (1 - r^)/C(r)] _ ^ 
r->o+ 2r(l + r^) — r\/l + — sinh~^(r) 10’ 


lim 

r^l~ 


2r(l + r^) — \2£{r) — (1 — r^)K,(r)j 


4(7r - 2) 


(3.22) 

(3.23) 


2r(l + r^) — rVl + — sinh ^ (r) [4 — \/2 — log(l + V2)] n 

Therefore, Theorem 3.4 follows from (3.19), (3.22) and (3.23) together with the mono¬ 
tonicity of J(r). □ 


Let To = log(l + V^), r* = r^/(l -|- \/l — r^)^. Then (1.1) and Theorems 3.1-3.4 lead 
to Corollary 3.5 immediately. 


Corollary 3.5. The double inequalities 


TV 

64 


10V2^/2 - r2 -L 3(1 -L y'l-r^) 


< Sir) 


< 


^(16 - + ^/^^) ( 


4(4^-tt) 2(4^2-71)' ■ 'V’ r 

2^/2^j2 - r2 -L 3(1 -f ^1 - r2) (^1 + r*^ -L ^ ^ 


TT 


< Sir) 


V2{8 - 7v{V 2 + ro)) ^ V2TV-4: ^ (. A , „*2 , sinh ^(r*) 


4(^-ro) 


4(^-ro) 


(1 + \J\ — r^) [ \J\ + 


112 


-L 9(1 -L ^/l-r^) ( \/l-r*2 -g 


1 -I- Vi — 


arcsin(r*) 


< £^(0 


< 


2(8-tv) 1 -g Vl - r2 


TT —2.., /;-/ r,-y arcsin(r*) \ 

-L ^-(1 -L VI - r^ Vl - r*^ +-^ 

8 — TV \ r* J 


^ ^ = -I- 9(1 -I- \/l - r2) [ ^/l -g r*2 -g 

80 + ' y r 

(i+yry^) (+ 


sinh ^(r*) 


^ 8 — 7r(V2-I-ro) 2 — ^ tv —2 

2(4-V2-ro) l-LVr^7^'^2(4-V2-ro) 
hold for all r £ (0,1). 


< 

sinh~^(r*) 
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4. Results and discussion 

In the article, we present the best possible parameters ai, a 2 , 0 : 3 , Q; 4 , /3i, 1^2, Ps and 
134 such that the double inequalities 

aiQ{a,b) + (1 - ai)NGA{a,b) < T{a,b) < PiQ{a,b) + (1 - Pi)NGA{a,b), 

a 2 Qia,b) + (1 - a2)NQA{a,b) < T{a,b) < ^2Q(a, 6 ) + (1 - P2)NQA{a,b), 

azC{a,b) + (1 - az)NGA{a,b) < T{a,b) < l3zC{a,b) + (1 - l33)NGA{a,b), 

a 4 C{a, 6) + (1 — a 4 )NQA{a, b) < T{a, b) < /54C'(a, 6 ) + (1 — ^ 4 )-/VQA(n, b) 

hold for all a,b > 0 with a b. Our results are the improvements and refinements of the 
previously results. 


5. Conclusion 

We present several sharp bounds for the Toader mean in terms of the Neuman mean, 
quadratic mean and contraharmonic mean, and give new bounds for the complete elliptic 
integral of the second kind S{r). Our approach may have further applications in the theory 
of bivariate means and special functions. 
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ON STRONGLY STARLIKENESS OF STRONGLY 
CONVEX FUNCTIONS 

ADEL A. ATTIYA, NAK EUN CHO, AND M. F. YASSEN 


Abstract. In this paper we introduce an argument property which 
gives an interesting relation between the classes of strongly convex 
and strongly starlike functions of order a and type /3 in the open 
unit disk. Also, the sufficient condition of starlikeness under cer¬ 
tain restrictions is obtained. 


1. Introduction 

Let A denote the class of functions f(^z) of the form 


(1.1) j{z)= 

k=\ 

which are analytic in the open unit disc U = { 2 : G C : \z\ < 1}. 

The function f{z) is called strongly starlike of order /3 and type a and 
strongly convex of order f3 and type a, respectively if it satishes 


( 1 . 2 ) 

and 


arg 



< 



(1.3) 


arg 




< 



where a G [0,1) and /3 G (0,1]. We denote by S*{a^(3) and C{a^(3) the 
classes of functions satisfy the conditions (1.2) and (1.3) respectively. 
We note that both S*{a, 1) = S*{a) and C{a, 1) = C{a), are the well 
known classes of starlike functions of order a and convex functions of 
order a. 

MacGregor [2] Wilken and Feng [5] obtained the following result: 


2010 Mathematics Subject Classification. 30C45. 

Key words and phrases. Analytic functions; Strongly convex functions; Strongly 
starlike functions. 
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f{z)eC{a) ^ f{z)e S%/3) (0 < a < 1), 

where 


(1.4) 


13 := /3(a) 


1-2q: 

22-2q:(X-22“-1)) 


a ^ ^ 


1 

2 log 2 ’ 



Also, Nunokawa et a/. [4] investigated a certain relation between S*{a,/3) 
and C{a,l3). In the present paper, we obtain a relationship between 
strongly convex and strongly starlike functions by using the result given 
by Nunokawa [3]. 


In our investigation, we need the following lemma: 


Lemma 1.1. [3] Let P{z) be analytie in U, P(0) = 1, P{z) ^ 0 inV 
and suppose that there exists a point 2:0 G U sueh that 

|arg(P(^o))| = 

where 0 < <5. Then we have 


^(^0) 


ik6, 


where 


and 


k > 


k<- 

where {P{zq))^^^ = 



±m and a 


when 

when 
> 0 . 


arg(P(^o)) 

arg(P(zo)) 



TT 

2 


< 5 , 


2. Main Result 

Theorem 2.1. Let f{z) be analytie funetion defined by (1.1) and also, 
let 

(2.5) f{z)eC{a,^) (zeV), 

where 0 < a < 1 and 0 < 7 < 1. 

Then 

(2.6) f{z)eS{(3,5) {zeV), 
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where 


(2.7) 7 = — arctan 

TT 


i(i - (o§ +1) 


2 (/3 + (1 — /3)ao) ((/3 — a) + (1 — /3)ao) j 


(3 is defined by (1.4), 0 < 5 < 1 and ao is the positive root of the 
equation: 

(2.8) {(3 — a)l3 ((1 + (5) — (1 — 6)) + (1 — /3) {2/3 — a) {x^ — l) 

+ (1 - fif ((1 - (5) - (1 + (5)) = 0, 

whieh satisfies 

1/5 

/ n / / / R ^, \ 

( 2 . 9 ) al> 


13 


1-/3 


(iO + ( 


/3-a\ fn 

—j - 


Proof. Let 


z f^(z^ 

= ^ 777^1 P(0) = 1 and p{z) (3 {ze U). 


/W 


Then we have 


f'iz) 

If there exists 2:0 G U such that 




p{z) 


n 


|arg(P(^))| = |arg(p(^) -13)\ < -6 


for \z\ < I^/qI and 


TT 


|arg(P(^o))| = |arg(p(^o) - 13 )\ = 


where 


P{z) = 


p{z) -13 

1-/9 


Since P(0) = 1 and by using Lemma 1.1, we have 
Zo P'(zo) Zop'(zo) 


P{zo) p{zfi) - (3 


= i6k. 


The first case, if 


TT 


arg (P(^o)) = arg {p{zo) - fi) = -fi 
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then we have 


/I , ^ / (^) 

ai’g 1 -« 

f{z) 

/ / / ^ , Zop'{zo)/p{zo) /3-a 

= arg {p{zo) - /3) 1 +-^ + 


p{zo) - /3 p{zo) - /3 


TT 


= -5 + arg ( 1 + 


i6k 


+ 


13 — a 


71 


= -5 + arg 1 + 


/3 + {1 -/3){iay {1 -/3){iay 

i6k (3 — a 


+ (1 —/3)a'^e*2'5 ' (1 —/3)a'^e*2 


+ 




= arg 6 2 '’ + 


> arctan 


i6k {/3 — a) 

/3e~^^^ + (1 — /3)a^ (1 — /3)o-^ 

( 5fc(l-/3)++5fc/3cos(f5) X \ 

(wd-e).')' ^ ^2'’) 


V 


+ cos (M) - /£+!£) 


{l-/3)aO ' y 

Since the function h{k) dehned by 


h{k) = arctan 


/ 5fc(l-/3)++5fc/3 cos(f5) X \ 

I 1 


l3—a 


¥)- 


(3Sk sin^ ^<5^ 


is an increasing function of k {k > 1), we have 


+ W V 


> arctan 


/ (5 (l-+++5/3cos(f5))(a+l/a) ^ 

3-a , „„„ tzr A _ /3gsin(fg)(a+l/a) 

y ( 1 -/ 3 )“'^ V2 J 2(3+(i-3)ay'" y 


Also, the function f(d) dehned by 


f(0) = arctan 


^ S(l-3)a^(a+l/aJ ^ COS ^ + siu ^ \ 

2(/3+{l-+a<5) 2(/3+(1-++) 


V 


y s + cos 9 - /3i5(a+l/a) q 

(1-/5)“'^ 2(/3+(l-+a«) 


y 
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is an increasing and continuous function of 6 [0 < 6 < ^) when 
satisfies (2.9). Therefore, we have 


( 2 . 10 ) 


/ 1 , (^) 

arg 1 + X -« 


> arctan 


(5(1 — /3) {a + 1/a) 


2 (/5 + (1 - P)a^) ((/5 - a) + (1 - /3)a^) 
On the other hand, since the function g{x) dehned by 

(5(1 - /3){x+ 1) x^ 


(2.11) g{x) = 


2i/3 + il-/3)x^)ii/3-a) + il-/3)x^) 


{x > 0), 


takes its minimum value when x is dehned by (2.8), we see that this 
contradicts the hypothesis of Theorem 2.1. 

The second case, if 


TT 


arg {P{zo)) = arg {p{zo) - /3) = --6, 


then we have 


/ 1 , ^ /"(^) 
arg t 1 - « 


TT 


= -A'^ + arg 1 + 


p{zo) - 13 p{zo) - 13 
i5k 13 — a 


+ 


/3 + {1 -/3)a^e-^3^ ' {1 -/3)a^e-^^^ 


= arg I e * 2 '^ + 


= arctan 


i 5k 


+ 


w -«) 

13 + (1 — /3)a^ ' (1 ~ /9)o^ 

/ Skil-P)a^+Skl3cos{^S) \ 

+ cos ns) + fzz<¥) j 

y{l-/3)a<5 V2 J y 


Since the function h{k) dehned by 

f 6k{l —/3)a^ + 5k/3 cos (^6) — sin (j6) 
h(k) = arctan ^ 

V (l^ + cos(|(5)+/5(5A;sin(|(5) 

is a decreasing function of /c (/c < — 1), we have 
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/ 1 , ^/"(^) 
arg 1 H-- OL 


< arctan 


fiz) 

! (5(l-/3)a'5+5/3 COS (f^))(a+l/a) 

2(/3+(l-/3)a«)'* 


sin (|(5) 




1 1 

y (l-/3)a'5 \2 ) 2(/3+(l-/3)a'5) j 


Also, the function j{d) defined by 
f{d) = — arctan 


^ Sil^)a\a+l/a) ^ ^/?(a+l/a) 0 + silll 

2(/3+(l-/3)a^) 2(/3+(l-/3)a«) 


V 


if s + COS 0 - /?<5(a+l/a) ^ 

(1-/3)“ 2(/3+(l-/3)a^) 


y 


is a decreasing and continuous function of 0 (0 < 0 < |), when 
satisfies (2.9). Therefore, we have 


/ 1 , ^ /"(^) 

^7Tr““ 


< — arctan 


5(1 - /3) (a + i) 


2(/3 + (1 - (3)af ((/3 -«) + (!- /3)af 


Also, by using the function g(x) dehnd by ( 2 . 11 ) which contradicts 
hypothesis of Theorem 2.1. Therefore, it completes the proof of the 
theorem. □ 


Putting f{z) instead of zf'{z) in Theorem 2.1, we have the following 
corollary 

Corollary 2.1. Let f{z) be analytic function defined by (1.1) and also, 
let 

(2.12) f{z)eS*{a,^) (zeV), 

where 0 < a < 1 and 0 < 7 < 1. Then 


(2.13) 




TT 


<-S (2 6 0), 


where A[z) = Jq {f(t)/t)dt is Alexander operator defined by Alexander 

[l]i 

/ 2 / 5(1 -/3)a^Vag +1) 

(2.14) 7 = — arctan — j- - ^ , ---^-tv-jx i , 

TT I 2 (/3 + (1 — /3)ag) ((/3 — a) + (1 — j 
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(3 is defined by (1.4), 0 < S < 1 and qq is the positive root of the 
equation: 

(2.15) {(3 — a)l3 ((1 + (5) — (1 — 5)) + (1 — fi) {2/3 — a) {x^ — l) 

+ (1 - fif ((1 - (5) - (1 + (5)) = 0. 

which satisfies 

(2.16) 4 > ) + (1^) - CSC (Is ) j j , 

Corollary 2.2. Let f{z) he analytic function defined by (1.1) and also, 
let 

(2.17) f{z)eC{a,^) (zeV), 
where 0 < a < 1 and 0 < 7 < 1. Then 

(2.18) f{z)eS{fi,6) (zeV), 

where 

(2.19) 



and (3 is defined by (1.4). 

Proof. Let f{z) G C(q;, 7 ). Since the inequality (2.10) is satisfied when 
satisfies (2.9), we have 

(5(1 — f3) {a + 1/a) 

2{/3 + {1- j3)a^) {{(3 - (t) + (1 - /5)a^) 

> _ d{l-fi)a^ _ 

“ {(3 + {1 - (3)a^) {{(3 - a) + {1 - (3)a^)' 

Then the function k{x) defined by 

(5(1 — I3)x 

” (/3 + (1 - «i) ((/3 - a) + (1 -/3)L * 

takes its minimum value when x = 

On the other hand , we have 



Hence we have f{z) G S{(3,6). □ 
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Invariance analysis of a four-dimensional system of fourth-order difference equations with 

variable coefficients 


Mensah Folly-Gbetoula* 

School of Mathematics, University of the Witwatersrand, 2050, Johannesburg, South Africa. 

Abstract 

A class of a four-dimensional system of difference equations is considered. A Lie symmetry analysis 
is performed and symmetries are derived. We use the differential invariant approach to obtain exact 
solutions. The link between the similarity variables and these symmetries is clearly given. Furthermore, 
we show the existence of periodic solutions for some specific coefficients. This work considerably extends 
some findings by El-Dessoky and Hobiny [M. M. El-Dessoky and A. Hobiny, J. Computational Analysis 
and Applications, 26:8 (2019), 1428-1439]. 

Keywords: System of difference equation; invariance analysis; group invariant solutions; periodicity 
MSG: 39A11, 39A05 


1 Introduction 


The group theoretical approach for finding exact solutions to differential equations is now well reported 
[2, 14] and its application to difference equations has sparked interest recently [6-8, 10-13]. This approach, 
commonly known as Lie symmetry analysis, permits one to lower the order of the difference equations via 
a convenient choice of canonical coordinates obtained using a group of transformations admitted by the 
equation. Its application to higher dimensional system of difference equations is somewhat new and the 
calculation one deals with when finding symmetries in the latter can become cumbersome. Hydon in [10] 
extends the idea of Maeda [16] by developing a systematic algorithm permitting one to obtain the Lie algebra 
of a difference equation. Several authors have studied difference equations from different approaches and 
some interesting results can be found in [3-5, 17] 

In this paper, inspired by the work in [1] where the authors study the behavior and existence of solutions 
of 


^n+1 


^n—3 


±1 ± Xn-3yn-2Zn-lt, 

_ Zn-3 _ 

if i ^n—iynZn—3^n—2 


5 Un+l — 


Un—S 


5 ^n+1 — 


zbl zb Xnyn—3^n—2^n—l 
tn-3 

zbl zb X-ii—2yn—l^n^n—3 


( 1 ) 


we utilize Hydon’s idea in a slightly modified manner to investigate the solutions to 


^n+1 


^n—3 


“b ^nXn—3yn—2^n—l^r. 
^n—3 

“b fn^n—iyn^n—3^n—2 


5 yn+1 — 


2/n—3 


5 ^n+1 — 


Cn “b dnXfiyji—^Zn—2^n—l 
^n-3 

Qn “b hnXn—2yn—lZn^n—3 


( 2 ) 


where (/*n)neNo 7 (5n)neNo and (^n)neNo are non zero 

sequences of real numbers. The solutions of (2) are derived after a series of steps. Firstly, we obtain the Lie 
algebra of (2). We make use of point symmetries and additional assumptions on the characteristics to allow 
us derive analytic expressions for the symmetry generators. Secondly, we lower the order via the invariants 
and finally, find the solutions. We have showed that results in [1] are special cases of our findings. 

* Mensah.Folly-Gbetoula@wits.ac.za 
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1.1 Preliminaries 


In this section, we commence with some background necessary for understanding symmetry analysis. Note 
that throughout this paper, we utilize definitions and notation in [10, 14]. The notion of symmetry is strongly 
related to the notion of group transformations. Basically, it is a group of transformations that map a solution 
of a given equation onto another solution. Suppose G is a group of transformations acting on a manifold 
A4. Certain subsets Ti. of this group, called "H-invariant, transform solutions onto themselves. Often times, 
for system of difference equations, the difference invariants of % are the new variables of the much simpler 
difference equations equivalent to the original system of equations. 

Let S'* be the forward shift operator that maps n to n + i. We shall assume that a system of fourth order 
ordinary difference equations is of the form 

S^*(u'*) =L!fc(n,[u'*]), fc = l,2,3,4, (3) 

where [«.*] denotes the dependent variable u* and its shifts. The invertible mapping {n,u^) i—)■ {n,u^ = 
+ eQk{n, [m^]) + 0(e^)), k = 1,2,3,4, is a symmetry group of transformations if and only if it satisfies 
the following linearized symmetry condition 


S^’(Qfe) - T(flfe) = 0, fc=l,2,3,4, 


where X is the {p — l)st prolongation of the symmetry generator 


k=l 


d 

du^ ’ 


(4) 

(5) 


i. e., 

= ( 6 ) 

We shall refer to Qfc = Un) as characteristics and for simplicity we shall consider point transformations 

only, that is, Qk = Qk{n,u’^). 

Definition 1.1 [14] Let G be a connected group of transformations acting on a manifold M. A smooth 
real-valued function C : M —)■ M zs on invariant function for G if and only if 


X(C) =0 for all X € M, 


Without any lucky guess, the reduction of order can readily be done via the canonical coordinates [9] 

' du'^ 




Qk{n,u^) ’ 


k = 1,2,3,4. 


(7) 


Eventually, the constraining restrictions on the constants in the characteristics, Qk, k = 1,2,3,4, hint on a 
perfect choice of invariants. 


2 Main results 


To start, we consider the corresponding forward system 


^n+4 — 
^n+4 ~ ^3 


Xr 


An + B n^nyn+l2'n+2^n+3 
Eji H“ Fn^n-\-2yn-\-3^nin-\-l 


1 Un+A — ^2 — 


Vn 


5 ^n+4 — ^4 — 


Cpi + DjiXn-\-3yn^n-\-l^n+2 
Gpi HjiXn+iyn+2^n-\-3^n 


( 8 ) 


where (^n)neNoj (-^'n,)neNo7 (^n)neNoj (-^n)neNo5 {C^n)neNo and are non 

zero sequences of real numbers, equivalent to (2). 
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2.1 Symmetries 

To construct the characteristics of the system of fourth order difference equations (8), we must impose 
linearized symmetry criterion (4). This amounts to 


BnX^{tn+AZn+2{S^Q2) + tn+ZUn+liS^Qz) + yn+lZn+2 {S'^Qa)) ~ -^nQl 
(^n T BnXnyn+l^n+2in+z)‘^ 

^Aq Dny'^,it„+2Xn+3{S^Q3) + Xn+3Zn+liS'^Q4) + t„+2Zn+l{S^Ql)) - CnQ2 

{Cfi T DriXn+3yn^n+l^n+2)'^ 

^Aq FnZl{tn+lXn+2iS^Q2) + Xn+2yn+3{S'^Q4) + tn+lVn+ziS'^Ql)) - E^Qz 

{En T EjiXjiA-2yn+3Zn^ n+l)^ 

^Aq Hntl^{Xn+iZn+A{S'^Q2) + Xn+iyn+2{S^ Qz) + yn+2Zn+3{S^ Ql)) - GuQa 

{Gn E[jiXn+iyn+2Zn+3^n)‘^ 


(9a) 

(9b) 

(9c) 

(9d) 


We act the operators 5/5x„-[(afii/aa:„)/(9fli/i9i/„+i)]i9/i9y„+i, d/dyn-[{dil. 2 /dyn){dV, 2 /dzn+i)]d/dzn+i, 
d/dZn-[{dfl3/dzn)idn3/dyn+3)]d/dyn+3 and d/dtn-[{dflA/dt„){drtA/dy„+ 2 )]d/dyn +2 on equations in (9), 
respectively, to get 


(5IQ2)' - Q^' + (1/2„+2)(^"Q3) + (1A„+3)(^"Q^) + {2/Xn)Ql = 0 (10a) 

- Q2' + + (2/j/„)Q2 + (1A„+2)(^'Q4) + (l/a;„+3)(^"Qi) = 0 (10b) 

{S^Q^y - Q^' + (2/z„)g3 + (l/t„+i)(5iQ4) + (1 /x„+ 2)(^"Q') = 0 (10c) 

{s^Q^y - Qa' + il/z^+3){S^Q3) + {2/tn)QA + (l/x„+i)(5lgl) = 0 (lOd) 


after simplification. Note that ' denotes the derivative with respect to the continuous variable. 

Next, we differentiate equations in (10) with respect to Xn, yn, Zn and t„, respectively. The latter leads to 
the differential equations 


- gi" + (2/x„)gi' - {2/xl)Q^ = 0, -g'" + (2/2/„)g2' - {2/yl)Q^ = 0, 

- g3" + (2/z„)g3' - (2/4)g3 = o, -g^" + (2/t„)g4' - {2/tl)Q^ = o (ii) 

whose solutions are given by 

gi(n,a:„) = ai(n)a;„^ +/3i(n)a;„, g 2 (n, j/„) = a 2 (n)j/„^ +/? 2 (n)y„, 

Qzin, Zn) = a3{n)zn^ + P3{n)zn, QA{n, tn) = aA{n)tn^ + l3A{n)tn, 


for some functions ai and Pi, respectively. 

We replace (12) and their shits in (9). Due to the fact that the a^’s and PPs depend on the independent 
variable only, we equate all products of shifts of dependent variables Xn, yn, Zn and in the resulting 
equations to zero; this yields the ‘final constraints’ below 


Pi{n) + P 2 {n + 1) + Pzin + 2) + PA{n + 3) = 0,ai(n) = a 2 [n) = a 3 {n) = 04(74) = 0, (13) 


with Pi{n) = Pi{n +4), P 2 {n) = /?2 (ti + 4), /Sa(n) = /33 (ri + 4), /34(74) = /34(74 + 4). The reader can easily verify 
that the functions satisfying the above constraints are of the forms: 


04(74) = 0, j = 1,2,3,4; Pi{n) = ci + C2(-4)” + 03(4)” + C4(-l)”; /?2(n) = 05 + C6(-4)” + 07(7)” + C8(-l)”; 
P3{n) = Cg + Cio(-4)” + Cii(4)” + Ci2(-1)”; PA{n) = {iC 2 + C6 - 4Cio)(-4)” + (cy - fcg + 4Cii)(4)” + (c4 - Cg 
+ Cl2)(~l)” ~ Cl — C5 — Cg, (14) 
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where the Ci’s, i = 1,..., 12, are arbitrary constants. Consequently, thanks to (5), (12) and (14), we obtain 
twelve symmetry generators: 

^1 — ^2 — ( ^) 4“ ^ •> — ( 1) 4“ 

= yndyn - t„dt„,XQ = {-iTijjndyn + tndtn),XY = i'^{y„dy„ + tr,dt„),Xs = {-iTiyndyn - tndtn), 

Xq = ZjidZji tndtn: ^10 “ ( ^) i^^n^Zn itndtn) ^ X^i = i (^ZjiOZji 4“ itndtn) ^ X\2 — ( 1) 4“ tn^tn)- 

(15) 


Note that for simplicity, we adopt the notation dx = djdx. 


2.2 Reduction of order via symmetries and formulas for solutions 


Using any linear combinations of the symmetries in (15) that involves all four independent variables Xn, y-n, Zn 
and t„, say X = Xi + X 2 + X 3 = Xndxn + yndyn 4- Zndzn — itndtn, we derive the corresponding canonical 
coordinates 


si(n) 


dxn 

Xn 


S 2 {n) 


dyn 
yn ’ 


ssin) 



dtn 

-itn 


(16) 


Inspired by the form of the equations in the final constraints (13), we construct the invariants: 


Xn =/?i(n)si(n) + /32(n+ l)s 2 (n + 1) + + 2)s^{n + 2) + j3i{n + 3)s4(n + 3) = In |x„y„+i 2 „+ 2 t„+ 3 | 

Xn =ldi{n + 3)si(n 4- 3) 4- /32(n)s2(n) 4- 4- l)s3(?^4- 1) 4-/34(n 4- 2)s4(n 4- 2) = In |x„+3y„2:„+it„+2| 

Zn =/?i(n 4- 2)si(n 4- 2) + /32(n 4- 3)s2(n 4- 3) + I33{n)s^{n) + + 1 ) 54(74 4- 1) = In |x„+27/„+32ntn+i | 

Tn =(di{n + l)si(n 4- 1) 4- hin + 2)s2{n + 2) + I3^{n 4- 3 ) 53(74 4- 3) 4 -/ 34 ( 74 ) 54 ( 44 ) = In |x„+i7/„+2Z„+3tn|, 


obtained by replacing fii{n + j) by Si{n + j)Pi{n 4-j) in the left hand sides of equations in (13). 

Using Definition 1.1, the reader can easily confirm that X„, y„, Z„ and Tn are invariant functions. For 
simplicity, we introduce the variables 


Thus 


Xn =exp(-X„), Yn = exp(-r„), = exp(-Z„), T„ = exp(-T„). 


(17) 


Xn+l —Hn 4" G„T„, — Bn 4" AnXn, Zn+1 — Dn + CnYn, Tn+1 — Fn + EnZn 


and so 


Xn 


Yn 


:4:n-t-4 —^ni //n+4 — ^ //nj '^n+4 — rri ^n+A — 


Tn 


Y, 


n+1 


^n+1 


tn+1 


X 


tn 


n+1 


Straightforward iterations ( using equation (18a)) yield 

X„+4 =K + (QDXn, Yn+4 = + (0?()i"n, ^„+4 = + ( 0 ^)Z„, T„+4 = A(, + {&i)Tn 

that is 

( n-l \ n-l / n-1 \ 

n 04 \+d+E U 4/+4 n 04 \+d, 

fci=0 / /=0 \ fe2=7+l / 

for j = 0,1,2,3 and (C/,74) e {{X,x),{Y,y),{Z,z),{T,t)}, where 

An — TlnA-3 4“ GnA-3Fn-A2 4“ Gn-ir3ddnA-2BnA-l 4“ GnA-3ddnA-2Gn+lBn-} ^n — GnA-3ddnA-2GnA-lAm 
An — Bn-\-3 4“ 4ln-t-3-37n-t-2 4“ An-i^3GnA-2FnA-l 4“ An-i^3GnA-2FnA-lT)n-, 0)( — An-i^3GnA-2FnA-lGn', 
An = A>n+3 + Gn+3Bn+2 + G„+3++2i7„+l 4- G„+34l„+2G„+iF„, 0^ — G„+3++2G„+ii/„; 
Ai = Fn+3 + E n+3Dn+2 + E n+3GnA-2BnA-l 4“ FnA-3GnA-2AnA-\HmQn — FnA-3GnA-2AnA-lGn 


^n+3-‘-^n+2 ' 


^ n-t-3 V'n-t-2 Cl n-t-1'-m 5 


(18a) 

(18b) 


(19a) 


(19b) 
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Also, straightforward iterations (using equation (18b)) yield 




n 


A, 


Ak-\-j 


k =0 ^4fe+l+J 


I Vin+j — Uj 


n 


Ya 


Ak-\-j 


fc=0 ^4fe+l+, 


5 ^An-\-j — 


n 


^Ak-\-j 

fcVo ^4fe+l+j 




n+j 




Tz 


4k+j 


k—0 


X. 


Ak+l+j 


(19c) 


j = 0,1, 2, 3. Combining equations in (19), we obtain the following solutions {xn} of the system of equations 
( 8 ): 


^An-\-j — 


n—1 

n 

s=0 


s-1 


n + E n 


A 


j+i 


^/ci=0 / (=0 

n ©Li+i+i 

,fei=0 / 1=0 


k 2 —l-\-l 

E (^4l+j + l n ©La+i+l 

k2 —^+1 , 


, J =0,1,2, 


^4n+3 —^3 


n—1 

n 

s=0 


^3 ( ) + E [Kl+O 04fc.+3 

\fci=0 / 1=0 \ k2=l + l , 


n 04 \, + E n ©i 


,ki=0 


1=0 


k2=l+l 


4k2 


( 20 ) 


where 0” and A“, u € {x, y, z, t} are defined in (19b); and Xq = 1 /( 0 : 02 / 1 - 22 ^ 3 ), Xi = Hq+Gq/{ tQXiy 2 Z^), X^ = 
AbGi+i?i + (ifoGi)/(tio;2t/32:o) X 2 , = I?oifiG2+A'iG2+i?2 + (GoifiG'2)/(t2a;3yo2i), Yq = l/(t2a^32/o2i), Yi = 
Bo + Aq/(^ 33 ^ 02 / 122 ), I 2 = AiHq + Si + (AiGq)/(^ 02 : 12 / 223 )) Y 3 = A 2 F 0 G 1 + Bi + (A 2 E 0 G 1 )/(tiX2y3Zo)■ 
Recall that we forward shifted equation (2) thrice to obtain (8) whose solutions a:„ is giving in (20). Now, 
we go backward thrice and replace the capital letters in the right hand sides of equations in (19b) with lower 
cases letters to get the solutions a:„ corresponding to (8). In other words, solutions {a;„} of the system of 
equations (2) is giving by 


^4n—3 —^—3 


n—1 

n 

s=0 


s-1 


2=0 


S-1 / S-1 


n ^42 -^X- 3 y- 2 Z-lto J 2 [Kl n 


41 

1^0 V 2=/ + l 


^42 


/--I 


\i=0 


(oo + 5oa;_32/-22-iIo) 11 ^li+i + X-3y-2Z-ito E ^ 4 i+i H ^li+i 


1=0 


i=l + l 


X4n—2 — X —2 


n 

s=0 


s-1 


2=0 


S-1 


S-1 


{go + hot-3X-2y-lZo) n ^42+1 -^t-3X-2y-lZo J2 n ^42+1 


z=o 


2 =/ + l 


S-1 


{{aiho bi)t-3X-2y-lZo G-igo) I 11 ^ 42+2 + ^-3^-2y-l2:o X! I '^4/+2 n ^42+2 


2 = 0 


s-1 


s-1 


Z=0 


/s-1 


^4n—1 — X—\ 


n 

s=0 


((/o5l + ^l)^-2^-iy0^-3 + eo^l) n ^42+2 -^'^-2X-iyoZ-3 ^ '^4/+2 11 ^42+2 


\2=0 


2=Z+1 

s-1 / s-1 


1=0 


i=l+l 


((aofogi + 02^1 + b2)t-2X-iyoZ-3 + 026051 ) H ^ 4 i +3 + t- 2 X-iyoZ -3 Ya ^ 41+3 n ^ 4»+3 


i=0 


1=0 




\2=0 


/s-1 \ S-1 / s-1 

n-1 ((^061^2 + fl 92 + h 2 )t-iXoy- 3 Z -2 + 0061^2) ( U 0 l ,_^3 ) + t-iXoy- 3 Z -2 E ( ^4/+3 H ^ 42+3 

X4n —^0 

‘ UK]+t-i^oy-3z-2Yi^l n 01 


z=o 


2 = Z+1 


2=0 


41 

1^0 \ 2=Z+1 
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Similar computations yield 


2/4n-3 =2/-3 n 


yin-2 =y-2 


+t.,xoy-sz- 2 E {XI el] 

i-0 / 1^0 \ i=l+l ] 

/ s-1 \ s-1 / s-1 '' 

{co +dot-iXoy-3Z-2) [ U ^4i+l] +t-lXoy-3Z-2T, \ Xh + i n 6'li+l 

\i=0 / 1=0 \ i=l + l j 

/s—1 \ s—1 / s—1 ^ 

^ (ao+ 6oioa;-3y-22-i) H ^4*+i + toa;-32/-2Z-i E •^4/+i H ^4*+i 

r \i—0 / /—0 y 2—/-|-1 ^ 


yin-\ =y-l 


/s—1 \ s—1 / s —1 \ 

{{boCi +di)toX-3y-2Z-i + aoCi) J] ^1+2 +toX-3y-2Z-i E H ^1+2 

\i=0 / 1=0 \ i=l+l ) 

/s—1 \ s —1 / s—1 ^ 

^ ((ai/io + bi)t_ 3 X- 2 y-iZo + aigo) J] ^4*+2 + t-3X-2y-iZo E ^4;+2 H ^1+2 

\i = 0 / i = 0 y i = l+l y 


E ( "^4/+3 n ^4i+3 

’ U \ i=l+l 


y4n —Vo 


° {{aiC2ho + biC2 + d 2 )t- 3 X- 2 y-lZo + aiC25o) ( H ^4 j+3 ) + t- 3 X- 2 y-lZo X 

Vi=0 / 1= 

/s-1 \ s-1 / s-1 

n -1 ((®2/offl +02/11 + b 2 )t- 2 X-iyoZ -3 + 0260(71) I H ^4i+3 ) +/-2a^-l270^-3 E •^4/+3 11 ^4i+3 

Vi—0 / /—0 y i—/-j-l 

5=0 


n—1 


Z4n-3 —Z-3 


's-1 

n 04i 

i=0 


( n +t- 2 X-iyoz _3 E ( A|; n 
\i=0 J 1=0 \ i=l + l ^ 

+ t-2X-iyoZ-3 ( All n ^'1*1 

y i=i+i 


Z4n-2 =-2-2 


\ 2 =u / i=u y 2 =i+i y 

(eo + fot-2X-iyoZ-3) f H ^*4*+!) + i-2X-iyoZ-3 E ( V;+i 11 ^*4*+! ) 

\i=0 / i=0 y i=l + l J 

/s —1 \ s—1 / s —1 ' 

^ (co + (/o/-ia;o27-3^-2) n^'li+i +/-ia;oy-32-2E Vf+i 11 ^'li+i 

J. \i=0 / 1=0 \ i=l + l ^ 


5—1 / 5—1 

y-3Z-2 EI Vi +2 n ^4i+2 


i=0 


Z4n-1 =Z-1 


° ((doei +/i)/_iXo 2/-32-2 +coei) yj] ^4^+2^ +/-ia^oy 

/s-1 \ s-1 / s-1 

((5oCi + di)tQX- 3 y- 2 Z-i +OoCi) J] ^'4*+2 + toa;-327-2^-l E Kl+2 11 ^4i+2 

\i=0 / 1=0 V i=l+l 


n—1 


z=Z + l 

s-1 / s-1 


Z4n — Zq 


n—1 

n 

5 = 0 


_^^_ 

^ /s-1 \ s-1 / s-1 

° ((&0Cie2 + C?ie2 + f 2 )toX- 3 y- 2 Z-i +096162) ( H ^4i+3 ) + ioX- 3 y- 2 Z-l E Vi+3 n ^4i+3 

\i=0 J 1=0 \ i=l+l 

((0162/19 + 6162 + d 2 ) t - 3 X - 2 y-lZo + 0162(79) ( n ^41+3) + t - OX - 2 y-lZo X 

Vi=0 / /=' 


E ( "^4/+3 n ^4i+3 

’ ;9 \ i=l+l 


n—1 


tin-S —t-3 


{ n ^4*) + t- 3 X- 2 y-lZo flixl n 

\i=0 / /=0 y i=/4 

f n +/-3a;-2y-i^o E ( Vi n Vi) 

\i=0 / /=0 y i=/ + l J 


01 


° (39 + /io/-3a;-227-i^o) ( n V*+i) +/-3ai-2j7-i2:o E ( Vi+i 11 V*+i 
\i=0 / i=0 V i=i+l 
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^4n-2 —t-2 


s-1 


i=0 


s-1 


s-1 


(eo +/o^-2^-iyo2-3) ( n ^42+1 ) -\-t- 2 X-iyoZ-Z X! n ^4i+i 


1=0 


i —Z+1 


s=0 


/"-i 


iifo 9 l + hi)t-2X-iyoZ-3 + eogi) I 11 ^4i+2 + t- 2 X-iyoZ -3 "^4i+2 11 ^4i+2 


\i=0 


s-1 


s-1 


1=0 


/s-1 


^4n-l —^-1 


((<^0^1 +/i)^- 1^02/-3^-2 + Co^l) ( n ^4i+2 + ^-l^Oy-3^-2 X! '^4/+2 11 ^4i+2 


\i^0 


z=Z+l 
s-1 / s-1 


Z=0 


s=0 


/"-I 


((<^061^2 + fig2 + h 2 )t-iXoy- 3 Z -2 + Coei^2) H O^i+S ) + t-iXoy- 3 Z -2 ^4/+3 11 ^4z+3 


\i^0 


s-1 / s-1 


Z=0 


z=Z + l 


/s—1 \ s—1 / s—1 

„_1 ((& 0 Cie 2 + (iie 2 + f2)toX-3y-2Z-l + aoCie 2 ) ( 11 ^4*+3 ) + toX-3y-2Z-l J2 ( Xli+3 n ^4*+3 


t4n —to 


\i=0 


1=0 


i —Z+1 


s=0 




n J + tox-3y-2z-i E Ui; n 


41 

1=0 \ i=l + l 


■^4i 


( 21 a) 


Note that 


— tln-\-3 “t“ 9n+3fn+2 “t“ (7n+3^n+2^n+l “t“ 5n+3^n+2en+l^n; — ^/n+3^n+2en+lO'n5 

— ^n+3 “t“ ^n+3^n+2 “t“ Ojn4-39n4-2fn4-l “t“ ^n+3^/n+2en4-l^n i — ^ 71 + 3 ^/ 71 + 2671 + 1^715 

— 6 /ii -|_3 -p Cii-1-3611-1-2 “p 611-1-3(111+2^71+1 “p Cfi - ir 3 ^ n 4 - 29 n + lfn ^ — 671+3aii+2//7i+l671, 

= fn +3 + 6ii+3(iii+2 + 611+3C11+2611+I + 671+3671+2011+16.11, = 6ii+3Cii+2aii+i(/ii. (21b) 


2.3 Case where an, bn, Cn, dn, e^, fn, Qn and hn are periodic of period four 

Suppose {oii} = { 00 , 01 , 02 , 03 , 00 ,...}, { 611 } = { 6 o, 6 i, 62 ,& 3 ,&o,---}. {cii} = { 60 , 61 , 62 , 63 , 60 ,...}, 
{611} = {do) di,d 2 , do, do, - ■ ■ }, {e„} = {60, ei, 62, 63,60,... }, {fn} = {fo, fi,f 2 , fo, fo,---} and 
{9n} = { 90 , 91 , 92 , 93 , 9o ,---}. Equations in (21) simplify to 


s-1 


^471—3 — X—3 


(dsy + X_3y_2Z-lto{\o) E (^ 0 )' 

1=0 


s-1 


^*-0 (oo + boX-3y-2Z-ito) {0\Y + X-3y-2Z-ito{X\) E (^'i) 


(=0 


s-1 


^471—2 — X — 2 


(50 + 6ot-3a;-22/-iZo)(d{)® + t-3a;_22/-iZo(A{) E i^iY 

_ 1=0 

s-1 


^*-0 {{aiho + 6 i)t- 3 a;- 2 j/-iZo + am) [O^Y + t- 3 X- 2 y-iZo{Xl) E (^2)' 

1=0 

77-1 iifo9i + hi)t_2X-iyoZ-3 + eo9i) (O^Y + t-2a;-i2/o^-3Af E (^ 2 ) 

n i=o 


S-1 


((oo/offi + 0261 + b2)t-2X-iyoZ-3 + 026031 ) (df)'* + t-2X-iyoZ-3{Xl) E {dlf 


1=0 

S-1 


X4n —^0 


-1 {{doem + fm + h 2 )t-iXoy- 3 Z -2 + 606132) (df)^ + t-ia;o3-32-2(Af) E (^f)* 

1=0 


n 

s=0 


(d(()^+'+t-lXo3-3^-2(A^)E(0o")' 

(=0 
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n-l +t-iXoy- 3 ^- 2 (^o) E (^of 

y 4 n -3 =y -3 -—[- 

®=o (co + dot^iXoy-3Z-2) (dlT + t-ia;o2/-3^-2(Af) X) (^i)* 

1=0 

„_1 (ao + botoX-3y-2Z-i) {OfY + toX-3y-2Z-i{X\) 

y4n-2 =y-2 n- ,_i - 

((^oCi + di)toX-3y-2Z-i + aoCi) + ioX-3y-2Z-i{Xy) E (^1)* 

1=0 

s—1 

n-l {{aiho + bi)t-3X-2y-iZo + aigo) {OlY + t- 3 X- 2 y-iZo{\l) E (^1) 

yin-i =y-i n-^- .-1 -; 

®=0 {{aiC2ho + biC2 + d2)t-3X-2y-iZo + aiC2go) (6»f)® + t_3a;_2j/-i2o(Af) E (^'f) 

1=0 

s-l ; 

n-l ((02/051 + 02^-1 + b2)t-2X-iyoZ-3 + 026051) (6»|)® + t_2a;_ i5oZ-3 (A|) X) (^3) 

54n =50 Jl -5- — - 

«=0 + t- 2 X-iy 3 Z- 3 {\y) J2 {doY 

1=0 

n-l (doY +t- 2 X-iyoZ- 3 {X^) E (^'o)* 

Z4n-3 =Z-3 n - - -- 

®=° (eo + fot-2X-iyoZ-3) {d{y +t-2X-iyQZ-3{\\) Y. i.d{f 

1=0 

S-1 , 

n-l (co + dot-iXoy-3Z-2) {dfY + t-iXoy-3Z-2{Xl) Y (df) 

Z4n-2 =Z-2 - 

s=o ((doei + fi)t-iXoy-3Z-2 + coei) {d^Y + t-iXoy-3Z-2{Xl) Y (dlf 

1=0 

S-l , 

n-l {{boci + (ii)toa;-35-2Z-i + ooci) (6»f)® + toa:-35-22-i(A|) Y (^2) 

n i=o 

-^- ~i 

s=0 ((606162 + die2 + f2)toX-3y-2Z-l + 006162) [dlY + toX-3y-2Z-i{Xl) Y (dl) 

1=0 

s I 

n-l ((01C260 + 61C2 + d2)t-3X-2y-iZo + O1C250) (^*3) + i_3a:_25-12^0(Af) E (^f) 

n l =0 

-i- 

«=0 (^o)^"^^ + t-3X-2y-lZo{Xl) Y {doY 

1=0 

n-l {d^Y +t-3X-2y-lZo{Xl) Y (d^Y 

t4n-3 =t-3 - — -—[- 

^*=0 (50 + hot-3X-2y-izo) {dfY + t-3X-2y-izo{Xf) Y (diY 

1=0 

n-l i^o + fot-2X-iyoZ-3) {d\) + t_ 2 X-iyoZ- 3 {X\) Y (dl) 

t4n-2 =t-2 -—[- 

((/o5i + hi)t-2X-iyoZ-3 + 6o5i) [d^Y + t-2X-iyoZ-3{X^) Y (d^Y 

1=0 

s-1 I 

n-l {{doCi + fl)t-iXoy-3Z-2 + €361) (dY) + i_iXo5_32_2(A2) E (^D 

^4n-l =t-l 

^*=0 ((do6i52 + /i52 + h2)t-iXoy-3Z-2 + C06152) (^f)'* + t-iXoy-3Z-2{Xf) Y (dsY 

1=0 
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„_1 ((6oCie2 + die2 + f2)toX-3y-2Z-i + aoCie2) (0^)^ + toX-3y-2Z-i{Xl) Y. (^ 3 ) 

t 4 n =to n - 5 - — -- ( 22 ) 

^=0 + toX- 3 y- 2 Z-i{X^) Y 

1=0 

where Oq, Xq, u = x,y, z,t are defined in (21b). 

2.4 Case where a„, bn, Cn, dn, e^, /„, Qn and hn are constant 

Suppose that a„ = a, 6„ = b, Cn = c, = d, e„ = e, fn = f and (/„ = g. Equations in (22) simplify to 

S— 1 

„_i {acegY + x^3y^2Z-ito{h + gf + ged + gecb) Y (acegY 

n i=o 

S — 1 

s=o (a + bx-3y-2Z-ito) {acegY + X-3y-2Z-ito{b + ah + agf + aged) Y {o^cegf 
L i=o 

S — 1 

„_i {g + htx_2y-iZo)iaceg)‘' + t_3X_2y-iZo{h + gf + ged + gecb) Y (acegY 

n i=o 

S— 1 

s=o {{ah + b)t- 3 X- 2 y-iZo + ag) {acegY + t- 3 X- 2 y-iZo{b + ah + agf + aged) Y (acegY 

1=0 

s i 

n-i {{fg + h)t_ 2 X-iyoZ -3 + eg) {acegY + t-2X-iyoZ-3{h + gf + ged + gecb) Y (aceg) 

n i=o 

S—1 

s=o {{afg + a2h + b)t- 2 X-iyoZ -3 + aeg) (aceg)'^ + t-2X-iyoZ-3{b + ah + agf + aged) Y (acegY 

1=0 

s I 

n -1 {{deg + fg + h)t-iXoy- 3 Z -2 + ceg) {acegY + t-iXoy- 3 Z- 2 {h + gf + ged + gecb) Y (aceg) 

n i=o 

g 

s=o (aceg)^^^ + t-iXoy-3Z-2{b + ah + agf + aged) Y (aceg) 

1=0 

s i 

n-1 (acegY + i-iXoy- 3 Z- 2 {b + ah + agf + aged) Y (aceg) 

n i=o 

S—1 

«=o (c + dt-iXoy- 3 Z- 2 ) {acegY + t-iXoy- 3 Z- 2 {d + cb + cah + cagf) Y (acegY 

1=0 

s i 

n -1 (a + btoX-3y-2Z-i) (aceg)® + toX-3y-2Z-i{b + ah + agf + aged) Y (aceg) 

n i=o 

-- 

^=0 {{be + d)toX-3y-2Z-i + ac) {aceg)^ + toX-3y-2Z-i{d + cb + cah + cagf) Y (acegY 

1=0 

s i 

n -1 {{ah + b)t_3X-2y-iZo + ag) (aceg)" + t_3X-2y-iZo{b + ah + agf + aged) Y (aceg) 

yin-i =y-i n -^^ 

^=0 {{ach + bc + d)t-3X-2y-iZo + aeg) (aceg)® + t-3X-2y-iZo{d + cb + cah + cagf) Y (aceg) 

1=0 

s ®~^ I 

n -1 {{afg + ah + b)t_ 2 X-iyoZ -3 + aeg) {aceg)"" + t-2X-iyoZ-3{b + ah + agf + aged) Y (aceg) 

y 4 n =yo n-- 5 - ] - - - 

s=o (aceg)®^^ + t-2X-iyoZ-3{d + cb + cah + cagf) Y (aceg) 

1=0 

s-l j 

n-1 {acegY + t- 2 X-iyoZ- 3 {d + cb + cah + cagf) Y (aceg) 

n i=o 

_ -^-( 

«=0 (e + ft^2X-iyoZ-3) (acegY + t- 2 X-iyoZ- 3 {f + ed+ ecb + ecah) Y (aceg) 

1=0 
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^ 4 : 71—2 


^An—l 


^4n - 

tin-d. - 

tAn-2 = 

^4n—1 - 

^4n - 

2.4.1 

Here, 9‘ 


=Z-2 


_1 (c + dt-iXoy-3Z-2) {acegY + t-iXoy-3Z-2id + cb + cah + cagf) Y, {acegY 

1=0 


n 


=2:_1 


^-0 {{de + /)i_iXoy_ 3 Z _2 + ce) {acegY + i_ia;o 2 /- 3 ^- 2 (/ + ed + ecb + ecah) Y (oceg) 

1=0 

s i 

1-1 {{be + d)toX-3y-2Z-i + ac) {acegY + toX-3y-2Z-i{d + cb + cah + cagf) Y {(^ceg) 

1=0 


n 


s-l 


=Zo 


^-0 {{bee + de + f)toX-3y-2Z-i + ace) {acegY + toX-3y-2Z-i{f + ed + ecb + ecah) Y {^ceg) 

1=0 

s i 

_i {{ach + bc + d)t-3X-2y-iZo + aeg) {acegY^ + t-3X-2y-iZo{d + cb + cah + cagf) Y (oce^) 

1=0 


n 

s=0 




-3 


n 


{aceg)^~^^ + t-3X-2y-iZo{f + ed + ecb + ecah) Y {o-cegY 

1=0 

S— 1 

{acegY + t- 3 X- 2 y-iZo{f + ed + ecb + ecah) Y (oceg) 

1=0 




=t- 


«-0 {g + ht_ 3 X- 2 y-iZo) {aceg)" + t_ 3 X- 2 y-iZo{h + gf + ged + geeb) Y (aceg) 

1=0 

S s-l ^ 

„_1 (e + ft- 2 X-iyoZ- 3 ) {acegY + t- 2 X-iyoZ- 3 {f + ed+ ecb + ecah) Y (aceg) 

1=0 


n 


(if 9 + h)t-2X-iyoZ-3 + eg) {aceg)"‘ + t-2X-iyoZ-3{h + gf + ged + geeb) Y {o-ceg) 

1=0 

s-l ^ 

„_i {{de + f)t-iXoy-3Z-2 + ce) {acegY + t-iXoy-3Z-2{f + ed + ecb + ecah) Y (aceg) 

1=0 


n 


s-l 


--to n 


-0 {{deg + /5 + h)t-iXoy-3Z-2 + ceg) {acegY + t-iXoy-3Z-2{h + 5 / + ged + geeb) Y {acegY 

1=0 

S — 1 

_i {{bee + de + f)tQX- 3 y- 2 Z-i + ace) {acegY + toX-3y-2Z-i{f + ed + ecb + ecah) Y [acegY 

1=0 




s=0 


(aceg)®^^ + toX-3y-2Z-i{h + g/ + ged + geeb) Y [acegY 

1=0 


(23) 


Case where a = l, b = 1, c = 1, d = 1, e = l, / = 1 , 3=1 and h = 1 
^ = 0y = =e* = 1 and V = xy = = X* = 4 . Thus, equations in (23) simplify to 

n—1 


X4n—3 — X—3 JT 
s=0 
n—1 

X4n—1 — X—4 JT 
s=0 
n—1 

y4n-3 =y-3 L[ 
s=0 
n—1 

y 4 n-l =y-l L[ 

s=0 


1 + 4:SX-3y-2Z-ito 

n— 

j ^4n—2 — X—2 

s— 

_1 + (4s + l)x-3y-2Z-ito_ 

1 + (4s + 2)t-2X-iyoZ-3 

n— 1 r I 

_ TT J 

_1 + (4s + 3)t-2X-iyoZ-3_ 

j X4n — ^0 

s^O ^ 

1 + 4st_ia;oj/-3Z-2 

n— 

,y4n-2 = y-2 J] 

s—i 

_1 + (4s + l)t-iXoy-3Z-2_ 

1 + (4s + 2)t-3X-2y-iZo 

n— 1 r I 

TT ^ 

_1 + (4s + 3)t-3X-2y-iZo_ 

1 y4n ~ yo ^ 

s=0 L 


1 + (4s + l)t- 3 X- 2 y-iZo 


1 + (4s + 2)t_3x_2y-i2:oJ ’ 

1 + (4s + 3)t-ia;oy-3Z-2 
1 + (4s + 4)t_ia;oj/-3Z-2. 

1 + +(4s + l)toX- 3 y- 2 Z-i 


1 + (4s + 2)toX-3y-2Z-i \ ’ 


[1 + (4s + 4)t_2a;_i?/oZ-3j 
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Z4n-3 =Z-3 

Z4n-1 =Z-1 

7 

t4n-3 =^-3 

s^O 
n—1 

t4n-l =t-l 

s=0 


n—1 

TT 

1 + ‘ist- 2 X-iyoZ -3 

n—1 

'1 + (4s + l)t-iXoy-3Z-2 

11 

s=0 

_1 + (4s + l)t_2X-iyoZ-3_ 

J ^4n—2 — ^—2 

5 = 0 

_1 + (4s + 2)t-iXoy-3Z-2_ 


n—1 

TT 

'1 + (4s + 2)toX-3y-2Z-i' 

n—1 

'1 + (4s + 3)t-3X-2y-iZo' 

11 

s=0 

_1 + (4s + 3)toX-3y-2Z-i_ 

, Z4ri — ^0 

5=0 

_ 1 + (4s + 4)t_3X-2y-iZo_ 


1 + 4:st_3X-2y-iZo 
1 + (4s + l)t-3X-2y-iZo 

1 + (4s + 2)t-iXoy-3Z-2 
1 + (4s + 3)t-iXoy-3Z-2 


, t4n-2 — t-2 

s=0 

n— 1 r 

, t4n = ^0 


1 + (4s + l)t-2X-iyoZ-3 


s=0 


1 + (4s + 2)t-2X-iyoZ-3 ’ 

1 + (4s + 3)toX-3y-2Z-i 
1 + (4s + 4:)toX-3y-2Z-i 


(24) 


2.5 Case where a = c = h = —1 and b = d = e = f = g = l 

Here, 9^ = 6^ = 9^ = 9* = 1 and = A* = 0. Thus, equations in (23) simplify to Theorem 2.2 

in [1]. 


2.6 Case where a = c = e = g = —1 and b = d = f = h= l 

Here, 9^ = 9^ = 9^ = 9* = 1 and = X* = 0. Thus, equations in (23) simplify to Theorem 2.3 

in [1]. 

2.7 Case where a = b = c = d = e = f = g = l and h = —1 

Here, 9^ = 9^ = 9^ = 9* = 1 and X^ = X^ = X^ = X* = 0. Thus, equations in (23) simplify to Theorem 3.1 
in [1]. 


3 Existence of four periodic solutions 

If 

1 — 0 1 — c 1 — e 1 — 

X-3y-2Z-ito = X-2y-lZot-3 = X-iyoZ-3t-2 = Xoy-3Z-2t-l = = —J— = —— = —,—, 

0 a J n 

then 

9^ =9y = 9^ =9* = geca 

and 

A^ = A^ = A^ = A* = —^(1 - geca). 

1 — a 

Thus, equations in (23) simplify to 

^4n—3 — 3;^4n—2 — ^ —2i^4n —1 — lj^4n — ^0? 

J/4n-3 = y-3,y4n-2 = J/-2,2/4n-l = 9-1, J/4n = 2/0, 

^4n-3 = Z-3,Z4n-2 = ^-2,24„_1 = Z-i, Z4n = Zq, 

^4n—3 — t—3,^4n—2 — t—2,^4^—1 — t—l4in — 

and therefore all solutions of (8) are periodic with period four. 

Below are the figures of some numerical examples that illustrate two cases of systems where solutions are 
periodic with period four. 
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Figure 1: Periodic solutions of (8) when a = 2, b = —1, c = 3, d = —2, e = 4, / = —3, g = 5, h = —A with 
initial conditions Xq = 0.5, Xi = 0.75, X 2 = —3/2, x^ = 0.4, j/g = 0-5, J/i = 2, y 2 = 0.5, = —2/3, Zq = 

1/5, zi = 5, 22 = 0.25, Z3 = 1/3, to = 8, h = 5, t2 = 1, tg = 4. 



Figure 2: Periodic solutions of (8) when a = 0.5, b = 0.5, c = 0.75, d = 0.25, e = 6, / = —5, g = —1, h = 2 
with initial conditions Xq = —0.5, Xi = —1/7, X2 = —1/4, Xo = 1.25, yo = —0.125, yi = 2, y2 = —1/5, 
2/3 = 10, zo = -0.8, zi = 5, Z2 = -1/3, zs = 3.5, to = 10, = 0.5, t2 = -1.28, t^ = 3. 
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Dynamics of an anti-competitive system of difference equations 

J. Ma* A. Q. Khant 


Abstract 

In this paper, we study the dynamical properties of an anti-competitive system of second-order rational difference 
equations. The proposed work is considerably extended and improve some exiting results in the literature. 

Keywords and phrases: difference equations; boundedness and persistence; asymptotic behavior 
2010 AMS: 39A10, 40A05 


1 Introduction 


In 1 , Hamza et al. have investigated the global behavior of the difference equation: Xn+i = b+cJ^ > ^ ’ ’ ’) where 

A, C and initial conditions xq, X-i are positive real numbers. Motivated by the above studies, our aim in this paper 
is to investigate the dynamical properties of the following anti-competitive system of second-order rational difference 
equations: 


^n+l 


a + Pyn-i 

1 + 5x1 


Vn+l — 


Ql -h fiiXn-l 

li + 5iyl 


n = 0,1,-- - , 


( 1 ) 


where a, j3, 7 , d, ai, j3i, 71 , di and the initial conditions Xq, X-i, t/o, V-i are positive real numbers. The rest of 
the paper is dedicated to investigate the boundedness and persistence, existence of unbounded solutions, existence and 
uniqueness of positive equilibrium point, local and global stability about the unique positive equilibrium point of the 
system Q. 


2 Main results 


2.1 Boundedness and persistence 

Theorem 1. // /3/3i < 771 then every solution {{xn,yn)/xn,yn > 0} of the system OF is bounded and persists. 

Proof. If {(xn,yn)/xmyn > 0} is a Solution of the system Q then 

a P ai Pi 

^n+l ^ yn—lt yn+l ^ H” ^n—^ ’ • 

7 7 7i 7i 


From ([^, one get 


Consider 


a aiP PPi Ofi aPi PPi „ , 

Xn+l <-1-1- Xn-3, 2/n+l <-1-1-2/n-3) n = 0,1, 

7 111 111 7i 77i 77i 

_ a ai/3 /3/3i _ ai aPi PPi _ 

l*ra+l —- 1 - 1 -4>„_3, 4n-|-l — - 1-1- Sn-3) — 0, 1, 

7 77i 77i 7i 77i 77i 


The solution {($nAn)} of @ 


Ip Pi 


Ip Pi 


PPi 


<^n = ri +r2 +r3 if— Pn -if — 


I PPi \ 071 -h Pai 


111 


fn = Silf ^ 
\ V 771 


S2 


111 

111 


+ S3 i\ 


111 


Im 

111 


T S4 I — i ^ 


111 J 111 - PPI ' 

^PPi\ 017 + «/^i 

77i / 111 - PPi ' 


( 2 ) 

(3) 

(4) 


(5) 


^College of Science, University of Shanghai for Science and Technology, Shanghai, 200093, P. R. China, e-mail: majiyingl00@126.com 
f Department of Mathematics, University of Azad Jammu & Kashmir, Muzaffarabad 13100, Pakistan, e-mail: abdulqadeerkhanl@gmail.com 
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where ri, r 2 , ra, r 4 , si, S 2 , sa, S 4 depend upon the initial values d)_a, $- 2 , d)_i, $ 0 ; C- 3 ; C- 2 , ■C-i; ^o- Assuming 
that I3l3i < 771 then ([^ implies that <!)„ and are bounded. Now consider the solution {($ra,^n)} of ^ such that 

$_3 = x_a, $-2 = X-2, $-1 = x-i, $0 = a^o, 

C-3 = y-3, C-2 = y-2, ■?-! = y-1, = yo- (6) 


From (§, (HI and ([^ one get 


a 7 i+^ai _ rr , ai 7 + a/3i _ rr , 

Xn < -—he — (7i+e, y-n < - 7 - 5 —h e — L /2 + e, 

771 - pj3i 771 - ppi 

where for large n, e is a sufficiently small number. In addition from Q and Q, we get 

a( 77 i - PPiY 


Xn. > 


> 


7 + fe2 7(771 - + (5(a7i +/ 3 q;i )2 


= Ai. 


(7) 

( 8 ) 


^ ai ^ _ Qi(77i - pPif _ 

“ 7 i + 5 iyl ~ 71(771 - PPiY + ( 5 i(ai 7 + piuY 

Finally, from Q, Q and (|^ one get 


Ai < a;„ < Ui, L2<yn<U2, n = 0,1, • • • . 


(9) 


( 10 ) 

□ 


2.2 Existence of unbounded solution 

Theorem 2. For solution {(a:„, y„)/a;„, y„ > 0} of the system 0 . the following statements hold: 

(i) If PPi > (7 + <5[/i )( 7 i + SiUf) then — >■ 00 as n ^ 00 . 

(ii) If PPi > (7 + SUf){'^i + SiUf) then —>■ 00 as n ^ 00 . 

Proof, (i) If {(x„, yn)lxn, yn > 0} is a solution of the system Q then 

_ a + Pyn-i a + Pyn-i _ a P 

7 + 5x1^ ~ 7 + 5Ul 7 + 5Uf 7 + dUf 


( 11 ) 


ai + PiXn-l ai + PiXn-1 Oil 

yn+l = -:-^ > 


/3i 


From ( 12 I 


li+Siyl 7i+(5it/| 'Yi + SiUf 'Yi+SiUf 

Pi 


^n—1- 


(y.\ 


Vn—l ^ . r jj 2 I r rr2^'ii~3* 

7i +0iU^ 71 


Using (13) in (111, one get 


a 


. - _^Oi__ ^ _ 

+ {'y + SUf){'yi + 6iUf) + SUf){'yi + 6iUf)^'^~^' 


Consider 


“^n+l — 


Pai 


PPi 




2-.Xn-3- 


The solution of (151 is 


'^n — Cl 


PPi 


C 4 I i -t 


(7 + 5C/i2)(7i+5iC/|)^ 

' JPi 


C 2 - 


PPl 


V (7 + 5C/i2)(7i+5iC/|)^ 

a(7i + 5il7|) + Pai 


+ C 3 L\ 


PPl 


( 12 ) 

(13) 

(14) 

(15) 


(7 + 517f)(7i+5iC/|) 


(7 + duDYii + 6iUi) / ' (7 + suf){^i + SiUf) - ppi ■ 
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where Ci, C2, C3, C4 depends on t_ 3, r_2, r_i, tq. Now if / 3 / 3 i > (7 + ^t^i)(7i +< 5 iC/|) then {t„} is divergent. Hence 
by comparison ccn —>■ 00 as n —)■ 00. 


(ii) Similarly from ( 111 , we have 


Using ( 16 1 in ( 12 1, we get 


Vn+l > 


0.1 


^ a /3 

, Pia 


Vn—Z’ 




7i+5it/| (y + 5U2)(7i+(5iU|) (7 + <5t/2)(7i+5iC/|) 


Vn—Z’ 


Consider 


_ ai ____ 

li+SiUi (7 + i5[/f)(7i+(5iU|) (7 + (5t/f)(7i 


The solution of ( 18 1 is given by 


l^n — C 5 


/3/3i 


cg — 


(7 + ^t/2)(7i+Jit7|)^ 


C6 - < 


/?/3i 


/ (7 + 5[/2)(7i+5it/|)^ 
ai(7 + ) + (iia 


+ C7 H 


/3/3i 


(7 + ^U2)(7i+5i[/|) 


( 16 ) 

( 17 ) 

( 18 ) 

+ 


(7 + )(71 + SiUl) ; (7 + 5C/2)(7i + < 5 i[/|) - / 3 / 3 i ’ 


where C5, cq, C7, cg depends on fi-3, /r-2, /^o- If PPi > il + SUi){ji + S1U2) then {^„} is divergent. Hence by 

comparison 2/„ —>■ 00 as n —>■ 00. □ 


2.3 Existence and nniqueness of positive equilibrinm point 

Theorem 3. If 

ai + PiLi < 7i +^i 


(7 + SLl)Li — a\ (7 + 5 L\)Li — 


P 


P 


tti + PiUi > 71 + < 5 i 


(7 + 5 Ul)Li -aV\ (7 + 5 Ul)Ui - 


P 


a 


p 


and 


(7 + 36 Ui^) (71/32 ^ ^ ^ 


P^Pi 

then the system has a unique positive equilibrium point fl = {x,y) G [Li,Ui\ x [T2,U2]. 
Proof. Consider 

_ a + Py _ tti + Pix 
^ 7 + Sx'^ ’ ^ 71+ ( 5 i ?/2 


From ( 22 ), we have 


Taking 


where 


('y + Sx^)x-a ill + Siy'^)y - ai 

P ’ Pi 


_ ("d + Siihix))^)h{x) -ai 

X I u) J — tL I 


hix) = 


Pi 

(7 + 5 x^)x — a 


( 19 ) 

( 20 ) 

( 21 ) 

( 22 ) 

( 23 ) 

( 24 ) 


and X G [Li, Ui]. Now 


FiLi) = 


(71 + i5i(/i(Li))2)/i(Li) - oi 

Pi 


— Li — 


7i^^i((7+«|)l^ 


('f+SLl)Li—a 

P 


ai 


Pi 


-Ti 


( 25 ) 
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Assume that (191 hold then (25) implies that F{Li) > 0. Also, 

^7i + <5i (- 


<^j+SUI)Ut^Y \ {■y+SUl)Ut-a 


F{U^) = + 

Pi 


- ai 


Pi 


-C/i. (26) 


Assuming (20) hold then from (26) one get FiJJi) < 0. Hence, F[x) has at least one positive solution in x e 
Furthermore, 


F'{x) = h'{x) 


7i + 3^i(fe(x))^ 

Pi 


- 1 , 


(27) 


where 


h'{x) = 


7 + 36x^ 

P 


Let X be a solution of equation F(x) = 0, then from 


X = 


^ and (28) one get 
(71 + 5i{h{x)Y)h{x) - Qfi 

Pi 


(28) 


(29) 


h{x) 


(7 + (5x^)x — a 

^ J ' 


(30) 


h' {x) = 


7 + 3(5x^ 


(31) 


In view of (30) and (31), equation (27) takes the following form 

(7 + 38x^) (^iP'^ + 3(5i ((7 + 5xP) X - a)‘ 


F'{x) = 


P^Pi 


- 1 , 


< 


(7 + 35U^) ( 71/32 ^ ^ 

Wi 


Assume that (21) hold then from (32) one get F'(x) < 0. 


2.4 Local stability 

Theorem 4. For equilibrium H of the system the following statements hold: 

(i) H of the system 0 is locally asymptotically stable if 

'2 ^ 1 f _o PPl 


26Uf 26iUf 


j + 6Ll\ -fi+5iLlJ '-/i+SiLl 

(ii) H of the system 0 is unstable if 

25iLl 




25Li 


1 + 


7 + 6Uf \ 71 + (i 

Proof. If (x,y) is an equilibrium point of the system 0 then 


3-Vt72 (‘^^iLl + 

1^2 ) 7i + V 


PPl 


7 + 5Uf 


> 1 . 


a + Py _ ai + Pix 
X = - y = 


(32) 

□ 


7 + Sx'^ ’ 7i + ( 5 i 2/2 

Consider the following transformation in order to construct the corresponding linearized form of the system 0: 

(^^n+l) 3^ra j 2/n+l) 2/n) (/)/l)/?) ffl)) 


(33) 


(34) 


(35) 
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where 


a + l3yn-i , ai+PiXn-i 

J — I r 9 5/1 — ^n5 9 — , r 9 ’ 


1 + 5x1 


71 + 5 iyl 


( 37 ) 


The Jacobian matrix J\[x,y) about {x^y) under the transformation (36) is given by 


/a 0 0 h\ 

10 0 0 

0 oi 61 0 

V 0 0 10 / 


where 


a = -0 = 


7 + Ja;2’ "f + Sx"^' li + 5iy'^ 

The characteristic equation of J\{x,y) about {x,y) is given by 

— (a + 6 i)A^ + abiX^ — aib = 0 . 


Pi 


bi=- 


25if 


71 + Siy 


1/2 


(38) 


(39) 


(40) 


Now, 


|a| + |^i| + |a^i| + — 


26x‘^ 2Siy'^ 

+ -+ 


4:66i x^y'^ 


PPi 


< 


7 + fe 2 7i+(5i?/2 (7 + ( 5 a; 2 )( 7 i + (5 i?/2) + diy'^)' 

25Ul 2(5i t7| 4(5(5 iC/2(7| /3/3i 


+ 


1 + 5L\ 7 i + JiL| {-f + 5Ll){-fi+5iLl) (7 + ( 5 L?)( 7 i + i5iL|) ’ 


25Ul 

1 + 5LI 


1 + 


2 Jil/| 

71 + 5 iLlJ ' 71 + 5 iLl 


2(5it/| + 


2 PPi 

1 + 5L\J- 


(41) 


Assuming that (33) hold then from (41) one gets |a| + | 6 i| + |a 6 i| + |oi 6 | < 1. Hence from Remark 1.3.1 of [^, fl of ([^ 
is locally asymptotically stable. 

Proof {ii). Using same manipulations as for the proof of ii) and assume that (34) hold then 


+ l&il + |a&i| + |ai&| — 


2 Jx 2 


25if 


4(5(5i x^y^ 


PPi 


> 


7 + ( 5 a ;2 71 + (7 + <5a:^)(7i + ^ij/^) (7 + fe^)(7i + < 5 iy^)' 

A55iLlLl ppi 


25Ll 




7 + Jt// 7i+Jit/| (7 + <5U2)(7i+JiC/|) (7 + (5C/2)(7 i+JiC/|)’ 


25Ll 
7 + 5 Ul 


1 + 


25xLl 


1 


li + SiUiJ 7i+<5iU| 


26iLl 


PPi 


7 + < 51/2 


> 1 . 


Hence fl of system ([^ is unstable. 


(42) 

□ 


2.5 Global character 

Now we will study the global dynamics of ([^ about Q by utilizing Theorem 1.16 of [^. 

Theorem 5. Q of the system 0 is a global attractor. 

Proof. If f{x,y) = and g{x,y) = then it is easy to examine that f{x,y) is non-increasing (resp. 

non-decreasing) in a; (resp. y) V {x,y) G _ x 

Also g{x,y) is non-decreasing (resp. non-increasing) in x (resp. y) V {x,y) G 




_ aiilll-PPlP _ ai7+a/3i 

7l(77l-/3/3l)^+<5l(ai7+/3l“)^ ’ lll-Phl 


_ ai7+a/9i 

7l(77l-)9;8l)^+'5l(“l7+/3ia)^ ’ lll-hPl 

_ a(lll—PhlP _ ail+hai 

7 ( 771 -/3/3l)^+i5(a7l+/3ai)^ ’ 77i-/3/3i 

. Let {mi, Ml, m 2 , M 2 ) be a solution of the system 

a + Pm2 a + PM2 

= — , c .^9 1 ^1 = 


and 


m 2 = 


7 -L 6Mf ’ 

ai + Pimi 

71 -I- SiMf'' 


M 2 = 


7 -I- 5m\ 

ai + PiMi 

71 -I- Siml ' 


(43) 


(44) 
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From (431 and (44), we get 

mi {a + Pm2){'j + Sml) 

Ml {p! + 5Mi){a + j3M2) 

(45) 


m2 _ (oi-H/?imi)(7i + (5im|) 

M 2 (71 - 1 -diM|)(Q;i- 1 -/3iMi) ’ 

(46) 

Setting 

- = Ol < 1 , - = 02 < 1 . 

Ml ’M 2 

(47) 

In view of (47), equations (45) and 

(46) then implies that 



j3^{ai — a2)M2 = aS{ai — \)aiM^ + I35{aia2 — l)aiMj M 2 ~ a'y{ai — 1), 

/3i7i(a2 — ai)Mi = Q;i5i(a2 — l)a2M| +/3i(5i(aia2 — l)a2MiM| — Q!i7i(a2 — 1). (48) 


So right-hand sides of ( |4^ are less then or equal to zero, and thus 

ai — 02 < 0, 02 — oi < 0. 


This implies that 


Gi (X 2 Gi, 


which hold if and only if ai = a 2 - In view of (48) it follows that ai = a 2 = 1 and thus mi = Mi, m 2 = M 2 . Hence, by 
Theorem 1.16 of [^, of the system ([I]) is a global attractor. □ 


3 Conclusion 


This work is related to the dynamical properties of an anti-competitive system of rational difference equations. We 
proved that if /3/3i < 771 then every solution {{xn,yn)/xn,yn > 0} of the system Q is bounded and persists. We 

proved that if ai+/ 3 iLi < (^71 + j i^+sLl)L,-a ^ a^+PiUi > (^71 + ^1 ii+su^w,-^ 

{-f+3SUi^)(jiP^+3Si((j+SUi^)Ui-aY) fl ^ 

and --^ 3 ^ 0 ^- - < 1 then system ( 1 ) has a unique positive equilibrium point il — {x^y) G 

[Li, Ui] X [L 2 , 1 / 2 ]- Furthermore method of Linearization is used to study the local stability about the unique positive 
equilibrium point fl. Linear stability analysis shows that fl is locally asymptotically stable if j + 


7i+<5iLT \‘^^iU2 


" ' tUp) < 1 and unstable if 


dynamics about fl is also investigated. 


2SLI ( 

i+Sul V 


1 + 


‘26\L2 

7i+^iC; 


-) + 7l+tc/| (^'^1^2 + 


> 1 . 


7 i+i 5 iL| 
Finally global 
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AN ITERATIVE SCHEME FOR SOLVING SPLIT SYSTEM OF MINIMIZATION 
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Abstract. In this paper, we propose iterative algorithm for solving split system of minimization problems. We prove strong 
convergence of the sequences generated by the proposed algorithms. The iterative schemes are proposed in such a way that 
the selection of the step-sizes does not need any prior information about the operator norm. We further give some example to 
numerically verify the efficiency and implementation of our method. 


Keywords: Minimization problem, strong convergence, Moreau-Yosida approximate, Hilbert space. 
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1. Introduction 

Let Hi and H 2 be real Hilbert spaces and let A : Hi ^ H 2 be a bounded linear operator. Given nonempty 
closed convex subsets Ci {i = 1,... ,N) and Qi {i = 1,..., M) of Hi and H 2 , respectively. The multiple-set 
split feasibility problem (MSSFP) which was introduced by Censor et al. [10] is formulated as finding a 
point 

N M 

a; G Pi Ci such that Ax G P Qj. (1.1) 

i=i j=i 

In particular, if V = M = 1, then the MSSFP (1.1) is reduced to find a point 

X € C such that Ax G Q. (1.2) 

where C and Q are nonempty closed convex subsets of Hi and H 2 , respectively. The problem (1.2) is known 
as the split feasibility problem (SFP) which was first introduced by Censor and Elfving [9] for modeling 
inverse problems in finite-dimensional Hilbert spaces. Many authors studied the SFP, see for example in 
[5, 9, 13, 14, 17, 24], and MSSFP, see for example in [10, 15, 19, 34, 35], provided the solution exists. The 
SFP and MSSFP arises in many fields in the real world, such as image reconstruction, modeling inverse 
problems, radiation therapy treatment planning and signal processing, and medical care; for details see 
[6, 7, 8] and the references therein. 

Throughout this paper, unless otherwise stated, we assume that Hi and H 2 are real Hilbert spaces, 
A : Hi —>■ H 2 is nonzero bounded linear operator, / denotes the identity operator on a Hilbert space and M 
denotes set of real numbers. 

Let us consider the following problem: find x G Hi with the property that 

m:io{f{x)+gx{Ax)}, (1.3) 

where / : Hi —>■ RU{-|-oo}, g : H 2 —>■ MU{-|-oo} are two proper, convex, lower-semicontinuous functions and 
gx is Moreau-Yosida approximate [26] of the function g of parameter A given by gx(y) = + 

^\\y — mIP}- In [21], Moudafi and Thakur introduced a weakly convergent algorithm solving the (1.3) in 
case argmin/ fl H“^(argmin(/) ^ 0. Note that if we take f = Sc [defined as Sc{x) = 0 if x G C and -l-oo 
otherwise], the indicator function of nonempty, closed and convex subset C of Hi and g = Sq, the indicator 

* Corresponding author: R. Wangkeeree. 

Email address: antgetm@gmail.com (A.G Gebrie) and rabianw@nu.ac.th (R. Wangkeeree). 
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function of nonempty, closed and convex subset Q of H 2 , then problem problem (1.3) is reduced to the 
following minimization problem: 

which, when C fl A~^{Q) ^ 0, is equivalent to the split feasibility problem (SEP). It should also be noticed 
that (1.3) is equivalent to the problem of finding a point x G Hi with the property 

X G argmin/ such that Ax G argmin(/. (1-5) 

Moudafi and Thakur [21] used the idea of Lopez et al. [17] to introduce a new way of selecting the step sizes 
given by 

= iJ\\A*{I - prox^g)Aa::112 + 1|(/ - prox;,^/)a;l|2 

with hx{x) = 1\\{I - prox^JAx]]^ and lx^{x) = ^\\(I - prox;^ y)a:l[^ where prox;^.(a;) = arg min{/(u) + 

^j]M — i/|]^} stands for the proximal mapping of /. They proposed the following split proximal algorithm, 
which generates, from an initial point Xi G Hi assume that a;„ has been constructed and 9x{xn) ^ 0, then 
compute Xn+i via the rule 

x„+i = prox;^^^^(a;„ - ii„A*{I - prox^g) 2 la:„) (1.6) 

where stepsize = Pn 0 < < 4 and if (a;„) = 0, then Xn+i = is a solution 

of (1.5) and the iterative process stops; otherwise, we set n := n + 1 and go to (1.6). Based on Moudafi 
and Thakur [21] many iterative algorithms are proposed for solving split minimization problem (1.5), see 
eg, Shehu and lyiola in [28, 29, 30, 31], Shehu and Ogbuisi in [27], Shehu et al. in [32], Abbas et al. in [1]. 
Very recently, Shehu and lyiola [29] proposed algorithm for solving (1.5) as follows: 


u,xi G Hi, 

(1 G^)Xyj T (XyitL, 

yn = Zn- “ prox;^^)z„ + A* {I - prox^g)Az„), 

^n+1 — (1 Zn T 


(1.7) 


where ^(x) = ^1](/ —prox;^jr)xlP, h{x) = |1|(/—prox;^g)Axl]^ and 0(x) = 1|(/ —prox;^^)x + A*(/—prox;^g)Axll. 
It was shown that the sequence {x„} generated by iterative algorithm (1.7) converges strongly to the solution 
of problem (1.5) under the following conditions: 

00 

(a) : 0 < a„ < 1, lim a„ = 0 and an = 00 . 

n=l 

(b) : 0 < /3 < /3„ < 5 < 1, 

(c) : 0 < < 4, lim inf (4 - p„) > 0. 

n—¥oo 

To prove the strong convergence of iterative algorithm (1.7) the authors used simpler alternative proof 
without recourse to ‘two cases method’ of proof studied by other authors [1, 27, 30, 31, 32] and is also 
different from the approaches used in the proofs of [21, 28]. 

Motivated and inspired by results in [10, 21, 29], in this paper, we introduce and study the following split 
system of minimization problem (SSMP): finding a point x G Hi with the property 


N M 

X G (arg min/i) such that Ax G n (arg min gj) (1.8) 

i=i j=i 

where fi : Hi —>■ M U {+ 00 } and gj : H 2 —>■ R U {+ 00 } are proper, lower semicontinuous convex functions, 
argmin/i = {x G i7i : /i(x) < fi{x), Vx G Hi}, argmin = {y e H 2 : gj{y) < gjiy), Vy G 772} and 
i G $ = {1,..., N}, j G T = {1,..., Mj. The solution set T of problem (1.8) is denoted by 


r=<xGi7i:xG 


N M 

[^(argmin/i) and Ax G (argminyj)|. 




i=i 
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Minimizers of any proper, lower semicontinuous function are exactly fixed points of its proximal mappings 
and proximal mappings are nonexpansive mapping (whose set of fixed points is closed and convex), we have 
that the set of minimizers of any proper, lower semicontinuous function is closed and convex. Therefore, 
since A bounded linear operator the solution set T of problem (1.8) is closed convex set. We assume T is 
nonempty. 

We propose an iterative scheme using extended form of selecting step sizes used to solve (1.5) to the context 
of solving split system of minimization problem (1.8). The iterative scheme is developed by computation of 
proximal of fi at Zn and gj at Azn in a parallel setting under simple assumptions on step sizes. Moreover, 
the technique of the proof takes some steps of [29, 33] so that it takes few steps to complete the proof. Note 
that ii fi = f for all i G $ and gj = g for all j G then problem (1.8) reduces to the problem of split 
minimization problem (1.5) considered in [1, 21, 27, 28, 29, 30, 31, 32]. 

This paper is organized in the following way. In Section 2, we collect some basic and useful lemmas for 
further study. In Section 3, we propose and analyze the convergence result of our algorithm. In Section 4, 
we give a numerical example to discuss performance of the proposed algorithm. 

2. Preliminary 

In order to prove our main results, we recall some basic definitions and lemmas, which will be needed in 
the sequel. The symbols ” ^ ” and ” —>■ ” denote weak and strong convergence, respectively. 

Let be a real Hilbert space and C be a nonempty closed convex subset of H. The metric projection 
on C is a mapping Pc '■ H ^ C defined by 

Pcix) = argTmn{\\y — x\\ : y € C}, x G H. 

Lemma 2.1. Let C be a closed convex subset of H. Given x G H and a point z G C, then z = Pc{x) if 
and only if 

{x - z,y - z) <0, Vj/G C. 

Let T : H ^ H. Then, 

(I) : T is L-Lipschitz if there exists L > 0 such that 

\\Tx-Ty\\ < L\\x-y\\, \/x,y G H. 

If L G (0,1), then we call T a contraction. If L = 1, then T is called a nonexpansive mapping. 

(II) : T is firmly nonexpansive if 

\\Tx - Tj/ 1]2 < lla: - yf -\\{I-T)x-{I- T)y\\\ 'ix,y G H, 
which is equivalent to 

HTx-TyW"^ <{Tx-Ty,x-y), 'ix,y G H. 

If T is firmly nonexpansive, I — T is also firmly nonexpansive. 

(III) : strongly monotone if there exists a constant a > 0 such that 

{Tx-Ty,x-y) > a\\x - yW^ 

for all x,y G H. 

(IV) : inverse strongly monotone if there exists a constant a > 0 such that 

{Tx-Ty,x-y) > aWTx-TyW^ 

for all x,y G H. 

Note that the proximal mapping of / is nonexpansive and firmly nonexpansive mapping. The minimizers 
of any proper, lower semicontinuous function are exactly fixed points of its proximal mappings. Many 
properties of proximal operator can be found in [12] and the references therein. 

Lemma 2.2. Let H be a real Hilbert space. Then, 

\\x + yf = Ijxlp + \\yf + 2{x,y), \/x,y G H 
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The following facts will be used several times in the paper. 

Lemma 2.3. [2] Let H he a real Hilbert space. Then, 

11(1 _ + ayW^ = (1 - a)||xf + a||yf - a(l - a)||x - yf, 

Va G M, Vx, y £ H. 

d 

Let iL be a real Hilbert space, {xi,X 2 , ■ ■ ■ ,Xd} C H and {Ai, A 2 ,..., A^} C [0,1] with ^ Ai = 1. Then, 

i—1 

from [2, 37] one can see that 

d 2 ^ 






i.e., convexity of ||.|p. 

Lemma 2.4. [18] Let {a„} be the sequence of nonnegative numbers such that 

Rn+l ^ (1 ^n)^n “f Oiribnj 

00 

where {(5„} is a sequence of real numbers hounded from above and 0 < a„ < 1 and ^ a„ = 00 . Then it 

n—1 

holds that 

lim sup an < lim sup 6„. 


3. Main result 

First we introduce the following settings which is an extension of settings introduced by Moudafi and 
Thakur [21]. Let A > 0. For x £ Hi, 

(i) : for each z G $, define 

lii^) = ^ll(^ - and Vli{x) = (7 - prox;,jJx, 

(ii) : l{x) and V/(x) are defined as l{x) = li^{x) and so Vl{x) = Vli^{x) where ix is in $ such that 

ix £ argmax{||(/ - prox^^Jx]] : z G d)}, 

(iii) : for each j £ 4*, define 

hj{x) = i|](/- prox;, )Ha;||2 and Vhj{x) = A*{I - prox^^ )Ax, 


2' 

(iv): for each j £ T, define 
It is easy to see that, for a; G i7i 


0j(x) = max{||Vhj(a;)||, ||V;(a:)||}. 


and 


|V;.(a:)|| <||V;.,(a:)|| = ||V;(x)||, Vz G $ 


l^(x) = ^llVh(x)ll^ VzG$. 


In this section, we propose algorithm for solving SSMP (1.8) and we analyse the convergence of the iteration 
sequence generated by the algorithm by assuming that the solution set F is nonempty. In order to design 
the algorithm, we consider the parameter sequences satisfying the following conditions. 

Condition 1 

00 

(Cl) : 0 < a„ < 1, lim a„ = 0 and a„ = 00 . 

n-^oo 

(C2) : 0<P<Pn<S<l, 
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M 

(C3) : 0 < ^ < 1 such that X) Cn = 1 n > 1. 

i=i 

N 

(C4) : 0 < <5 < 5n<l such that X ®^ch n > 1. 

i=l 

(C5) : Q < pn < 26, liminf pn{26 — pn) > 0. 

n—¥OQ 

Throughout this paper, unless otherwise stated, Condition 1 refers to conditions (C1)-(C5) above. Using 
the definitions of V/i, k, I, VI, hj, Vhj and Oj given in (i)-(iv), we are now in a position to introduce our 
algorithm. 


Algorithm 1 

Initialization: Choose u, Xi £ Hi. Let {an}, {fin}, {Pn}, {?«} be real sequences satisfying 

Condition 1. 


Step 1: Evaluate z„ = (1 — a„)a;„ + Q;„t6. 

Step 2: For each j compute 9j{zn), hj{zn) and l{zn). 

Let = {j G 4- : Ojizn) ^ 0}. 

If = 0, then Zn is a solution of (1.8) and the iterative process stops, otherwise, go to Step 3. 
Step 3: For each j G evaluate p^n = PnPfn where 


T] 


3 

n 


0 , 

hj(z„) + l(z.n) 


if 3 i 
if j G '^n- 


Step 4: Evaluate 


and 


Wn = Zn-(^Y^ 6nVli{Zn) 

tn = Zn — 'y ' ^nPn^^3 {z-n) ■ 

jG'F 


Step 5: 


Step 6: 
Step 7: 


Evaluate 


Vn = 


Wn + tn 
2 


Evaluate Xn+i = (1 - / 3 „) 2 „ + / 3 „j/„ 
Set n := n + 1 and go to Step 1. 


Lemma 3.1. If = 0, then Zn is the solution of ( 1 . 8 ). 

Proof. Suppose ifn = 0 at some iteration n. 

Then, from = {j G 4' : dj{zn) 0} = 0, we have 

max{||V/ij( 2 ;„)||, ||VI( 2 :„)||} = 0,Vj G 4* 

G^||V/i,(z„)||=O=||Vl(0„)||,VjG4', 

\\yhj{zn)\\ = 0 = \\Vhizn)\\,yi G $,Vj G 'f, 

A*{I - pT03Cxg^)Azn = 0 = (/ - prox;,^j2„,Vt G 4*, Vj G 4', 

and this implies that G T. □ 

Remark 3.2. Note that we can also use 0^ (a;) = a/|| V/ij(a:)|p + ||V^(a;)|p instead of 9j{x) = max{|| V/ij(a:)||, || V/(a;)||} 
and the proof for convergence will be the same. It is clear to see that 

max{||V/r,(a;)||, ||V;(a:)||} < ij\\Vh,{xW + \\Vl{xW. 

If Algorithm 1 does not stop, then we have the following strong convergence theorem for approximation 
of solution of problem (1.8). 
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Theorem 3.3. The sequence {xn} generated by Algorithm 1 converges strongly to x & T where x = Ppu. 

Proof. Let x = Pru. Since prox_;^j. and are firmly nonexpansive, I — prox_;^^^ and I — are 

also firmly nonexpansive, and since x verifies (1.8) (since minimizers of any function are exactly fixed-points 
of its proximal mapping), we have for aW z £ Hi 

{\/li{z),z - x) = {{I -proxi^fJz,z - x) 

> ||(/-prox;,yj 2;||2 = 2li{z) 

and 

{\/hj(z),z - x) = {A*{I - prox^g.)Az, z - x) 

= ((/ - proxy^g.)Az, Az - Ax) 

> ||(/ - prox^g^)Az||2 = 2hj{z), Vj G 

Note that, for all z G Hi, ||V^(z)|| < 0j{z), ||V/ij( 2 )|| < 0j{z), Vj G 

Y,5),\\Vk{z)f < ||v;(z)f and ^<5;Z.(z) > Q{z). 


(3.1) 


(3.2) 


Using convexity of ||.|p together with (3.1), we have 



< ll^n - X|p + ( E E KpkiZnt 


- 2 (E ESl,m{Zn),Zr.-x) 

'ieT' ' 



-4( E E SMzn). 

'iGT' ' 


Similarly, using convexity of ||.|p together with (3.2), we have 


\\tn-x\\^- 

= \\Zn - X 

< \\Zn - X 

< \\Zn - X 


2 

2 

2 


\Zn - E ^iTiyhj{Zn) - xW^ 
ie'T 

+ II E ^ilJ-i^hj{Zn)f - 2( E fiTi^hg{Zn),Zn - x) 

t6'T jeT' 

+ E aun^h,izn)r - 2 e - 


je-b 




+ E C^(M^)^l|V/li( 2 „)|P -4 E ^iTihjiZn). 


je-b 


je'S’ 


x) 


(3.4) 
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Now, 


and 


< 


( E E <5;||VZ,(z„)f -4( E E 6Mz^) 

'' iG$ 'ieT' ' id' 

( E aUf)\mZn)r-4 E at^i)S>l{Zn) 

'jG'i' ' 'je'i' ' 

( E aUr)\M{Zn)r-<( E a^^i)KZn) 

'jG'F ^ 'id' ^ 

( E -4C( E aPnVi)liZn) 

'iG'F ^ 'id' ' 

E 

c \T/ \ 


hj {Zn)-\-l{Zn 






liv;(z„)f-4c E 

id'n ^ ^ 


<pIE g](^n)-4CPn E 

ieT'n ^ ieTn ^ 

_ „2 « (iMZrd±Kd))^ _ „ Y^ f 7 (il 3 (Zn) + i(Zn))^ i(Zn) 

Pn Sn S?(zn) ^SFn ?„ S?(zn) (zn) + i(zn) 

— n t’Yn 4 Ci(z„) \ 

-Pn /i^(z„)+/(z„)J e|(z„) 


ieT'„ 


E C^(Pn)^l|V/ 7 Y^n)f -4 E iipihj{Zn) 

jg>I' jg'F 

= E ?n(PnPn)^l|V/ljYn)f -4 E ^iPnVihj{Zn) 

ie'L id' 

= E a(pn^%g^)VYYn)f -4 E aPn^^gf^YYn) 
<P^ E g. (^(-;,)^))Y |(z„)- 4 pn E a^^gj^YYn) 

id'n ' id'n ' 

_ „2 Y^ «■ (ilj(Zn)+i(Zn))^ 

Pn Z^ Sn e?(a;„) 

id'n ■’ id'n 

^ 2 Y^ Ci ihj{z„)+l{z„))^ gj (it 3 -(Zn)+i(Zn))^ i» 3 (Zn) 

— Pn Z^ Sn e 5 (Zn) Z^ ?„ Sf(z„) /tj(Zn)+i(Zn) 


— dn C 7 (^j(d) + Kzn))^ ilj(Zn) 

“iPn Z^ e2(2„) ilj(z„) + /(z„) 


— Pn 


E a(, 

C\T/ ^ 


jGl' 


_ 4 Chj{z„) \ (i7j(Zn) + i(Zn))^ 

P" ?7,-(z„)+i(z„) i e2(zn) 


From convexity of ||.|p and (3.3)-(3.6), we have 


||Pn - t|P = \\\{Wn + tn) - < \\\Wn “ + 4||t„ - x||^ 

< Hz _ T|12 _|_ £11 V pi (n 4Ci(Zn) \ (/lj(Zn) + pZn)) 

^ lid X|| H- 2 Z^ ^n\Pn hj(z„)+l(z,^) I e^(z„) 

^ / J 

I Pn Y^ ci E _ 4Cii3(z„) (?i„-(z„) + i(z„)) 


E ^i(pn 

£=\T/ ^ 




= ||d-xf +p„(Pn-2C) E 

ieTn 


Il3(z„)+i(Zn)^ 

Zn)+l{: 
«"(^n) 


e?(^n) 


From (3.7) and (C5), we have 

||Pn - S|| < \\Zn - t||. 

Using (3.8) and the definition of x„+i, we get 

||X„+1-X|P = 11(1 - Pn)Zn + PnUn “ S|P 

= 11(1 - Pn)iZn - X) + Pnlun “ S)|P 
= (1 - /?„)||z„ - x|p + /3„||2/„ - x\\^ - /3„(1 - /3„)||z„ - y„|p 
< pn - x|p - /3„(1 - E)i|d - Pnip- 


(3.5) 


(3.6) 


(3.7) 


(3.8) 


(3.9) 
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From (3.9) and the definition of z„, we get 

\\Xn+l - S|| < Ikn - S||= (1 - an)\\Xn - x\\ + Q;„||m - x|| 

< max{||a;„ - x||, ||w - x||} 

< max{||a:„ - x\\, |1m - x||} 

which shows that {xn} is bounded. Consequently, {yn}, {Ayn\ and {zn} are all bounded. 
Now, 

and 


(3.10) 


p {^n+1 -^n) — ((1 ^n')^n (^nVu ^n) — Vn 


hn - Znf = j^WXn+l - Znf = )■ 

Using (3.9) and (3.11), we have 

\\Xn+l - \\Zn - - ^^^\\Xn+l “ Zn\\^ ■ 

From the definition of Zn, we have 

\\Zn - = 11(1 - a„)Xn + CtnU - x\\^ 

= (1 - an)‘^\\xn - S|p + al\\u - x|p + 2a„(l - a„)(a:„ - x,u- x) 
= (1 - an)\\xn - + al\\u - + 2a„(l - a„)(x„ - x,u- x) 

Thus, (3.13) and (3.14) gives 

\\Xn+l - (1 - an)\\Xn - x|P + al\\u - 

T2o7^ (1 Citji){Xji X X^ ll^n+l Zn || ■ 

That is, 

ll^n+l ^11 ^ (1 Gyj)||x7i x\\ CXn^n 

where 


(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 


hn — Gyiljw x|[ T 2(1 CXn){x Xm U- x') T Zn\\ • 

We know that {x„} is bounded and so it is bounded below. Hence, r„ is bounded below. Furthermore, 
using Lemma 2.4 and (Cl), we have 

limsup ||x„ — xjl < limsup(—r„) = — liminfr„. 


(3.17) 


Therefore, liminf r„ is a finite real number and by (Cl), we have 

n—^oo 

liminf r„ = liminf (2(x - x„,u - x) + i=l=^||x„+i - 

n —>-00 n—^OO 

Since {x„} is bounded, there exists a subsequence {x„^} of {xn} such that x„j, ^ p in Hi and 


liminf r„ = liminf (2(x — x„j ,,u — x) + 


i-t 


k—^oo 


—'|X„,_|-1 - ZnA?')- 




(3.18) 


Since {x„} is bounded and lim inf r„ is finite, we have that -^^||x„,+i — is bounded. Also, by 

n—^oo 

(C2), we have > 0 and so we have that —ll^^n^+i — ZnA\'^ is bounded. Observe from (Cl) 

and (C2), we have 

0 < < 

Prik P 

Therefore, we obtain from (3.12) and —>-0, k ^ oo that 




I3„ 

WVnk-ZnAl^O, k^OO. 

From the definition of x„+i, we have 

\\Xn^ + l - Zn^ II = /3„, ||j/„, - Z„J| ^ 0, k^OO 


(3.19) 
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U - Xr, 


0, fc —>■ oo. 


and 
Hence, 

~ a;„j, II < ||x„^+i — Zrn. II + ll^rifc ~ Xn,. || —>■ 0, A: —>■ c». 

Now, using (3.7), we obtain 

Priki^C-Prik) E CE < ll^n, " xf - \\yn^ - x\\ 

ie'Ln;, 

< (Ikn, - x|| - ||j/„, - x||)(||z„, - t|| + ||y„, - x||) 

“ ~ y^k IKII^nfc ~ ^11 + Wvnk ~ ^ID- 


(3.20) 


Therefore, (3.19), (3.21) and (C5) gives 

Prik 


iK-Puk) E 

Again using (C5) together with (3.22) yields 


{hj{Znk) + 1{Z nk)) 


T. 


{hj{Znk) + 1{Z TT-fc )) 


0, k ^ oo. 




0, fc —>■ oo. 


j\"nk> 


Hence, in view of (3.23) and restriction condition imposed on we have 


{hj{Zn^) + l{Zn^)f 


0 , k 


(3.21) 


(3.22) 


(3.23) 


(3.24) 


^‘^j{Zuk) 

for all j G '^rik ■ 

For each z G $ and for each j G d/, Vhj{.) and Vli{.) are Lipschitz continuous with constant ||A|p and 1, 
respectively. Since the sequence {Zn} is bounded and 

\\^hj{zO\\ = \\Vhj{zO\\ = W^hjizn) - ^hj{x)\\ < ||A|p||z„ - x||,Vj G 4', 

\\Vk{z„)\\ = \\Vkiz„)\\ = \\Vk{zO - V;,(a;)|| < \\zn - x||,Vz G $, 
we have the sequences {||Vli(z„)||})(^^ and {||Vhj( 2 :„)||})(,^ are bounded. Hence, the boundedness of 
{||Vli( 2 :„)||})(,^ for all z G ih gives {||V/(z„)||})|)“ is bounded. Thus, we have {djizn)}^^! is bounded 
and hence {Sj{znk)}^^i bounded. Consequently, using (3.24), we have for each j G '^Uk 

lim {hj{znk)+l{zn^,)) = Q<^ lim hj{zn^) = lim /( 2 „J = 0. 

k—^-\-oo k—^-\-oo k—^-\-oo 

Since 9j{zn^) = 0 for each j ^ '^nk and this results hj{zn^) = 0 = l{zn^) for each j ^ 'i’uk- Hence, using 
lim hj{znk) = lim l{zn) = 0 for each j G ^nk and hj{znk) = 0 = l{znk) for each j ^ '^ukt we have 

n—>-+oo k—^-\-cx> 

lim hj{Zn^) = lim Z( 2 ;„J = 0, Vj G 4'. 

k—¥-\-oo fe—>-+oo 

From the definition of l{znk), we can have k{znk) < K^nk)^ Vz G 4>. Therefore, 

lim hj{zn^) = lim li{Zn^) = 0, VzG4',VjG4'. 

k—^-\-oo k—^-\-oo 

Since Xn^ —>■ p and using (3.20), we have Zn^ —>■ P- 
The lower-semicontinuity of hj(.) implies that 

0 < hj{p) < liminf/zj(z„J = lim hj{zn^) = 0, Vj G 4'. 

k—¥oo k—¥oo 

That is, hj{p) = ^||(7 — prox;,,^^)Ap|p = 0 for all j G 4^, i.e., Ap is a fixed point of the proximal mapping of 
each gj or equivalently, 0 G dgj{Ap) for all j G 4*. In other words, Ap is a minimizer of each gj for all j G 4*. 
Likewise, the lower-semicontinuity of li{.) implies that 

0 < k{p) < liminf ;i(z„^) = lim li{zn^,) =0, Vz G 4>. 

k—yoo k—yoo 
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That is, li{p) = 5 ||(/ — prox;^jJp|p = 0 for all t G i.e., p is a fixed point of the proximal mapping of each 
fi or equivalently, 0 G dfi{p) for all t G $. In other words, p is a minimizer of each fi for all i G Thus, 
p G r. 

Now, we obtain from (3.18), Lemma 2.1 and x = Pyu that 

liminf r„= liminf (2{x - Xn^,u- x) + ^—^^\\xnk+i - 

n—>-oo k^oo ' 

> 2liminf {x — Xn^,u — x) 

k—^oo 

> 2{x — p,u — x) > 0. 

Then we have from (3.17) that 

limsup||a;„ — < limsup(—r„) = — liminf r„ < 0. 

n—^oo n—^oo n—>-oo 

Therefore, ||x„ — x|| —>■ 0 and this implies that {x„} converges strongly to x. This completes the proof. □ 


It is worth mentioning that our approach also works for approximation of solution of split minimization 
problem (1.5). Let fli denote the solution set of (1.5), i.e., 

fli = {x € Hi : X € argmin/ and Ax G argminp}. 

For X G Hi, set l{x) = |||(/ — prox;,^y)a;|p, Vl{x) = (/ — prox;^jr)a;, h(x) = |||(/ — prox;,^g)Ax|p, Vh{x) = 
A*{I — prox^g)Ax and 9{x) = max{||V/i(a;)||, ||V/(a;)|l}. Thus, the following Corollary is an immediate 
consequence of Theorem 3.3. 


Corollary 3.4. If {an}, {Pn} and {pn} are real sequences satisfying the following conditions: 

OO 

(a) : 0 < a„ < 1, lim = 0 and «„ = oo. 

n=l 

(b) : 0</3</3„<(5<l, 

(c) : 0 < p„ < 26, liminf p„(25 — p„) > 0. 

n—^oo 

then the sequence {xn} generated by iterative algorithm 


f u,xi e Hi, 

Zn (1 a^n^Xn T CXnU, 

PnO, if9{Zn)=0 


l-^n — 


z/0(z„)^O. 


yn= Zn - \pn{'^l{Zn) + Vh{Zn)) 
Xn+1 ~ (1 Pn^Zn T (dnyn, 


(3.25) 


converges strongly to x G fli where x = Pq^u. 

Proof. Setting fi = f for alH G $ and gj = g for all j G in Theorem 3.3, we obtain the desired result. □ 


Remark 3.5. Iterative algorithm (3.25) seems to share a similar structure with the proposed algorithm in 
[29]. However, the selection of the step-sizes and their restriction slightly different. 

The feasibility problem (convex feasibility problem), equilibrium problem and inclusion problem can be 
converted to the fixed point problem of firmly nonexpansive mapping. We can apply our algorithm to solve 
split system of feasibility problems (MSSFPs), split system of equilibrium problems and split system of 
inclusion problems. 

1. Multiple-set split feasibility problem (1.1) by replacing prox;^^. by projection mapping Pq^ and 
prox;^g^ by projection mapping Pq. in the Algorithm 1, for all i' G f G 4* = {1, 2,..., N} and 
j €^ = {1,2,...,M}. 
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(3.26) 


2. Split system of equilibrium problem: Let /^ : iLi x iLi —>■ R and gj : H 2 x H 2 —>■ M be bifunctions 
where i G $ = {1,..., N}, j G = {1,...,M}. Split system of equilibrium problem of a problem 
of find X G Hi such that 

fi{x,x) >0, Vcr G Hi,Mi G 
gj{Ax,u) >0, Mu G H 2 , ,Mj G 'I'. 

Our iterative algorithm solves (3.26) by replacing proximal mappings by the resolvent operators 
associated to monotone equilibrium bifunctions, see [11, 3, 22]. 

3. Split null point problem: Let : iJi —>■ 2^L Uj : H 2 -G 2^^ be maximal monotone mappings for 
all t G d) = {1,..., TV} and j G 'I' = {1,...,M}. The split system of inclusion problem is to find 
x G Hi such that 

0 G Ti{x), Mi G $, 

0 G Uj{Ax), Mj G T. 

Our iterative algorithm solves (3.27) by replacing proximal mappings by the resolvent operators 
associated to the maximal monotone operators, see, [4, 25, 16, 20, 23, 36]. 

Our algorithm works for several split type problems and avoids the computational cost of finding operator 
norm. 


(3.27) 


4. Numerical results 

Now in this section we will consider SSMP (1.8) involving quadratic optimization problems. The algorithm 
has been coded in Matlab R2017a running on MacBook 1.1 GHz Intel Core m3 8 GB 1867 MHz LPDDR3. 
Let Hi =W and H 2 = R"^. Consider 

f^{x) = ]^x'^BiX + x'^Di, T G $ = {1,... ,TV}, 

q 

gi{u) = ||w|lg and g 2 {u) = ^ h{uk) 

k^l 

where for each i G 4>, is invertible symmetric positive semidefinite p x p matrix and each Di are vectors 
in R^, u = {ui,U 2 , ■ ■ ■ ,Uq) G R®, J].]], is the Euclidean norm in R^ and 

h{uk) = maxllrtfe] - 1,0} 

for k = 1,2,... ,q. 

Now for A = 1, the proximal operators are given by 

prox^f-ix) = {I + Bi)~^{x - D,), t G 4*, 

prox^g^iu) = 1 ^ (4.1) 

} 0 , otherwise 

and 

Prox;,g^(u) = (prox^;,(Mi),prox^^(u2), • ■., prox^^(u,)) 

where 

{ Uk, if jMfcl < 1 

sign(ufc), ifl<|Mfc |<2 
sign(ufc - 1 ), if \uk\ > 2. 

The proximal operator (4.1) is called the block soft thresholding obtained in de-noising model. 

We set Di = 0 (zero vector in R^*) for all t G 4*. Let N = 3, p = q, A is identity p x p matrix and Bi, B 2 
and R 3 are randomly generated invertible symmetric positive semidefinite p x p matrices. Hence, with this 
setting, it is clear to see that T = {0}. In all the experiments we took ^ and | for i G $ = {1, 2, 3}, 
j G 41 = {1, 2}, yO„ = jb as 0 < / 9 „ < 2^ for (} = A. Table 1, 2 and 3 describe the average execution time in 
second (CPU-t(s)) and the number of iterations (Iter(n)) of our algorithm for this example. The stopping 
criteria in the tables 1, 2 and 3 is defined as < TOL. 
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Table 1. For p = q = 4, «„ = J— , /3„ = 0.9, u = (1,1,1,1), xi = 10m. 


Iter(n) TOL CPU-t(s) ||a;„+i — a:„|| 




Xn 

Xn 

xi 

‘^n 


1 


10 

10 

10 

10 

9.0304 

2 


5.4841 

5.4854 

5.4842 

5.4852 

3.0046 

3 


3.9817 

3.9834 

3.9820 

3.9826 

1.5000 

4 


3.2317 

3.2341 

3.2314 

3.2326 

0.8991 

5 


2.7825 

2.7839 

2.7820 

2.7831 

0.5988 

6 


2.4828 

2.4844 

2.4827 

2.4838 

0.4277 

7 


2.2691 

2.2702 

2.2690 

2.2699 

0.3204 

23 


1.3796 

1.3800 

1.3796 

1.3799 

0.0323 

24 

10-3 0.0352 

1.3634 

1.3638 

1.3634 

1.3637 

0.0297 


Table 2. For p = q = 100, a„ = /3„ = 0.5 and randomly generated starting points u 

and xi in 


M and xi in 


Iter(n) 

TOL 

CPU-t(s) 

\\Xn+l - Xn\\ 

1 



6383.1845 

2 



1519.9088 

3 



554.2387 

4 



247.0358 

5 



124.2771 

15 



1.5845 

16 

10 -* 

0.2923 

0.5736 

200 , a„ = 

1 

10(n+l 

),/3„ = 0.1 

and randomly g 

Iter(n) 

TOL 

CPU-t(s) 

ll^n+1 II 

1 



14554.8769 

2 



3475.8500 

3 



1270.6095 

4 



567.6027 

5 



286.1360 

6 

10-2 

0.0093 

156.6170 


From the tables 1-3 we can see that our proposed algorithm is efficient and easy to implement. 
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Abstract 

Let A be a compact convex subspace of C and C {K, C) the space of 
continuous functions from K into C. We consider bounded linear func¬ 
tionals from C {K, C) into C and bounded linear operators from C {K, C) 
into itself. We assume that these are bounded by companion real positive 
linear entities, respectively. We study quantitatively the rate of conver¬ 
gence of the approximation of these linearities to the corresponding unit 
elements. Our results are inequalities of Korovkin type involving the com¬ 
plex modulus of continuity and basic test functions. 

2010 Mathematics Subject Classification : 41A17, 41A25, 41A36. 
Keywords and phrases: positive linear functional, positive linear operator, 
complex functions, Korovkin theory, complex modulus of continuity. 


1 Introduction 

The study of the convergence of positive linear operators became more intensive 
and attractive when P. Korovkin (1953) proved his famous theorem (see [7], p. 
14). 

Korovkin’s First Theorem. Let [a, b] be a compact interval in M and 
(Tn)„gN be a sequence of positive linear operators mapping C {[a,b]) into 
itself. Assume that (Lnf) converges uniformly to / for the three test functions 
/ = l,x,x'^. Then (L^f) converges uniformly to / on [a, 6] for all functions of 
/GC([a,5]). 

So a lot of authors since then have worked on the theoretical aspects of the 
above convergence. But R. A. Mamedov (1959) (see [8]) was the first to put 
Korovkin’s theorem in a quantitative scheme. 

Mamedov’s Theorem. Let {iri}„gpj be a sequence of positive linear 
operators in the space C ([a, 6]), for which L„1 = 1, {t,x) = x + an (x), 

Ln (t^, x) = x^ + Pn (x)- Then it holds 

\\Ln {f,x) - f{x)\\^< 3wi (^/, vT) , 
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where is the first modulus of continuity and dn = ||/3„ (x) — 2 xq ;„ (a:)||^ . 
An improvement of the last result was the following. 

Shisha and Mond’s Theorem. (1968, see [10]). Let [a, 5] C M be a 
compact interval. Let ^ sequence of positive linear operators acting 

on (^([a, 6]). For n = 1,2,..., suppose L„ (1) is bounded. Let / G C{[a,b]). 
Then for n = 1,2,..., it holds 


\\Lnf - f\\^ 


ll/lloo • \\Lnl - 111,. + \\Ln (1) + 111,. • , 


where 




{Lu (x) ^ 


Shisha-Mond inequality generated and inspired a lot of research done by 
many authors worldwide on the rate of convergence of a sequence of positive 
linear operators to the unit operator, always producing similar inequalities how¬ 
ever in many different directions, e.g., see the important work of H. Censka of 
1983 in [6], etc. 

The author (see [1]) in his 1993 research monograph, produces in many 
directions best upper bounds for |(L„/) {xq) — f {xo)\, xq € Q C M”, n > 1, 
compact and convex, which lead for the first time to sharp/attained inequalities 
of Shisha-Mond type. The method of proving is probabilistic from the theory 
of moments. His pointwise approach is closely related to the study of the weak 
convergence with rates of a sequence of finite positive measures to the unit 
measure at a specific point. 

The author in [3], pp. 383-412 continued this work in an abstract setting: 
Let X be a normed vector space, F be a Banach lattice; M C X is a compact 
and convex subset. Consider the space of continuous functions from M into F, 
denoted by C {M,Y); also consider the space of bounded functions B {M,Y). 
He studied the rate of the uniform convergence of lattice homomorphisms T : 
C (M, F) ^ C (M, Y) or T : C {M, Y) ^ B (M, F) to the unit operator I. See 
also [2]. 

Also the author in [4], pp. 175-188 continued the last abstract work for 
bounded linear operators that are bounded by companion real positive linear 
operators. Here the invoved functions are from [a, 6] C M into {X, H-H) a Banach 
space. 

All the above have inspired and motivated the work of this article. Our 
results are of Shisha-Mond type, i.e., of Korovkin type. 

Namely here let AT be a convex and compact subset of C and I be a linear 
functional from C {K,C) into C, and let I be a positive linear functional from 
^(A:,®) into M, such that \l {f)\ <1(1/1), V / G C(A:,C). 

Clearly then I is a bounded linear functional. Initially we create a quantita¬ 
tive Korovkin type theory over the last described setting, then we transfer these 
results to related bounded linear operators with similar properties. 
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2 Background 

We need 

Theorem 1 Let K C (C, l-j) and f a function from K into C. Consider the 
first complex modulus of continuity 

u)i{f,S):= sup \fix)-f{y)\, (5 > 0. (1) 

x,y^K 

\x-y\<S 

We have: 

(1) ’ If K is open convex or compact convex, then wi {f,S) < oo, V 5 > 0, 
where f € UC {K,C) (uniformly continuous functions). 

(2) ’ If K is open convex or compact convex, then wi (f,S) is continuous on 
M+ in 6, for f&UC {K, C). 

(3) ’ If K is convex, then 

l^l{f,tl+t2) <0Ji{f,ti) +U]i{f,t2) , ti,t2>0, ( 2 ) 

that is the subadditivity property is true. Also it holds 

0 Ji{f,nS) <nu]i{f,S) (3) 

and 

wi if, XS) < [A] wi if, S) <iX + 1) wi if, (5), (4) 

where n G N, A > 0, (5 > 0, [•] is the ceiling of the number. 

(4) ’ Clearly in general (/, 5) > 0 and is increasing inS > 0 and wi (/, 0) = 

0 . 

(5) ’ If K is open or compact, then wi (/, 5) ^ 0 as (5 J, 0, ijf f G UC (if, C). 

(6) ’ It holds 

^lif + 9,5)<wiiif,6)+uiiig,5), (5) 

for (5 > 0, any f,g:K^C,KcC is arbitrary. 

Proof. (1)’ Here K is open convex. Let here / G UC iK,C), iff V £ > 0, 
3(5>0: \x — y\ <6 implies \f (x) — / (y)| < e. Let £o > 0 then 3 (5o > 0 : 
\x-y\< <5o with 1/ (x) - / (y)! < £o, hence (/, Jq) < Eq < oo. 

Let 5 > 0 arbitrary and x,y G K : \x — y\ < 6. Choose n G N : nSo > S, and 
set Xi = X + iy — x), 0 < i < n. Notice that all Xi G K. Then 

n—1 

\fix)-fiy)\= if ixi) - f ixi+i)) < 

i^O 

1 / ix) - f (a:i)| + 1 / (xi) - / ix 2 )\ + 1 / (X 2 ) - / (xs)! + ... + 1 / ixn-l) -/(?/) | < 

if. So) < neo < oo, 

since \xi - Xi+i\ = ^\x - y\ < 
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Thus wi (/, (5) < neo < oo, proving the claim. If K is compact convex, then 
claim is obvious. 

(2)’ Let x,y G K and let \x — y\ < ti +12, then there exists a point z G xy, 
z G K : \x — z\ < ti and \y — z\ < t 2 , where ti,t 2 > 0. 

Notice that 

\f{x) - fiy)\ < |/(x) - /(z)| + |/(z) - f{y)\ < wi +wi {f,t 2 ) ■ 
Hence 

UJi (/, ti + t2) < Wl (/, ti) + UJi (/, t2) , 

proving (3)’. Then by the obvious property (4)’ we get 

0 < wi (/, ti+t2)-(jJi (/, h) <U)i (/, t2) , 


and 

|W1 (/, h + t2) - Wl (/, ti)\ < Wi (/, t2) ■ 

Let / G UC {K,C), then limwi (/, ^ 2 ) = 0, by property (5)’. Hence wi (/, •) 

^ 2-10 

is continuous on 

( 5 ) ’ (=^) Let (jJi (/, (5) ^ 0 as (51 0. Then Ve>0, 3(5>0 with wi (/, S') < s. 
I.e. V x,y € K : jx — yj < S we get \f (x) — / (y)| < £■ That is / G C/C {K,C). 

(<J=) Let f G UC {K,C). Then V£>0, 3(5>0: whenever \x — y\ < S, 
x,y G K, it implies \f (x) — f {y)\ < e. I.e. V £ > 0, 3 5 > 0 : wi (/, (5) < £. 
That is wi (/, d) ^ 0 as (5 J, 0. 

(6) ’ Notice that 

l(/ (x) + g (x)) - if iy) + g (j/))| < \ f (x) - fiy)\ + \g (x) -giy)\. 

That is property (6)’ now is clear. ■ 

We need 

Theorem 2 ([1], p. 208) Let (Vi,||-||), (V 2 ,||-||) he real normed vector spaces 
and Q Q Vi which is star- shaped relative to the fixed point xq . Consider f : 
Q ^ V 2 with the properties: 

f (xo) = 0, and ||s — t\\ < h implies \\f (s) — / (t)|| < w; w,h > 0. (6) 


Then, there exists a maximal such function namely 


<Pit) 


p-a:o|| 

h 



where i is any unit vector in V 2 . 

That is 

\\fit)\\ < ||$(t)||, alHGQ. 


(7) 

( 8 ) 
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Corollary 3 Let K C (C, l-j) be a compact convex subset, and f € C (K,C). 
Then 

\f {x) - f {xo)\ <uJiif,S) , (5 > 0, (9) 

V x,xo € K. 

We make 

Remark 4 Let K C (C, I’D be a compact subset and g € C 

A linear functional I from C into M is positive, iff L (gi) > I (( 72 ), 

whenever gi > g 2 , where gi,g 2 G C {K, M). 

Let us assume that I is a positive linear functional. Then by Riesz represen¬ 
tation theorem, [9], p. 304, there exists a unique Borel measure g on K such 
that 

1 ( 9 )= f 9 (t) dg (t), (10) 

JK 

V g G C (if, M). 

We make 

Remark 5 Here initially we follow [5]. 

Suppose 'y is a smooth path parametrized by z (t), t € [a, 6] and f is a complex 
function which is continuous on 7. Put z (a) = u and z(h) = w with u,w € C. 
We define the integral of f ofi 7„ „ = 7 as 

f f{z)dz= f f{z)dz:=f f {z (t)) z'(t) dt. (11) 

7 ^ 7u w ^ 

By triangle inequality we have 

f f{z)dz = f f {z (t)) z'(t) dt < ( \f{z{f))\\z'{f)\dt:= f \f{z)\\dz\. 
t/7 J a J a J j 

( 12 ) 

Inequalities (12) provide a typical example on linear functionals: clearly f (z) dz 
induces a linear functional from C(7,C) into C, and J^\f {z)\\dz\ involves a 
positive linear functional from C (7,®) into M. 

Thus, be given K a convex and compact subset of C and I be a linear func¬ 
tional from C {K,C) into C, it is not strange to assume that there exists a 
positive linear functional I from C (K, M) into M, such that 

\i{f)\<T{\f\), yfeciK,c). (13) 

Furthermore, we may assume that I (1 (•)) = 1, where 1 (i) = 1, V i G if, I {c (•)) = 
c,Vc G C where c{t) = c, \/ t € K- 

We call I the companion functional to 1. 

Here C is a vector space over the field of reals. The functional I is linear 
over M and the functional I is linear over M. ^ 

Next we study approximation properties of (j,n, In^ pairs, n G N. 
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3 Main Results - I 


First about linear functionals: 

We present the following quantitative approximation result of Korovkin type. 


Theorem 6 Here K is a eonvex and compact subset ofC and In is a sequence 
of linear functionals from C {K,C) into C, n G N. There is a sequence of 
companion positive linear functionals In from C {K, M) into M, such that 

\lu{f)\<Tni\f\), V/GC(i^,C), VneN. (14) 

Additionally, we assume that In (1 (•)) = 1 (c(-)) = c, Vc G C V n G N. 

Then 

l^n (/) -/(a;o)| < 2wi (|-- xoD) , V n e N, V xo G K:, (15) 

V/gC(X,C). 

Proof. We notice that 


l^n(/)-/(xo)| = |;„ {f)-ln ifixo) (•))! = 


(14) _ (by 5>0, (9)) 

l^n(/(-)-/(^0)(-))l < ln{\f{-)-f{xo){-)\) < 


In Wl {f,S) 


I’-a^ol 


^ <^1 (/) S)ln (•) + 


- Xq\ 


Wl (/, l5) 


In (!(•)) + (I’ ~ 2^o|) 


Wl if, (5) 


1 ' 


1 + (h — a^ol) 


2wi (^/,;„ (|-- xoD) , (16) 


by choosing 


:= In (|- - a^ol 


if In (|- — a^ol) > 0, that is proving (15). 

Next, we consider the case of ^n(|- —xo|) = 0. By Riesz representation 
theorem, see ( 10 ) there exists a probability measure pL such that 


In ig) = f g it) d/i it), V g G C (KT, M). (17) 

Jk 


That is, here it holds 



|t — xqI dp, it) = 0, 


which implies |t — xqI =0, a.e, hence t — xq = 0, a.e, and t = xq, a.e. Con¬ 
sequently pi{t € K :t ^ xo}) = 0. Hence p = Sxg, the Dirac measure with 
support only {xq} . 

Therefore in that case Inig) = gixo), V 5 G (^(iG, M). Thus, it holds 
wi (^f,Tni\--Xo\)'j =wi (/,0) = 0, andr„ (!/(•)-/(a:o)(-)|) = 1/(a^o) - / (a^o)l = 
0, giving \ln if) — f (xo)! = 0. That is (15) is again true. ■ 
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Remark 7 We have that 

^n(|--a^o|)= / \t - xo\diJ, (t) 

JK 

(by Schwarz’s inequality) 

1 

< ldiJ.{t)^ \t - Xo\^ dfi (t) 

\t - Xo\'^ diJ. (t)^ = . (18) 

We give 

Corollary 8 All as in Theorem 6. Then 

l^n(/)-/(^o)| <2wi (^/,(r„(|--xo|"))"^ , VneN, VxoG^C. (19) 

Conclusion 9 All as in Theorem 6. By (15) and/or (19), as In (|- — xo|) ^ 0, 
or In ^|- — ^ as n ^ +oo, we obtain that In (/) ^ / (xq) with rates, V 

xo G K. 

Next comes a more general quantitative approximation result of Korovkin 
type. 

Theorem 10 Here K is a convex and compact subset o/C and In is a sequence 
of linear functionals from C {K,C) into C, n G N. There is a sequence of 
companion positive linear functionals In from C {K, M) into M, such that 

\lu{f)\<Tn{\f\), V/gC(K,C), VnGN. (20) 

Additionally, we assume that 

In {eg) =cln{g), V 5 G C (K, M), V c G C. (21) 

Then, for any f € C {K, C), we have 

\ln if) - f (a^o)l < 1/ (a;o)l \Tn (1 (•)) - l| + (1 (•)) + l) {fjn (h " O^ol)) , 

( 22 ) 

y Xq € K, y n_€ N. 

(Notice ifln{l{-)) = 1, then (22) collapses to (15). So Theorem 10 gener¬ 
alizes Theorem 6). 

By (22), as (!(•)) ^ 1 andjn {[ - x/) 0, then In if) f{xo), as 

n + 00 , with rates, and as here In (1 (•)) is bounded. 

7 
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Proof. We observe that 

\ln if) - f (a;o)| = \ln if) - In if ixo) (•)) + L if ixo) (•)) “ / ixo)\ < 
\ln if) - In if ixo) i-))\ + f ixo)L il i-)) - f ixo) = 

\lnifi-)-fixo)i-))\ + \fixo)\ In (1 (•))-! < 

i/Mi|r„(i(-))-i|+r„(i/(-)-/M (•)!)< 

- Xo 


(23) 


|/(a:o)| U„(l(-))-l +/n if,S) 


\fixo)\ lnili-))-l +lniu^lif,S))(li-) + 


< 


a^ol 


|/(a:^o)| In (1 (•)) - 1 +wi if,S) 


^n (1 (•)) + '^^n (h ~ a;o| 


|/(xo)|p„(l (•))-! 
by choosing 


+ (j’n (1 (•)) + l) (/) (|- — a;o|)^ , 

S :=Tn (|- - a:o|), 


if In (|- - xol) > 0. 

Next we consider the case of 


In (|- - a:o|) = 0. 


(24) 


(25) 


By Riesz representation theorem there exists a positive finite measure p, such 


that 


That is 


In ig)= g it) dfiit), y g€C iK, 


Ik 


[ \t-xo\d^iit) = 0, 
Jk 


(26) 


(27) 


which implies \t — xq\ = 0, a.e., hence t — xq = 0, a.e, and t = xq, a.e. 
on K. Consequently : t ^ xq}) = 0. That is /r = Sxg-^ (where 

0 < M := g-iK) = (1 (•))). Hence, in that case Inig) = gixo)M. Conse¬ 

quently it holds uji (^f, In (|- — a:o|)^ = 0, and the right hand side of (22) equals 

\f ixo)\\M -1\. Also, it is !„ (|/(•) - / (a^o) (Ol) = \fixo)-fixo)\M = 0. 
Hence from the first part of this proof we get |Z„ (/) — In if (a^o) (•))! = Oj 

In if) = In if ixo) (•)) = / (^o)^n (1 (')) = Mf (xq) . 

Consequently the left hand side of (22) becomes 

\ln if) - f (xo)| = \Mf ixo) - f (a;o)| = 1/ (xo)| \M - 1\. 

So that (22) becomes an equality, and both sides equal \ f (xo)| \M — 1| in the 
extreme case of (|- — xqI) = 0. Thus inequality (22) is proved completely in 
all cases. ■ 

We make 
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Remark 11 By Schwartz’s inequality we get 

Tni\--Xo\)<(ln{\--Xof)y (jn {1 {■)))" . (28) 

We give 

Corollary 12 All as in Theorem 10. Then 

KU) - f {xo)\ < |/(a;o)| r„(l (•))-! + 

(7„ (1 (•)) + l) (^/, (]; (1 (•))) ' fn (l- - ^ol")) , (29) 

V Xq G iLi, V n G N. 

Next we give another version of our Korovkin type result. 

Theorem 13 Here all are as in Theorem 10. Then, for any f € C {K,C), we 
have 

K if) - f (a;o)| < 1/ (a:^o)l L (1 (•)) - ^ +(jn (1 (•)) + l) (^f, (|- - , 

(30) 

V Xq G KT, V n G N. 

By (30), as (1 (•)) ^ 1 and ^ - xo|^) ^ 0, then In (/) ^ / (xq), as 
n + 00 , with rates, and as here In (1 (•)) is bounded. 

Proof. Let t,Xo G K and <5 > 0. If |t — Xo| > <5, then 

1/ (i) - / (2;o)| < if, \t - Xol) = OJI if,\t - Xol < (31) 

(1 H-— I wi (/,(!) < I IH-^2— j if’H ■ 

The estimate 

\fit)-fixo)\< + (32) 

also holds trivially when |t — xo| < <5. 

So (32) is true always, M t € K, for any xq G K. 

We can rewrite 

l/(•)-/(^o)l< (^l + ^^f^^a;i(/,<5). (33) 

As in the proof of Theorem 10 we have 

\lnif)-fixo)\<-<\fixo)\\lnili-))-l\ + 
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In ( (/, (5) [ 1 (•) H- 


|/(a;o)| (!(•))- 1 +wi(/,(5) 


In (1 (•)) + ~^^n — a^ol ) 


(34) 


1/ (xo)| \ln (1 (•)) - l| + C .1 (^/, (in (l- - a^ol")) ' j (in (1 (')) + l) , 

by choosing 

:= {Jn (|- - a^ol^)) " , 


if In {\- - xol j > 0. 

Next we consider the case of 

In 


-Xq\ = 0. 


(35) 


(36) 


By Riesz representation theorem there exists a positive finite measure /x such 
that 


In {g)= I g (t) y g €C (K, ] 


(37) 


IK 


That is 


[ \t - xof diJ, {t) = 0 , 
Jk 


which implies \t — = 0, a.e., hence t — xq = 0, a.e, and t = xq, a.e. on 

K. Consequently ^{{t € K :t ^ xq}) = 0. That is /j, = (where 0 < 

M := fx (K) = In (1 (•)))• Hence, in that case In {g) = g (xq) M. Consequently 

it holds (jJi (j, (in ^|- — = 0, and the right hand side of (30) equals 

|/(xo)||M-l|^ 

Also, it is Inilf {■) - f (xo) {■)\) = \f (xo) - f ixo)\M = 0. Hence from 
the first part of this proof we get: \ln (/) — In (/ (a^o) (■))! = 0) ^i^d In (/) = 
In if (a:o) (•)) = / (a;o)^i (1 (•)) = Mf (xq) . 

Consequently the left hand side of (30) becomes 

l^n(/)-/(a:o)| = |/(xo)||M-l|. 

So that (30) is true again. The proof of the theorem is now complete. ■ 
Corollary 14 Here all are as in Theorem 10. Then 


\ln if) - f (xo)| < 1/ (xo)! \ln (1 (•)) - l| + (^n (1 (')) 


+ 1 


wi (f, (in (1 (•))) " (in (|- - a:o| 

y Xo € K, y n € N. 


2 \\ 2 


[f, (in (|- - a:o|^)) 


(38) 
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Proof. By (29) and (30). ■ 

So (29) is better that (30) only if In (1 (•)) < 1- 
We need 

Theorem 15 Let K CC convex, xg € (interior of K) and / : ^ M such 

that 1/ (t) — f (xo)! is convex int G K. Furthermore let S > 0 so that the elosed 
disk D (xq, S) C K. Then 

\f (t) - f {xo)\ < \t - xo\, WtGK. (39) 

Proof. Let g (t) := \f (t) — f {xo)\, t G K, which is convex in t G K and 
g{xo) = 0 . 

Then by Lemma 8.1.1, p. 243 of [1], we obtain 

git) < \t-xo\, ytGK. (40) 

We notice the following 

1/ ih) - f (a;o)l = 1/ ih) - f it2) + f it2) - f (a;o)l < 

Ifih) - fit 2 )\ + \fit 2 ) - fixo )\, 


hence 


|/(ti) - /(a;o)| 

- \ f it2) - f (a:o)| < 1/ ih) - f it2)\■ 

(41) 

Similarly, it holds 



O 

1 

- 1/ (ii) - / (a^o)l < 1/ ih) - f it 2 )\■ 

(42) 

Therefore for any ti,t2 G K : 

ii — ^2 F S we get 


\\f itl) - f ixg)\ - \f it2) - f ixg)\ \ < |/(tl) - /(t2)| <Wi if, 6 ). 

(43) 

That is 

wi ig,S) < uji if,S). 

(44) 

The last and (40) imply 



\fit) fixg)\ < ^ |t Xg\, y tGK, 

(45) 


proving (39). ■ 

We continue with a convex Korovkin type result: 

Theorem 16 All as in Theorem 10. Letxg G and assume that \f (t) — f (xq)] 
is convex in t G K. Let S > 0,such that the closed disk D (xg, S) C K. Then 

\tn if) - fixo)\ < \fixg)\ In (1 (•)) “ 1 + ^1 (/,!„ (I’ “ a^ol)) , V n G N. (46) 

11 
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Proof. As in the proof Theorem 10 we have 


(39) 

\ln if) - f (X0)| < ... < 1/ (xo)| \ln (1 (•)) -M+lni\f (') - / (xq) (•)!) < (47) 


|/(xo)| Z„(l (•))-! 


wi if, 6) 


L (|- - a;o|) = 


|/(a:o)| ^n(l(-))-l + wi (|-- XoD) 


by choosing 


5 := In (|- - a;o|) > 0, 


if the last is positive. The case of (| - — xqI) = 0 is treated similarly as in the 

proof of Theorem 10. The theorem is proved. ■ 


Theorem 17 All as in Theorem 16. Inequality (46) is sharp, in faet it is 
attained by f* (t) = j \t — XqI, where j is a unit vector o/(C, I’D; t,XQ € K. 


Proof. Indeed, f* here fulfills the assumptions of the theorem. We further 
notice that f* (xq) = 0, and \f* it) — f* (a:o)| = \t — xqI is convex int G K. The 
left hand side of (46) is 


\inin-r ixo)\ = \in in\ 




7lni\-- 

a^ol) 

The right hand side of (46) is 


[r,lni\ 

•-a;o|)) 

= OJi 

sup 
^1 >^2 

T 1^1 

|tl-t2|<7n(|'-a;ol) 



In (|- - a;o|) 


(i |- -a^ol ,lni\- -a^ol)) = 

- xo\ - j \t2 - a;o|| = 


sup ||ti - xol - \t 2 - xoll < 


sup \tl-t2\=lni\- - Xq\) . 

tx 

|ii-i2|<^n(|--a:o|) 


Hence we have found that 


Wi {f*,ln (|- - a^ol)) < In (|- - a:o|). 


(48) 


(49) 


(50) 


Clearly (46) is attained. 

The theorem is proved. ■ 
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4 Main Results - II 

Next we give results on linear operators: 

Let K he a, compact convex subset of C. Consider L : C {K, C) ^ C {K, C) 
a linear operator and L : C {K, M) ^ C {K, M) a positve linear operator (i.e. for 
fx-fi G C {K, M) with /i > /2 we get L (/i) > L (/ 2 )) both over the field of M. 
We assume that 

\L{f)\<L{\f\), y feCiK,c), 

(i.e. \Lif)iz)\<L{\f\){z),y z€K). 

We call L the companion operator of L. 

Let xq G K. Clearly, then L (•) (xg) is a linear functional from G {K, C) into 
C, and L (•) (xo) is a positive linear functional from M) into M. Notice 

L{f){z) G C and Z(|/|)(z) G M, V / G C (iG, C) (thus |/| G C {K,R)). Here 
L (/) G C (iG, C), and L (I/I) G C (iG,M), V / G C {K, C). 

Notice that C {K,C) = UC {K,C), also C(it', M) = UC{K,R) (uniformly 
continuous functions). 

By [3], p. 388, we have that L (|- — xqI*^) (xq), r > 0, is a continuous function 
in xg G K. 

After this preparation we transfer the main results from section 3 to linear 
operators. 

We have the following approximation results with rates of Korovkin type. 

Theorem 18 Here K is a convex and compact subset ofC and is a sequence 
of linear operators from C (AT, C) into itself, n G N. There is a sequence of 
companion positive linear operators from C {K, M) into itself, such that 

|An(/)| < An(|/|), V/GC'(iG,C), VnGN (51) 

(i.e. |L„ (/) (xo)| < (Ln (I/D) (a^o), V xo G K). 

Additionally, we assume that 

Ln {eg) = cLn (g), W g € C {K, M), V c G C (52) 

(i.e. (L„ {eg)) (xq) = c (Z^ ( 5 )) (a^o), V Xq G K). 

Then, for any f € C {K,C), we have 

\{Ln (/)) (a^o) - / (a:o)l < 1/ (a:^o)l An (1 (•)) (a^o) - 1 + 

(Zn (1 (•)) (a:o) + 1 ) (^f, Z„ (|- - xol) (xo)) , (53) 

V xo G AT, V n G N. 

Proof. By Theorem 10. ■ 

13 
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Corollary 19 All as in Theorem 18. Then 

l|in(/)-/lloo.iT<ll/lloo,iT (•))-! ^ + 

oo,A 

^n(l (•)) + ! (^/, Ln {]■ - Xq\) {Xo) V (54) 

oo,K \ oo,K J 

VneN. 

If Ln (1 (•)) = 1, V n G N, then 

l|in(/)-/|loo a: < 2wi f/> ^n(|--a^ol)(a;o) , (55) 

\ oo,K J 

Vneri 

As Ln{li-)) ^ 1, Ln - xo\) (xo) 0, then (by (Sf)) Ln {f) ^ f, 

oo,K 

as n ^ + 00 , where u means uniformly. Notice Ln (1 (•)) *5 bounded, and all the 
suprema in (5f) are finite. 

We continue with 

Theorem 20 Here all as in Theorem 18. Then, for any f € C {K,C), we have 

|(L„ (/)) (xo) - / (a;o)l < 1/ (a^o)l (1 (•)) (a^o) - 1 + 

(Z„ (1 (•)) {xo) + l) Wi ^/, {in (|- - (a;o)) , (56) 

V xq G V n G N. 

Proof. By Theorem 13. ■ 

Corollary 21 All as in Theorem 18. Then, for any f G C {K,C), we have 
WLnif)- f\UK<\\ f Woo,K Ln{l {■))-! + 

oo,A 

z„(l (•)) + ! <^i(f, Z„ (|-- Xol^) (xo) " V (57) 

oo,K y \ / <X),K J 

VnGN. 

If Ln (1 (•)) = 1, then 

WLn (/) - fW^,K ^ 2wi ^/, Ln (|- - Xol^) (xq) ^ , (58) 

VnGN. 

AsLn{l{-))^l, Tnfl'-xol') (xo) ^ 0, then (by (57)) Ln {f) ^ 
f, as n ^ + 00 . 

14 
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We continue with a convex Korovkin type result: 


Theorem 22 All as in Theorem 18. Let a fixed Xq € and assume that 
1/ {t) — f (xj)! is eonvex int € K. Let S > 0,such that the closed disk D (xj, 5) C 
K. Then 


|(L„ (/)) K) - / K)| < 1/ K)| (1 (•)) K) - 1 


+wi (|-- xJI) (a;o)) , V n G N. (59) 

As Ln (1 (•)) {xq) 1, and L„ (|- - IqI) (xg) ^ 0, we get that (i„ (/)) {xq) 
f (xj), as n ^ + 00 , a pointwise convergenee. 

Proof. By Theorem 16. ■ 

Note: Theorem 22 goes throw if (51), (52) are valid only for the particular 

* 

Xq. 

We finish with 


Proposition 23 All as in Theorem 22. Inequality (59) is sharp, in faet it is 
attained by f (t) = j |t — XqI, where j is a unit vector ofC; XQ,t € K. 

Proof. By Theorem 17. ■ 

Note: Let iL be a convex compact subset of a real normed vector space 
(K, ll-ll^) and (X, 11-112) is a Banach space. We can consider bounded linear 
functionals and bounded operators on C {K, X). This paper’s methodology can 
be applied to this more general setting and produce a similar Korovkin theory 
in full strength. 


References 

[1] G.A. Anastassiou, Moments in Probability and Approximation Theory, Pit¬ 
man Research Notes in Math., Vol. 287, Longman Sci. & Tech., Harlow, 
U.K., 1993. 

[2] G.A. Anastassiou, Lattice homomorphism- Korovkin type inequalities for 
vector valued functions, Hokkaido Math. J., 26 (1997), 337-364. 

[3] G.A. Anastassiou, Quantitative Approximations, Ghapman &Hall / GRC, 
Boca Raton, New York, 2001. 

[4] G.A. Anastassiou, Intelligent Computations: Abstraet Fractional Calculus, 
Inequalities, Approximations, Springer, Heidelberg, New York, 2018. 

[5] S.S. Dragomir, An integral representation of the remainder in Taylor’s ex¬ 
pansion formula for analytic function on general domains, RGMIA Res. 
Rep. Call. 22 (2019), Art. 2, 14 pp., rgmia.org/v22.php. 


15 


995 


Anastassiou 981-996 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


[6] H. Gonska, On approximation of continuously differentiable funetions by 
positive linear operators, Bull. Austral. Math. Soc., 27 (1983), 73-81. 

[7] P.P. Korovkin, Linear Operators and Approximation Theory, Hindustan 
Publ. Corp., Delhi, India, 1960. 

[8] R.G. Mamedov, On the order of the approximation of functions by linear 
positive operators, Dokl. Akad. Nauk USSR, 128 (1959), 674-676. 

[9] H.L. Royden, Real Analysis, 2nd edition, Macmillan, New York, 1968. 

[10] O. Shisha and B. Mond, The degree of convergenee of sequences of linear 
positive operators, Nat. Acad, of Sci., 60 (1968), 1196-1200. 


16 


996 


Anastasslou 981-996 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


ADDITIVE /^-FUNCTIONAL INEQUALITIES IN NON-ARCHIMEDEAN 

BANACH SPACES 

INHO HWANG 


Abstract. In this paper, we solve the additive p-functional inequalities 

' X + y^ 


\\f{x + y)+ fix -y)- 2f{x)\\ < 


P ( 2 / + /(® -y)- 2/(a:)) 


where p is a fixed non-Archimedean number with |p| < 1, and 


2/(^) +/(t-J/)-2/(U 


< llp(/(* + y) + fix -y)- 2/(a;))||, 


( 0 . 1 ) 

( 0 . 2 ) 


where p is a fixed non-Archimedean number with |p| < |2|. 

Furthermore, we prove the Hyers-Ulam stability of the additive p-functional inequalities 
(0.1) and (0.2) in non-Archimedean Banach spaces. 


1. Introduction and preliminaries 

A valuation is a function | • | from a field K into [0, 00 ) such that 0 is the unique element 
having the 0 valuation, |rs| = |r| • |s| and the triangle inequality holds, i.e., 

|r -|- s| < |r| -|- |s|, Vr, s G K. 

A field K is called a valued field if K carries a valuation. The usual absolute values of M and 
C are examples of valuations. 

Let us consider a valuation which satisfies a stronger condition than the triangle inequality. 
If the triangle inequality is replaced by 

|r -|- s| < max{|r|, |s|}, Vr, s G K, 

then the function | • | is called a non-Archimedean valuation, and the field is called a non- 
Archimedean field. Clearly |I| = | — 1| = 1 and |n| < 1 for all n G N. A trivial example of 
a non-Archimedean valuation is the function | • | taking everything except for 0 into 1 and 
|0| =0. 

Throughout this paper, we assume that the base field is a non-Archimedean field, hence call 
it simply a field. 

Definition 1.1. ([6]) Let A be a vector space over a field K with a non-Archimedean valuation 
I • |. A function || • || ; A —)■ [0, 00 ) is said to be a non-Archimedean norm if it satisfies the 
following conditions; 

(i) ||x|| = 0 if and only if x = 0; 

(ii) ||rx|| = |r|||x|| {r G K,x G A); 

(iii) the strong triangle inequality 

||x-by|| < max{||x||, ||y||}, Vx,yGA 
2010 Mathematics Subject Classification. Primary 46S10, 39B62, 39B52, 47S10, 12J25. 

Key words and phrases. Hyers-Ulam stability; non-Archimedean normed space; additive p-functional 
inequality. 
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holds. Then (X, || • ||) is called a non-Archimedean normed space. 

Definition 1.2. (i) Let {xn} be a sequence in a non-Archimedean normed space X. Then the 
sequence {xn} is called Cauchy if for a given e > 0 there is a positive integer N such that 

ll^n II ^ ^ 

for all n,m > N. 

(ii) Let {xn} be a sequence in a non-Archimedean normed space X. Then the sequence {xn} 
is called convergent if for a given e > 0 there are a positive integer N and an x G X such that 

ll^^n — x|| < £ 

for all n > N. Then we call x G X a limit of the sequence {xn}, and denote by limn^oo Xn = x. 

(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed space X 
is called a non-Archimedean Banach space. 

The stability problem of functional equations originated from a question of Ulam [13] con¬ 
cerning the stability of group homomorphisms. The functional equation f{x-\-y) = /(x) + /(y) 
is called the Cauchy equation. In particular, every solution of the Cauchy equation is said to be 
an additive mapping. Hyers [5] gave a first affirmative partial answer to the question of Ulam 
for Banach spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by 
Rassias [10] for linear mappings by considering an unbounded Cauchy difference. A generaliza¬ 
tion of the Rassias theorem was obtained by Gavruta [4] by replacing the unbounded Cauchy 
difference by a general control function in the spirit of Rassias’ approach. The functional 
equation f {x -\- y) -\- f {x — y) = 2/(x) is called the Jensen type additive functional equation. 

The functional equation /(x-|-y)-|-/(x —y) = 2/(x)-|-2/(y) is called the quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a 
quadratic mapping. The stability of quadratic functional equation was proved by Skof [ 12 ] for 
mappings / : Hi —?• U 2 , where Hi is a normed space and H 2 is a Banach space. Cholewa 
[3] noticed that the theorem of Skof is still true if the relevant domain Hi is replaced by an 
Abelian group. The stability problems of various functional equations have been extensively 
investigated by a number of authors (see [2, 7, 8 , ?, 11]). 

In this paper, we solve the additive p-functional inequalities (0.1) and (0.2) and prove the 
Hyers-Ulam stability of the additive p-functional inequalities (0.1) and (0.2) in non-Archimedean 
Banach spaces. 

Throughout this paper, assume that X is a non-Archimedean normed space and that T is a 
non-Archimedean Banach space. Let |2| 7 ^ 1. 


2. Additive ^-functional inequality (0.1) in non-Archimedean normed spaces 

Throughout this section, assume that p is a fixed non-Archimedean number with |p| < 1. 

In this section, we solve the additive p-functional inequality (0.1) in non-Archimedean 
normed spaces. 


Lemma 2.1. If a mapping f : X ^ Y satisfies /(O) = 0 and 


\\f{x + y) + f{x 


y)-2f{x)\\ < 


.( 2 /(^)./(. 


for all X, y G X, then f : X ^ Y is additive. 


y) - 2 /(x)^ 


( 2 . 1 ) 
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Proof. Assume that f : X ^ Y satisfies (2.1). 

Letting y = x in (2.1), we get ||/(2x) — 2f{x)\\ < 0 and so f{2x) = 2f{x) for all x ^ X. 
Thus 

/(f) = )/W (2.2) 

for all X G A. 

It follows from (2.1) and (2.2) that 

\\f{x + y) + f{x-y)-2f{x)\\ < p (^2f + f {x - y) - 2f{x)J 

= \p\\\f{x + y) + f{x-y)-2f{x)\\ 

and so f{x + y) + f{x — y) = 2/(x) for all x,y £ X. It is easy to show that / is additive. □ 

We prove the Hyers-Ulam stability of the additive p-functional inequality (2.1) in non- 
Archimedean Banach spaces. 

Theorem 2.2. Let r < 1 and 6 be nonnegative real numbers and let f : X ^ Y be a mapping 
satisfying /(O) = 0 and 

\\f{x + y) + f{x-y)-2f{x)\\ < p (^2f + f {x - y) - 2f{x)J 

+ ^(ikir + iiyin (2.3) 

for all x,y G X. Then there exists a unique additive mapping A\ X ^Y such that 

9/9 

||/(x)-A(x)||<^||x|r (2.4) 

for all x G X. 

Proof Letting y = x in (2.3), we get 

||/(2x)-2/(x)|| <20||x|r (2.5) 

for all x G X. So ||/(x) — 2/ (|) || < |^0||x||’’ for all x G X. Hence 



for all nonnegative integers m and I with m > I and all x G X. It follows from (2.6) that the 
sequence {2^f{^)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
{2"'/(^)} converges. So one can define the mapping A : A —)■ T by 

A(x) := lim 2"/( —) 

for all x G X. Moreover, letting I = 0 and passing the limit m —)• oo in (2.6), we get (2.4). 
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It follows from (2.3) that 


\\Aix + y) + Aix — y) — 2A(x)\\ = lim | 2 | 

n—>-OD 


2 / 


X + y 


2n+l 


+ / 


x-y 


< lim | 2 r|p| 

= \p\ + A{x-y)-2A{x) 

for all x,y £ X. So 

WMx + y) + Mx -y)- 2y1(x)|| < 


X + y 

2n 

-2/f— 

■I I 2”^ 


+ / 


x-y 

2n 


- 2 / 


\TGn, nr 

+ lim -j——( X + 
n^oo 2 h’’ .. 


p -y)- ‘^Mxij 


for all x,y G X. By Lemma 2.1, the mapping A : X \s additive . 

Now, let T ; X —)■ y be another additive mapping satisfying (2.4). Then we have 


\\A{x)-T{x)\\ = 
< max 


_ 2'?r - 
' 2 <? 


2'?y1 




2'?r 


-2V 


< 


26 

|2|(r-l)g+r 


which tends to zero as g —)■ oo for all x £ X. So we can conclude that yl(x) = T{x) for all 
X £ X. This proves the uniqueness of h. Thus the mapping A : X ^ Y a. unique additive 
mapping satisfying (2.4). □ 

Theorem 2.3. Let r > 1 and 6 be nonnegative real numbers and let f : X ^ Y be a mapping 
satisfying /(O) = 0 and (2.3). Then there exists a unique additive mapping A : X ^ Y such 
that 

26, 


||/(x) -T(x)|| < ^||x 


for all X £ X. 

Proof. It follows from (2.5) that 


fix) - ^fi 2 x) 


< le\\A 


for all X G y. Hence 

4 /(2 Y)-T/(2 '"i') 


< max { 1/ (2'i) - ^/ (2'+U) 

/ (2'x) - L (2‘«.x) 


= max 


< max ■ 


1 

w 

|2|'^ 


1 
2 

|2|r(m-l) 


| 2 |m-l 


(rr/(2”-V)-5!;;/(2”r)||} 

/(2 ”-U)-L(2 ’"rt) 


2m-. 

1 


26 


I2K+1’ ’12 


|(m_i)+i I 26'||ai|| |2|(i-r)«+i 


for all nonnegative integers m and I with m > I and all x G X. 
The rest of the proof is similar to the proof of Theorem 2.2. 


□ 
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3. Additive ^-functional inequality (0.2) 

Throughout this section, assume that /) is a fixed non-Archimedean number with \p\ < |2|. 
In this section, we solve the additive /9-functional inequality (0.2) in non-Archimedean 
normed spaces. 

Lemma 3.1. If a mapping f : X ^ Y satisfies 

2// (x - y) - 2/(x) <\\p{f{x + y) + f{x-y)-2f{x))\\ (3.1) 

for all x,y G X, then f : X ^ Y is additive. 

Proof Assume that f : X ^ Y satisfies (3.1). 

Letting x = y = 0 in (3.1), we get ||/(0)|| < 0. So /(O) = 0. 

Letting y = 0 in (3.1), we get \\2f (|) — f{x)\\ < 0 and so 

2/ (I) = fix) (3.2) 

for all x G X. 

It follows from (3.1) and (3.2) that 

\\fix + y) +fix-y)-2f{x)\\ = 2f + f (x - y) - 2f{x) 

< \p\\\fix + y) +fix-y)-2f{x)\\ 

and so fix + y) + fix — y) = 2/(x) for all x,y G X. It is easy to show that / is additive. □ 

We prove the Hyers-Ulam stability of the additive p-functional inequality (3.1) in non- 
Archimedean Banach spaces. 

Theorem 3.2. Let r < 1 and 9 be nonnegative real numbers, and let f : X ^Y be a mapping 
such that 

2// (x - y) - 2/(x) < \\pifix + y) + fix-y)-2fix))\\ 

+ 0(ikir + ii2/in (3.3) 

for all x,y G X. Then there exists a unique additive mapping A\ X ^Y such that 

||/(x)-A(x)|| <0||x|r (3.4) 

for all x G X. 

Proof Letting x = y = 0 in (3.3), we get /(O) = 0. 

Letting y = 0 in (3.3), we get 

|2/(|)-/w||<«U|r (3.5) 
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for all X £ X. So 




(3.6) 


< max 

= max 






< max 


1^ 

2|ri’ 


|2|m-l 

2 |r(m-l) 


0||x|r 


| 2 |(r-l)Z 


for all nonnegative integers m and I with m > I and all x £ X. It follows from (3.6) that the 
sequence {2^f{^)} is a Cauchy sequence for all x £ X. Since Y is complete, the sequence 
{2"'/(Jr)} converges. So one can define the mapping A ■. X hy 

A{x) := lim 2"'/(—) 

for all X £ X. Moreover, letting I = 0 and passing the limit m —)• oo in (3.6), we get (3.4). 

The rest of the proof is similar to the proof of Theorem 2.2. □ 


Theorem 3.3. Let r > 1 and 9 he positive real numbers, and let f : X ^ Y be a mapping 
satisfying (3.3). Then there exists a unique additive mapping A \ X ^Y such that 

||/W-ylW||<^Wr (3.7) 

for all X £ X. 


Proof. It follows from (3.5) that 


fix) - 


< 


12/0, 


for all X £ X. Hence 
1 


2,/(2V) -/;/{2’”x) 


(3.8) 


< max 


= max 


< max ■ 


1 

I 

|2/' 


/ (2V) - T_/ (2'+U) 


1 


2m- 

1 


I ^( 




- —/(2™x) 
/(2—ix)-^/(2-x) 


12/0 


| 2 | 


/+! ' 


Inlr-Cm-l) I 

^ \ |2/0||x|r = , 
|2|(m-l)+l j. |2|(i-7-)z+i 


for all nonnegative integers m and I with m > I and all x £ X. It follows from (3.8) that the 
sequence { Jr/(2"'x)} is a Cauchy sequence for all x £ X. Since Y is complete, the sequence 
{Jr/(2"^x)} converges. So one can define the mapping A : X ^ Y by 

A(x) := lim -/(2”x) 

for all X £ X. Moreover, letting I = 0 and passing the limit m —)• oo in (3.8), we get (3.7). 

The rest of the proof is similar to the proofs of Theorems 2.2 and 3.2. □ 
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Square root and 3rd root functional equations in (7*-algebras 

Choonkil Park ,Sun Young Jang* and, Jieun Ahn 


Abstract. In this paper, we introduce a square root functional equation and a 3rd root functional 
equation. We prove the Hyers-Ulam stability of the square root functional equation and of the 3rd 
root functional equation in C'*-algebras. 


1. Introduction and preliminaries 

The stability problem of functional equations was originated from a question of Ulam [7] concerning 
the stability of group homomorphisms. Hyers [5] gave a first affirmative partial answer to the question 
of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and 
by Rassias [6] for linear mappings by considering an unbounded Cauchy difference. A generalization 
of the Th.M. Rassias theorem was obtained by Gavruta [3] by replacing the unbounded Cauchy 
difference by a general control function in the spirit of the Rassias’ approach. 

Definition 1.1. [2] Let A be a C'*-algebra and x € A a self-adjoint element, i.e., x* = x. Then x is 
said to be positive if it is of the form yy* for some y € A. 

The set of positive elements of A is denoted by A~*'. 

Note that A+ is a closed convex cone (see [2]). 

It is well-known that for a positive element x and a positive integer n there exists a unique positive 
element y G A+ such that a; = y”. We denote y hy x^ (see [4]). 

In this paper, we introduce a square root functional equation 

S (^x + y + x*y^x^ + y^x^y^^ = S{x) + S{y) (1.1) 

and a 3rd root functional equation 

T (^x + y + 3x3y3x3 -(- 3y3a;3y3^ = T(x) + T{y) (1.2) 

for all x,y € A+. Each solution of the square root functional equation is called a square root mapping 
and each solution of the 3rd root functional equation is called a 3rd root mapping. 

Note that the functions S(x) = y/x = x^ and Tlx) = ffx = a;® in the set of non-negative real 
numbers are solutions of the functional equations (1.1) and (1-2), respectively. 

In this paper, we prove the Hyers-Ulam stability of the functional equations (1.1) and (1.2) in 
C*-algebras. 

Throughout this paper, let A+ and be the sets of positive elements in C*-algebras A and B, 
respectively. 


°2010 Mathematics Subject Classification: 46L05, 39B52. 

^Keywords: Hyers-Ulam stability, C'*-algebra, square root functional equation, 3rd root functional 
equation. 

* Corresponding author: Sun Young Jang (email: jsym@ulsan.ac.kr). 
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2. Stability of the square root functional equation 
In this section, we investigate the square root functional equation in (^‘-algebras. 

Lemma 2.1. Let S : A+ —)■ he a square root mapping satisfying (1.1). Then S satisfies 

S'(4”x) = 2"S{x) (2.1) 

for all X G A~^ and all n Gl,. 

Proof. Putting x = y = 0 in (1.1), we obtain S'(O) = 0. Letting y = 0 in (1.1), we obtain 

S'(4°x) = S{x) = 2°Six) 

for all X G A^. 

First of all, we use the induction on n to prove the equality (2.1) for all positive integers n. 
Replacing y by x in (1.1), we get 

S'(4x) = 2S{x) (2.2) 

for all X G A^. So the equality (2.1) holds for n = 1. 

Assume that 

S{4^x) = 2'^S{x) (2.3) 

holds for a positive integer k. Replacing x by Ax in (2.3) and using (2.2), we obtain 

SiA’^+^x) = S'(4'= • Ax) = 2'^SiAx) = 2'^+^S{x) 

for all X G A+. So the equality (2.1) holds ior n = k + 1. Thus 

S'(4”x) = 2”S'(a;) (2.4) 

for all X G A+ and all positive integers n. 

Next, replacing x by 4“"a: in (2.4), we obtain 

S'(cc) = S'(4" • A-'^x) = 2”S'(4-"a;) 

for all X G A+ and all positive integers n. So 

S'(4”x) = 2”S'(a;) 

for all X G A+ and all negative integers n. 

Therefore, 

S'(4”x) = 2"S{x) 

for all X G A+ and all n G Z. □ 

We prove the Hyers-Ulam stability of the square root functional equation in C*-algebras. 

Theorem 2.2. Let f : A+ —>■ R+ be a mapping for which there exists a function ip : A+ x A+ — )■ [0, oo) 
such that 

OO 

^(a;,y) := < oo, (2.5) 

i=i 

f{x + y + x^y^x^ +yix^yi"j - f{x)-fiy) < p{x,y) (2.6) 

for all x,y G A+. Then there exists a unique square root mapping S : A+ —)■ A+ satisfying (1.1) and 

\\f{x) - Six)\\ <^pix,y) (2.7) 

for all X G A+. 
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Proof. Letting y = x in (2.6), we get 

||/(4x) - 2f{x)\\ < ip{x,x) 
for all X G . It follows from (2.8) that 

for all X G A'^. Hence 


( 2 . 8 ) 




(2.9) 


j=l+l 


for all nonnegative integers m and I with m > I and all x G A'^. It follows from (2.5) and (2.9) that 
the sequence {2*/ (^)} is Cauchy for all x G A+. Since is complete, the sequence {2^/ (^)} 
converges. So one can define the mapping S : A'^ —)■ by 


S(x) :=^lto 2‘/(J) 


for all X G A^. 

By (2.8) and (2.9), 


S (^x + y + x*y^x^ +y^x^y^'^ — S{x) — S{y) 

I X + y + x^y^x^ + yTx^y^\ . / a; \ ffy\ 

a 1 qfc ) a J ■’ {^kj 

< lim 2'=(^f4,4) =0 

k—^OO V 4^ 4^ / 


= lim 2’^ 

k—¥(X) 


for all x,y G H+. So 


S (^x + y + x^y^x* + y^x^y^'^ — S{x) — S{y) =0. 


Hence the mapping S : A~^ —)■ B~^ is a square root mapping. Moreover, letting I = 0 and passing the 
limit TO —> oo in (2.9), we get (2.7). So there exists a square root mapping S : y 1+ —> satisfying 
(l.I) and (2.7). 

Now, let S' : H+ —)• H+ be another square root mapping satisfying (I.l) and (2.7). Then we have 


||S(I)-S'(X)|| = 2«||S(|;)-S'(|;) 

*(t)-/(t) 

/ X X \ 

V49’ 49/ ’ 


< 2« 


+ 2 « 


*'(5)-/(li 


2 • 29 
2 


which tends to zero as g —)■ oo for all x G A~^. So we can conclude that S{x) = S'{x) for all x G x4+. 
This proves the uniqueness of S. □ 

Corollary 2.3. Let p > ^ and 0i,02 be non-negative real numbers, and let f : be a 

mapping sueh that 

f (x-\-y-\-x^y^x^ -\-y^x^y^"j - f{x) - f{y) < ^idlx^ + ||y||^) +02 ■ ||a:||5 • ||y||5 (2.10) 

for all x,y G A'^. Then there exists a unigue square root mapping S : A'^ -G H+ satisfying (1.1) and 

\\f(.x)-S{x)\\<^^^\\x\f 
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for all X G A~^ . 

Proof. Define (fi{x,y) = 0i(||a:||P + Hyp) + O 2 ■ \\x\\^ ■ \\y\\^, and apply Theorem 2.2. Then we get the 
desired result. □ 

Theorem 2.4. Let f : A'^ —> 5+ be a mapping for which there exists a function ip : A'^ xA^ -G [0, 00 ) 
satisfying (2.6) such that 

00 

ip{x,y) := X, 4^y) < 00 

3=0 

for all x,y G A+. Then there exists a unique square root mapping S : —)■ satisfying (1.1) and 

\\f{x) - S'(a;)|| < 

for all X G A~^ . 

Proof. It follows from (2.8) that 

fix) - ^fi4x) 

for all X G A^. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.5. Let 0 < p < | and 9i,92 be non-negative real numbers, and let f : —)■ 5+ be a 

mapping satisfying (2.10). Then there exists a unique square root mapping S : A~^ —)• 5+ satisfying 
(1.1) and 

\\fix)-S{x)\\<^^^\\x\f 

for all X G A~^ . 

Proof. Define (p{x,y) = 0i(||a:||P + ||y||P) + 02 • \\x\\^ ■ ||y||P and apply Theorem 2.4. Then we get the 
desired result. □ 


< -‘pix,x) 


3. Stability of the 3rd root functional equation 
In this section, we investigate the 3rd root functional equation in C*-algebras. 
Lemma 3.1. Let T : A'^ —> 5+ be a 3rd root mapping satisfying (1.2). Then T satisfies 

T(8”x) = 2”T(x) 


for all X G A^ and all n Git. 

Proof. The proof is similar to the proof of Lemma 2.1. □ 

We prove the Hyers-Ulam stability of the 3rd root functional equation in C*-algebras. 

Theorem 3.2. Let f : A~^ —> B'^ be a mapping for which there exists a function ip : A'^ xA^ -G [0, 00 ) 
such that 


00 

p(a:,y):=^2V(J,|) < 00 , 

f (x 4-y-G^x^y^x^-\-3y^x^y^^ - f{x) - f{y) < <p(x,y) 


(3.1) 
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for all x,y € A'^. Then there exists a unique 3rd root mapping T : —)■ A'^ satisfying (1.2) and 

||/(a;) -r(a;)|| < ^^ix,y) 

for all X G A+. 

Proof. Letting y = a; in (3.1), we get 

||/(8x) - 2/(a;)|| < (p(a;,a:) (3.2) 

for all X G A^. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 3.3. Let p > | and 01,02 be non-negative real numbers, and let f : be a 

mapping such that 

f (x -Gy -GSxiyixi + Sy^x^y^'j - f{x) - f{y) < 0i{\\xY + ||j/P) + 02 ■ ||a;||^ • ||j/||5 (3.3) 

for all x,y G Yl+. Then there exists a unique 3rd root mapping T : A+ -G B'^ satisfying (1.2) and 

9 ^ _l_ n 

\\f{x)-T{x)\\<^^\\x\\P 

for all X G A+. 

Proof. Define (p{x,y) = 0i(||a:||P + ||yp) + 02 • \\x\\^ ■ \\y\\^, and apply Theorem 3.2. Then we get the 
desired result. □ 

Theorem 3.4. Let f : A~^ —> B'^ be a mapping for which there exists a function ip : A'^ xA^ -G [0, oo) 
satisfying (3.1) such that 

OO 

(p{x,y) := 2“l<p(8^a;, S-’p) < oo 

j=o 

for all x,y G Yl+. Then there exists a unique 3rd root mapping T : A^ -G B^ satisfying (1.2) and 

||/(x) -T(a:)|| < ]^^{x,x) 

for all X G A~^ . 

Proof. It follows from (3.2) that 

fix)-^f{8x) <]^ip{x,x) 

for all X G A'^ . 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 3.5. Let 0 < p < | and 0i,02 be non-negative real numbers, and let f : A'^ -G B~^ be a 
mapping satisfying (3.3). Then there exists a unique 3rd root mapping T : -G B'^ satisfying (1.2) 

and 

\\f(.^)-T{x)\\<^^^\\x\\P 

for all X G A~^ . 

Proof. Define g}{x,y) = 0i(||a;||P + ||pp) + 02 ■ \\x\\^ ■ \\y\\^, and apply Theorem 3.4. Then we get the 
desired result. □ 
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4. Square root and 3rd root functional equations in C'*-algebras 
We have defined a square root functional equation 

S (^x + y + + y*x^y^^ = S{x) + S{y) 

and a 3rd root functional equation 

T (^x + y + 3a;3j/3x3 + Sy^x^y^^ = T{x) + T{y) 

for all x,y € A+. Each solution of the square root functional equation is called a square root mapping 
and each solution of the 3rd root functional equation is called a 3rd root mapping. 

It was shown that each square root mapping S : —)■ satisfies S'(4"x) = 2”S'(a;) for all 

X € and all n G Z and that each 3rd root mapping T : A~^ —> satisfies r(8"x) = 2”T(x) for 

all X G A~^ and all n G Z. Moreover, we prove that there exists a square root mapping near a given 
approximate square root mapping and that there exists a 3rd root mapping near a given approximate 
3rd root mapping by using the Hyer-Ulam-Rassias approach. 
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Max-product Operators, Revisited 
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Department of Mathematical Sciences 
University of Memphis 
Memphis, TN 38152, U.S.A. 
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Abstract 

Here we study quantitatively the approximation of multivariate func¬ 
tion by general multivariate positive sublinear operators with applications 
to multivariate Max-product operators. These are of Bernstein type, of 
Favard-Szasz-Mirakjan type, of Baskakov type, of sampling type, of La¬ 
grange interpolation type and of Hermite-Fejer interpolation type. Our re¬ 
sults are both: under the presence of smoothness and without any smooth¬ 
ness assumption on the function to be approximated. 

2010 AMS Mathematics Subject Classification: 41A17, 41A25, 41A36, 
41A63. 

Keywords and Phrases: multivariate positive sublinear operators, multi¬ 
variate Max-product operators, multivariate modulus of continuity. 


1 Background 

Let Q be a compact and convex subset of fc G N — {1} and let Xg := 
(xoi, ...,xok) € Q he fixed. Let f G (Q) and suppose that each nth partial 
derivative fa = where a := {ai,ak), cxi G i = and |a| := 

Oi = n, has relative to Q and the h-norm H-H, a modulus of continuity 
(/a) h) < w, where h and w are fixed positive numbers. Here 

0 Ji{fa,h):= sup \fa{x) - fa{y)\- (1) 

x,yeQ 
\\x-v\\i^<h 
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The jth derivative of gz (t) = f {xq + t{z — xq)), {z = (zi, Zk) € Q) is given 
by 


(t) = 




(xoi +t{zi- Xm) ,Xofc +t{zk- Xok)) ■ 

( 2 ) 


Consequently it holds 


f{zi,...,zk) =gzW = Y1 


j=0 


gi^ (0) 

j! 


+ {z, 0) 


(3) 


where 


Rn {z, 0) := (tn) - 5^”^ (0)) dti. (4) 

We apply Lemma 7.1.1, [1], pp. 208-209, to {fa (xg + t (z — Xg)) — fa (a^o)) as a 
function of z, when loi {fa,h) < w. 


\fa {xg+t{z - Xg)) - fa (a;o)| < 


t\\z- Xg\\ 

h 


(5) 


all t > 0, where [•] is the ceiling function. 

For ||z — xoll 0, it follows from (2) 

\Rn (-2,0)1 < 


/o -'0 


— ~ —1“ ^01 

|Q;|=n 


Cti I iQlfc 

■ ■■\Zk-Xgk\ W 


tn \\Z - Xol 


dtn---dti 


( 6 ) 


= E 

|Q:|=n 


ni=l \z^i - ^Oi 
Q!l!...Q;fc! Ilz-Xoir 


-W^n {\\Z - Soil) = {\\Z - Xol 


since \\z — xqH = X)i=i l^i — a^oil- Above we denote (for h > 0 fixed): 


{x) 




(N-t)”-' 

L 

h 

(n- 1)! 


dt, 


(x e M), 


equivalently 


{x) 






...dxi, 


see [1], p. 210-211. 


(7) 

( 8 ) 
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Therefore we have 

l^n (- 2 , 0)1 < w^n (Ik - a^oll), for all z &Q. 

Also we have (0) = / (xq) . 

One obtains ([1], p. 210) 


(9) 


^n(2:) = ^ ^(kl -JM 


+ ’ 


( 10 ) 


\j=o 


which is a polynomial spline function. 
Furthermore we get ([1], pp. 210-211) 


,i"+i 


(x) < $*n (x) : = 


^ kl ^ kl 


(n -I- l)!/i 2n! 8 (n — 1)! 


( 11 ) 


with equality only at a; = 0. 

Moreover, is convex on M and strictly increasing on IR_|_, n > 1. 

In case of Q := {a^ G : Ikll ^ 1}, where H-H is the k-norm in we have 


0 < Ik - xoll < Ikll + Ikoll < 1 + Ikoll, V z e Q, 
hence (|k — a;o||) < (1 + Ikoll), and by convexity of <&„ we get 

$n(lk-a;oll) / $™(1 +Ikoll) 


< 


k-xoii 


(1 +Ikoll) ’ 


( 12 ) 


V z G Q : Ik - a^oll k 0, 
and hence 


$„(lk-^o||)<lk-^o||^=j^^±J^, VzGQ. 


(13) 


Let Q be a compact and convex subset ofM^, k G N—{1}, xq G Q fixed, 
f € (Q). Then for j = 1,..., n, we have 


j! 


(Zi - Xoi)“‘ ) fa (a:^o) • (14) 


9i'H0)= E ln'= rvl 

a: = (ai,...,afc), a,eZ+, \lli=l“*-/ \i=l / 

i=l,...,fe, \a\:=J2i^i ai=j 

If fa (xo) = 0, for all a : |a| = 1,..., n, then (0) = 0, j = 1,..., n, and by (3): 

/(z) -/(xo) = (2,0), (15) 

that is 


1/ ( 2 ) - / (a;o)| < w<^n (Ik - a^oll), y z€Q, 


(16) 
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where xq G Q is fixed. 
Using (11) we derive 


11/(z) - /(xo)ll < w 


|z - Xo 


in+l 


(n + l)!h 


2n! 


+ h 


8(n-l)! 


We have proved the following fundamental result: 


V z G Q. 
(17) 


Theorem 1 Let (Q,|H|), where H-H is the li-norm, be a compact and convex 
subset of fc G N — {1} and let xq G Q be fixed. Let f € (Q), n G N, 

h > 0. We assume that /„ (xq) = 0, for all a : |q;| = 1, ...,n. Then 


||/(z) -/(xo)ll < inax wi(/a,h) 

L a:|a=n| 


Iz-Xoll”"^^ , ||2:-Xo|| 


|z - Xol 


y {n + iy.h 
In conclusion we have 


2n! 


8(n- 1)! 


, V z G Q. (18) 


Theorem 2 Let (Q,|H|), where H-H is the h-norm, be a compact and convex 
subset o/M*, k G N — {1} and let x G Q (x = (xi,...,Xk)) be fixed. Let 
f G C" (Q), n G N, h > 0. We assume that fa (x) = 0, for all a : |q;| = 1,..., n. 
Then 

11/ (t) - / (a;)|| < { max wi (/„, /i)) • (19) 

yQ;:|Q:|=n / 

(n + l)!/i 2n! 8(n- 1)! ^ " 


max wi {fa,h) 

cx:\cx.\—n 





in+l 


(n + l)!/i 


k-^{Eli\U-xr) 


hk 


n—2 


8 (n — 1)! 


^ ^ jtj Xi 


n—1 


, y t G Q, 


( 20 ) 


Vi=l 


where t = {ti,..., tk) ■ 


Proof. By Theorem 1 and a convexity argument. ■ 
We need 


Definition 3 Let Q be a compact and convex subset o/M^, k G N — {1}. Here 
we denote 

C+ (Q) = if ■ Q —>■ R+ and continuous} . 
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Let Ln ■ C+ (Q) C+ (Q), N € N, be a sequence of operators satisfying the 
following properties: 

(i) (positive homogeneous) 

Ln (a/) =aLi,{f), V a > 0, / G C+ (Q ); (21) 

(a) (monotonicity) 

if f,g & C+ (Q) satisfy f < g, then 

LN{f)<LN{g), VIVgN, (22) 

and 

(Hi) (subadditivity) 

Ln (/ + S') ^ (/) + I^N (s); ^ S G C'g {Q) ■ (23) 

We call Ln positive sublinear operators. 


Remark 4 (to Definition 3) Let f,g& C+ (Q). We see that f = f — g + g< 
1/ - sl + S- Then Ln (/) < Ln (|/ - g\) + Ln (g), and Ln (/) - Ln (g) < 
LN{\f-9\)- 

Similarly g = g-f + f < \g- f\+f, henee Ln (s) < Ln (|/ - sl) + -^JV if), 
and Ln (g) - Ln (/) < Ln (|/ - sD- 
Consequently it holds 

\LN{f){x)-LN{g){x)\<LN{\f - g\){x), V x G Q. (24) 

In this artiele we treat Ln '■ Ln (i) = I- 
We observe that 

\Ln (/) (x) - f (x)| = \Ln if) (x) - Ln if ix)) (a;)| < 

LNilfi-)-fix)l)ix), Vx€Q. (25) 


We give 

Theorem 5 Let Q be a compact and convex subset o/M^, fc G N — {1} and let 
X € Q be fixed. Let f G C” (Q, ffi+), n G N, /i > 0. We assume that fa ix) = 0, 
for all a : |a| = l,...,n. Let positive sublinear operators mapping 

C+ iQ) into itself, such that Ln (1) = 1- Then 

\Ln if) (x) - / ix)\ < ( max uji ifa,h)^ ■ 

\Q::|a|=n / 

^n + l)\h ^ 

+ (E ^ , V iV G N. (26) 
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Proof. By Theorem 2, see Definition 3, and by (25). ■ 
We need 


The Maximum Multiplicative Principle 6 Here V stands for maximum. 
Let ai > 0, i = 1,n; j3j > 0, j = 1,..., m. Then 

vr=i V™ 1 = (VlLiai) (v”Li/3,.) . (27) 

Proof. Obvious. ■ 

We make 


Remark 7 In [4], P- 10, the authors introduced the basic Max-product Bern¬ 
stein operators 

\/k=oPN,k 


bT if) ix) = 


N 


yk=oPN,k (x) 


NeN, 


(28) 


where pN,k (x) = ^ ^ J x^ (1 — x)^ ^ , X G [0,1], and f : [0,1] ^ M+ is contin¬ 
uous. 

In [4], p. 31, they proved that 


JM) ^ , 6 


B)^''^>i\.-x\)ix)< 


VIVTT 


, y X €[0,1], y N €N. 


(29) 


And in [2] was proved that 


B^^\\--xr)ix)<^^=, y X€[0,l],y m,N€N. (30) 


6 

yFTT’ 


We will also use 


Corollary 8 (to Theorem 5, case of n = 1) Let Q be a compact and convex 
subset o/M*, k € N— {1} and let x € Q. Let f € {Q, IR+), h > 0. We assume 

that = 0, fori = 1,..., k. Let {LN}NeN be positive sublinear operators from 
C+ (Q) into C+ (Q) : Ljv (1) = 1, V G N. Then 

\Ln (!) (x) - / (I)l < (. ^ 


k 


(^{ti - Xif^ (x) 


y N€n. 


1 

2 


'^Ln {\ti - Xi\) (x) 



(31) 


In this article we study quantitatively the approximation properties of mul¬ 
tivariate Max-product operators to the unit. These are special cases of positive 
sublinear operators. We give also general results regarding the convergence to 
the unit of positive sublinear operators. Special emphasis is given in our study 
about approximation under differentiability. Our work is motivated by [4]. 
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2 Main Results 

From now on Q = [0,1]^, k gN — {1}, except otherwise specified. 

We mention 

Definition 9 Let f G (7+ ^[0,1]^^, and N = {Ni,Nk) G N^. We define the 
multivariate Max-produet Bernstein operators as follows: 

if) (x) := 

V^U V^Lo - ixi)PN^,i 2 {X 2 ) -PNkM 

tTwi TfiL rjNk i i i ^ i ^ 

Vi^Lo - ^i^=oPNi,ii {xi)PN2,i2 (X2) ■■■PN^,ik (Xk) 

V X = (xi, ...,Xfe) G [0, 1]'". Call TVinin := minjiVi, ...,Nk}. 

The operators B^'^ (/) (x) are positive suhlinear and they map C+ ^[0,1]*^ 

into itself, and b'^^ (1) = 1. 

See also [4], P- 123 the bivariate case. We also have 

B^^^ if) (x) := 

V^U V^Lo - (x^l)PJV 2 ,i 2 (X 2 ) -^,4 (^k)f(f^,-,fjf) 

nLi (a^A)) 

V X G [0,1]^, by the maximum multiplicative principle, see (27). 

We make 


Remark 10 The coordinate Max-product Bernstein operators are defined as 
follows (X = l,...,k): 


b\^J (g) {xx) := 




V^ioP^A.iA (a^A) 


(34) 


V A^a G N, and V xa G [0,1], V 5 G C+ ([0,1]) := {g : [0,1] ^ M+ continuous}. 
Here we have 


PN^,ix {X\) 



x);'(1-xa)^^ , for all X = l,...,k-, XX & [0,1]. (35) 


In case of f G C+ ^[0,1]^ j is such that / (x) := g{xx), V x G [0,1]^, where 
X = (xi,..., Xa, Xk) and g G C+ ([0,1]), we get that 

B^-^^ (/) (a;) = {g) (xa) , (36) 
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by the maximum multiplicative principle (27) and simplification of (33). 
Clearly it holds that 

if) (x) = f{x), V a; = (xi, Xk) G [0,1]'' : xx G {0,1}, A = 1, k. 


(37) 


We present 


Theorem 11 Letx G [0,1]*, k G N—{!}, be fixed, and let f G C" ^[0,1]^ ,1®+^, 
n G N — {1}. We assume that fa (x) = 0, for all a : |q;| = 1, Then 


if) (x)-/(x) 


kn+l 


< 6 max wi fa, 

\ a:|a|=n \ \ 


^+T 

+ 


1 

V-A^min + 1 


(38) 


(n + 1)! Vv^min + iy 2niyyCV~+lJ S{n-l)l\yCV~+l 

V G N^, where TVmin := minjiVi, Nk}. 

We have that lim b'^'^ (/) {x) = f (x). 

N —?-(cxd,...,cxd) ^ 


a + 2 ■ 
a + 1 


Proof. By (26) we get: 


B^'' if) (x) - / (x) < ( max wi (fa,h) 


( 36 ) 


cx:\a\—n 

n—1 / ^ 


(^n + l)lh ix^)j i\ti-x,n ix,)j 

(39) 

“‘"ifEsS'’ (i*.-«r‘) M 

fc"+i k^ hk'^-^ 1 


+ 


8 (n- 1 )! 


^i=l 


( 30 ) 

< 


6 


V ^min + 1 / V“'l“l-' 


Above notice Y)Li B^j^^ HU - XiO (x,) '<' Y.1=i 7 ^ < 7 f=+T’ 


rnax wi ifa,h) 


(n + l)!ft. 2 n! 8 (n — 1 )! 

( 30 ) 


=: (?)• 


Next we choose h := ( ^ , then h" = ( ^ | and h 


n+1 _ 


VA^min + l' 

We have 


(^) = 6 max wi fa, 

\a:|a|=n \ \ 


V AAnin + 1 


(40) 
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j.n+1 / \ / I \ j^u-1 / I \ 

(n+l)! V V -^min + 1 / 2n! V V A^min + 1 / 8(n— 1)! V V -^min + 1 / 

proving the claim. ■ 

We also give 


Proposition 12 Letx G [0,1]^, k € N—{1}, be fixed and let f € ^[0,1]^ • 

We assume that = 0, for i = 1, Then 


'N 


if) ix) -fix) 


< 


[ max cji 


dxfi + 


(41) 


3*2 3* 1 

\/-Wnin + 1 V-Wiin + 1 8 ( A^min + l) 

V G N^, tc/iere IVmin := minjiVi,..., N/.}. 

Also it holds lim (/) (x) = / (x). 

A^—>(oo,...,oo) ^ 


Proof. By (31) we get: 


if) (a;) - / ix) 


( 36 ) 

< 


( max cui 



k 


Vi=l / ^ \i=l / 


(next we choose h := ( ,, ) ^, then /i^ = 

\vA/min + -L/ vA'min + J- 


( 30 ) / df 

< max wi ——, 


1 


3r 


V ^min + 1 


AXAtAi.^ 1 1 r\ ? I /- 

i=l,...,/c V V^min + 1 

+ 3fc 


1 


V-^min + 1 / S V a/-^ min + 1 




proving the claim. 
We need 


(42) 


(43) 


Theorem 13 Let Q with H-H the h-norm, he a compact and convex subset o/M^, 
fc G N—{1}, and / G (7+ (Q); h > 0. We denote uii{f,h) := sup \f ix) — f iy)\, 

x,yeQ: 

\\x-y\\<h 

the modulus of continuity of f. Let {iArjAfeN positive sublinear operators 
from C+ (Q) into itself such that L^ (1) = 1, V iV G N. Then 

\Bn if) ix) - fix)\<uji if, h) + Iljv (||< - xll) (x)^ < 
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wi (/, /i) ^ Ln {\ti - Xi\) (x)^ j 


V G N, V X G Q, where x := (xi, Xfc) ] t = (ti,tk) € Q. 
Proof. We have that ([1], pp. 208-209) 


\f{t) - /(x)| < Wi (/,/i) 

y t,x G Q. 

By (25) we get: 


||t-x|| 


< UJi (/, /l) ( 1 + 


\t - x\ 


\Ln if) {x) - / (x)| < Ljv (1/ (t) - / (x)|) (x) < 


^i{f,h) ( l+iLAr(||t-x||)(x) ) , ViVGN, 


proving the claim. 
We give 


Theorem 14 


Let f G C+ ^[0,1]^^, /c G N — {1}. Then 


if) (x) -fix) < (6fc + 1) cci ^ /, 


V X G [0,1]^, y N G where A^min := min{A^i,..., Nk}. 

That is 

b 15 ^(/)-/ < {6k + l)uji(f, , ^ 

^ ^ ^ ^ V v&tt; 

It holds that lim (/) (x) = / (x), uniformly. 

]V^(oo,...,oo) ^ 


Proof. We get that (use of (44)) 


, X 1 / 6 A: 

< (i + j (^5^=^ 


(setting h := ^5^) 


1 


= u;,{f, ^ ) (6fc + 1), V X G [0,1]\ V AT G N^ 

V^Vmin + 


(44) 


(45) 


(46) 


(47) 


(48) 


B^^ if) (a;) - / (x) wi (/, A) ^1 -P ^ (lA - Xi|) (xi)^ 


(49) 


proving the claim. ■ 
We continue with 
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Definition 15 ([4], P- 123) We define the bivariate Max-product Bernstein 
type operators: 


if) ix,y) ■= 


wAT wJV-i I f N -I 

Vi=0 Vj=o ^ J 


J 




\/N 

Vi=o ^j=0 


N\ fN-i 


x^yl {1 — X — y) 


N-i-j 


(50) 

V ix,y) G A := {ix,y) :x>0, y>0, x + y<l},VAGN, and\/ f G C+ (A). 


Remark 16 By [4], p. 137, Theorem 2.7.5 there, is a positive sublinear 

operator mapping C+ (A) into itself and (1) = 1, furthermore it holds 


A^m^ if)-A^r (g) 


<A\^\\f-g\), y f,gGC+{A),y N gN. (51) 


By [4], P- 125 we get that (/) (1,0) = / (1,0), (/) (0,1) = / (0,1), 

and A^^^ if) (0,0 )=/(0 ,0 ). 

By [4], p. 139, we have that (ix,y) G A): 

A^n^ (|- - x\) {x,y) = b\^^ (|- - x\) (x) , (52) 

and 

A^m'^ (I- - y\) ix, y) = b\^'’ (I- - y\) (y). (53) 

Working exactly the same way as (52), (53) are proved we also derive (m G N, 
ix,y) G A): 

a^n'’ (I- - i^^y) = b\^^ (I- - xD {x ), (54) 

and 

A^n ^ (I- - yD [x, y) = B^j^'’ (I- - yD (y). (55) 


We present 


Theorem 17 Let x := (xi, X 2 ) G A be fixed, and / G C” (A, M+), n G N — {1}. 
We assume that fa (x) = 0, for all a : |q;| = 1, ...,n. Then 


A^N^ if) ixi,X 2 ) - fixi,X 2 ) 


< 6 max wi 

\ Q::|ci:|=n 



VWTi 



(56) 


" n 71 + 2 

2^+1 ^ I ^ "+i ^ 2”“i ( 1 ^ ^ 2”“"^ ( 1 ^ "+i 

(n + 1)! (n- 1)! 

V A G N. 

It holds lim A)^'^ (/) (xi, ^2) = / (xi, X2) ■ 

N^OO 
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Proof. By (26) we get (here x := {xi,X 2 ) & A): 

- f {xi,X 2 ) <( max Wi (/a,h) 

\ a:|ci:|=n 


{n + iy.h 


(x) 


on—2 


n! 




{\U-Xi\"-){x) 
i=i / 

(57) 

(by (54), (55)) 


yi—1 


max wi {fa,h) 

a:|a|=n 


(n + ly.h W 




i=l 


in+l 


(Xi) + 




nl 


\i—l 


< 


(30) n 


yFTT 


(n — 1 )! 


2 ”+i 


(58) 


h2'‘ 


1-4 1 


(n + l)!/i n! (n — 1 )! 


=: ( 0 - 


Next we choose h := ^ yEr ) “ (yF+l) 

We have 

/ / 1 \ \ 

(0 = 6 I max wi I /„, ' ^ 

\ a:|Q:|=n \ 


1 

/TvTT' 


^/WTl 


(59) 


2 ”+i 

(n + 1 )! 

proving the claim. 
We also give 


„+i 2 " 


1—4 


+ 


n\ \y/WTiJ (n-l)!Vv^iVTT 


Theorem 18 Let x := (xi,X 2 ) G A be fixed, and f & (A,IR+). We assume 

that (x) = 0, for i = 1,2. Then 


(/) (a;i, 0:2) - / (a;i, 0:2) 


< 


( f9fl 

maxwi — 

V=1.2 \dXi 




(60) 


12 6 

+ 


1 / 1 


^FTT ^/ATT 8 V^ivTT 


V A G N. 


It holds Jim (/) {xi,X 2 ) = f {xi,X 2 ) ■ 


N- 
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Proof. By (31) we get (here x := {xi,X 2 ) & A): 


(/) {xi,X2) - /(a:i,X2)| < f maxwi (^,h 

' ' ' ',= 1,2 \OXi 


I (t <’ + /Iff'’ (K. - ».l) (/■)) + 1 


(by (54). (55)) / f 1 


((ti -Xi)^) (Xi) 




1 

(next we choose h := ^ yEl ) ^ “ ^Et ) 

(30) / (df f 1 


/FTT 


_6 _^ 1 ( 1 

ivTT/ 8 I ^/]vTT 


proving the claim. ■ 

We further obtain 

Theorem 19 Let f G (7+ (A). Then 


(/) (a:i, 3 ^ 2 ) - / (ail, a;2) < 13wi /, 


/WTi 


V (xi,X2) G A, V ffVG N. 
That is 


(/) - / < 13031 /, 


/FT! 


V F G N. 


/t holds that lim (/) = /, uniformly, V / G (7+ (A). 

N—>-C)0 

Proof. Using (44) (a: := ( 311 , 312 ) G A) we get: 

(/) (a;i,ai2) - / ( 3 : 1 , 312 ) I < 


wi (/, /i) I 1 + - ( E (\*i - ^i\) ( 3 ^) 


(by (52), (53)) 
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wi {f,h) \ 1 + - ( {\ti - Xi\) (Xi) 




(setting h := 


= 13wi 1^/, -^==j , V ixi,X2) G A, V iV G N, 

proving the claim. ■ 

We make 

Remark 20 The Max-product truncated Favard-Szdsz-Mirakjan operators 


if) i^) = 


yLo SN,kix)f{^) 
Vfc =0 (x) 


, XG [0,1], AgN, /gC+([0,1]), (66) 


SN,k [x) = see also [4], p. 11. 

By [4], p. 178-179, we get that 


(I- -x\){x)<^, V X G [0,1], V A G N. 


And from [2] we have 


T^N^\\--xnix)<^, VXG [0,1], V A,mGN. (68) 


We make 


Definition 21 Let / G C+ ^[0,1]^^, A: G N — {1}, and A = (Ai,...,A^) G 
N*. We define the multivariate Max-product truncated Favard-Szdsz-Mirakjan 
operators as follows: 

4"^ if) i^) ■■= 

... SNuh i^l) SN2,i2 ix2) -SNf^ik i^k) f 

Vi^Lo '7^2=0 - '7^=0 ixi) SN 2 ,i 2 ix 2 ) -SNk.iu ixk) 

M x = (xi, ...,Xk) G [0,1]'". Call Amin := min{Ai,..., Afc}. 

The operators (/) (x) are positive sublinear mapping C+ ^[0,1]^^ into 

itself, and T^^ (1) = 1. 


We also have 


Tif^ 'if) i^) ■■= 
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swi.n (2:1) {X 2 ) (xk) f (j^,j^) 

- 7 -X- ^(70) 

nLi (v^ioSWx,iA (xx)) 

V a; G [0,1]^, by the maximum multiplicative principle, see (27). 

We make 


Remark 22 The coordinate Max-product truncated Favard-Szasz-Mirakjan op¬ 
erators are defined as follows (X = 1, k): 


rp{M) 


{g) {xx) := 


(a;A)5 (^) 

V^ioSA^A.iA (xx) 


V A^a G N, and V xa G [0,1], V 5 G C+ ([0,1]). 
Here we have 


^Nxyix (xx) 


{NxXxY^ 


A = 1, ...,k; XX G [0,1]. 


(71) 


(72) 


In case of f € C+ ^[0,1]^^ such that f (x) := g{xx), V x G [0,1]^, where 
X = (xi, Xx, Xk) and g G C+ ([0,1]), we get that 

4“^ (/) (x) = ( 5 ) (xx), (73) 

by the maximum multiplicative principle (27) and simplification of (70). 


We present 


Theorem 23 Letx G [0,1]*, k G N—{1}, be fixed, and let f G C" 1]^ 
n G N — {1}. We assume that fa (x) = 0, for all a : |q;| = Then 


4"^ if) ix)-fix) 


< 3 max wi fa, 
- U:|a|=nl W 




kn+1 


(n + 1 )! 


1 \ „7i k^ ( 1 


2nl 


f 1 


8(n-l)! 


n + 2 
rr+1 


(74) 


V G N^, where A^min := min{Afi,A^^} 

,(M) 


We have that lim (/) (x) = / (x). 

N —?-(oo,...,cxd) ^ 


Proof. By (26) we get: 


4^^ if) (^) - fi^) ^ wi ifa,h) 


( 73 ) 


N 


Q;:|Q:|=n 


15 


1025 


Anastasslou 1011-1046 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


{n + l)\h 




un—1 


2n! 


i\ti - x.l"') {x^)\ 
\i=l / 

(75) 




( 68 ) 

< 


max LOi {fa,h) 


rpiM) 


un+1 


+ + 


hk 


n—1 


l{n-\-l)lh 2n! 8(n—l)!j 

( 68 ) 


=: (?)• 


Above notice that (K* “ ^il”) i^t) ^ ELi ^ ^ 

1 71 

Next we choose h := then h” = ^and /i"+^ 

1 

\/N~" 

We have 


(^-(vs) "")))■ 

fc”+i / 1 A:” / 1 \ A:”-i 

(n + 1)! W^min/ 2n! W^min/ 8(n- 1)! 

proving the claim. ■ 

We also give 




r^ + 2 
n + 1 


, (76) 


Proposition 24 Let x G [0, 1]^, k G N—{!}, be fixed and let f & |^[0, 1]^ • 

We assume that = 0, for i = I, ...,k. Then 


^ if) ix)-fix) 


N 


< 


[ max (jji 


dxfi ) 


■3fc2 / 1 \ 3fc / 1 ^ 1 / 1 Y 

VYSj ^ ^ 8 \ffN ~)J ’ 

V A^ G N^, where A^min := min{Afi,..., A^fc}. 

Also it holds lim = j: ^ 

N —?-(oo,...,oo) ^ 


Proof. By (31) we get: 


rji{M) 

N 


if) ix) - f ix) 


( 73 ) 

< 


max oji 



(77) 


A 




h 

8 


(78) 


16 


1026 


Anastasslou 1011-1046 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


(next we choose h := ^ > then h? = 


(68) / f df 1 

< max wi , 


3fc2 


1 


3k ( 1 


1 ( 1 


2 \VN^) 8 


L 2 

proving the claim. ■ 

It follows 

Theorem 25 Let f G (7+ ([0,1]^'), fc G N — {!}. Then 

n(M) 


T^’ if) i^) -fix) < (3fc + 1) cci [ ^ 


V a; G [0,1]^, \/ N G where A^min := min{A^i,..., Nk}- 
That is 

r<">(/)-/|L<( 3 . + i).. (/.^ 

(M) 


It holds that lim T-^ ^ (/) = f, uniformly. 


N 


A^—^(oo,...,oo) 

Proof. We get that (use of (44)) 


(79) 


(80) 


(81) 


if) ix) - f (a:) wi (/, M ^ ilU “ Xi\) (x)^ 


(setting h := w^=) 


N A 1 / 3A: 

< (Ui(/,h) + 


1 


(82) 


= cci ( /, ) (3fc + 1), V X G [0,1]\ V IV G N^ 

V JVn 


proving the claim. ■ 
We make 


Remark 26 We mention the truncated Max-product Baskakov operator (see 

[4], P- n) 


if)ix) 


\/k =0 bN,k ix)f{jj) 
VfcO bN,k ix) 


XG [0,1], /gC+([0,1]), VIVgN, 

(83) 
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, , , fN + k-l\ 


From [4], pp- 217-218, we get (x G [0,1]J 


(c/^f ^ (I- - x|)) {x) < N>2,N&n. 


And as in [2], we obtain (m€N) 


(u^j^^i\.-xn) {x)< 


/FTT 


, N >2, N gN, y x e[0,l]. ( 86 ) 


Definition 27 Let f G C+ ^[0,1]^^, k € N — {!}, and N = {Ni,Nk) G 
N*. We define the multivariate Max-product truncated Baskakov operators as 
follows: 


U^^^>{f){x) := 


V*^Lo - V^io (xi) bN2,i2 ix2) ■■■bN^,ik (Xk) / 


^iiLo '^12=0 ^ifc=0 bNi,ii (iCl) b]\f2^i2 (X 2 ) {Xk) 


, (87) 


y X = {xi, ...,Xk) G [0,1]*. Call TVinin := minjiVi, ...,Nk}. 

The operators (/) (x) are positive sublinear mapping C+ ^[0,1]^^ into 


itself, and ( 1 ) = 1 . 
We also have 


U^^^>{f){x) := 


V*^Lo bN2,h (a;i) bN2,i2 ( 2 ^ 2 ) (xk) f ■ 

nti {<UbN„,i2, (x,)) 

V a; G [0,1]^, by the maximum multiplicative principle, see (27). 

We make 


Remark 28 The coordinate Max-product truncated Baskakov operators are de¬ 
fined as follows (X = l,...,k): 




u^N:>i9)ix,) ■■=—wr-r -^ 

yi,,=obNx,ix [Xx) 

V A^a G N, and y x\ € [0,1], V 5 G C+ ([0,1]). 

Here we have 


bNx,ix ix\) = 


Nx+ix-l 


XAGiO,!]. 
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In case of f € C+ ^[0,1]^^ such that f (x) := g{x\), V x G [0,1]^, where 
X = {xi,x\, Xk) and g € C+ ([0,1]), we get that 

4“^ (/) (g) M, (90) 

by the maximum multiplicative principle (27) and simplification of (89). 


We present 


Theorem 29 Letx G [0,1]*, k G N—{!}, be fixed, and let f G C" ^[0,1]^ ,1®+^, 
n G N — {!}. We assume that fa (x) = 0, for all a : |q;| = Then 


if) ix)-fix) 


^n +1 


(n+1)! V V-^min + 1 


< 12 max [uJi\ fa 
\ \ \ 


n+1 f^n 

+ 


1 


V ^min + 1 


2n! \VN^in + lJ 8(n-l)! VV^Vmin + l 


1 + 2 
1+1 


( 91 ) 


V G (N — { 1 }) , where N^in ■= min{A^i,TV^}. 
We have that lim (/) (x) = f (x). 


AT—^(c>o,...,oo) 

Proof. By ( 26 ) we get: 


N 


if) (x) - f (x) '<' ( inax wi (fa, h) 


( 90 ) 


N 


Q::|Q;|=n 


ly.h 


(|ii(a;*) I + 


^i=l 


Un —1 


2n! 


i\ti-XiDixi) I 

^i=l / 

( 92 ) 


'8(n- 1) 


j ('^2 ^n!'’ (l^i - (^i) 




( 86 ) 

< 


12 


-^ , inax ujiifa,h) 

V Amin + 1 


Above notice that YiLi (I^i - a^il") (a^i) <' ELi 7^^ ^ 

1 71 

Next we choose h := ( ..A , then /i" = f 1 s-iad = 


^n+l 


hk" 


(n+l)!/i 2n! 8(n—l)!j 

( 86 ) 


=: ( 0 - 


VA'min + l' 

We have 


{() = 12 max wi fa 

\ a:|Q;|=n \ \ 


V Amin + 1 
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kn+l / 1 \ j \ 

(n+1)! V V -^min + 1 / 2n! V V -^min + 1 / 


proving the claim. ■ 
We also give 


kn-i / I \::+? 

8 (n-l)! WA'min + i; 

(93) 


Proposition 30 Letx G [0,1]^, k G N—{!}, 6e /ta;ec! and let f € |^[0,1]^ • 

We assume that = 0, for i = I, Then 


if) (x)-fix) 


N 


< 


( max uji 


K _^ 

dXi" + 1 / / 


(94) 


6 fc^ 6k 1 

-Wnin + 1 V Nmin + 1 8 ( A^min + l) 

V G (N — {1})^, where N^-m ■= min{A^i,..., TV^}. 

Also it holds lim (/) (x) = f (x). 

A^—>(oo,...,oo) ^ 


Proof. By (31) we get: 


C/(f) if) ix)-fix) 


N 


( 90 ) 

< 


I max coi 



k 




h 

8 


(95) 


(next we choose h := ( ^ ^, then /i^ = ^=i==) 

V V-^''min + J-/ vA'min + J- 

(85) / f df 1 \\ 

\i=l,...,k \dXi ^N^in + lj J 

6 fc^ 6k 1 

^^min + 1 V-(Vmin + 1 8 ( A^min + l) 

proving the claim. ■ 

It follows 


Theorem 31 


Let f G (7+ ([0,1]^^, /c G N — {!}. Then 




V X G [0,1]^, V A5 G (N — {1})^, where := min{A^i,..., A^^.}. 


(96) 


(97) 
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That is 




It holds that lim U-U (/) = f, uniformly. 

N^ioo,...,oo) ^ 

Proof. We get that (use of (44)) 

( 90 ) / 1 / ^ \ ^ 

if) {x) -fix) < Wi if, M 1^1 + ^ i\U - Xi\) ixi)j ^ 

(setting h := 7 ^;^) 

= wi (^/, (12fc + 1), V X G [0,1]", V iv G (N - {!})" , 

proving the claim. ■ 

We make 


Remark 32 Rere we mention the Max-product truncated sampling operators 
(see [4], P- 13) defined by 


(^) := 

/ : [0,7r] ^ M+j continuous, 
and 


\/N sin{Nx-k'K) r (k-ir\ 
j-{M) ( f\ ( \ ._ * k—0 Nx—k7T I \ N ) 


' k—0 Nx—k7T J V . 
\ /A^ sin{Nx — k7T) 

V k—0 Nx—kir 


, X G [0, tt] , 


\iN siir{Nx-kTT) p ( kn\ 
^{M) ( £\ ( \ ._ ^ {Nx—kizY \ N ) 


-e[0,.], (101) 

* k—0 {^Nx — k-K)‘^ 

/ : [0,7r] ^ continuous. 

By convention we talk ’iflM = which implies for every x = ^, k G 
{0,1,..., IV} that we have = 1- 

We define the Max-product truncated combined sampling operators 

if) ix) := I , a:G[0,^], (102) 

Vfc=o PN,k ix) 


f G C+ ([0, tt]) , where 


if) ix) := 


if)ix),^fp^^,ix) := 


if) ix), ifpN,k ix) ■■= (- 


_ / sin{Nx—k7T) 
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By /^y, p. 346 and p. 352 we get 




and by [3] (m€N) we have 


(M^“)(|--xn)(x)<|^, VxG [0,7r], ViVGN. (105) 


We give 


Definition 33 Let f G C+ ^[0, tt]^^ , k gN — {1}, and N = {Ni,Nk) G N^. 
We define the multivariate Max-product truncated combined sampling operators 
as follows: 


(x) := 


'^i2=0 ■■■ '^ik=0 PNiM ( 3 ^ 1 ) PN2,i2 ( 3 ^ 2 ) ■■■PNk,ik ) jVa ’ Nk ) 

- V^io PNuh ( 3 ^ 1 ) PN2,i2 ( 3 ^ 2 ) ■■■pNk,ik (3^fc) 

(106) 

W X = {xi, ...,Xk) G [0,7r]''. Call TVmin := inin{A^i,iVfe}. 

The operators (/) (x) are positive sublinear mapping C+ ^[0, tt]^^ into 


N " 

itself, and (1) = 1. 

We also have 


if) (x) := 


'^*2=0 ■■■ '^ik=0 PNi,ii ( 3 ^ 1 ) PN2,i2 ■'■PNkpk > iVa ’ Nk ) 

nti (^a)) ’ 

(107) 

V a; G [0,7r] , by the maximum multiplicative principle, see (27). 

We make 

Remark 34 The coordinate Max-product truncated combined sampling opera¬ 
tors are defined as follows (X = 1, 

(M) V,\=0PjVa,*a (3^a)5(i^) 

(g) i^^) ■■= —wH-rV^’ ( 10 ^) 


V*AioPWA,iA (3 ;a) 


V A^a G N, and V x\ G [0, tt], V g G C+ ([0, tt]) . 
Here we have (X = 1, k; x\ G [0, ttJJ 


, , / '"SriTr’ . = 
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In case of f G C+ ^[ 0 , 7 r]^j such that f (x) := g{x\), V a; G [ 0 , 7 r]^, where 
X = {xi,x\, Xk) and g € C+ ([0, tt]), we get that 

(/) (g) (xx), ( 110 ) 

by the maximum multiplicative principle (27) and simplification of (107). 


We present 

Theorem 35 Let x G [0, tt]^, fc G N—{!}, be fixed, and let / G C" ^[0, tt]^ , , 

n G N — {!}. We assume that fa (x) = 0, for all a : |Qf| = 1, Then 


if) (x) - f (x) 




< 


{kir) 


n—1 


max uji\ fa, 

cx:\cx\—n \ 


kiT 


1 

1 


( 111 ) 


[(»^ + l)! (iVn,i„)"+i 2 n!Af„,in 8 (n - 1)1 \ 

\/ N = (A^i, ...,7Vfe) G N'", where N^in ■= mm{Ni,Nk}. 

We have that lim (/) [x) = f (x). 


AT—^(c>o,...,oo) 

Proof. By (26) we get: 

AM) 


N 


( 110 ) 


if) ix) -fix) < ( max wi (/„, h) 


a:|a|=n 


in + l)lh 


(x*) I + 


(,n—1 


2n! 


i\ti - Xil'^) ixi) 

\i=l J 

( 112 ) 


+ 


hk^-^ 
8 (n — 1) 


j {\U-Xi\^ (Xi) 


^i=l 


(105) 

< 


1 


max wi ifa,h) 

Q;:|Q:|=n 


fc"+i7r”+i fc”7r” 

(n+l)!/i 2n! 8(n—1)! J 

(105) 


=: ( 0 - 


Above notice that (l^i “ 21 ^ 1 ”) (si) < J2i=i iwi ^ 

Next we choose h := ( , then h" = f and h^~^^ = 

Y -‘’'min J Y -^’min J -^’min 


We have 


(0 = 


ikr 


max wi fa, 


1 


(/ctt)^ 


^a:|a|—n 

kiT 


(A^min) "+^ 
1 


(113) 


[(»^ + l)! (lV„,i„)"+’ 2n!A^„,in 8 (n - 1)! (A^„,in)^ J 

proving the claim. ■ 

We also give 
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Proposition 36 Letx € [0, tt]^, k € N—{!}, be fixed and let f G ([0, tt] , 
We assume that = 0, for i = I, Then 


if) (x) - f {x) 


{kirY 


, , 9f 1 

< max wi , 


kn 


^ i I r\ 5 /- 

\OXi V-^n 
1 

+ 


4iV^in 8 (^/]v;~) 

y N G N^, where iVmin := minjiVi, N/.}. 

Also it holds lim (/) (x) = f (x). 

A^—?-(oo,...,oo) ^ 


Proof. By (31) we get: 


^ (/) (x) - f (x) 


N 


( 110 ) 

< 1 max (jji ——, h 

yi=l,...,k \axi 


df 


(114) 


2 h 




(115) 


(next we choose h := (-lY— ) ^, then /i^ = -tt^) 

Y-^''min J -^’min 


(105) / f df 1 

< max wi 


(/ctt) 


tvi "T—, — , 

\dXi 

kn 1 

+ 


4VAn“ 4iV^i„ 8 (v^) 


proving the claim. 
It follows 


Theorem 37 Let f G C+ ([0,7r]^^, k gN— {1}. Then 

if) (x) -fix) < + 1^ wi ^/, 

V X G [0,7r]^, M N G N*, where := minjlVi,..., A^fc}. 
That is 


Nrr 


if) - f 

{M) If-. _ 


/ kn \ / 1 

<(- + l)(^i /,— 


It holds lim mL (/) = /, uniformly. 


A^—^(oo,...,oo) 


(116) 


(117) 


(118) 
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Proof. We get that (use of (44)) 


if) (x) -fix) ' < ^ if, M ^ i\ti - Xi\) (xi)^ ^ 


(104) , , , , / 1 / fcTT 


(119) 


(setting h := j^) 


NrnW 


kiT 


+ 1) , Vxe [0,7r]'', V7VeN'=, 


= wi yf 

proving the claim, i 
We make 


Remark 38 Let f € C+([—1,1]). Let the Chebyshev knots of second kind 
XN,k = COS G [—1,1], fc = 1,..., N, N & — {!}, which are the roots 

of to N (x) = sin iN — l)t sint, x = cost € [—1,1]. Notice that xn,i = —1 and 
Xn,N = 1- 
Define 

i-l)'"~^(jJN ix) 


lN,k ix) := 


(1 + 4,1 + 4,jv) iN - 1) (x - XN,k) ’ 


( 120 ) 


> 2, A: = 1, ..., N, and lon ix) = Il^i ~ XN,k) and 6ij denotes the Kro- 
necher’s symbol, that is 5ij = 1, if i = j, and Sij =0, ifif^ j. 

The Max-product Lagrange interpolation operators on Chebyshev knots of 
second kind, plus the endpoints ±1, are defined by ([f], p. 12) 


Vfc=i 4,fe ix) 


By [4], pp. 297-298 and [3], we get that 


^^^(|•-a:^)(a:) < 


2m+1^2 

3(Ai- 1)’ 


( 121 ) 


( 122 ) 


V X G (—1, 1) and V m G N; V G N, > 4. 

We see that L^^'^ if) ix) > 0 is well defined and continuous for any x G 
[—1,1]. Following [4], P- 289, because 'Yl!k=i^N,k ix) = 1, V x G [—1,1], for 
any x there exists k G {1, : If^ ^. (x) > 0, hence V^i 4,fc ix) > 0. We 

have that lN,k ixN,k) = 1, and lN,k ixN,j) = 0, if k ^ j. Furthermore it holds 
if) i^N,j) = f ixN,j), all j G {1,..., N} , and (1) = 1. 

By [4], pp. 289-290, L^^^ are positive sublinear operators. 


We give 
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Definition 39 Let f G C+ ^[—1,1]^^, A: G N — {!}, and N = {Ni,Nk) G 

(N — {1})^. We define the multivariate Max-product Lagrange interpolation op¬ 
erators on Chebyshev knots of second kind, plus the endpoints ±1, as follows: 


(/) ix) := 


^12 = 1 ■■■ ^ifc = l ( 2 ^ 1 ) lN2,i2 ■■■^Nk,ik i^k) f {xNi,ii j X]S[2,i2 ) ^Nk,ik ) 

V^Ll V^Ll ••• lNi,ii (a^l) lN2,i2 (2:2) ■■■l'Nk,ik i^k) 

(123) 

V X = (xi, ...,Xfe) G [-1,1]'". Call Nknin ■■= mm{Ni,...,Nk}. 

The operators (/) (x) are positive sublinear mapping C+ ^[—1,1]^^ into 

itself, and ( 1 ) = 1 . 

We also have 


if) (^) := 


(^ 1 ) (^ 2 ) ■•■^Nk,ik i^k) f ^N2,i2 ? ) 

ntl ( 2 ^a)) 

(124) 

V X = (xi, x\, Xfc) G [—1,1] , by the maximum multiplicative principle, see 
(27). Notice that L^.^\f) {xNi,ii, ■■■,XNk,ik) = f ixNi,ii, ■■■,XNk,ik)- The last is 
also true if xn^m, ■■■,XNk,ik G {- 1 , 1 }- 


We make 


Remark 40 The coordinate Max-product Lagrange interpolation operators on 
Chebyshev knots of second kind, plus the endpoints ±1, are defined as follows 
(X = l,...,k): 


t(M) , ,, , _ i,(=l^N\,ix ix\) g ixNx,i)() 

^Nx W) (,2:Aj M - ^ . 

^ix = l^Nx,ix ix\) 

y Nx €N, Nx> 2, and V xa G [-1,1], V 5 G C+ ([-1,1]). 
Here we have (X = 1, k; xx G [—1,1]^) 

(-l)*^-^a;A,,(xA) 


^Nx,i\ (2^a) — 


(125) 


(1 + + 6ix,Nx) (^A - 1) (2^A - XNx,ix)' 


(126) 


Nx > 2, ix = 1, ■.■,Nx and ljnx ix\) = (2;a - XNx,ix ); where xnxAx = 

cos TT^ G [-1)1]; h = 1)---)1Va (Nx > 2) are roots of ujnx ix\) = 

sin (A^a — l)AAsintA; xx = costx- Notice that xnx,i = —1; xnx,Nx = 1- 

In case of f G (7+ ([—1; 1]^) such that f (x) := g (xa), V x G [—1,1]^ , where 
X = (xi,X a, Xfe) and g G C+ ([—1,1]), we get that 

Li^^{f){x)=L^^Jig){xx), (127) 
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by the maximum multiplicative principle (27) and simplification of (124). 


We present 

Theorem 41 Letx G (—1,1)^, k G N—{1}, be fixed, and let f G C" 1]^ 
n G N — {1}. We assume that fa (x) = 0, for all a : |Qf| = 1, Then 


if) i^)-fix) 


< 




I max oji 

yQ;:|Q:|=n 



(128) 


8 fc 2 + 1 

_(n + l)!(iV„,i„- 1 )^ n!(iV„,i„-l) 4 („ _ 1)1 _ 1 )^ J ’ 

y N = {Ni,...,Nk) G N'"; Ni>A,i = l,...,k, and iVmin := min{A^i,TV^}. 
We have that lim ifu"’ (/) {x) = f (x). 

N —?-(oo,...,oo) ^ 


Proof. By (26) we get: 


if) ix)-fix) 


(127) 

< 


max wi ifa,h) 

a:|Q;|=n 


{n + l)lh 




(M) 

Ni 


tj — X, 


r^) i^^) 


Un —1 


2 n! 


E^^^ ifi-XiDiXi) ) 

Vi=l / 

(129) 


hk" 


8 (n- 1 ) 


j (E^^^ ix^) 


,i=l 


( 122 ) 

< 


3 (A^min — 1 ) \a:|a| = 


max Wi ifa,h) 


^„+l2„+2 ^n2n+l hk^-^2'^' 

+ 


{n + iy.h 2n! 8 (n—l)!j 


=: iO- 


Above we notice that XiLi (1^* - ^iT) i^i) < ELi ^ 3 (n„„„-i) ’ 

etc. 

1 n 

Next we choose h := ^ - 1 ) ~ i^ N - 1 ) = 

(130) 


( 122 ) 


2 "+V^ ^ 2 "+V^fc 


JV„i„-l • 

We have 


(f) = ^ f max wi (fa,^ 

O \a:|Q|=n \ -y 


1 


y^n+l2n+2 


+ 




-</N^in - 1 

A:”-i2”-i 


(^+1)! (A^min-1)"+^ ^K^min-1) 4 (n - 1 ) ! _ 4 ) ^ J ’ 


proving the claim. 
We also give 
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Proposition 42 Letx e (—1,1)^, k G N—{!}, be fixed, and let f € >®+) ■ 

We assume that = 0, for i = I, Then 


if) (x)-fix) 


< max uji 7 —, 


1 


WV 11^ ; / - 

= l....,fc \dXi V^min-1 

(4/3)(A:7r)^ (2/3)fc7r^ 1 


(131) 


y^min-1 (iVmin-1) 8 iVN~^) _ 

y N = (A^i, ...,7Vfe) G N'"; Ni >4, i = l,...,k, and IVmin := min{A^i,TVfe}. 
lim 1 

AT—^(oo,...,oo) 

Proof. By (31) we get: 


We have that lim if) (a;) = / (x). 


if) ix)-fix) 


(127) 


< I max uji ——, h 

,i=l,...,k \dXi 


df 


2h 




^ ((ti - Xi)^) (x,) 1+^1^ (|ti - Xil) (xi) j + 

(next we choose h := -i ) 


(132) 


then h"^ = „ ^ _. ) 

_ ^ -^’min 

( 122 ) / / df 1 

< max wi ——, , ^ 

\i=l,...,fc \dXi V^min - 1 


(4/3)(A:7r)^ (2/3)fc7r^ 


1 


- 1 iNmin " 1) 8 (V^min " l) 


(133) 


proving the claim. 
It follows 


Theorem 43 Let any x G [—1,1]*, fc G N — {!}, and let f G (7+ ([~1) 1]^) • 
Then 

+ (134) 


if) ix)-fix) 


and 


if) - f 


< 1 + 


47r^fc 


wi /, 


(iV.„in-l)y ’ 

1 


(iVmin-l); ’ 


(135) 


y N = iNi,...,Nk) G N'"; Ni>A,i = l,...,k, and N^in := min{A^i,..., IV^}. 
ITe have that lim if) (x) = / (x), V x := (xi,..., Xk) G [—1,1]* 

jV^(oo,...,oo) ^ 

uniformly. 
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Proof. We get that (use of (44)) 


(127) 


(x) - f {x) < uJi{f,h) 1 +- ^L£^(|ti-a;*|)(a:) 


( 122 ) 

< OJi 




2‘^Tr^ 


h V^3(iVi-l)^ 


< Wi (/, /i) 1 + — 


1 




(setting h := 


h V3(iVmin-l) 

(137) 


= wi l^f, 

proving the claim. 
We make 


(N^in - 1 ) 


1 + 


47r^fc 


y xG (- 1 , 1 ) 


Remark 44 The Chebyshev knots of first kind XN,k ■= cos ^ 

(—1,1), k G { 0 ,1 , ..., A ^}, —1 < xn,o < xn,i < < xn^n < 1 , axe the roots 

of the first kind Chebyshev polynomial T^r+i (x) := cos {{N + 1) arccosa;), x G 
[- 1 , 1 ]- 

Define (x G [—1,1]^ 


hN,k {x) := (1 - X • XN,k) 


Tn+1 (x) 


{N + 1) (x - XN,k) 


(138) 


the fundamental interpolation polynomials. 

The Max-product interpolation Hermite-Fejer operators on Chebyshev knots 
of the first kind (seep. 12 of [4]) are defined by 


if) (x) = ^ vTVgN, 


V/c=o hN,kix) 

/or/GC+([-l,l]), Vxe [-1,1], 

By [4], p. 287, we have 

(I- - a;|) (x) < V X G [-1,1], V TV G N. 

And by [3], we get that 


(139) 


27r 


H. 


(M) 


TM-k 


2 JV +1 VI- - xD (x) < V X G [-1,1], V m, TV G N. 


(140) 


(141) 


Notice T 72 JV +1 (1) = ^ 2 N+i xnaps C+ ([—1,1]) into itself, and it is 


a positive sublinear operator. Furthermore it holds V^o ^N,k (x) > 0, V x G 
[—1,1]. We also have TiAr,fe (xjv,fc) = 1, and hN,k{xN,j) = 0, if k ^ j, and 
^2N+l if) {xN,j) = f {xN,j), for all j G {0,1, ...,TV}, see [4], p. 282. 
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We need 

Definition 45 Let f G C+ ([—I? 1]^) > k G N—{!}, and N = (Ni,Nk) G N*. 
We define the multivariate Max-product interpolation Hermite-Fejer operators 
on Chebyshev knots of the first kind, as follows: 


{f){x):= 

2iV + l ^ ^ ^ 


0 ^22—0 ^ik—0 (^l) ^N2,i2 (^ 2 ) •■•hNk,ik i^k) f ? ^N2,i2 ^ ^Nk,ik ) 

V^U '^Z =0 - V4I0 kNuil {xi) hN 2 ,i 2 (2^2) -hNkAk (Xk) 

(142) 

y X = {xi, ...,Xk) G [-1,1]^. Call iVmin := min{W, 

The operators if) i^) positive sublinear mapping C+ ^[—1,1]^ 

into itself, and (1) = 1. 

We also have 

if)ix):= 

2iV + l ^ ^ ^ 


''^ 12=0 '^ik=0 kNi,ii ( 2 ^ 1 ) hN 2 ,i 2 (^ 2 ) i^k) f ixNi,ii t X]\f 2 ,i 2 1 ■■■1 ) 


,N, 


nA=l {^if'=okNx,ix 


(143) 

y X = (xi,..., x\,..., Xk) G [—1,1] , by the maximum multiplicative principle, see 
(27). Notice i/ia< (/) (xjvi.ii, J = f {xn,,h, ■■.,XNk,ik)- 


We make 


Remark 46 The coordinate Max-product interpolation Hermite-Fejer operators 
on Chebyshev knots of the first kind, are defined as follows (X = 1, k): 


t(M) \ '^ix=okNx,ix i^>^) 9 i^Nx,ix) 


H)nUi (9) (^ a ) := 


y^x=okNx,ix ix\) 


(144) 


V A^a G N, and V xa G [—1,1], V G C+ ([—1,1]). 

Here we have (X = 1,fc; x\ G [—1,1]^ 

Tnx+ 1ix\) 


k’Nx,ix (^a) (1 ^A ‘ ^Nx,ix) 


{Nx + 1) {x\ - XNx,ix) 


(145) 


where the Chebyshev knots XNx.ix = cos ^ *a G {0,1, 

— 1 < xnx,o < xnx,i < < xnx,Nx < 1 o,re the roots of the first kind Chebyshev 

polynomial T/v^^+i (xa) = cos ((IVa + 1) arccosxA), xx G [—1, 1] . 

In case of f G C+ (1- 1,1]^^ such that fix) := gixx), V x G [—1,1]^ and 
g G C+ ([—1,1]), we get that 


niff) 

2N + 1 


if) ix) = Hi^l, 


ig) ix\), 


(146) 


by the maximum multiplicative principle (27) and simplification of (1)3). 
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We present 


Theorem 47 Letx G [—1,1]^, k G N—{!}, be fixed, and let f G C" ([~1) 1]^ 
n G N — {!}. We assume that fa (x) = 0, for all a : |q;| = 1, Then 


^(M) , , _ J < 2" ^TT [ max LOi (fa, —77 


-^min + 1 


[(n + l)!(iV„,i„ + l)"+i nliN^in + 1 ) 4 (^ _ 1)1 + 1)^ 

V TV = (A^i, ...,TVfe) G N'", and iVmi„ := minjiVi, ...,TVfe}. 

We have that lim (/) (x) = f (x). 

AT—^( 00 ,..., 00 ) 

Proof. By (26) we get: 


(f) (x) — f {x) < max u)i {fa, h) 


fc” 

(n + l)!/i 


^ \ J^Tl 1 

Yj^2n!+1 (|i* - (^2JV?+l i\ti - i^i)) 

i=l / 

(148) 

+8|)^(i:<T.(i‘.-.r‘)fe))]'<’ 


f TT \ f ,A rfc”+i2"+i fc"2” /iA:”-i2”-i1 

(iWM j ) [ (TTW + M- + 8(n-l)! j ■ 

Next we choose /i := jy + 1 ) = ( jv + 1 ) hT^^ - 


A^min + 1 ’ 

We have 


(?) = ^ ( max wi (fa, 

\Q:|a|=n \ VTVmin + 1 


2 n- 2 ^« 


(2^)"+i 2”-ifc” 2"-2 A:"-i 

_(n + l)!(TV„,i„ + l)^ n!(TV„,i„ + l) 4 („ _ 1)1 + 1)^ J ’ 

proving the claim. ■ 

We also give 

Proposition 48 Letx G [—1,1]^, k G N— {1}, be fixed, and let f G ^[—1,1]^ 5 ®+) ■ 
We assume that = 0, for i = I, ...,k. Then 

^(M) j-y) i"^) _ j ^^) niax (jji (—— ^ ^ V (150) 

2JV+1V./M ; J ^ ^ \dxf J J ^ ' 
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2fc^7r ^ kir ^ 1 

y^^min + l ^ (iVmin + 1) ^ 8 (ViVmin + l) J ’ 

V TV = (A^i,...,TVfe) G N^ iV„,in :=min{Afi,...,7V4. 

We have that lim (/) (x) = / (x). 

/ T 2iV+i ^ ^ ^ ./ V y 

AT—^(oo,...,oo) 


Proof. By (31) we get 


^(M) 
2TV + I 


(/) (a;) - / (a:) 


(146) 

< 


( max cui 



A 



1 

2 


E 


ij. 


(M) 


2Ni + l 


i\ti 




h 

8 


(151) 


(next we choose h := , then + 1 ) 


(141) / /a/ 1 

< max uji ——, , — 

V=i....,fc \dXi VAlmin + 1 


2k^TT 


kir 


VTVniin + 1 (-^min + 1) 8 (VAkinin + l) 


proving the claim. 
It follows 


Theorem 49 


Let f G C+ 1]^), fc G N — {1}. Then 


A A 1 (/) (x) - / (x) I < {2kn + 1) oil (/, 


(152) 


(153) 


V X G [—1,1]^, and \f N = {Ni,..., Ni^) G N^, where := min{Aii,..., TV^}. 
That is 


jj{M) 

2N + 1 


if)-f 


< {2kTT + 1 ) OJi 

OO 


TVniin + 1 


ITe get that 


uniformly. 


lim 

AT—^(oo,...,oo) 


^(M) 

2N + 1 


(/) 


/, 


(154) 

(155) 


32 


1042 


Anastasslou 1011-1046 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


Proof. We get that (use of (44)) 


^2^+1 - f(^) ^ ‘^1 (/> ^ -^2W.+i i\ti - ^ 


(140) 


< ^, (/,/,) + 


27r 


(156) 


(setting h := 


= wi /, 


-^min + 1 


(1 + 2fc7r) , V X G [—1, 1]" 


proving the claim. 
We make 


Remark 50 Let 9^'^ denote any of the Max-product multivariate operators 
studied m this article: Tjf\ U^\ rl"\ and . We 


N ' ' N ’ N ' N ' N 

observe that an important contraction property holds: 


2iV + l 


rjo 


and 


g{M) M{M) ^ g{M) 


<ll/lloo: 


(C’)'<« 


and in general holds 


N J 


if) 


< 


N J 


n — 1 


if) 


<ll/lloo; 


<•■•< ll/lloo. 


(157) 

(158) 

(159) 

V n G N. (160) 


We need the following Holder’s type inequality: 


Theorem 51 Let Q, with the li-norm H-H, be a compact and convex subset of 
M*, fc G N — {1} and L : C+ (Q) C+ (Q), be a positive sublinear operator and 
f,g& C+ (Q), furthermore letp,q > 1 : = 1. Assume that L ((/ (•))^) (s*), 

^ ii9 i'))'^) (s*) > 0 some s* G Q. Then 

L if (•) g (•)) (s*) < (L ((/ i-))n (s*))" iL iig (O)^) (s*)) ’ . (161) 

Proof. Let a,b > 0, p, q > 1 -V ^ = 1. The Young’s inequality says 

nP hi 

ab<— + -. (162) 

P q 
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Then 


/(s) 


(s) 


< 


(/wf , i9{s)r 


+ 


PiLiif{-)r)is*)) qiLiigi-mis.)) 


Hence it holds 




V s e Q. 


< 




(163) 

(164) 


(L((forms.) + fors, eg, 


P(L((f(-)r)(s*)) q(L((g(-)y)(s.)) p ' q 

proving the claim. ■ 

By (161), under the assumption Ljv ^||- — (x) > 0, and (1) 


we obtain 

LN(\\--x\n (x)<{l^{\\ 

in case of n = 1 we derive 


in+l' 


) (x)) 

Ln (II- - x||) (x) < y(L^(||.-xf) (x)). 


= 1 , 

(165) 

(166) 


We give 


Theorem 52 Let Q with H-H the li-norm, be a compact and convex subset of 
M*, k gN — {!}, and f G C+ {Q). Let {TivlAreN be positive sublinear operators 
from C+ (g) into itself, such that Lpf (1) = 1,V1VgN. We assume further 
that Ln (||t — a:||) (x) > 0, V IV G N. Then 

\Ln (/) (x) - f(x)\ < 2wi if,LN (||t- x||) (x)) , (167) 

V G N, a; = {xi, ■■■,Xk) G Q; t = {ti, ...,tk) G Q, where 

0Ji{f,h):= sup \f(x)-f(y)\. (168) 

x,yeQ: 

\\x-y\\<h 


If Ln (||t — xll) (x) 0, then Ln (/) (x) f (x), as N ^ +oo. 

Proof. By Theorem 13. ■ 

We need 


Theorem 53 Let (g, IHI), where H-H is the h-norm, be a compact and convex 
subset o/M*, fc G N — {!}, and let x G Q (x = {xx,...,Xk)) be fixed. Let 
f G C" (g), n G N, h > 0. We assume that fa (x) = 0, for all a : |q;| = 1,..., n. 
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Let {L^vlATeN be positive sublinear operators from C+{Q) into C+(Q), such 
that Ljv (1) = 1, V G N. Then 


\LN{f){x)-f{x)\< { max (/a,/i) 

>, OL:\oL\—n 


(x) L^(||._^||")(^) h 


(n + l)!h 


2nl 


+ 8(TrT)i^~ 


(169) 


V G N. 


Proof. By (19) and (25). ■ 

It follows 

ThoorGiii 54 All as zn Theorem 53. Addztzonally assume thatLj\[ ^||* — a;|r+^) (x) 
> 0, V A^ G N. Then 


(TTI) ("^ “ <”0'“)) ^ '* 

(170) 

V A^ G N, a; = (xi, ...,Xk) G Q, wi as in (168) for fa- 

V Ln (||- - 2:11”"''^) (x) 0, then Ln (/) (x) ^ f{x), as N ^ +oo. 

Proof. By Theorem 51 notice also that 


Ln (||- - x|r (x) < (^Ln (||- - x|r+^) (x)) . 

We choose 

("^-* 11 “*') G))'*' > 0 ^ 

That is 

{h {n + 1))”+^ = Ln (||- - x||”+^) (x). 

We apply (169) to have (see also (165) and (171)). 

\Ln if) (x) - / (x)| < ( max uii {fa,h)] ■ 

\Q::|a|=n / 

Ln (||- - x|r+^) (x) (Ljv (||- - x|r+^) (x)) 
(n+l)!A 2n! 


(171) 

(172) 

(173) 


(174) 
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• - x\ 


(ll 


max (Mil fa, 

Ci::|Q:|=n ' 


(n + 1) 


) w)'*' 


/i” (n + /i" (n + 1)" /i" (n + 1)” ^ 

(n + 1)! 2n! 8(n—1)! 

(TTl) “ *"“*') <*>) ■*')) ^ 


^a:|Q;|=n 

' (n + l)"+^ (n + 1)" (n + l)"~^ 
(n+1)! 2n! 8(n—1)1 




n + 1 


3 n 

8 (n+ 1)1 


max LUi 

a:|a|=n 




(+^,(ii.-xr+^)(x))^ 


(175) 


proving the claim. ■ 

Final application for n = 1 follows: 

Corollary 55 Let {Q, IHI), where H-H is the li-norm, be a compact and convex 
subset o/M*, k G N — {1}, and let x G Q (x = {xi,...,Xk)) be fixed. Let 
f G (Q). IFe assume that ^ (x) = 0, i = 1, Let {iArjAfeN be positive 
sublinear operators from (7+ (Q) into C+ (Q), such that L^ (1) = 1, y N G N. 
Assume that Lat (\\‘ — 2 ^ 11 ^^ (x) > 0, y N G N. Then 


(/) (X) - / (x)l < (S- 5 (^" (“■ - *"') 

(^Ln (ll’-xf) (x))" , 


(176) 


y N gn. 

If Ln (||- - ) (x) 0, then Ln (/) (x) ^ / ( 


_ _ AT 


References 

[1] G. Anastassiou, Moments in probability and approximation theory, Pitman 
Research Notes in Mathematics Series, Longman Group UK, New York, NY, 
1993. 

[2] G. Anastassiou, Approximation by Sublinear Operators, submitted, 2017. 

[3] G. Anastassiou, Approximation by Max-Product Operators, submitted, 2017. 

[4] B. Bede, L. Coroianu, S. Gal, Approximation by Max-Product type Operators, 
Springer, Heidelberg, New York, 2016. 


36 


1046 


Anastassiou 1011-1046 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


NEW DYNAMIC INEQUALITIES ON TIME SCALES BY 
USING THE SNEAK-OUT PRINCIPLE 

S. H. SAKERi, M. M. OSMAN^ AND I. ABOHELA^ 


Abstract. In this paper, we extend and improve some dynamic inequalities 
by using the sneak-out principle with different exponents on time scales. The 
main results can be used to formulate the corresponding discrete inequalities 
of Bennett and G-Erdmann type. 

2010 Mathematics Subject Classiflcation:34A40, 34N05, 26D10, 26D15, 
39A13. 

Key words and phrases. Hardy’s inequality, sneak-out principle, dy¬ 
namic inequlities, time scales. 


1. Introduction 

In 1967 Littlewood [9] formulated some problems concerning elementary in¬ 
equalities for infinite series in connection with some work on general theory of 
orthogonal series. One of the simplest (non-trivial) examples is the following 
inequality 

OQ / n \ CXD 

( 1 . 1 ) 

n=l Va:= 1 / n=l 

where is a non-negative sequence and A„ = ^k- One of such problems 

that has been proposed by Littlewood is to seek to know whether a constant K 
exists such that the inequality (1.1) holds. In other words, is it possible to get 
the term out from the inner sum in (1.1) and if this happened what is the 
smallest value of K which preserves on the direction of the inequality? Bennett 
[4] proved this for the special case when the sequence is decreasing, and he 
showed that the inequality (1.1) holds with K = 2. His proof based on the fact 
that an < nAn (noting that an is decreasing) and the application of Cauchy’s 
inequality and the classical discrete Hardy’s inequality. The generalization of the 
Littlewood inequality (1.1) which has not been considered before is given by 

OO r, / ^ \ 

(1.2) p>i, 

n=l \fe=l / n=l 

where K is a positive constant. Motivated by the work of Littlewood [9] Bennett 
and G-Erdmann [5] considered the inequality 

OO /oo \P OO /oo\P 

(1.3) ^anl^A'^gkj < A(a,p) ^ a„A7 f ^ J , 

n=l \k=n / n=l \k=n / 

1 


1047 


SAKERET AL 1047-1056 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


2 


S. H. SAKERi, M. M. OSMANi AND I. ABOHELA^ 


and determined the value of K for different values of p and a. In particular, 
Bennett and G-Erdmann [5, Theorem 8 ] proved that if a > 1 and p > 1, then 

oo /oo oo / oo \P 

(1.4) . 

n=l \k=n / n=l \k=n / 


where Qn is a non-negative sequence and An = Yl^=i for any n G N. In [5, 
Theorem 9] the authors proved that if p > I and 0 < a < 1, then 

OO /oo oo / oo \P 

( 1 . 5 ) E“” <(i+j>)''E“”<'' E® ■ 

ri=l \k=n / n=l \k=n / 


Also in 

( 1 . 6 ) 


[5, Theorem 10] they proved that ifp > 1 and —l/p<Q;<0, then 

P ^ -I : \ V oo / oo \ P 

1 + ap 


^ On I ^ 1 - ( 2 


n=l 


\k=n 


+ P + ap 


Eon^” E» 

n=l \k=n / 


Motivated by the above work, we believe that the study of dynamic inequalities 
will help in proving several results for classical integral inequalities and inequal¬ 
ities involving discrete sequences. The three most popular examples of calculus 
on time scales are differential calculus, difference calculus, and quantum calculus, 
i.e, when T = M, T = N and T = = {/ : t G No} where q > 1. We assume 

that the reader has a good background in time scale calculus. For dynamic in¬ 
equalities on time scales, we refer the reader to the books [2, 3] and the papers 
[1, 7, 10, 11, 12, 13]. For instance, we recall some related results. 

Saker, O’Regan and Agarwal [13] proved a new inequality of Hardy type of the 
form 


(1.7) 



(a(t) - aY 


At < 


P 

7 - 1 



{a{t) - 
{t - a)(T'-i)P 


gP{t)At, 


P, 7 > 1, 


where A{t) := f^g(s)As, for t G [a,oo)T and employed it in the proof of the 
extension of (1.2) on time scales. In particular they proved that if p, 7 > 1 and 
p is a nonnegative rd-continuous and decreasing function, then 
( 1 . 8 ) 

+ l \ p POO 



where A{t) = f^a(s)As, for t G [a, 00 )^. Bohner and Saker in [7] employed the 

Minkowski inequality [ 6 , Theorem 6.16] on time scales 

(1.9) 


/ pb \ Vp 

- pb 

1 

p 

- pb 

^ lMt)IKt) + D(t)rAtj < 

_J a 

+ 

_J a 


where a, 6 G T, n, G Crdii^, &]t) l^), p > 1 and established the time scale 
versions of the inequalities (1.4), (1.5) and (1.6). In more precisely, they proved 
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that if a{t), g{t) are nonnegative rd-continuous functions on [fo,oo)T, then for 
a > 1 and p > 1 


roo roo / /*oo 

(1.10) / amP{t)At<{l + apr a{t){A^{t)r{ g{s)A 

Jto Jto 


s At, 


where 

roo pt 

5 '('S)As and A{t) = / a(s)As, 

Jt Jto 

and if 0 < a < 1, p > 1, then 

( 1 . 11 ) 


'to 


poo / poo 

am^mt < ( 1 +pr / a{t) {A<^{t)r / 9{s)a 

Jto \Jt 


p 

s 1 At. 


Also in [7] they proved that if —1/p < a < 0 and p > 1, then 

( 1 . 12 ) 

1 + ap \P 


a{t)'i>^{t)At > 


'to 


1 + p + ap 


'to 


a oo \P 

g{s)Asj At. 


Our aim in this paper is to apply the sneak-out principle which is given in the 
inequalities (1.10) and (1.11) to prove some new inequalities with different expo¬ 
nents for the given values of a. Also we prove a new dynamic inequality which 
as special case improves the inequality (1.12). 


2. Main Results 

Before we prove our main results, we briefly introduce some basic definitions 
and results concerning the delta calculus on time scales that will be used in the 
sequel; for more details we refer the reader to the book [6]. A time scale T is an 
arbitrary nonempty closed subset of the real numbers M. We assume throughout 
that T has the topology that it inherits from the standard topology on the real 
numbers M. The forward jump operator and the backward jump operator are 
defined by a{t) := inf{s G T : s > t}. A function / : T ^ M is said to be 
right-dense continuous (rd-continuous) provided / is continuous at right-dense 
points and at left-dense points in T, left hand limits exist and are finite. The 
set of all such rd-continuous functions is denoted by C'rd(T). The graininess 
function p for a time scale T is defined by p(t) := a{t) — t, and for any function 
/ : T ^ M the notation f^{t) denotes f{a{t)). We define the time scale interval 
[a,b]j by [a, 6]^ := [a,b] n T. Recall the following product and quotient rules 
for the derivative of the product fg and the quotient f /g (where gg^ 7 ^ 0, here 
g^ = g o a) of two differentiable function / and g 

(2.1) Ugt = f^g + rg^ = fg^ + f^g% and 

\9j 99"^ 
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The chain rule formula on time scales [6] is given by (here x : T ^ (0, oo) is 
assumed to be differentiable) 


( 2 . 2 ) 


(x'^{t))^ = 7 / [hx^ + (1 ~ h)x]'^ ^ dhx^{t), 


7 G M. 


In this paper we will use the (delta) integral which we can define as follows. If 
G^{t) = g{t), then the Cauchy (delta) integral of g is defined by f^g(s)As := 
G{t) — G{a). The integration by parts formula on time scales reads 

(2.3) f u{t)v^{t)At = [u{t)v{t)]^^ — [ u^{t)v^{t)At. 

J a J a 


Holder’s inequality [6, Theorem 6.13] states that any two rd-continuous functions 
tt, : T ^ M satisfy 


fb 

- pb 

1 

q 

r 1 

/ \u{t)v{t)\ At < 
fa 

/ \u{t)\‘^ At 

_J a 


/ Htr^t 

_J a 


where p>l, ^ + ^ = 1 and a, 6 G T. Throughout this paper, we will assume that 
the functions in the statements of the theorems are nonnegative and rd-continuous 
functions and the integrals considered are assumed to exist. 

The following dynamic inequality of Copson’s type on time scales [3], will be 
used later to prove the main results. 


Theorem 2.1. Assume that a : T ^ M is rd-continuous function and define 
A{t) = a(s)As, t G T. Let ip -.T M"'' and define 

/ OO 

a(s)(/9(s)As, t G T. 

If k > 1 and 0 < c < 1, then 

(2.6) j(“ (* (1))“ At < (] ‘ J" a(t) (A’ 7 (t) At. 

Our main results are given in the following. For simplicity, we define 

roo roo 

(2.7) Ll{t) := / (/(s)As, and T(t) := / (H.‘^(s))“ (/(s)As, t G T. 

Jt Jt 

Theorem 2.2. Let t^ ^ T, a > 1, p > 1 and q, r > 1 such that r > q and 
{r — q)/{p — q) > 1 . Then 

(2.8) / amP{t)At < Kfia,p,q,r) / ((H'^(t))“ ^(t))^'-'? At 

^ to to 
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where 


Ki{a,p,q,r) : = 


(1 + 

(1 + aqY^P-^'^ 


2r — q 


'to 


a (t) At 


V-Q 
2r — q 


'to 


Proof. We first observe that 


/to 


/to 


r(p-q) 


a{t)^P{t)At= / ' ^-1 (t) < (t) At. 


2(r-p) 

2r — q ^ 2r — q 

aW^ (t) At 


q(r-p) 


Applying Holder’s inequality (2.4) with indices (r — q)/ {p — q) and {r — q)/{r—p), 
we obtain 


/ to 




'to 


'to 


a{t)'i>'^ (t) At 


r — p 
r — q 


By using (1.10) to the two integrals on the right-hand side with p = r and also 
with p = q, we get that 


/to 


a(t)4'P(t)At < (l-har) 


gir-p) 

X (1 + aq) 


'to 


a{t) 


g{s)As ] At 


a(t) {A^iYr 


'to 


g{s)As At 


r — p 
r — q 


Applying Holder’s inequality (2.4) with indices (2r — q)/r and (2r — q)/{r — q) to 
the integral 

/ CXD 

a{t) {A-{t)rm)r 


'to 


also applying it again on the integral 

/ CXD 

a{t) {A-{t)rm)f^t, 


'to 


with indices (2r — q)/q and (2r — q)/2(r — q) and combining the result, we get 
that 


ait)i^it)Y ( / ((A‘^(t))"H(t))^^ ''At 


'to 


'to 


p 

2r — q 


□ 


which is the desired inequality (2.8). The proof is complete. 

Proceeding as in the proof of Theorem 2.2 and using inequality (1.11) instead 
of (1.10), we can obtain the following result. 


Theorem 2.3. Let to G T, 0 < a < 1, p > 1 and q, r > 1 such that r > q and 
{r — q)/{p — q) > 1. Then 

POO / POO 

(2.9) / a(t)TP(t)At < K2{p, g, r) / {{A^{t)r ^(t))'’-^ At 

.t to \.y to 
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where 


K2ip,q,r) 


(1 + r) 


r{p-q) 


(1+9) 


q(p-r) 


p-q 

2r — q \ 2r — q 

a (t) At 


'to 


2(r-p) 

2r — q \ 2r — q 

aW^) (t)At 


'io 


The next result follows from Theorem 2.2 by choosing r = p and q = p — 1- 
Corollary 2.1. Let p > 1 and a > 1. Then 


( 2 . 10 ) 

where 


/ amP{t)At < K,{a,p) ( / ((A'^(t))“ At 

Ito \Jto 


p 

P+1 


P+1 


Ki{a,p) = (1 + apY (t) At 

Remark 2.1. In Theorem 2.2 when T = 'R, we have that 

roo pt POO 

T(t) = / A^{s)g{s)ds., A{t) = / a{s)d,s and Q{t) = / g{,s)ds, t G M, 

Jt Jto Jt 

and then from (2.8) we obtain the following new integral inequality 


(2.11) / a{t)'itP{t)dt<Ki{a,p,q,r)l A+‘^^-^\f) {ll{f)f^-Ut 

J to X 'to 


p 

2r — q 


where 


Ki{a,p,q,r) : = 


(1 + arY^P-'i^ 
(1 + aqY^P-^^ 


^ 2r-q 

X I / a (t) dt 
'to 


p-q 

2r — q 


'to 


2(r-p) 

2r — q 2r — q 

(t) dt 


Remark 2.2. In Theorem 2.2 when T = N and uq = 1, we have that 

oo n 


k=n 


k=l 


and then from (2.8), we get the following diserete inequality of Bennett and G- 
Erdmann [5] type 


(2.12) ^a(n)TP(n) < Ki(a,p,(?,r) ^g{k) 


2r — q\ 2r — q 


n=l 


V n=l 


\k=n 
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where 


A'i(a,p,g,r) ; = 


(1 + 

(1 + 

CxD \ 

j;a^(n)) 


1 

r — q 


p-q . 

2r-q / OO 


2r-q 

(n) 


"ijr-p) 
2r — q 


Vn=l 


Vn=l 


Remark 2.3. Setting r = p and q = p — 1 in (2.12) yields the following inequality 


(2.13) £ a{n)'^^{n) < Ki{a,p) E-^ 


q(p+1). 


n 


2 OO \ P+i\ p+i 


71=1 


i 71=1 


\k=n 


J 


where 


Ki{a,p) = (1 + apY I ^ (n) 


1 

p+1 


\n=l / 

An improvement of the dynamic inequality (1.12) is obtained in the following 
Theorem. 

Theorem 2.4. Let to ^ T, —1/p < a < 0, p > 1 and q, r > 1 sueh that r > q 
and {r — q)/{p — q) > 1. Then 


(2.14) 


a{t) {A%t)T^ {Ll{t)Y ^t 


'to 


< KYa,P,q,r) 


a{t) {^{t)Y 


'to 


p-q 

r — q 


ait) (A-(t))“(^’-^) (^(t))'?At 


r—p 
r — q 


Uto 


where 


K3ia,p,q,r) := 


'r(p-q) q(r-p) 

1 + r + ap^ ’’-9 f 1 + q + ap\ 

1 + ap 


1 + ap 

Proof. In this proof for brivity, we set 

bit) :=iA^it))^git). 

Then the left hand side of (2.14) can be written in the form 
(2.15) 


/ to 


ait) iA'^it))^P n^iYAt = r ait) (A"(t))“^’ ( [ 

Jto \Jt 


bis) 


iA^is)Y 


As 1 At. 


Integrating the term (A°'(s)) “6(s)As by parts, with u^is) = 6(s) and 
r;°'(s) = (A°'(s))““ , we have 

roo roo . 

/ iA^s))-^ bis)As = uis) (A(s))-“ ir - / n(s) ((A(s))-“)^ As, 

Jt Jt 
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where u{t) = — b{s)As = —'l'(t), and so (note that A{t) < A^{t) and —a > 0) 

roo roo . 

/ iA^s))-^b{s)As = ^{t){A{t)r^+ ^{s){{A{s))-^fAs 

Jt Jt 

/ OO 

^{s){{A{s))-^fAs. 

Using the following inequality (see [7, Lemma 2.2]) 

(2.16) iP it)f < (t) if 0 <7 <1, f^>0, 

with f = A and 7 = —a, we observe that 


((yl(s)) ^ (^ote that 0 < -a < 1). 


This gives us 


(2.17) r (Tl'ls))-" b{s)As < -P(() (71" (())-" + r ppp As. 

Jt Jt [A’^is)) 

Substitute (2.17) into (2.15) and using the Minkowski inequality [8, Theorem 2.1] 


(2.18) 


\h{t) \ \u{t) + v{t)f At 


|h(t)| |u(t)r At + / l/i(t)l lD(t)l’’At 


|/i(t)| |u(t)|'? At) +(/ l/i(t)l lD(t)l'?At 


for r > q such that r, q > 1 and (r — q)/{p — q) > 1, we obtain 

rr b{s) 


ait) iApt)r 


{Aps)r 


poo / pc 

< / a{f)iApt))-Y^it)iApt))-^ + 

Jtn V Jt 


a(s)T(s) 

UTir 


As 1 


\ r / / 

a(t)(yl"(t))“(^’-") (T(t))"At + / a(t)(24'"(t))“^’($(t))"At 


where 


\ g / /‘CXJ 

a(t)(yl"(t))“(^’-^) (^(t))'?At + / a(t)(24‘"(t))“P($(t))^At 


d>(t) := 


It (APs))^^ 
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Applying Theorem 2.1 with 0 < c = —ap < 1, and (p{t) = T(t)/ , we 

have 


(2.19) 


'to 


< 


a{t) iA-{t)r{mYAt 

r a{t) {A^{t)Y+^p( -^ 

Jto V(A-(t))' 


1 + ap 
r 

1 + ap 


to 

f' POO 

Jto 


At 


a{t) {'i>{t)YAt, 


and 

( 2 . 20 ) 


' to 


< 


1 + ap 

From (2.19) and (2.20), we get that 


a{t) {A^t))°P At 

Q POO 

Jto 


a{t) (A"(t))“(^’-^) (^(t))'?At. 


/ to 


< 


a{t) {A^t)r 
1 + r + ap 


b{s) 


iAHs)Y 


As I At 


1 + ap 

1 + g + ap 
1 + ap 


'to 


a{t) {A^{t))AP-A {^{t)YAt 

f^OO 

a{t) {A%t))AP-A {m{t)Y At 


r(p-q) 


'to 


q(r-p) 

r — q 


r(p-q) ^ 

1 + r + ap\ r roo 


L^to 


1 + ap 

q(r-p) 

1 + (7 + ap\ ^ P 


a{t) {A^{t))AP-A {^{t)YAt 


P-Q 
r — q 


1 + ap 


Uto 


a{t) {A^{t))AP-i'^ a{t)YAt 


r — p 
r — q 


which is the desired inequality (2.14). The proof is complete. 


□ 


Remark 2.4. As a special case of (2.14) when r = p, we get the inequality (1-12) 
which has been proved by Bohner and Saker. 

Remark 2.5. In Theorem 2-4 ifT = N and r = p, then inequality (2.14) reduces 
to the discrete inequality (1.6) due to Bennett and G-Erdmann. 
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ADDITIVE-QUADRATIC FUNCTIONAL INEQUALITIES IN FUZZY NORMED 

SPACES AND ITS STABILITY 

CHANG IL KIM AND GILJUN HAN* 


Abstract. In this paper, we investigate the functional inequality 

N(f{2x + j/) + f{2x -y)- 6f(x) - 2f{-x) - f(y) - 
> N{f{x + j/) + f{x -y)- 2f{x) - f(y) - f(-y), kt) 
for some fixed real number k and prove the generalized Hyers-Ulam stability for it in fuzzy Banach 
spaces. 


1. Introduction 

In 1940, Ulam proposed the following stability problem (cf. [28]): 

“Let Gi be a group and G 2 a metric group with the metric d. Given a constant d > 0, does there 
exist a constant c > 0 such that if a mapping / : Gi — 1- G 2 satisfies d{f{xy), f{x)f{y)) < c for all 
x,y G Gi, then there exists an unique homomorphism h : Gi —> G 2 with d(f{x),h(x)) < 6 for all 
X e Gi?” 

In the next year, Hyers [13] gave a partial solution of Ulam’s problem for the case of approximate 
additive mappings. Subsequently, his result was generalized by Aoki ([!]) for additive mappings and 
by Rassias [22] for linear mappings to consider the stability problem with unbounded Cauchy differ¬ 
ences. During the last decades, the stability problem of functional equations have been extensively 
investigated by a number of mathematicians (see [3], [4], [5], [10], and [18]). 

In 2008, for the first time, Mirmostafaee and Moslehian [15], [16] used the definition of a fuzzy 
norm in [2] to obtain a fuzzy version of the stability for the Cauchy functional equation 

(1-1) f{x + y) = f{x) + f{y) 

and the quadratic functional equation 

(1-2) f{x + y) + f{x-y)=2f{x) + 2f{y). 

In [11], Glanyi showed that if a mapping / : X —> Y satisfies the following functional inequality 
(1-3) ||2/(a;) -b 2f{y) - f{xy-^)\\ < \\f{xy)\\, 

then / satisfies the Jordan-Von Neumann functional equation 

2/(x) -b 2f{y) - fixy~^) = f{xy). 

2010 Mathematics Subject Classification. 39B62, 39B72, 54A40, 47H10. 

Key words and phrases. Hyers-Ulam stability, additive-quadratic functional equation, fuzzy normed space, fixed 
point theorem. 

* Corresponding author. 
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Glanyi [12] and Fechner [9] proved the Hyers-Ulam stability of (1.3). Park, Cho, and Han [21] proved 
the Hyers-Ulam stability of the following functional inequality: 


(1.4) 


\\f{x) + fiy) + f{z)\\ < \\f{x + y + z)\\. 


Further, Park [20] proved the generalized Hyers-Ulam stability of the Cauchy additive functional 
inequality (1.4) in fuzzy Banach spaces using the fixed point method if / is an odd mapping. 

In this paper, we investigate the following functional inequality 


(1.5) 


N{f{2x + y)+ f{2x -y)- Qf{x) - 2f{-x) - f{y) - f{-y), t) 
> N{f{x + y)+ fix -y)- 2fix) - fiy) - fi-y),kt) 


for some fixed nonzero real number k and prove the generalized Hyers-Ulam stability for (1.5) in 
fuzzy Banach spaces by hxed point methods. 


2. PRELIMINARIES 

In this paper, we use the dehnition of fuzzy normed spaces given in [2], [16], and [17]. 

Definition 2.1. Let X be a real vector space. A function X : X x M —[0,1] is called a fuzzy 
norm on X if for any x,y G X and any s, t e ffi, 

(Nl) Nix,t) = 0 for t < 0; 

(N2) a; = 0 if and only if X(x, t) = I for all t > 0; 

(N3) Nicx, t) = Nix, X) if c 7^ 0; 

(N4) Nix + y,s + t) > min{X(a:, s), X(j/, t)}; 

(N5) Nix, •) is a nondecreasing function of M and limt_>.oo Nix, t) = 1; 

(N6) for any x Nix, ■) is continuous on M. 

In this case, the pair (X, N) is called a fuzzy normed space. 

Let (X, N) be a fuzzy normed space and {xn} a sequence in X. Then (i) {x„} is said to be 
Cauchy in (X, N) if for any £ > 0, there exists an m G N such that X(a;„+p — a;„, t) > I — e for all 
n > m, all positive integer p, and alH > 0 and (ii) {xn} is said to be convergent in (X, N) if there 
exists an a; G X such that lim„_>oo Nixn — x,t) = 1 for all t > 0. In this case, x is called the limit 
of the sequence {xn} in X and one denotes it by X — hm„_>oo Xn = x. 

Sequences of fuzzy numbers using the fuzzy metric or the fuzzy norm was studied by Das [6], 
[7], Tripathy et al. [23], Tripathy and Borgohain [24], [25], Tripathy and Dutta [26], Tripathy and 
Debnath [27] and others. 

Example 2.2. For example, it is well known that for any normed space (X, j ]• j j) and any nonnegative 
real number e, the mapping Nx : X x M —[0,1], defined by 

if t < 0 
if t> 0 , 

is a fuzzy norm on X([16], [17], and [18]). 


Nxix,t) = 


0 , 
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It is well known that every convergent sequence in a fuzzy normed space is Cauchy. A fuzzy 
normed space is said to be complete if each Cauchy sequence in it is convergent and a complete 
fuzzy normed space is called a fuzzy Banach space. 

In 1996, Isac and Rassias [14] were the first to provide applications of stability theory of functional 
equations for the proof of new fixed point theorems with applications. 

Theorem 2.3. [8] Let {X,d) be a complete generalized metric space and let J : X — > X be a 
strictly contractive mapping with some Lipschitz constant L with 0 < L < 1. Then for each given 
element x G X, either d(J^x, J^'^^x) = oo for all nonnegative integer n or there exists a positive 
integer no such that 

(1) d{J^x, < oo for all n> Uq ] 

(2) the sequence {J^x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ d{J^°x,y) < oo}; 

(4) d{y, y*) < d{y, Jy) for all yGY. 

Throughout this paper, we assume that A is a linear space, (Y, N) is a fuzzy Banach space, and 
{Z, N') is a fuzzy normed space. 


3. Solutions of (1.5) 

In this section, we investigate the solution of (1.5) in fuzzy spaces. For any mapping / : X —> Y, 
let 

y) = f{2x + y) + f(2x - y) - 6fix) - 2f{-x) - f{y) - f{-y), 

Bf{x, y) = fix + y) + fix - y) - 2fix) - fiy) - fi-y), 

Cfix, y) = fix + y)- fix) - fiy), Dfix, y) = fix - y) - fix) + fiy), 

and 

LL) = LhCflzf), /.M = m±lizY^ 

Then fo is an odd mapping and fe is an even mapping. By (N5), we can easily prove the following 
lemma. 

Lemma 3.1. Let ai : [0, oo) —> [0, oo)(i = 1, 2, • • •, n) be mappings and r a real number with r > 1 
and y, z, Zi, Z 2 , ■,■,■, z„ G Y. Then we have the following : 

(1) If Niy,t) > min{A(z, r^t), A(zi, Q;i(t)), A(z 2 , 02 ( 1 ))) • • ^izn, anit))} for all t > 0 and all 
k gN, then 

Niy,t) > mm{Nizi,aiit)),Niz 2 ,a 2 it)),-■ •, A( 2 ;„, Q;„(t))} 

for all t > 0. 

(2) If Niy,t) > mm{Niy,rt),Nizi,aiit)),Niz 2 ,a 2 it)),- ■ •, A(z„, Q;„(t))} for all t > 0 and Uiii = 
1, 2, • • •, n) is non-decreasing, then 

Niy,t) > m.\n{Nizi,oiiif)),Niz 2 ,a 2 if)),-■ •, A( 2 „, Q;„(t))} 

for all t > 0. 

(3) If Niy,t) > Niy,rt) for all t > 0, then y = 0. 
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We establish the following theorem using Lemma 3.1 : 

Theorem 3.2. Let f : X —> Y be an odd mapping. Suppose that a and b are real numbers with 
a > 4 and b > 2. Then f is an additive mapping if and only if f satisfies the following inequality 

(3.1) N{Af{x, y),t)> mm{N{Bf{x, y),at), N{Bf{y, 2x),bt)} 
for all x,y G X and all t > 0. 

Proof. Suppose that f is a solution of (3.1). Letting a; = 0 and j/ = 0 in (3.1), we get /(O) = 0. 
Letting y = 0 in (3.1), by (N2), we get 

(3.2) f{2x) = 2f(x) 
for all X G X. Letting y = 2y in (3.1), by (3.2), we have 

(3.3) N{Bf{x, y), t) > min{iV(%(a:, 2y), 2at),N{Bf{y, x), bt)} 
for all x,y G X and all t > 0. Putting x = 2x + y and y = x in (3.3), we get 

N(f{3x + y) + f{x + y)- 2f{2x + y), t) 

> min{7V(/(4a; + y) + f{y) - 2f{2x + y),2at), N{f{3x + y) - f{x + y)- 2f{x),bt)} 

> min |lV(/(4x + y) + fijj) - 2f{2x + y), 2at),N(^f{2x + y) - f{x + y) - f{x), ^t ^, 

iv(/(3a; + y) + fix + y)- 2f{2x + y), ^t^ | 
for all x,y G X and all t > 0. Since 6 > 2, by (3.4) and Lemma 3.1, we have 
NifiSx + y) + fix + y)- 2/(2x + y), t) 

> min |lV(/(4x + y) + fiy) - 2/(2a; + y), 2at), iV(^/(2a; + y) - fix + y) - fix), ^t^ | 
for all x,y G X and all t > 0. Letting x = x + y and y = x in (3.3), by (3.5), we get 

Nifi2x + y) + fiy) - 2fix + y), t) 

> min{Nifi3x + y) - fix - y) - 2fix + y),2at), lV(/(2a; + y)- fiy) - 2fix),bt)} 

> min |iV (^/(3a; + y) + fix + y) - 2/(2x + y), ^t ^, iv(^/(2a; + y) + fiy) - 2fix + y), ^t^ , 

(3.6) + y)- fix -y)- 2/(y), , Nifi2x + y)- fiy) - 2/(x), 6t)| 

> min|iV(^/(4a; + y) + fiy) - 2fi2x + y),a^t^,N(^fi2x + y) - fix + y) - fix), 
iv(/(2x + y) + fiy) - 2fix + y), ^tj , iv(^/(x + y)- fix - y) - 2/(y), ^tj , 

Nifi2x + y)- fiy) - 2/(x), 5t)| 

for all x,y G X and all t > 0. Since a > 4, by (3.6) and Lemma 3.1, we have 

Nifi2x + y) + fiy) - 2fix + y), t) > min |7V(^/(4x + y) + fiy) - 2/(2a; + y), a^t^, 

(3.7) iv(/(2x + y)- fix + y) - fix), y, iv(/(x + y)- fix - y) - 2fiy), , 

Nifi2x + y)- fiy) - 2 fix), 5f)| 
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for all x,y G X and all t > 0. Letting y = 2y in (3.7), by (3.2), we have 


N{f{x + y) + f{y) - f{x + 2y),t) 

> min |7V(/(2a; + y) + fiy) - 2f{x + y), a^t), N(2f{x + y)- /{x + 2y) - f{x), , 

N(f{x + 2y) - f{x - 2y) - 4f{y),at), N{Cf{x, y), 5t)| 

(3.8) > min |iV(/(2a; + y) + fiy) - 2f{x + y), a^t), N (^/(y) + f{x + y) - fix + 2y), , 

Nifix + 2y) - fix-2y) - 4/(?/), of), ^^((^/(a;, y), min | ^| 

> min |A^(/(2a; + y)+ fiy) - 2/(x + y), a^t), N (^fiy) + fix + y)- fix + 2y), “t) , 

iv(/(a; - 2y) - fix - y) + fiy), “t) ,N(^Dfix, y), “t) ,N(Cfix, y), min { } 

for all x,y G X and all t > 0, because b > 2. Since a > 4, by (3.8), we have 


Nifix + y) + fiy) - fix + 2y), t) > min | fV(/(2x + y) + fiy) - 2 fix + y),a^f), 

(3.9) 

Xi^fix - 2y) - fix -y)+ fiy), , fv(^L»/(x, y), ,N(Cfix, y), min { } 

for all x,y € X and all t > 0. Interchanging x and y in (3.9), we have 


(3.10) 


Nifi2x + y) - fix + y)- fix),t) > min |A^(/(a: + 2y) + fix) - 2/(x + y), a^t), 

X{fi2x -y)- fix -y)- fix), ,N(^Dfix, y), ,N(Cfix, y), min { } 

2 

> min |A^(/(a; + 2y) - fix + y)- fiy), yt) , A^(/(2x - y) - fix - y) - fix), , 
N{pfix, y), ,N(Cfix, y), min { y } 

> min (^/(2a; + y) - fix + y) - fix), yt), A^(/(t - 2y) - fix - y) + fiy), yt), 
iv(/(2a; -y)- fix - y) - fix), ,N(^Dfix, y), ,N(Cfix, y), min { y } 


for all x,y G X and all t > 0. Hence by Lemma 3.1 and (3.10), we have 

Nifi2x + y)- fix + y)- fix), t) > min |7vf/(2a; - y) - fix - y) - fix), jt ), 
(3.11) 3 

7v(/(a; - 2y) - fix - y) + fiy), , N (^Dfix,y), “t) , iV(^C'/(a;, y), min | bjt) | 

for all x,y G X and all t > 0, because a > 4. By (3.11), we have 


2 

Nifi2x + y)- fix + y)- fix), t) > min |fv(^/(2a; + y) - fix + y) - fix), y t), 
(3.12) N(^fix + 2y) - fix + y) - fiy), y t) ,N(^fix - 2y) - fix - y) + fiy), y t), 

^(.D/(x, y), min I y , iV(x, y), min I y I 
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for all x,y G X and all t > 0. Thus by Lemma 3.1 and (3.12), we have 
N{f{2x + y)- fix + y)- fix),t) 

(3.13) > min |A^(/(a; + 2y) - /(x + y)- fiy), , iv(/(a; - 2y) - fix - y) + /(y), , 

N{Dfix,y) , min I —, b}t),N{Cfix,y) , min 

for a\\ x,y & X and all f > 0. Interchanging x and y in (3.13), we have 

Nifix + 2y) - fix + y)- fiy), t) 

> min |fv(^/(2a; + y) - fix + y) - fix), ,N[fi2x - y) - fix - y) - fix), , 

(3.14) ^(Dfix, y), min { ,N(Cfix, y) , min I —, I 

> min |fv(/(a; + 2y) - fix + y) - fiy), , iv(^/(x - 2y) - fix - y) + fiy), , 
N(^Dfix,y),unn{^,b}t),N(^Cfix,y) , min 

for all x,y G X and all t > 0. By Lemma 3.1 and (3.14), we get 


3 

Nifix + 2y) - fix + y) - fiy), t) > min |fv(/(a; - 2y) - fix - y) + fiy), , 
N(Dfix,y) , min I —, b}t),N(^Cfix,y) , min 

> min|fV(^/(x + 2y) - fix + y) - fiy), , A^(^D/(a:, y), min | , 


fv(C/(a;,y),min|^,6|t)| 

for all x,y G X and all t > 0. By Lemma 3.1 and (3.15), we get 

Nifix + 2y) - fix + y) - fiy),t) > min jlV (^D/(a;, y), min | , 

/ (a ^ 

iV (x, y), min I -, j I 


for all x,y G 

(3.17) 

for all x,y G 

(3.18) 


X and all t > 0. Interchanging x and y in (3.16), we have 

Nifi2x + y) - fix + y) - fix),t) > min |iV (^^/(a;, y), min | , 

iv(c'/(a;,y),min|^,5|t)| 

X and all t > 0. Letting y = y — x in (3.17), we get 

NiCfix, y), t) > min |iv(^/(2x - y) - fix) - fix - y), min , 

N{Of (x, y), min I ^I 

> min I A^^Zl^(a;, y) , min I —, b}t),N(^Cfix,y) , min I —, 


for all x,y 


for all x,y 


G X and all t > 0. Since min{|,5} > 1, by Lemma 3.1 and (3.18), we have 

NiCfix,y),t) > N(^L>f ix, y), min > N(Cfix,y), min|^,6| 

G X and all t > 0 and hence by Lemma 3.1, / is an additive mapping. 
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The converse is trivial. □ 

Theorem 3.3. Let f : X —> Y be an even mapping. Suppose that k is a real number with k > 1. 
Then f is a solution of the following functional equation 

(3.19) N{Af{x, y),t)> N{Bf{x, y),kt) 
for all x,y G X if and only if f is a quadratic mapping. 

Proof. Suppose that / is a solution of (3.19). Letting a: = 0 and j/ = 0 in (1.5), we have 

N{f{0),t)>N(^f{0),4kt) 

for alH > 0 and sicne Ak > 1, by Lemma 3.1, we get /(O) = 0. Letting y = 0 in (3.19), by (N2), we 
get 

(3.20) /(2x) = 4/(x) 

for all X G X. Now, letting a; = 2a; in (3.19), by (3.20), we have 

N{f{4x + y) + /(4a; - y) - 32/(x) - 2f{y),t) > N{Af{x,y),kt) 

> N{Bf{x,y),k'^t) 

X. Letting y = 2y in (3.21), by (3.19), we have 
N{Af{x,y),f) > N{Bf{2y,x),Akft) = N(Af{y,x),4k'^t) > N{Bf{x,y),Ak^t) 

X. Letting a; = 2x in (3.22), by (3.19), we have 

fV(/(4x + y) + /(4x -y)- 32/(a;) - 2f{y), t) > N{Bf{x, j/), 4fc'‘t) 

X. Hence by induction, we get 

iV(/(4x + y)+ /(4x -y)- 32f{x) - 2f{y), t) > iV(%(x, y),4^k^+H) 

X and n € N. Since A; > 1, by Lemma 3.1 and (N5), we have 
/(4x + y) + /(4x -y)- 32/(a;) - 2f{y) = 0 
X. Hence / is a quadratic mapping. □ 

4. The generalized Hyers-Ulam stability for (1.5) 

Now, we will prove the generalized Hyers-Ulam stability for (1.5) in fuzzy normed spaces. 
Theorem 4.1. Assume that (j) : X^ —> [0,oo) is a function such that 

(4.1) N'{(j){2x, 2y), t) > 7V'(4L(/)(x, y),f) 

for all x,y G X, t > 0 and some real number L with 0 < L < 1. Let f : X — Y be a mapping such 
that /(O) = 0 and 

(4.2) N{Af{x, y),t)> min{N{Bf{x, y),kt), N'{(j>{x, y), t)} 


(3.21) 

for all x,y G 

(3.22) 

for all x,y G 

for all x,y G 

for all x,y G 

for all x,y G 
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for all x,y G X, t > 0 and some real number k with k > 32. Then there exists an unique additive- 
quadratic mapping F : X —> Y such that 

(4.3) N(^f{x) - F{x), ^ “ mm{N'{(j){x, 0),t), N'{(j>{-x, 0),t)} 

for all X G X and all t > 0. 

Proof. By (4.2), we get 

N{AfXx,v),t) > min ^N(^Bf^{x,y), ^tj, N (^Bf^{x,y), ^tj, 

N'{<p{x, y),t),N'{(j){-x, -J/), t)| 

for a\\ x,y G X, t > 0 and 

Af{Af^{x,y),t) > mmlN(Bf^{x,y), ^t) , N(Bf^{x,y), ^t), 

(4.5) ^ 2 / V 2 / 

N'{(j){x, y), t),N'{(j){-x, -y), t)| 

for all x,y G X and all t > 0. Letting y = 0 in (4.4) and (4.5), by (N2), we have 

(4.6) N{2fo{2x) - 4/o(a;), t) > niin{7V'(()i(x, 0), t), N'{(j){-x, 0), t)} 
and 

(4.7) N{2fei2x) - 8feix),t) > mm{N'{(j){x, 0), f),N'{(j){-x, 0), t)} 

for d\\ y G X and alH > 0. Consider the set S = {g \ g ■. X — Y} and the generalized metric d on 
S defined by 

d{g,h) = inf{c € [0, oo) | N{g{x) — h(x),ct) > (j)o{x,f),yx G X,yt > 0}, 

where 4>o{x,t) = min{N'{(j){x,0),t),N'{(j){—x,0),t)}. Then {S,d) is a complete metric space([19]). 
Define a mapping Jo : S — S by Jo 9 {x) = ^g{2x) for all a; G and all g G S. Let g,h G S and 
d{g, h) <c for some c € [0, oo). Then by (4.1), we have 

N{Jog{x) — Joh{x),2cLt) = N^g{2x) — h{2x),AcLt^ > (foi'^x^ALf) > (j)o{x,t) 

for all a: G X and all t > 0. Hence d{Jog, Joh) < 2Ld{g, h) for any g,h G S and by (4.6), we have 
d{Jofo,fo) < 3 < oo. By Theorem 2.3, there exists a mapping P : X — Y which is a fixed point 
of Jo such that 

(4-8) N(^fo{x) - P{x), ^ 2L) ^) - 

for all a: G and all t > 0. Moreover, c?( J”/o, H) —)• 0 as n —)• oo. That is, 

Pi.) = N- 

n—^oo 2^ 

for all X G X. Now, define a mapping Jg : S — S by Jeg{x) = \g{2x) for all a: G X and all g G S. 
Let g,h G S and d{g, h) < c for some c G [0, oo). Then by (4.1), we have 

N{Jgg{x) — Jeh{x),cLt) = N^g{2x) — h{2x),4cLt^ > (j)o{‘^x,‘iLt) > (j)o{x,t) 
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for aW X & X and f > 0. Hence d{Jeg,Jeh) < Ld{g,h) for any g,h G S and by (4.7), we have 
d{Jefe, fe) < | < oo. By Theorem 2.3, there exists a mapping Q : X — > Y which is a fixed point 
of Je such that 

(4-9) N(^fe{x) - Q{x), 


for a\\ X € X and all t > 0. Moreover, d{J^fe, A) —)• 0 as n —)■ oo. That is. 


(4.10) 


Q[x) = N 


lim 

n—^oo 


/e(2"a:) 

22 " 


for all x G X. Replacing x, and y by 2"a; and 2"j/ in (4.5), respectively, by (4.1), we have 


(4.11) 


2"j/), t) > min 2"y), 2"-ifct), 

^(^^/=(2”a;,2"2/), ^t),iV'(^(a;,2/), ^f),7V'((/)(-a:,-y), } 


for all x,y G X, t > 0, and all n € N. By (N4) and (4.11), we have 
N{AQ{x,y),t) 

> min {n[Aq{x, y) - ^Af^ (2"x, 2"y), ^(2"x, 2"y), \) } 

> min {7 v(Aq(x, y) - ^Af^ (2"t, 2"y), (2”x, 2"y), 2"-2fct), 

(4.12) (2”x, 2"y), , fV' ((/)(t, y), , iV'(^(-a;, -y), } 

> min {fv(HQ(x, y) - (2"a;, 2"y), (2"x, 2"y), 2"-2fct), 

(2”^> 2"y) - Bq{x, y), , iv(HQ(T, y), ^t ), 

(</>(a^, y), , N' -y), } 

for all x,y G X, t > 0, and all n € N. By (N4), we have 

iv(^%„(2"x,2"y),2"t) 

(4.13) 1 

> min (2"x, 2"y) - Bp{x, y), 2"-^), fv(i?p(T, y), 2""^) } 

for all x,y G X, t > 0, and all n G N. Letting n —)■ oo in (4.13), by (N5), we have 

(4.14) jim lv(TB,,(2"i,2"s),t) = l 


for all x,y G X, t > 0, and all n G N. Letting n —)■ oo in (4.12), by (4.10) and (4.14), we have 
(4.15) N{Aq{x, y),t)> n[Bq{x, y), 
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for all x,y G X and all t > 0. Since /e is even, by (4.10), Q is even and hence by (4.15) and 
Theorem 3.3, Q is a quadratic mapping. By (4.5) and (4.7), we have 


(4.16) 


N{Bf^{x,2y),t) > min (a f^{y,x), N(8fe{y) - 2f^{2y), | 

> min ^N(^Bf^{y,x), (y, x), ^t^N'(^(j){y,x), 

N'(j)i-y,-x), A^'(())(y,0), N'(^(j){-y,0), | 

for all x,y € X and t > 0. By (4.7) and (4.16), we have 
N{Bf^{x,y),t) = N{-iBf^{x,y),U) 

> m:m{N{Bf^{2x,2y),2t),N{ABf^{x,y) - Bf^{2x,2y),2t)} 

> min|Af(^%„(y,2a;), , N(^Bf^{y,2x), , $i(a:, y, t)| 

k k‘^ k‘^ 

> mm^N(^Bf^{y,2x), , N(^Bf^{x,y), yf) , (x, y), yt) , $2(x, y, t)| 

for all x,y G X and all t > 0, where 

4’i(a;, y, t) = min ^^N'{<j){y, 2x), t), N'{(j){-y,-2x), t),N'{(j){x + y, 0), t), 
N'{(j){-x - y, 0), t), N'{(f){x - y, 0), t), N'{(j>{-x + y, 0), t), 
iV'(^^(a:,0), ^yN'(^(j){-x,0), N'(^<p{y,0), N'(^(j){-y,0), 


and 


$ 2 (a;,y,t) = min |$i(a;,y,t),fV'(^(/)(a;,y), -t), A^'(^(/)(-a;,-y), ^i)}, 
because k > 32. By Lemma 3.1 and (4.17), we have 

N{Bf^{x,y),t) > min|fv(^B/„(y,2x), N(^Bf^{x,y), yt) , $ 2 ( 3 ;,y, t)| 
for all x,y G X and alH > 0 and hence by (4.4) and (4.18), we have 


(4.19) 


^(^/„(a;,y),f) > min|Af(^%Ja;,y), , N(^Bf^{y,2x), 


(a;, y, , N'{(j){x, y), t), N'{(j){-x, -y), t)| 


for all a;,y € X, t > 0 and replacing x and y by 2”a; and 2”y in (4.19), respectively, by (4.1), we 
have 

iv(%(2”x,2”y),2”t) 

> min {iV(%„(2”x, 2”y), 2"-ifct), iV(%„(2"y, 2'^+^x), 2'^-‘^kh), 

*'(”•■'■ 2(^ (2^ i2^‘) } 


for all x,y G X, all t > 0 and all n € N. Similar to Q, we have 

Z-> 

(4.20) N{Ap{x, y), t) > min ^n(^Bp{x, y), ,N(^Bp{y, 2x), —tj | 


1066 


KIM-HAN 1057-1071 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


ADDITIVE-QUADRATIC FUNCTIONAL INEQUALITIES IN FUZZY... 


11 


for all x,y G X and all t > 0. Cleraly, P is an odd mapping and since k > 32, by Theorem 3.2, P 
is an additive mapping. Let F = P Q. Then F : X — > Y is an additive-quadratic mapping. By 
(4.8) and (4.9), we have (4.3). 

Now, we show the uniqueness of F. Let FI be another additive-quadratic mapping with (4.3). 
Since F and FI are addiitve-quadratic mappings, we have 

1-2^ 


1 -I- 2” 

Fix) = ^F(2"x) 


1—2^ ^ ‘2^ 

-F(-2"x), H{x) = -^H{2-x) 


22 n+l - I 22 n-|-l ^ v-y 22 n+l ' ^ 22 "+l 

for SiW X G X and all positive integer n. Hence by (4.3), (N3) and (N4), we have 
N{Fix) — Hix), t) 

22n 22" 


iL(-2" 


> min {N[Fi2-x) - i/(2"x), ,n[f{-2-x) - H(-2"x), } 

, , o 2 n —1 . , o 2 n —1 . 

> min {fv(F(2"x) - /(2"a:), , iv(/(2"x) - i/(2"x), , 

N^Fi-2-x) - fi-2-x), , N^fi-2-x) - H{-2-x), } 


> min {<^„(2"a:, , ^2-x, } 


22"(i _ 2L) 


> min 




-b2' 
1 - 2L 


2 " - 
1 - 2L 


1-2L \ I - ZL W 

(U" + (2U“1 ■ Y (2L)..(l-i)') / 


for all a; € X, t > 0, and all n € N. Since 0 < L < i, letting n —> oo in the above inequality, we 
have F(x) = Hix) for all x G X. □ 

By Theorem 4.1, we can show that the following corollaries: 

Corollary 4.2. Let e and p be real numbers with c > 0 and 0 < p < Let f : X —>■ Y be a 
mapping such that 

(4.21) lV(il,(i,s),i)>mi.{lV(S,(i,s),ti). , ^^ ^ } 

for all x,y G X, all t > 0 and some real number k with k > 32. Then there exists an unique 
additive-quadratic mapping F : X — > Y such that 

(2 - 2^P)t 


Nifix) - Fix),t) > 


(2-22p)t-Pe||xpp 


for all X G X and all t > 0. 


Corollary 4.3. Assume that (f) : X^ —[0, oo) is a function with (4-1). Let f : X —Y be a 
mapping such that /(O) = 0 and 

(4.22) NirAfix,y) + Bfix,y),t) > min{7V(%(a;, y), t), iV'((()(a;, y), t)} 

for all x,y G X, all t > 0 and some real numbers r with |r| > 64. Then there exists an unique 
additive-quadratic mapping F : X —> Y such that 

N(^fix) - Fix), ^ 2L) ^) - 0. N'icfi-x, 0), t)} 

for all X G X and all t > 0. 
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Proof. By (N5) and (4.22), we have 

N{Af{x, y), t) > min ^N(rAf{x, y) + Bf{x, y), y , N(^Bf{x, y), y | 

> min ^N(^Bf{x,y), yt), y), yi)} 

> min|iv(^%(a;,y), yt^, y), | 

for aW x,y & X and alH > 0. Hence we have the results. □ 

Corollary 4.4. Let e and p be real numbers with £ > 0 and 0 < p < Let f : X —Y he a 
mapping such that 

(4.23) iV(r2l,(.,„) + i3,(.,„),f)>mi„{iV(i3,(.,„),(), , + ,,||,,|pp + ||)|pp + } 

for all x,y G X, all t > 0 and some real number r with |r| > 64. Then there exists an unique 
additive-quadratic mapping F : X —> Y such that 

Nif{x) - Fix),t) > ( 2 _U)t + e||xpp 

for all X G X and all t > 0. 

Related with Theorem 4.1, we can also have the following theorem. The proof is similar to that 
of Theorem 4.1. 

Theorem 4.5. Assume that (j) : X^ —> [0,oo) is a function such that 
(4-24) ^'('^(1’1)’^) 

for all x,y G X, t > 0 and some real number L with 0 < L < 4. Let f : X —Y be a mapping such 
that /(O) = 0 and (4-2). Then there exists an unique additive-quadratic mapping F : X —> Y such 
that 

N(^f{x) - F{x), 0), t), N'{(j){-x, 0), t)} 

for all X G X and t > 0. 

Proof. Let ^o(x,t) = min{iV'((()(x,0),t), x,0),t)}. Letting a; = | in (4.6) and (4.7), by 

(4.24) , we have 

(4.25) iv(^2/o(x) - >(l>o{x,t) 

and 

(4.26) 7V(^2/e(x) - > Mx,t) 

for all y € X and t > 0. Consider the set S' = {g | g : X — Y} and the generalized metric d on S 
defined by 

d{g,h) = inf{c G [0, oo) | N{g{x) — h(x),ct) > (j)o{x,f),'^x G X,Vt > 0}. 


1068 


KIM-HAN 1057-1071 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


ADDITIVE-QUADRATIC FUNCTIONAL INEQUALITIES IN FUZZY... 13 

Then {S,d) is a complete metric space([19]). Define a mapping Jo : S —S by Jo 9 {x) = for 

all T € X and all g & S. Let g,h G S and d{g, h) < c for some c G [0, oo). Then by (4.1), we have 

N(^Jog{x) - Joh{x),cLt^ = ^ 

for all a; G X and t > 0. Hence d{Jog,Joh) < Ld{g,h) for any g,h G S. By (4.25), we have 
d{Jofo,fo) < y < oo and by Theorem 2.3, there exists a mapping P : X — Y which is a fixed 
point of Jo such that 

N(^foix) - P{x), > (l>o{x,t) 

for all a; G X, alH > 0 and d{Jofo, ^) —>■ 0 as n —>■ oo. 

Now, define a mapping Je : S —S by Jeg{x) = 4 ( 7 for all a; G X and all (7 G S'. Let g,h G S 
and d{g, h) < c for some c G [0, 00 ). Then by (4.1), we have 

N{Jeg{x) - Jeh{x),2cLt) = - Mx,t) 

for all X G X and t > 0. Hence d{Jeg, Jeh) < 2Ld{g, h) and by (4.26), we have d{Jefe, /e) < y < 00 . 
By Theorem 2.3, there exists a mapping Q : X — > Y which is a fixed point of Je such that 

fv(/e(x) - g(x), 4 ^^ ^2l) ^) - 

for all X G X, alH > 0 and d{Jefe, y 1) —> 0 as n —)■ 00 . 

The rest of the proof is similar to Theorem 4.1. □ 

By Theorem 4.5, we can show that the following corollaries: 


Corollary 4.6. Let s and p be real numbers with e > 0 and p > 1. Let f : X —> Y be a mapping 
with /(O) = 0 and (4.21). Then there exists an unique additive-quadratic mapping F : X —> Y 


such that 


N{f{x) - F{x),t) > 


{2^P - 2)t 

(22p - 2)t+ £||xpp 


for all X G X and all t > 0. 


Corollary 4.7. Assume that (f : X^ —[0, 00 ) is a function with (4.24). Let f : X —7- Y 
be a mapping with /(O) = 0 and (4.22). Then there exists an unique additive-quadratic mapping 
F : X —7- Y such that 

N{f{x) - F(x), ^ min{X'(())(x, 0),t), X'(0(-x, 0),t)} 

for all X G X and all t > 0. 


Corollary 4.8. Let s and p be real numbers with c > 0 and p > 1. Let f : X —)■ Y be a mapping 
with /(O) = 0 and (4.23). Then there exists an unique additive-quadratic mapping F : X —> Y 


such that 


N{f{x) - F{x),t) > 


{2^P - 2)t 

(22p-2)t + £||xpp 


for all X G X and all t > 0. 
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NEW CHARACTERIZATIONS OF WEIGHTS IN HARDY’S TYPE 
INEQUALITIES VIA OPIAL’S DYNAMIC INEQUALITIES 

S. H. SAKER, M. M. OSMAN AND 1. ABOHELA 


Abstract. In this paper, we prove some new characterizations of weights in some 
Hardy-type inequalities on time scales. The results as special cases contain the results 
due to Beesack and Heinig, Leindler and Bloom and Kerman. Some new integral 
and discrete inequalities related to Copson’s, Flett’s, Bliss’s and Bennett’s will be 
formulated. The main results will be proved by using new generalizations of Opial’s 
type inequalities, Holder’s inequality, Minkowski’s inequality and the chain rule on 
time scales. 

Keywords: Hardy’s inequality, Opial’s inequality, time scales. 

AMS Classif: 26A15, 26D10, 26D15, 39A13, 34A40. 


1. Introduction 


During the last decades the inequality 

1/9 


1/p 


, 1 < p < q < oo, 


(1.1) fi'r)dT^ dtj -^(^J s{t)fP{t)dt 

with two different positive weighted functions defined in [a, b] C M"*" has been studied by 
several authors, we refer the reader to the papers [11,23,37,38] and the books [20,24]. 
The main idea is to give a relation between the functions r and s and to find the optimal 
value of the constant C such that the inequality (1.1) holds. A systematic investigation 
of this type of inequality of Hardy’s type with two different weights started in the late 
fifties and early sixties by Beesack [7]. In particular Beesack proved that 

/ pt \ P pb 

( 1 . 2 ) 


[ rit)([ /(T)dr) dt< [ s{t)f{t)dt, 
J a \J 0 / J a 


where r and s satisfy the Euler-Lagrange differential equation 
d 




(t) (y' it)y ^ + r{t)y^ ^ (t) = 0. 

Also Beesack and Heinig [8] proved that if 0 < p < 1 and r (t) ^ f* f{T)dTj dt < oo, 


then 

(1.3) 


a t \P poo / poo \ p 

/(T)dTj dt>pPj r(T)dTj r{t)dt, 


and if r {t) f{T)dTY dt < oo, then 


(1.4) 


■it) 


/ oo \ P poo / /■* \ ^ 

/(T)drj dt>pP J it) (j r (r) dr j nt)dt. 


Bloom and Kerman [10] proved that ifl<p<oo, / >0 and (s (t) f{t))^dt < oo, 
then 

pOO / pt \ P pOO 

(1.5) J ('’(^y fir)dT] dt<Cj {s{t) f{t))^ dt, 
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holds if and only if 



s (r) / (x) dx ] dr < C 


(r) dr. 


By using a new approach depends on the application of Opial’s type inequalities Agarwal 
et al. [4] proved that if r, s are nonnegative measurable functions on (a, b) and p > 0, 
k > 1, then 


(1.6) / r{t)( f{T)dT\ dt< {p+l)Ki{p,l,k) / s {t) f 

J a \j a J J a 


{t)dt 


where 

Ki (p, 1,*) = 


p+1 


=J- -1 


(i? (t, 6))'“-i (s (t))/ s'=”i(T)(ir) dt 


k-l 

p \ k 


and R (t, b) = r (r) dr. 

In the last decades the study of discrete results on P analogues for bounds has 
been proved by some authors. One of the reasons for this upsurge of interest in discrete 
cases is due to the fact that the discrete operators may even behave differently from their 
continuous counterparts. So it was natural to look on the discrete results on P analogues 
for the above results. We mention here that in some special cases it is possible to 
translate or adapt almost straightforward the objects and results from the continuous 
setting to the discrete setting or vice versa, however, in some other cases that is far from 
be trivial. But bounds for discrete analogues of more complicated operators are not 
implied by results in the continuous setting, and moreover the discrete analogues are 
resistant to conventional methods. The main challenge here is that there are no general 
methods to study these questions and the methods should to be developed starting from 
the basic definitions in the discrete space. For example, Leindler [22] established the 
discrete versions of (1.3) and (1.4), and proved that if 0 < p < 1, a„ > 0 and A„ > 0, 
then 

oo / ^ \ ^ /oo 

(1-7) 

n—1 \k—l / n—1 \k—n 



and 

( 1 . 8 ) 


Ea. 

n—1 


oo 


E “fc > E An ^ 



P 


a 


p 

n * 


In recent years the study of dynamic equations and inequalities on time scales has received 
a lot of attention in the literature and has become a major held in pure and applied 
mathematics. The general idea is to prove a result for a dynamic inequality where the 
domain of the unknown function is a so-called time scale T, which may be an arbitrary 
closed subset of the real numbers M, to avoid proving results twice, once for differential 
inequality and once again for difference inequality. This idea goes back to its founder 
Stefan Hilger [19] who started the study of dynamic equations on time scales. Since the 
integral and discrete inequalities are important in the analysis of qualitative properties 
of solutions of differential and difference equations, we also believe that the dynamic 
Hardy type inequalities with weights on time scales will play the same effective role in 
the analysis of qualitative properties of dynamic equations with boundary conditions 
like oscillation, nonoscillation and distribution of zeros of solutions. For related dynamic 
inequalities on time scales, we refer the reader to the papers [26, 27, 32, 33] and the 
books [2,3]. Our technique in this paper will overcame the lack of calculus in the discrete 


1073 


SAKER ET AL 1072-1085 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, N0.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC 


DYNAMIC INEQUALITIES OF HARDY-TYPE 3 

space where there is no power rules and also there is no chain rule which are the main 
tools used in the proofs of the continuous case. 

The aim of this paper is to prove some new dynamic inequalities by employing some 
Opial’s type inequalities on an arbitrary time scale T which contain the integral and 
discrete inequalities (1.3)-(1.6) as special cases. For applications of the main results we 
get some well-known dynamic inequalities as special cases. The paper is divided into two 
sections. In Section 2, we introduce some preliminaries on time scales and establish some 
basic lemmas that will be needed in the proofs. In Section 3, we prove the main results 
and formulate some discrete results to show the application of the new results. 


2. Preliminaries and Some Basic Lemmas 


In this section, we present some basic dehnitions and results concerning the delta 
calculus on time scales; for more details we refer the reader to the book [14]. A time 
scale T is an arbitrary nonempty closed subset of the real numbers M. The forward jump 
operator and the backward jump operator are defined by a{t) := inf{s € T : s > <}, and 
p{t) ■= sup{s G T : s < t}, where sup0 = infT. A point t G T, is said to be left-dense 
if p{t) = t and t > infT, is right-dense if a{t) = t, is left-scattered if p{t) < t and 
right-scattered if a{t) > t. 

A function / : T ^ M is said to be right-dense continuous (rd-continuous) provided 
/ is continuous at right-dense points and at left-dense points in T, left hand limits 
exist and are hnite. The set of all such rd-continuous functions is denoted by Crdi^)- 
Also, the set of functions that are differentiable and whose derivative is rd-continuous is 
denoted by C^^{T) = M). The graininess function p for a time scale T is dehned 

by p{t) := (T{t) — t, and for any function / : T ^ M the notation denotes f{a{t)). 

Without loss of generality, we assume that supT = oo, and define the time scale interval 
[a, &]t by [a,6]T := [a, &] H T. Recall of the following product and quotient rules for the 
derivative of the product fg and the quotient f/g (where gg'^ ^ 0, here g'^ = go o') oi 
two differentiable functions / and g 

(2.1) (fg)^ = f^g + rg^ = fg^ + f^g^, and (^) = ■ 

\9j 99^ 

The first chain rule that we will use in this paper is 

1 

(2.2) {r{t)f = jJ[hr + (1 - h)fr-^dhf^it), ye®, 

0 


which is a simple consequence of Keller’s chain rule [14, Theorem 1.90]. The second chain 
rule that we will use in this paper is given in the following. Let / : M ^ M be continuously 
differentiable and suppose g : T ^ M is delta differentiable, then / o ^ : T ^ M is delta 
differentiable and 


(2.3) f‘^{9{t)) = /{g{d))9‘^{t), for de[t,a{t)]. 

In this paper we will refer to the (delta) integral which we can define as follows. If F^{t) = 
f{t), then the Cauchy (delta) integral of / is defined by f{s)As := F{t) — F{to). It 
can be shown (see [14]) that if / G Crdir^ then the Cauchy integral F{t) := f{s)As 
exists, to G T, and satisfies F^{t) = f{t), t G T. An inhnite integral is dehned as 
fit) At = limb^oo fit)^t- Integration on discrete time scales is dehned by 


[ fit)At= pit)fit). 

J a ^ _ r. 7. \ 
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The integration by parts formula on time scales reads 


(2.4) 


f u{t)v^{t)At = [u{t)v{t)]^^ — ( u^{t)v'^{t)At. 
J a J a 


pb 

pb 

i/p 

pb 

/ \f{t)g{t)\At< 

J a 

/ i/wrAt 

J a 


J a 


Holder’s inequality [5, Theorem 6.2] states that for f,g& Crd{[a, &]t, ®), we have 

11 /<? 

/■“ I /■“ II /■“ I 

(2.5) 

where p > 1, 1/p + 1/q = 1 and a, b € T. This inequality is reversed if 0 < p < 1 and 
la > O’ it i® reversed if p < 0 and |/(t)|^ At > 0. 

Throughout this paper, we will assume that r (t) , s {t) and / (t) are nonnegative rd- 
continuous functions and the integrals considered are assumed to exist. In order to prove 
our main results in Section 3, we need the following lemmas. 

Lemma 2.1. Assume F :T ^ M. is differentiable and positive. If is always positive, 
then 

(2.6) (F^)"^ > F‘^ {F'^ {t)f~\ if A>1, 
and 


(2.7) 


(^A) < pA (^pcT ^ j/ 0 < A < 1, 


Proof. If F is increasing and A > I, then F^ ^ is increasing and thus > 0 so 

that 

(F^)'^ = = F^ {F"^ (t))^”^ + F > 0. 

This shows (2.6), and (2.7) follows similarly. The proof is complete. □ 

Lemma 2.2. Let T 6e a time scale with a, b €T. If p > 0, then 

pb / pa(t) \ pb 

(2.8) / r{t)i /(r)AT At<{p+1) R{t,b) {F'^ {t)f F^ {t) At, 

J a \J a J J a 

R{t,b) = f r (r) At, and F (t) = ( / (t) At. 

Jt J a 

Proof. From (2.9) and applying integration by parts (2.4) with (t) = R'^ {t,b) and 

v'^ (t) = (F'^ {t)f ^^, we obtain 

pb / p(j{t) \ pb 

r{t)( /(t)At At = {-R^{t,b)){F-{t)r+^At 

J a \J a j J a 

= -R(t,b) FP+^ {f)\\+ ( F(t,6)(FP+i(t))^AL 

J a 

Using the fact that R (6, b) = 0 and F (a) = 0, we have 

pb / pcr{t) pb 

(2.10) / r{t)i /(t)At At= R{t,b) {FP+'^ (t)) At. 

J a \j a J J a 

By the chain rule (2.2) and the fact that F^ (t) = f (t) >0 yields 

it)) ^ = (p+l) [hF- it)+ {l-h)F (t)]^ F^ (t) 

Jo 

< ip+l) f [hF^ it) + (l-h) F^ (t)]^ F^ it) 

Jo 

= {p+l){F'^{t)fF^{t). 


where 

(2.9) 
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Substituting into (2.10), we get (2.8). The proof is complete. 
Lemma 2.3. Let T be a time scale with a, & G T. If p > 0, then 


□ 


p+i 


( 2 . 11 ) 

where 

( 2 . 12 ) 


■it) 


fir) At At<{p+1) R{a,a (t)) PP (t) f (t) At, 


R{a,t)= / r (r) At, and F (t) = / / (t) At. 


Proof. From (2.12) and applying integration by parts (2.4) with (t) = R^ {a,t) and 
u (t) = FP+^ (t ), we obtain 

f r it) ( f f (t) At^ At = f R^ (a, t) FP+^ {t) At 

J a \Jt j J a 

= R{a,t) FP+^ {t)\\- f R{a,a{t)){FP+^{t)fAt. 
J a 

Using the fact that R (a, a) = 0 and F (6) = 0, we have 

(2.13) J r (<) ^^ / (t) At^ At = - j R{a,a {t)) {FP+^ {t))^ At. 

By the chain rule (2.3) and the fact that F^ (t) = —f (t) < 0 and t < d, we see that 
{FP+^ (t))^ = {p+l) pP {d) F^ (t) >{p+l) pP (t) P^ (t). 

Substituting into (2.13), we get (2.11). The proof is complete. □ 


3. Main Results 


In this section, we prove the main results. 


Theorem 3.1. Let T be a time seale with a G [0, oo)t, 0 < p < 1. If 

p 


,.00 / r.a(t) \ P 

J 


then 


/ oo / r(y{t) \ ^ foo / poo \ P 

T(t)fy fir) At] At>pP j r^~P (t) (J r (t) At j fP{f)At. 


Proof. Define F (t) = /(t)At. Integrating the left hand side of (3.1) by parts (2.4) 

with u‘^ (t) = r (t) and v'^ (t) = {F'^ {t)Y , we obtain 

pOO pOO 

/ r{t){F^{t))PAt = u{t)FP{t)C- u{t){FP{t)fAt 

J a J a 

pOO 

(3.2) = / {-u{t)){FP{t)fAt, 

J a 

where u{t) = —r (t) At. From (2.3), we have (note that F^ft) = f{t) > 0 and 
d< a ft)) 

(3.3) {PP (t))^ = pFP-Yd)F^it) > p iFYt))^~" fit). 
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Substitute (3.3) into (3.2) and applying Holder’s inequality (2.5) to get 

poo pOO / pOO \ 

r(T)ArjAt 

= pj^f it) it) r (r) Ar) it) (f’"(t))^-' At 

r poo / POO \p 'I 1/p 

> pjy r^~^(t)yj r(T)Arj /^’(t)Atj 


x{^“r(t) iF^it))PAt'^ 


i/p 


and consequently, we obtain 


( roo 'I l/p r poo / poo \P 

|y^ rit)iF^it))PAtj >p|y^ rWAtj 

which is (3.1). The proof is complete. 


i/p 


□ 


Remark 3.1. J/T = M, then inequality (3.1) reduces to the Beesack and Heinig integral 
inequality (1.3). 

Remark 3.2. IfT = N, then inequality (3.1) reduces to the Leindler discrete inequality 

( 1 . 1 ). 

Here, we state the Minkowski inequality [29, Lemma 2.6] on time scales which is needed 
in the proof of our next main result. 

Lemma 3.1. Let T be a time scale with a, 6 G T and let f, g be nonnegative rd-continuous 
functions on [a, • //7 > 1, then 


(y^'/(^)(y^"^"^ff(t)At) Aa:^ < g it) ix) Ax^ 

Theorem 3.2. Let T be a time scale with a G [0, oo)t, 0 < p < 1. If 

pOO / pOO \ P 

y /('^)ATj At < 00 , 


(3.4) 


1/7 


At. 


then 


/ OO / poo \ p poo / p(o{t) \ P 

’'(i)(y fir) At) At > pP J r^~Pit)ij r(r)ATj /P(t)At. 
Proof, Define F (t) := f{r)Ar. Since 

/ oo _ 

{FPir))^Ar, 

so, from (2.3), we have ( note that P^(t) = —fir) < 0, and d> t) 

(3.7) {FPiT)f =pFP-\d)F^ir) < -pPP-i(r)/(r). 

Substitute (3.7) into (3.6) gives 

/ OO 

FP-\T)fiT)AT. 
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Applying Minkowski’s inequality and Holder’s inequality to get 

/ oo poo / poo \ 

FP{t)r{t)At >p r{t){ FP"^(T)/(T)Ar ) At 


>p /(r)r (t 


t(t 


r{t)AtjFP-\Ty/P (t)At 

i/p 


= P ■ 


and consequently, we obtain 


r^-P (t) 


f 'I 

J r{t)Atj fPyArj 




FP{T)r (r) At 


i/p 


a oo _ \ l/p / roo 

FP{t)r{t)Atj <pU r^- 


'{t) 


f.cr(T) 


1/p 


r (t) At /^(t)At 


which is the desired inequality (3.5). The proof is complete. 


□ 


Remark 3.3. //T = M, then inequality (3.5) reduces to the Beesack and Heinig integral 
inequality (1-4)■ 

Remark 3.4. IfT = N, then inequality (3.5) reduces to the Leindler discrete inequality 
(1.8). (See also [28, Remark 3.5]) 

Theorem 3.3. Let T be a time scale with a G [0, oo)t, 1 < p < oo. If 

pOO 

/ {s{t) f{t))P At < oo, 

J a 


and 

(3.8) 
then 

(3.9) 


n poo \ p pOO 

(r) J rP{x)Axj At < C J (r) At < oc 

n ^CT(i) \P r.OO 

r{t) / /(t)At At<C {s{t)f{t))PAt, 

J a J J a 


Proof. Assume first that (3.8) holds and define F (t) = /(t)At. Integrating the left 

hand side of (3.9) by parts (2.4) with (t) = rP (f) and (t) = {F'^ {t))P , we obtain 

pOO pOO 

/ rP{t){Fyt))PAt = u{t)FP{t)C- u{t){FP{t)fAt 
J a J a 

poo 

= / {-u{t)){FP{t)fAt, 

J a 

where u{t) = — y rP (t) At. From (2.3), we have 

(FP(t)f<p(F-(t))p-y(t), 

and so 

pOO pOO / pOO \ 

/ rP it) {Fyt))P At < p f{t){F-{t))P-U rP{T)AT)At 

J a J a \j t / 

= pj s{t) f{t)iF‘^{t))P~^ (^s-^ (t) rPyAr^At. 
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If we assume that (s (t) f{t))^ At = 1, then Holder’s inequality (2.5) gives 

poo r pOQ 1 /p 

rP{t){F^{t)rAt < P[j^ {s{t)f{t)rAtj 

{ roo / poo \ p 

r^(r)Arj At 

{ poo / poo \ P 

I {F^{t)r[s-Ht)J^ r^'(r)Arj At 


i/p 


i/p 


Using integration by parts with u‘^ (t) = (s ^ (t) (t) At)^ and v'^ (t) = {F'^ (t))^ 

to get 


< 


pOO 

/ rP{t){F^ {t)f At 

J a 

U OO pOO / pOO \ p 

J ( J 


1 /p 


{FP{t)rAt 


Using (3.8) and integration by parts again with u (t) = (t) At and (t) = 


{FP (t)) , we obtain 

/ oo f poo ^ 

rP (t) (F^ {t)f At < U |y rP (t) (F" (t))^ At j 
and so (t) (F'’" (t))^ At < C. The proof is complete. 


i/p 


< oo, 


□ 


To prove the next results, need the following two theorems which are adapted from [35] 
and [Ij. 

Theorem 3.4. Ifp{t), q{t) G Crd ([a, &]t,IR) are positive functions such that At 

oo, and y G ([a, 6 ]t,IR) with y{a) = 0, then for k > 1, X > 0 and 0 < 7 < tc, we have 

b r 1 

(3.10) / g(t) | 2 /(t)|^ |y'^(t)|''At < Fi(A, 7 ,fc) / p(t) |y^(t)At 

J a J a 


where 


Fi(A, 7 ,fc) := 


A + 7 


7 /fc 


p^{t) 


pk-i [t)At 


\{k-l) 

(fc-7) 


At 


If y € Cl^ ([o, 6]t, K) with y{b) = 0, then for fc > 1, A > 0 and 0 < 7 < tc, we have that 


( 3 . 11 ) f q{t)\y{t)\^\y‘^{t)\^ At< K 2 {X,j,k) [ P{t)\y'^{t)f At 

J a J a 


(A+7)/fc 


where 


F2(A,7,A:) := 


A + 7 


7/fe 


^ /nkfrW I-—' 


yHt) 

pT'(t) 


A(fc-l) 

(A;-7) 


^fc-i(^)Ar At 
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Theorem 3.5. Ifp (t), q{t) € Crd ([a, ^]t) are positive functions and y € ([a, &]t, 

such that y (a) = 0, then for A > 1, 7 > 0 and fc > 7 + 1, we have that 


(3.12) f q{t)\{y^)‘^{t){y^{t)y\At<Gi{X,j,k)lf p{t)\y^{t)f At 

J a \ J a 


k 


where 


U k _ —fc-7 _ / fcA —A —-y \ ^ 

((/(i ))'=-^-1 (p(i)) (i? fc-T -1 j {f)At 


with 


= A 


fc —-7 — 1 7+1 

fc — 7 —lA ’’ fJ + ’’ 


fcA — A — 7 


A + 7 


and R{t) = / 

J a 


* At 

a {p{t))T^ 


From (2.6), inequality (3.12) becomes as follow: Ifp(t), q{t) G Crd ([a, ^]t, K) are 
positive functions and y G C^^ ([a, &]t, K) with y^ > Q satisfies y (a) = 0, then for A > 1, 
7 > 0 and k > J + 1 


(3.13) J q(t)\y'^ (t)\^ ^ \y‘^(t)\'^^^ At<Gi{X,-f,k)i^J p(t) Atj 

where Gi(A, 7 , fc) is defined as in (3.12). 

Theorem 3.6. Let T be a time scale with a, 6 G T. Ifp > 0 and k > 1, then 

(3.14) 

J ^(^)fy' /('^)^'^'j At < (p +l)Gi (p+l,fc) J s(t){f(t)fAt 


A + 7 
k 


P+1 

k 


where 


Gi{p + 1, k) 


{R{t,b))^- 


s '=-1 (r) ArJ 


p+i' 


A 


At 


and R{t,b) is defined as in (2.9). 


Proof. Applying Opial’s inequality (3.13) with y[f)=F (t), q{t) = R {t, b) ,p{t) = s (t). 
X = p + 1 and 7 = 0, we obtain 

(3.15) [ R{t,b){F'^{t)fF^{t)At<Giip+l,k) j s{f){f{t)t At 

J a J a 


The result follows from (2.8) and (3.15). The proof is complete. 

Theorem 3.7. Let T be a time scale with a, 6 G T. If p > 0 and k > 1, then 

(3.16) f r{t)(f /(t)At^ At < (p + 1) ATa (p, 1, fc) f s(t) (/(t))'" At 

J a \ J t } J a 


□ 


where 

K 2 (p, l,fc) := 


1 


p + 1 

and R(a,t) is defined as in (2.12). 


{R{a,a (t)))^-^ s>‘-^ (t) [ / s''-i(t)At) At 


fc -1 

k 
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Proof. Applying Opial’s inequality (3.11) with y (t) = F (t), q{t) = R (a, cr(t)), p (t) 
s (t), X = p and 7 = 1, we obtain 


(3.17) / R{a,a{t))FP{t)f{t)At<K 2 {p,l,k) / s(t) (/(t))''At 

J a J a 

The result follows from (2.11) and (3.17). The proof is complete. 

The next result follows from Theorems 3.6 and 3.7 by choosing k = p + 1. 
Corollary 3.1. Let T he a time scale with a, b G T. If k > 1, then 

(3.18) / r{t)(l /(t)At^ At<kGi{k) I sit) {f{t)f At, 

J a \J a J J a 


where 


k-1 

A Ik 


Gi(fc) := J (i?(t, &))''-! s''-i(t)At^ ^ At 

and 

(3.19) J r (t) / (t) Ar^ At<kK 2 ik)J sit) (fit))’'At, 


where 


— h / h \ ^ 

Ar2(fc):=^i^ y iRia,a it)))'^ sT^ it) s^(T)ATj At 

Remark 3.5. Note that Theorems 3.6 and 3.7 are consequences of the weighted Hardy- 
type inequality due to Saker et al. [29, 36] with p 1 = q and k = p. 

As special cases of Theorems 3.6 and 3.7 when T = N, we have the following new 
discrete results 

Corollary 3.2. Let {xn} , {A„} and {w„} be nonnegative sequences. Ifp > 0 and k > 1, 


n=l \i=l 


< (p +l)Gi(p +l,fc) 


n^n I ’ 


N / ^ \ 

Gi(p+l,fc):= ^(R(n,iV))5^A ^(si)’^^l 

n=l \i=l / 


p+ii V 


where 


with R in, N) = Y)f=n G- 

Corollary 3.3. Let {xn} , {A„} and {w„} be nonnegative sequences. Ifp > 0 and k > 1, 
then 

N / ^ \ ^ \ ^ 

< (p + 1) (p, 1 , fc) ( ^ s„a;^ I 


n^n I 5 


where 


K 2 ip,l,k) := f j XI (.R(l,« + 1))^ (s„)^ f ) 

^ \i—n / . 


with i? ( 1 , n + 1 ) = J2i=i F- 
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By making suitable substitutions for the two weighted functions r (t) and s (t ), we 
get some extensions related to the dynamic inequalities due to Rehak [25] and Saker 
et al. [30, 31] respectively. Also when T = N and T = M, we get consequences due to 
Bennett [ 6 ], Bliss [9] and Flett [15]. For illustrations, we will present these special cases 
in the following examples. 


Example 3.1. If r {t) = {a (t) — a) ^ and s (t) = 1, then inequality (3.18) reduces to 
the following extension of the Hardy-type inequality due to Rehak [25, Theorem 2.1] 


where 




f<7(t) 


/(t)A7 


k 

At < kRi 



f\t)At, 


Ri := 



{R (t, oo)) '=-1 



Example 3.2. If we choose r {t) = 1/H and s (t) = XjV 7 > 1 m Corollary 3.1, we 
get the inequality 




/(t)At 


k 

At < kR2 




f\t)At, 


which is related to the inequality due to Saker and ORegan [30, Theorem 2.2], where 


fc -1 



Example 3.3. If we choose r (t) = Xja'^ {t) and s{t) = 1/a^ * (<) in Corollary 3.1, we 
have the inequality 

poo -I / poo \ k poci -| 

which is related to the inequality due to Saker and O’Regan [30, Theorem 2.1], where 

fc -1 

/ OO ^ -fc / -k \ ^ 

{R{a,a{t)))T^ {a{t))^ (cr(r))t^ATj At 



Example 3.4. If we take f (t) = X (t) g (t ), 

r it) = ^ W = it) (A" , fc > 7 > 1, 

in Corollary 3.1, we have the inequality 


Xit) 


(A'^wr 


^ \ ^ fb 

/ A(T) 5 (T)Ar At<kR4 A(t)(A‘^(t)) ^/(t)At, 

a J J a 


which is related to the inequality due to Saker et al. [31, Theorem 2.1], where A (t) = 
X(t) At and 


R4 '.— 


iRit,b)) 


k 

fc -1 


fc -1 
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Example 3.5. If we choose r (t) = t ^ (p+i)^/tp+i and s (t) = t ^ A > —1 w 
Theorem 3.6, we obtain the inequality 

p+i 


t 


— 1 —(p+l)A ( ±a 


/ (t) At\ I /-b 

^ - J At < (p + 1 ) i ?5 


J a 


p+i 

k 


which is related to the inequalities due to Flett [15] and Bliss [9], Hardy and Littlewood 
[18] (with A = —1/k), where 


Rf, ■— 


J (i?(t, 6 ))'=-i s'=-i(r)AT^ ^ At 


Example 3.6. If we take 




? 5 C > 1 ttTld — ^nUni 


A ^ 

in Corollary 3.2, we get the inequality 

N . / n \ P+1 


^A„A, 


(p + l)(l-c) 


N 


-1 


^ A, 


Vi 


<{p+l)RAY.XnAtVn 


which is related to Bennett’s inequality [6, Corollary 7], where A„ = Xi and 


Rq 


N 


P+1' 




-1 

k-1 


with R (n, N) = J2f=n 


n—1 

(p + l)(l-c) 


Remark 3.6. As an application, we can apply Opial’s inequalities together with a Hardy- 
type inequality (3.16) on time scales to establish some lower bounds of the distance be¬ 
tween zeros of a solution and/or its derivatives for the fourth-order dynamic equation 
(see [13, Theorem 5.1[) 

(3.20) (r{t)y^\t)J - (p(t) 2 /^(t))'^ + gf(t)y'"(t) = 0, tG[a,&]T. 
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